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Preface for the Teacher 


IN WRITING THIS BOOK, it has been our aim to make it readable for the 
student, to include topics of increasing importance (such as transforms, 
numerical analysis, the perturbation concept) and to avoid the errors 
traditionally transmitted in an clementary text. In this last connection, 
we have abandoned the use of the terminology “general solution” of a 
differential equation unless the solution is in fact general, i.e., unless the 
solution actually contains every solution of the differential equation. We 
have also avoided the term “singular solution.” We have exercised great 
care in defining function, differentials and solutions; in particular we have 
tried to make it clear that functions have domains. 

On the other hand, this accuracy has been secondary to our main pur- 
pose: to teach the student how to use differential equations. We hope 
and believe that we have not overlooked any of the major applications 
which can be made comprehensible at this elementary level. You will 
find in this text an extensive list of worked examples and homework 
problems with answers. 

We acknowledge our indebtedness to the publishers for their coopera- 
tion and willingness to let us use new pedagogical devices and to Prof. 
C. A. Hutchinson for his thorough editing. 

MeL: 
Jel ee 
Ithaca, New York 
West Lafayette, Indiana 


XY 


Preface for the Student 


THIS BOOK HAS BEEN WRITTEN primarily for you, the student. We have 
tried to make it easy to read and easy to follow. 

We do not wish to imply, however. that you will be able to read this 
text as if it were a novel. If you wish to derive any benefit from it, you 
must study each page slowly and carefully. You must have pencil and 
plenty of paper beside you so that you yourself can reproduce each step 
and equation in an argument. When we say “verify a statement,” “make 
a substitution,” “add two equations,” “multiply two factors,” etc., you 
yourself must actually perform these operations. If you carry out the 
explicit and detailed instructions we have given you, we can almost 
guarantee that you will, with relative ease, reach the conclusion. 

One final suggestion—as you come across formulas, record them and 
their equation numbers on a separate sheet of paper for easy reference. 
You may also find it advantageous to do the same for Definitions and 
Theorems. 

M.T. 
ele 


Ithaca, New York 
West Lafayette, Indiana 
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Basic Concepts 


LESSON 1. How Differential Equations Originate. 


We live in a world of interrelated changing entities. The position of 
the earth changes with time, the velocity of a falling body changes with 
distance, the bending of a beam changes with the weight of the load 
placed on it, the area of a circle changes with the size of the radius, the 
path of a projectile changes with the velocity and angle at which it is fired. 

In the language of mathematics, changing entities are called vanables 
and the rate of change of one variable with respect to another a deriva- 
tive. Equations which express a relationship among these variables and 
their derivatives are called differential equations. In both the natural 
and social sciences many of the problems with which they are concerned 
give rise to such differential equations. But what we are interested in 
knowing is not how the variables and their derivatives are related but 
only how the variables themselves are related. I°or example, from certain 
facts about the variable position of a particle and its rate of change with 
respect to time, we wish to determine how the position of the particle is 
related to the time so that we can know where the particle was, is, or will 
be at any time ¢. Differential equations thus originate whenever a uni- 
versal law is expressed by means of variables and their derivatives. A 
course in differential equations is then concerned with the problem of 
determining a relationship among the vanables from the information 
given to us about themselves and their derivatives. 

We shall use an actual historical event to illustrate how a differential 
ation arose, how a relationship was then established between the two 
variables involved, and finally how from the relationship, the answer to a 
very interesting problem was determined. In the year 1940, a group of 
boys was hiking in the vicimty of a town in Hrance named Lascaux. 
They suddenly became aware that their dog had disappeared. In the 

ving search he was found in a deep hole from which he was unable to 
sin t. When one of the boys lowered himself into the hole to help 
win the dog, he made a startling discovery. The hole was once a 
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part of the roof of an ancient cave that had become covered with brush. 
On the walls of the cave there were marvellous paintings of stags, wild 
horses, cattle, and of a fierce-looking black beast which resembled our 
bull.* This accidental discovery, as you may guess, created a sensation. 
In addition to the wall paintings and other articles of archaeological 
interest, there were also found the charcoal remains of a fire. The problem 
we wish to solve is the following: determine from the charcoal remains 
how long ago the cave dwellers lived. 

It is well known that charcoal is burnt wood and that with time cer- 
tain changes take place in all dead organic matter. It is also known that 
all living organisms contain two isotopes of carbon, namely C)? and C’*. 
The first element is stable; the second is radioactive. Furthermore the 
ratio of the amounts of each present in any macroscopic piece of living 
organism remains constant. However from the moment the organism 
dies, the C!* that is lost because of radiation, is no longer replaced. Hence 
the amount of the unstable C!* present in a dead organism, as well as its 
ratio to the stable C!”, changes with time. The changing entities in this 
problem are therefore the element C!* and time. If the law which tells 
us how one of these changing entities is related to the other cannot be 
expressed without involving their derivative, then a differential equation 
will result. 

Let t represent the elapsed time since the tree from which the charcoal 
came, died, and let x represent the amount of C!* present in the dead 
tree at any time ¢. Then the instantaneous rate at which the element C4 
decomposes is expressed in mathematical symbols as 


dx 
(1.1) Fa 


We now make the assumption that this rate of decomposition of C1‘ 
varies as the first power of x (remember z is the amount of C!* present 
at any time ¢). Then the equation which expresses this assumption is 


let = —k 

(1.11) = = Whe, 

where k > 0 is a proportionality constant, and the negative sign is used 

to indicate that x, the quantity of C'* present, is decreasing. Equation 

(1.11) is a differential equation. It states that the instantaneous rate of 

decomposition of C** is k times the amount of C!* present at a moment of 

time. For example, if & = 0.01 and ¢ is measured in years, then when 

x = 200 units at a moment in time, (1.11) tells us that the rate of decom- 

position of C’* at that moment is 1/100 of 200 or at the rate of 2 units per 
“You can see some of these pictures in Primitive Art by Erwin O. Christensen, 


Viking Press, 1955, and in The Picture History of Painting by H. W. and D. J. Jansen, 
Harry N. Abrams, 1957. 
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year. If, at another moment of time, x = 50 units, then (1.11) tells us that 
the rate of decomposition of C'4 at. that moment is 1/100 of 50 or at the 
rate of 3 unit per year. 

Our next task is to try to determine from (1.11) a law that will express 
the relationship between the variable x (which, remember, is the amount 
of C'* present at any time 4) and the time ¢. To do this, we multiply 
(1.11) by dt/r and obtain 


ax 


Integration of (1.12) gives 
(1.13) 0) od a 


where c is an arbitrary constant. By the definition of the logarithm, we 
can write (1.13) as 


(1.14) x= ete = et Ae ht 
where we have replaced the constant e° by a new constant A. 

Although (1.14) is an equation which expresses the relationship between 
the variable x and the variable ¢t, it will not give us the answer we seek 
until we know the values of A and k. For this purpose, we fall back on 
other available information which as yet we have not used. Since time is 
being measured from the moment the tree died, i.e., t = 0 at death, we 
learn from (1.14) by substituting ¢ = 0 in it, that 2 = A. Hence we now 
know, since x is the amount of C'* present at any time t, that A units of 
c!4 were present when the tree, from which the charcoal came, died. 
From the chemist we learn that approximately 99.876 percent* of C!4 
present at death will remain in dead wood after 10 years and that the 
assumption made after (1.1) is correct. Mathematically this means that 
when { = 10, x = 0.99876A. Substituting these values of x and ¢ in 


(1.14), we obtain 
(1.15) 0.998764 = Ae—'™, 0.99876 = e771. 
We can now find the value of & in either of two ways. There are tables 


which tell us for what value of —10k, e~'°* 25099876. Divisieneot this 
value by —10 will then give us the value of k. Or if we take the natural 


logarithm of both sides of (1.15) there results 
(1.2) log 0.99876 = —10k. 
a 


me difference among chemists in regard to this figure. The one used 

-. based on a half-life of C!4 of 5600 years, i.c., half of C!4 present at death will 

ele a 5600 years. It is an approximate average of 5100 years, the lowest half- 
eco 


life figure, and 6200 years, the largest half-life figure. 
1 , 


*There iS so 
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From a table of natural logarithms, we find 
(1.21) —0.00124 = —10k, k = 0.000124 


approximately. Equation (1.14) now becomes 


where A is the amount of C!* present at the moment the tree died. 

Equation (1.22) expresses the relationship between the variable quan- 
tity x and the variable time ¢. We are therefore at last in a position to 
answer the original question: How long ago did the cave dwellers live? 
By a chemical analysis of the charcoal, the chemist was able to determine 
the ratio of the amounts of C!* to C!? present at the time of the dis- 
covery of the cave. A comparison of this ratio with the fixed ratio of 
these two carbons in living trees disclosed that 85.5 percent of the amount 
of C** present at death had decomposed. Hence 0.145A units of C!4 
remained. Substituting this value for x in (1.22), we obtain 


(1.23) 01454 Ace 
0.145 = pm ee 
log 0.145 = —0.000124t 
—1.9310 = —0.000124¢ 
t= 15573. 


Hence the cave dwellers lived approximately 15,500 years ago. 


Comment 1.3. Differential equation (1.11) originated from the as- 
sumption that the rate of decomposition of C'* varied as the first power 
of the amount of C** present at any time ¢. The resulting relationship 
between the variables was then verified by independent experiment. 
Assumptions of this kind are continually being made by scientists. From 
the assumption a differential equation originates. From the differential 
equation a relationship between variables is determined, usually in the 
form of an equation. From the equation certain predictions can be made. 
Experiments must then be devised to test these predictions. If the pre- 
dictions are validated, we accept the equation as expressing a true law. 
It has happened in the history of science, because experiments performed 
were not sensitive enough, that laws which were considered as valid for 
many years were found to be invalid when new and more refined experi- 
ments were devised. A classical example is the laws of Newton. These 
were accepted as valid for a few hundred years. As long as the experi- 
ments concerned bodies which were macroscopic and speeds which were 
reasonable, the laws were valid. If the bodies were of the size of atoms or 
the speeds near that of light, then new assumptions had to be made, new 
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equations born, new predictions foretold, and new experiments devised to 
test the validity of these predictions. 


Comment 1.4. The method we have described for determining the 
age of an organic archaeological remain is known as the carbon-14 test.* 


EXERCISE 1 


1. The radium in a piece of lead decomposes at a rate which is proportional to 
the amount present. If 10 percent of the radium decomposes in 200 years, 
what percent of the original amount of radium will be present in a piece of 
lead after 1000 vears? 

2. Assume that the half life of the radium in a piece of lead is 1600 years. How 
much radium will be lost in 100 years? 

3. The following item appeared in a newspaper. “The expedition used the 
carbon-14 test to measure the amount of radioactivity still present in the 
organic material found in the ruins, thereby determining that a town existed 
there as long ago as 7000 B.c.” Using the half-life figure of C!4 as given in 
the text, determine the approximate percentage of C!* still present in the 
organic material at the time of the discovery. 


ANSWERS 1 
]. 59.05 percent. 2. 4.2 percent. 3. Between 32 percent and 33 percent. 


LESSON 2. The Meaning of the Terms Set and Function. 
Implicit Funetions. Elementary Funetions. 


Before we can hope to solve problems in differential equations, we must 
first learn certain rules, methods and laws which must be observed. In 
the lessons that follow, we shall therefore concentrate on explaining the 
meaning of certain terms which we shall use and on devising methods by 
which certain types of differential equations can be solved. We shall 
then apply these methods to solving a wide variety of problems of which 
the one in Lesson 1 was an example. 

We begin our study of differential equations by clarifying for you two 
of the basic notions underlying the calculus and ones which we shall use 
repeatedly. These are the notions of set and function. 


LESSON 2A. The Meaning of the Term Set. Fach of you is familiar 
with the word collection. Some of you in fact may have or may have had 
collections—such as collections of stamps, of sea shells, of coins, of butter- 
fies. In mathematics we call a collection of objects a set, and the indi- 


ae (anne . . 
. Willard F. Libby was awarded the 1960 Nobel Physics Prize for developing this 

“ rtaining the age of ancient objects. His C!4 half-life figure is 5600 years, 

one we used. According to Dr. Libby, the measurable age span by 


1000 to 30,000 years. 


method of asce 
the same as the 
this test 1s from 
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vidual members of the set elements. A set therefore may be described 
by specifying what property an object must have in order to belong to it 
or by giving a list of the elements of the set. 


Examples of Sets. 1. The collection of positive integers less than 10 
is a set. Its elements are 1, 2, 3, 4, 5, 6, 7, 8, 9. 

2. The collection of individuals whose surnames are Smith is a set. 

3. The collection of all negative integers is a set. Its elements are 
foe at ea dl, 

Since to each point on a line, there corresponds one and only one real 
number, called the coordinate of the point, and to each real number 
there corresponds one and only one point on the line, we frequently refer 
to a point on a line by its corresponding number and vice versa. 


Definition 2.1. The set of all numbers between any two points on a 
line is called an interval and is usually denoted by the letter J. 
If the two points on a line are designated by a and b, then the notation 


(2.11) iY 20a) 


will mean the set of all real numbers z (or of all real values of x) which lie 
between the points a and b, but not including a and b. For convenience, 
we shall frequently omit the J and write only 


alii} Gee <0 


to represent this set of numbers. Similarly, 


(2.12) I: —o < 2x < o will mean the set of all real values of x. 


I: a S$ x S b will mean the set of all real values of x 
between a and b, including the two end points. 


Iz a S x < 6b will mean the set of all real values of x 
between a and b, including a but not b. 


I: —=1 <z < 3, & = 10, will mean the setsef all num- 
bers between —1 and 3 plus the number 10. 


I: x 2 O will mean the set of all positive real values of x 
plus zero. 


I: x = a will mean the set consisting of the single num- 
ber a. 


LESSON 2B. The Meaning of the Term Function of One Inde- 
pendent Variable. If two variables are connected in some way so that 
the value of one is uniquely determined when a value is given to the other, 
we say that one is a function of the other. (This concept will be given 
a more precise meaning in Definitions 2.3 and 2.31 below.) 
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We shall show by examples below that the manner in which the rela- 
tionship between the variables is expressed is unimportant. It may be 
by an equation, of the kind with which you are familiar, or by other means. 
It is only important for the definition of a function that there be this 
unambiguous relationship between the variables so that, when a value is 
given to one, a corresponding value to the other is thereby uniquely 
determined. 


Example 2.2. Let 1 be the length of the side of a square and A its 
area. It is then customary to say that the area A depends on the length 
I, so that / is given an independent status and A a dependent one. How- 
ever, there is no valid reason why 1 could not be considered as being 
dependent on A. The decision as to which variable in a problem is to be 
considered as dependent and which independent lies entirely within the 
discretion of the individual. The choice will usually be determined by 
convenience. It is customary to write, whenever it is possible to do so, 
first the dependent variable, then an equals sign, then the independent 
variable in a manner which expresses mathematically the relationship be- 
tween the two variables. 

If in this example, therefore, we express the relationship between our 
two variables A and / by writing 


(a) io: 


we thereby give to A a dependent status and to J an independent one. 
Equation (a) now defines A as a function of / since for each l, it determines 
A uniquely. The relationship between the two variables, expressed mathe- 
matically by equation (a), is, however, not rigidly correct. It says that 
for each value of the length J, A, the area, is the square of J. But what if 
we let 1 = —3? The square of —3 is 9; yet no area exists if the side of a 
square has length less than zero. Hence we must place a restriction on | 
and say that (a) defines the area A as a function of the length J only for 
a set of positive values of / and for 1 = 0. We must therefore write 


(b) A= 120. 


Example 2.21. The relationship between two variables x and y is the 
following. If x is between 0 and 1, y is to equal 2. If x is between 2 and 
3. y is to equal ./xz. The equations which express the relationship between 
the two variables are, with the end points of the interval included, 


(a) af Se, 0 


ie 2 


These (wo equations now define y as a function of x. I*or each value of x 
‘n the specified intervals, a value of y is determined uniquely. The graph 


IA IIA 
R 
NA IA 
oe) 


8 Basic CONCEPTS Chapter 1 


of this function is shown in Fig. 2.211. Note that these equations do not 
define y as a function of x for values of x outside the two stated intervals. 


Yy 


2 


(0,0) 1 2 3 x 


Figure 2.211 


The reason is obvious. We have not been told what this relationship is. 
For values of x therefore, equal to say 2 or —1 or 4, etc., we say that y 
is undefined or that the function is undefined. 


Example 2.22. In Fig. 2.221, we have shown the temperature 7 of a 
body, recorded by an automatic device, in a period of 24 consecutive 
hours. The horizontal axis represents the time in hours; the vertical axis 
the temperature 7 at any time ¢ 2 0. Even though we cannot express 
the relationship between the variables ¢ and 7 by an equation, there can 
be no doubt that a precise, unique relationship between the two variables 


T 


10° 
5° 
(0,0) 


Figure 2.221 


exists. lor each value of the time ¢, the graph will give a unique value of 
the temperature T. Hence the graph in this case defines 7’ as a function of t. 

The main feature we wished to emphasize in the above differing exam- 
ples was that for the definition of a function it was not essential to be able 
to set up the relationship between the two variables by a single equation. 
(Most of the functions that you have encountered thus far were of this 
type.) As we mentioned at the outset, what is essential for the definition 
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of a function is that the relationship between the two variables be specific 
and unambiguous so that for each value taken on by an mdependent 
variable on a specified set, there should correspond one and only one value 
of a dependent variable. As you can verify, all the examples we gave 
above had this one common important property. We incorporate all the 
essential features of a function in the following definition. 


Definition 2.3. If to each value of an independent variable z on a 
set E (the set must be specified) there corresponds one and only one real 
value of the dependent variable y, we say that the dependent variable y 
is a function* of the independent variable z on the set E. 


It is customary to call the specified set E of values of the independent 
variable, the domain of definition of the independent variable and to 
call the set of resulting values of the dependent variable, the range of the 
dependent variable or the range of the function. Using this terminology, 
we may define a function alternately, as follows. 


Definition 2.31. A function is a correspondence between a domain 
set D and a set F that assigns to each element of D a unique element of R. 


Comment 2.32. A function is thus equivalent to a rule which tells us 
how to determine the unique element y of the range which is to be assigned 
to an element z of the domain. When we say therefore that the formula 


(a) yr er 


defines y as a function of x, we mean that the formula has given us a rule 
by which, for each value of the independent variable x in its domain D: 
xz = 1, we can determine the unique assigned value of y in the range R. 
(Here R 2 0.) The rule is as follows: for each x in D, subtract one and 
take the positive square root of the result. For example, to the element 
x = 5 of D, the function or rule defined by (a) assigns the unique value 
2 of R. Conversely, we can first give the rule, and then express the rule, 


if possible, by a formula. 


Comment 2.33. We may at times for convenience refer to an equa- 
tion or formula as if it were a function. For example, we may frequently 
refer to the equation 
(b) oe — = ee, 
asa function. What we actually mean is that the equation y = x? defines 
a function; that is y = x” gives us a rule by which to each x in D we can 


a 
*In advanced mathematics, the function is called a real function. Since we shall for 


the most part be considering only real functions, we shall omit the word real whenever 
a real function is meant. 
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assign a yin R. Here the rule is: for each xin D, the number y in F# assigned 
to it is obtained by squaring z. 
In view of Definition 2.3, such frequently encountered formulas as 


2 


yur, 

tae SS 
ye BH St 

he 3 


are meaningless because they do not specify the domain, 1.e., the set of 
values of x, for which the formulas apply. In practice, however, we inter- 
pret such formulas to define functions for all values of x for which they make 
sense. The first equation, therefore, defines a function for all values of 2, 
the second for values of x in the interval —1 S z S 1, and the last for 
all values of x except x ==33. 

Because of the above comment, the function defined by 


SV | ae 
is not the same as the function defined by 
y= V1 —w, 0 = we 1. 


(The first is defined for all x in —1 S$ x S 1; the second only for z in 
OvS27=. Ie) 

It is customary and convenient to record the fact that the dependent 
variable y is a function of the independent variable x (these are the letters 
most commonly used for the dependent and independent variable respec- 
tively), by means of the symbolic expression 


(2.34) y = f(z). 


It is read as “y equals f of x” or “y is a function of x.” 
By Definition 2.3 and (2.34), we could therefore write for the tempera- 
ture Example 2.22, 


(2.35) die 7 (1). 


We then say T is a function of ¢ and refer to the graph itself as the defini- 
tion or rule which tells us which 7 to assign to each value of t. 


Comment 2.36. We shall at times write an expression in 2, say 
(a) {@) = 2? 4 eee 


and refer to f(x) as a function. What we mean is that f(z), here (x? + a). 
gives a rule by which for each z, we can assign a unique value to f(z). 
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Definivion 2.46 1 f(@) is @funetion of x defined on a set /, then the 
symbol f(a), for any a in /, means the unique value assigned to f(x) ob- 
tained by substituting a for x. 


Etample ®.5. Hf 
(a) f(t) = 2? +2r +1, O52 $1, 
find (0), f(1). £3), f(2), f(—1). 
Solution. By Definition 2.4 we have 
(b) f@) = 0?+2-041=], 
fQ) = 1? +2-141=4, 
13) = QP 42-441 = 24, 


f(2) 1s undefined since 2 is not in our set H: 0 < x 


IIA 


f(—1) is undefined since —1 is not in our set FZ. 


If several functions appear in a single context so that the use of the same 
letter for each would be confusing, it is permissible to replace f by other 
letters. Those most frequently used are g, h, G, H, F, ete. Similarly, we 
may use other letters in place of z and y. Those usually used are the ones 
at the end of the alphabet, namely w, v, w, z, s, t. 


LESSON 2C. Function of Two Independent Variables. In Lesson 
2B, we defined a function of one independent variable. In an analogous 
manner, we define a function of two independent variables x and y as 


follows. 


Definition 2.6. If to each clement (x,y) of a set # in the plane (the 
set must be specified) there corresponds one and only one real value of eo 
then z is said to be a function of x and y for the set /. In this ewennt, aie 
are called independent variables and za dependent variable. 


As in the case of one independent variable, the set / is sometimes 
ealled the domain of definition of the funetion and the set of resulting 
values of z, the range of the function. 

In view of Definition 2.6, a formula such as 


z= yV1 — x? 


is meaningless since it does not specify the domain of definition. Here 
again as in the case of one variable, we interpret such formulas to define 
functions for all values of x and y for which they make sense. In this 
exainple therefore the elements of the domain D we the points Gry) am 
the plane where —1 3 x = 1 So a! < «@. lie domain, therefore, 
for which the formula defines z as a funetion of x and y consists of all points 
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in the plane between and including the lines x = 1 andz = —1. Itis 
the shaded area in Fig. 2.61. 


x=-1 


W/7///// an 
MMM 


oes IL 


Figure 2.61 


Example 2.62. Determine the domain D for which each of the fol- 
lowing formulas define z as a function of x and y. 


5 
| 


2. ee ale 

3. 2= Vx? + y? — 25. 
4, 2 = S—(x? + y?). 

5. 2 = V—(2? + y? + 1). 


Solutions. 1. The elements of the domain D for which the formula 
defines z as a function of x and y, consists of those points (x,y) where 
—1<2x<1,—-1 SS y | 1. The domain D is the shaded square shown 


Figure 2.63 


in Wig. 2.63(a). It is bounded by the lines x = +1 and y = +1. It 
includes the lines y = +1 but not the lines 7 = +1. 
2. The domain is the entire plane. 
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3. The domain consists of those points (jy) for whieh 2?) 77 gew25. 
It is the shaded area in Vig. 2.63(b), i.e., it is the area outside the circle 
rt? ty? = 95 plus the points on its circumference. 

4. The domain consists of the single point (0,0). 

5. This formula does not define z as a function of z and y. There does 
not exist a domain which will determine a value of z. 

It is evident from the above examples, that a two-dimensional domain 
may cover the whole plane or part of the plane; it may cover the whole 
plane with the exception of a hole in its interior; its boundaries may be 
circular or straight lines, or it may consist of only a finite number of points. 
In short, in contrast to a one-dimensional domain, a two-dimensional 
domain may assume a great variety of shapes and figures. 

It is customary and convenient to record the fact that z is a function 
of x and y by means of the symbolic expression 


(2.64) Bo ce) 
It is read as “z equals f of x,y” or “z is a function of Tlie 


Definition 2.65. If f(x,y) is a function of two independent variables 
x,y, defined over a domain D, then the symbol f(z,a) for any element 
(x,a) in D, means the function of x obtained by replacing y by a. 


Example 2.66. If 


(a) f(xy) = 2? + ay? + by +3, —0a <zr< wm, —w <¥ < om, 
find f(x,2), f(z,a), f{z,9(z)). 


Solution. By Definition 2.65 


(b) f(w2) = 2? + 424+ 104+3 = 27447413, —w <2 < ow, 
flmja) Sen” + a*e + 50-7 Si = ca 


And, if g(x) is defined for all z, 
fiz,g(x)] = x? + axlg(x)]? + 5g(t) + 8, -—w <r < ow. 


Example 2.67. If 


(a) f(y) = 2 a a eee a 
find f(7,3), (2,3). 

Solution. By Definition 2.65 
(b) I@. 2 Satie §>— eee 1. 


But f(«,3) is undefined since the domain of y is the interval 0 S y S 2. 


A special type of set, called a region, is defined as follows. 
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Definition 2.68. A set in the plane is called a region if it satisfies 
the following two conditions: 


1. Each point of the set is the center of a circle whose entire interior con- 
sists of points of the set. 

2. Every two points of the set can be joined by a curve which consists 
entirely of points of the set. 


In Example 2.62, the domain defined in 2 is a region. If the boundary 
points are excluded from each set defined in 1 and 3, then each resulting 
domain is also a region. Each point of each set satisfies requirement 1, 
and every two points of each set satisfies requirement 2. On the other 
hand, the set consisting of the points on a line is not a region. The set 
satisfies requirement 2 but not 1. Also the set consisting of isolated points 
is not a region—the points in the set do not satisfy either of the two re- 
quirements. 


Definition 2.69. <A region is said to be bounded if there is a circle 
which will enclose it. 


Comment 2.691. In a manner analogous to Definition 2.6, we can 
define a function of three or more independent variables. 


LESSON 2D. Implicit Function. Consider a relationship between 
two variables x,y given by the formula 


(are a? + y? — 25 = 0. 


Does it define a function? If x > 5 or x < —5, then the formula will 
not determine a value of y. I’or example, if x = 7, there is no value of y 
which will make the left side of (2.7) equal to zero. (Why?) However, if 
x lies between —5 and 5 inclusive, then there is a value of y which will 
make the left side of (2.7) equal to zero. To find it, we solve (2.7) for y 
and obtain. 


Cras UE 29 at, Se 


When the relation between x and y is written in this form, however, we 
see that the formula does not define y uniquely for a value of x. Hence, 
by our Definition 2.3, it does not define a function. We can correct this 
defect by specifying which value of y is to be chosen. For example, we 
can choose any one of the following three formulas to determine y. 


Oey y= V2 =e? -=5 e225 : 
CHE) y= —V25 — 22, -5 S255 
(2.74) y= V25—22, -5 S250; 

= —/25 — 72, 0< 2 < 5. 
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By Definition 2.3, each of these formulas now defines a function. It gives 
a rule which assigns a unique y to each zx on the specified interval. 
Now consider the formula 


(2.75) z+ yt 1 = 0 


which also connects two variables x and y, and ask of it the same ques- 
tion. Does it define a function? If it does, then there must be values of x 
for which it will determine uniquely values of y. It should be evident to 
you that there are no values of y for any x. (Write the equation as 
a? + y? = —].) Hence this equation does not define a function by our 
Definition 2.3. 

As a final example, we consider the formula 


(2.76) Do Bee) == 1() 


and again ask the question. Does it define a function? And if it does, for 
what values of x will it determine uniquely a value of y? The answer to 
both questions, unlike the answer to the previous formula (2.7), is not 
easy to give. Tor unlike it, (2.76) cannot be solved easily for y in terms 
of z. Hence we must resort to other means. The graph of equation (2.76) 
is shown in Fig. 2.77. 


(2-3) 


Figure 2.77 


From the graph, we see that for x S$ 0 and x > 27/3 y is uniquely 
determined. Hence formula (2.76) does define y as a function of « in 
these two intervals, but not in the interval 0 < x <2 3 It is possible, 
however, to make formula (2.76) define y as a function of x for all x if we 
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choose one of the three possible values of y for each x in the interval 
0 < x < 27/3 and choose one of the two possible values of y for x = 27/9. 
With these restrictions, we then would be able to assert that (2.76) defines 
y as a function of x for all zx. 

Whenever a relationship which exists between two variables x and y is 
expressed in the form (2.7) or (2.76), we write it symbolically as 


(2.8) f(x,y) = 0. 


It is read as “f of x,y equals zero,” or as “a function of x,y equals zero.” 

If the relation which defines y as a function of z is expressed in the 
form f(x,y) = 0, it is customary to call yan implicit function of z. When 
we say therefore that y is an implicit function of z, we mean, as the name 
suggests, that the functional relationship between the two variables is not 
explicitly visible as when we write y = f(x), but that it nevertheless 7m- 
plicitly exists. That is, there is a function, let us call it g(x), which is 
implicitly defined by the relation f(x,y) = 0 and which determines uniquely 
a value of y for each z on a set #. Hence: 


Definition 2.81. The relation 
(2.82) f(x,y) = 0 


defines y as an implicit function of x on an interval J: a < x < }, if 
there exists a function g(x) defined on J such that 


(2.83) f\x,g(x)] = 0 
for every x in I. 
Example 2.84. Show that 
(a) ; [@y) == 2a — 0 
defines y as an implicit function of z on the interval 7: —5 S$ xz S 5. 


Solution. Choose for g(x) any one of the functions (2.72), (2.73), or 
(2.74). If, for example, we choose (2.72), then g(x) = /25 — x2. It is 
defined on J, and by (a) and Definition 2.65, 


(b) flzg(x)] = 2? + [V25 — 22]? — 25 = 0. 
Hence Definition 2.81 is satisfied. 
Example 2.85. Show that 


(a) fay) = 2° + y? — 32y = 0 


defines y as an implicit function of z for all z. 
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Solution. Here, as pointed out earlier, it is not easy to solve for y in 


terms of z, so that it is not easy to find the required function g(x). How- 
ever, if we select from Fig. 2.77 any one of the graphs shown in Fig. 2.86 


92/3 


Figure 2.86 


to represent the function g(x), then f[z,g(x)] = 0 for every x. Hence 
Definition 2.81 is satisfied. (Note that g(zx) may be selected in infinitely 
many more ways. ) 


LESSON 2E. The Elementary Functions. In addition to the terms 
function and implicit function, we shall refer at times to a special class of 
functions called the elementary functions. These are the constants 
and the following functions of a variable z: 


_ Powers of x: 2, x”, x?, etc. 
3 
Roots of x: Vz, Wz, ete. 
. Exponentials: e”. 
. Logarithms: log x. 
Trigonometric functions: sin z, cos z, tan z, ete. 
Inverse trigonometric functions: Arc cos 2, ete. 
All functions obtained by replacing x any number of times by any of 
the other functions 1 to 6. [Examples are: log sin a, sin (sin x), e®*, 


NOUR ON 


2 
ee. 
8. All functions obtained by adding, subtracting, multiplying, and divid- 


ing any of the above seven types a finite number of times. examples 
sin z et +2241 


» (Are cos x)? + aos log (log 42). 


are: 22 — logz-- — 

In the calculus course, you learned how to differentiate elementary 
functions and how to integrate the resulting derivatives. If you have for- 
gotten how, it would be an excellent idea at this point to open your cal- 


culus book and review this material. 
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EXERCISE 2 


. Describe, in words, each of the following sets: 


Gi) a= 0: (oya= 0. (Cc) a a =O. (d) —~o <2z< 5,2 = 7. 
(ec) —3 < zt < —2,2 > 0. Gin 2 eS ()a2e = 28 Be 


. Define the area A of a circle as a function of its radius 7. Which is the de- 


pendent variable and which is the independent variable? Draw a rough 
graph which will show how A depends on 7, when 7 is given values between 
Qvand 3, 


. Under certain circumstances the pressure p of a gas and its volume V are 


related by the formula pV3/2 = 1. Express each variable as a function of the 
other. 


. Explain the difference between the function 


ye A/ ao, ales 2 


IA 
= 


and the function 


Y=" ee 
Let 
iC) ier <c 10; 
od fo = 2 =, 
= 73 — 2 if > 4. 


Find (a) F(—1), (b) F(O), (ce) F(0.7), (d) F(4), (e) F(8), (f) FC). 


6. If eels 
g(x) = Se Lr Je 
fd (a) 9(2), (0) g(—5), (g@), Gar c) 77 Oe — I 
7. Why is the function defined in 6 not the same as the function defined by 


g(x) = x — 1? 


- Determine the domain D for which each of the following formulas defines 


z as a function of x and y. 


(a) z as Vee (b) z 
Vise 

(c) z = V2? + fy — 12. (d) z 

(ec) 2 = J—(@ + y)?2. 

(f) 2 = V—@? 4+ y? 43). (g) z 


r—y+2. 


Vo = 9: 


1-2, 
|e 


I 


- Which of the domains in problem 8 are regions? 
. If f(z,y) is a function of two independent variables z,y defined over a domain 


1D then the symbol f(b,y) for any element (b,y) in D, means the function of 
y obtained by replacing x by b; see Definition 2.65. Let 


SQ) = 27>, 2274 lon Gy) ee = 0: 
Find: 
(a) f(e1), f(z,b), f(z,0), f(z,27). (b) (Gym), 1@ay). 
(c) AGL) {2 f(a,d), f(w»). 
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11. 


13. 


14. 


Draw the graphs of three different functions defined by 
3+ y3 — 3ry = 0. 


See Fig. 2.77. Is there one which is continuous for all x? 


- The following is a standard type of exercise in the calculus. 


life + 93 — gry = 0, then 32° + 3y? dy — 3r dy —— 37 = 0. Therefore 
az az 
dy ae: x 2 
a 7 pe 


Ixplain by the use of Fig. 2.77 what this means geometrically. 
Explain why the procedure followed in problem 12, applied to the relation 
x* + y? + 1 = Oand yielding the result 
dy z 
dx y 
is meaningless. 
Find the function g(x) that is implicitly defined by the relation 


V xe — uP + Are cos = = 0, y 0, 


. Explam why 


V x2 ~ w+ Are sin = =i) 


does not define y as an implicit function of z. 


. Can you apply the method of implicit differentiation as taught in the calculus 


to the function of problem 14, of problem 15? 


. Define a function of three independent variables Z1, £2, X3; of n independent 


variables z1°--,2n. Hint. See Definition 2.6. 


ANSWERS 2 


1. (a) The set of all negative values of z. (b) The set (a) plus zero. 
(c) The set of values of x between a and 6, including b but not a. (da) The 
set of all values of z less than five, plus the number 7. (ce) The set of all 
values of x between —3 and —2, plus all positive values of x. 

2A = rr, rZa 0. 

ep = Wee V > 0 =e, pee 

4. The first function 1s defined only for all z between and including two and 


three; the second function is defined for all z greater than zero. 
(a) 2. (b) 7. (¢) 7. (a) Undefined. (e) 496. —(f) Undefined. 
(a) 1. (b) —6. (c) Meaningless. (d) (u? — 2u+ 1)/(u — 1). 


wt. (e) (et 22? + 1)/@?—1), a2 1, () (Pde 4)/ 


(r= 2) atime ; 

Function defined in 6 is meaningless when x aol 

@ —lS251, Sl<7 aE (b) Entire plane. _ (c) Entire plane. 
(d) Area outside circle xz? + y? = 9 plus points on the circumference of the 
iil () line sc + & 0. (f) Nonexistent. (co) ea. 
per), <e): Also (a) and (d) if their boundary pomts are excluded. 


‘ (a) x2 -+ 22 -+ log x; 2? + 2bz + log (br); undefined; x2 + 273 + log 23. 


(b) 1+ 2y + log y; a? + 2ay + log ay; undefined; 24 + 2x7y + log (xy). 
(c) 3; undefined ; a? + 2ab 4- log (ab); 1%? + Quy + log (wv). 
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13. - + y? + - = (0 does not define a function. 

ea) 

15. The first ae canna that” | 7°("==""| % | the second termimt |x| = | y |. 
16. No, both examples. 


LESSON 3. The Differential Equation. 


LESSON 3A. Definition of an Ordinary Differential Equation. 
Order of a Differential Equation. In the calculus, you studied various 
methods by which you could differentiate the elementary functions. For 
example, the successive derivatives of y = log x are 


= ——, y ae etc. 


(a) ja —) ee a 


And if z = x? — 3zy + 2y?, its partial derivatives with respect to x and 
with respect to y are respectively 
Oz d°z 072 


ay eee On, Soe a ah ae, 


0z _ 2 _ 


Equations such as (a) and (b) which involve variables and their deriva- 
tives are called differential equations. The first involves only one inde- 
pendent variable x; the second two independent variables x and y. Equa- 
tions of the type (a) are called ordinary differential equations; of the type 
(b) partial differential equations. Hence, 


Definition 3.1. Let f(x) define a function of x on an interval TI: 
a<x <b. By an ordinary differential equation we mean an equa- 
tion involving zx, the function f(x) and one or more of its derivatives. 


Note. It is the usual custom in writing differential equations to replace 


nee ) + 2[f(x)]? = 0 is usually 


f(x) by y. Hence the differential equation 


dy ; 
written as + xy” = 0; the differential equation D,?[f(z)}] + 2D.f(z) = 


e* as D,*y + cD zy = e* orasy” + ay’ = e*. 
[examples of ordinary differential equations are: 


dy 
ul sai = 
(Se) a, ty = 0. 
(a2) Tes 
d’y i 
13 a 
ee) dx? 1 — x? 
(3.14) f(x) = f(a). 


Gas) ay” == Day. 
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(3.16) y” + (3y’)? + 22 = 7. 
(3.17) ae ae ies 4+ y' = x, 
(3.18) xy + dy" + (xy) = 23, 


Note. Since only ordinary differential equations will be considered in 
this text, we shall hereafter omit the word ordinary, 


Definition 3.2. The order of a differential equation is the order 
of the highest derivative involved in the equation. 


or the differential equations listed above, verify that (o.11)) (3a), 
and (3.15) are of the first order; (3.13), (3.14) send (3.16) are of the second 
order; (3.17) is of the third order; (3.18) is of the fourth order. 

A WORD OF CAUTION. You might be tempted to assert, if you were not 
careful, that 

Sy Sp 

is a second order differential equation because of the presence of y’”. How- 
ever, y”’ is not really involved in the equation since it is removable. Hence 
the equation is of order 1. 


LESSON 3B. Solution of a Differential Equation. Explicit Solu- 
tion. Consider the algebraic equation 


(3.3) a? — 22 —3= 0. 
When we say x = 318 a solution of (3.3), we mean that r = 3 satisfies it, 
i.c., If x is replaced by 3 in (3.3), the equality will hold. Similarly, when 
we say the function f(x) defined by 


(3.31) y = f(z) = logz +2, x > 0, 


is a solution of 


(3.32) x°y"” + Qay' + y = logr+3e+1, r>0, 


we mean that (3.31) satisfies (3.32), 1e., if in (3.32) we substitute the 
function f(z) = logx + x for y, and the first and second derivatives of 
the function for y’ and y’, respectively, the equality will hold. [Be sure 
to verify the assertion that (3.31) does in fact satisfy (3.32).] 

We want you to note two things. lirst in accordance with Definition 
2.3, we specified in (3.31) the values of z for which the function is defined. 
But even if we had not, the interval x > 0 would have been tacitly 
assumed since log x is undefined for - 2. Second, we also specified in 
(3.32) the interval for which the differential equation makes sense. Since 
it too contains the term log z, it too is meaningless when x S 0. 
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Definition 3.4. Let y = f(x) define y as a function of z on an interval 
I:a <x <b. We say that the function f(z) is an explicit solution or 
simply a solution of an ordinary differential equation involving z, f(z), 
and its derivatives, if it satisfies the equation for every x in I, 1.e., if we 
replace y by f(x), y’ by f’(x), y’” by f(z), +++, y"™ by f(z), the differen- 
tial equation reduces to an identity in x. In mathematical symbols the 
definition says: the function f(x) is a solution of the differential equation 


(3.41) EGA a rik mo) — 0, 
if 
(3.42) Flx,f(2),f’@), --- ,f'"(@)] = 0 


for every x in I. 


Comment 3.43. We shall frequently use the expression, “solve a dif- 
ferential equation,” or “find a solution of a differential equation.” Both 
are to be interpreted to mean, find a function which ts a solution of the 
differential equation in accordance with Definition 3.4. Analogously when 
we refer to a certain equation as the solution of a differential equation, we 
mean that the function defined by the equation is the solution. If the equa- 
tion does not define a function, then it is not a solution of any differential 
equation, even though by following a formal procedure, you can show that 
the equation satisfies the differential equation. Tor example, the equation 
y = V—(1 + 2x?) does not define a function. To say, therefore, that it is 
a solution of the differential equation xz + yy’ = O is meaningless even 
though the formal substitution in it of y= Y—(1+ 22) and y’ = 
—2x//—(1 + 2x?) yields an identity. (Verify it.) 


Example 3.5. Verify that the function defined by 
(a) y=u?, —H <a <u, 
is a solution of the differential equation 
(b) (Oe Se yy Se eo) 
Solution. By (a), the function f(z) = x?. Therefore f’(x) = 2z, 
f(x) = 2. Substituting these values in (b) for y, y’, y’’, we obtain 
(c) 8 + 42? — x? — 3x7? — 8 = 0. 
Since the left side of (c) is zero, (a), by Definition 3.4, is an explicit solu- 
tion or simply a solution of (b). Note that (b) is also defined for all x. 


Remark. It is the usual practice, when testing whether the function 
defined by the relation y = f(x) on an interval J is a solution of a given 
differential equation, to substitute in the given equation the values of y 
and its derivatives. In the previous Example 3.5, therefore, if we had 
followed this practice, we would have substituted in (b): y = 2?, y’ = 2z, 
y”’ = 2. If an identity resulted, we would then say that (a) is a solution 
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of (b). We shall hereafter, for convenience also follow this practice, but 
you should always remember that it is the function f(x) and its derivatives 
Which must be substituted in the given differential equation for y and its 
corresponding derivatives. And if y = f(x) does not define a function 
then y or f(x) cannot be the solution of any differential equation. 


Example 3.51. Verify that the function defined by 


(a) y= logr+c, x>0 
is a solution of 

= 
(b) t= 


Solution. Note first that (b) is also defined for all > 0. By (a), 
y’ = I/x. Substituting this value of y’ in (b) gives an identity. Hence 
(a) is a solution of (b) for all x > 0. 


Example 3.52. Verify that the function defined by 
@ »=tanz — =z, zi (Qn+1) 5, v— 0 Sa). 
is a solution of 
(b) (a ae 


Solution. Hee gy — tan z — x, y’ —=seec? = | = fan ones 
tution of these values in (b) for y and y’ gives the identity 


(c) tan? z = (x + tane — x)? = tan? x. 


Hence (a) is a solution of (b) in each of the intervals specified in (a). 


Comment 3.521. Note by (b) that the differential equation is defined 
for all x. Its solution, however, as given in (a), is not defined for all x. 
Hence, the interval, for which the function defined in (a) may be a solu- 
tion of (b), is the smaller set of intervals given in (a). 


Comment 3.53. It is also pos- 3 
sible for a function to be defined 
over an interval and be the solution 
of a differential equation in only 
part of this interval. I*or example 
y = |a| is defined for all x. Its graph 
is shown in I’ig. 3.54. It has no de- 
rivative when z= 0. It satisfies 
the differential equation 4’ =! in 
the interval x > 0, and the differ- | | 
ential equation y’ = —!1 mn the interval x < 0. But it does not satisfy 
any differential equation in an interval which includes the pout c= (), 


Figure 3.54 
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LESSON 3C. Implicit Solution of a Differential Equation. To 
test whether an implicit function defined by the relation f(z,y) = 0 is a 
solution of a given differential equation, involves a much more compli- 
cated procedure than the testing of one explicitly expressed by y = f(z). 
The trouble arises because it is usually not easy or possible to solve the 
equation f(x,y) = O for y in terms of z in order to obtain the needed 
function g(x) demanded by Definition 2.81. However, whenever it can be 
shown that an implicit function does satisfy a given differential equation 
on an interval J: a < x < 6, then the relation f(x,y) = 0 is called (by 
an unfortunate usage)* an implicit solution of the differential equation. 


Definition 3.6. A relation f(x,y) = 0 will be called an implicit solu- 
tion of the differential equation 


(3.61) Fey, a= @ 
on an interval J:a < x < b, if 


1. it defines y as an implicit function of x on J, i.e., if there exists a func- 
tion g(x) defined on J such that f[z,g(x)] = 0 for every x in J, and if 
2. g(x) satisfies (3.61), ie., if 


(3.62) F[x,9(x),9'(x), +--+, g™(x)| = 0 
for every x in TJ. 


Example 3.63. Test whether 


(a) (Opty = 25 = 0 
is an implicit solution of the differential equation 
(b) F(yy’) = yy! +2 = 0 


on the interval J: —5 < x < 5. 


Solution. We have already shown that (a) defines y as an implicit 
function of x on J, if we choose for g(x) any one of the functions (Cates), 
(2.73), (2.74). If we choose (2.72), then 


() 9G] 125 32 ee) = eee 
| 25 — x? 


Substituting in (b), g(x) for y, g’(x) for y’, there results 


(d) Flx,9(z), 9! (x)| = 25 — 2? ‘a eS) ia) 
ae 


“Actually f(z,y) = 0 is an equation and an equation is never a solution of a differential 
equation. Only a function can be a solution. What we really mean when we say f(z,y) =0 
is a solution of a differential equation is that the function g(x) defined by the relation 
f(z,y) = 0 is the solution. See Definition 3.5, also Comment 3.43. 
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Since the left side of (d) is zero, the equation is an identity in z. There- 
fore, both requirements of Definition 3.6 are satisfied, and (a) is therefore 
an implicit. solution of (b) on J. 


Example 3.64. Test whether 
(a) fy) =e" + yy? — sty = 0, —mo << ow, 
is an implicit solution of 
(b) F(uyy’) = y? — avy’ —yt+2? =0, -—01 <aK<om. 


Solution. Unlike the previous example, it is not easy to solve for y 
to find the required function g(r). However, we have already shown that 
(a) defines y as an implicit function of 2x, if we choose for g(x) any one of 
the curves in Fig. 2.86. (Be sure to refer to the graphs shown in this 
figure.) If we choose the first, then g’(x) does not exist when x = 27/3, 
Hence, (a) cannot be a solution of (b) for all x, but we shall show that 
(a) is a solution of (b) in any interval which excludes this point x = 27/8 
Since we do not have an explicit expression for g(x), we cannot substitute 
in (b), g(x) for y, g'(x) for y’ to determine whether Flzq(c), 9 @) )ee0. 
What we do is to differentiate (a) implicitly to obtain 


(c) 32? 48y2y’ Bay y= 0, Gy yf — te 0. 


Since (c) now agrees with (b), we know that the slope of the function 
g(x) implicitly defined by (a) and explicitly defined by the graph, satisfies 
(b) at every point x in any interval excluding x = 22/3. Hence both re- 
quirements of Definition 3.6 are satisfied in any interval which does not 
include the point 2 = 27/3 Therefore the function g(x) defined by the 
first graph in Tig. 2.86 is an implicit solution of (a) in any interval not 
containing the point zt = 92/3. 

If we choose for g(r) the second curve in lig. 2.86, then g’(x) does not 
exist when x = 0 and x = 27/°. For this g(z), (a) will be a solution of 
(b) in any interval which excludes these two points. 

If we choose for g(x) the third curve in Fig. 2.86, then g’(x) does not 
exist when c = 0. For this g(x), (a) will be a solution of (b) in any inter- 
val which excludes this point. 


Comment 3.65. The example above demonstrates the possibility of 
an implicit function being defined over an interval and being the solution 
of a differential equation in only part of the interval. 


Comment 3.651. The standard procedure in calculus texts to prove 
that (a) is a solution of (b) is the following. Differentiate (a) imphcitly. 
If it yields (b), then (a) is said to be an implicit solution of (b). If you 


operate blindly in this manner, then you are likely to assert that 2? + 
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y”? = 0 is an implicit solution of x + yy’ = 0, since differentiation of the 
first gives the second. But x? + y? = 0 does not define y implicitly as a 
function of x on an interval. Only the point (0,0) satisfies this formula. 
To assert, therefore, that x? + y? = Oisan implicit solution of x + yy’ = 0 
because it satisfies the differential equation is meaningless. 


Example 3.66. Test whether 
(a) ay? —e¥—1=0 
is an implicit solution of the differential equation 
(b) (xy? + ey — 1) yee = 0. 


Solution. If we worked blindly and used the method of implicit dif- 
ferentiation as taught in the calculus, then from (a), we would obtain by 
differentiation 


(c) Peay ty ey 0, (2p Ny a — 0. 


Although (c) is not identical with (b), it can be made so if we replace e 
in the second equation of (c) by its value xy” — 1 as determined from 
(a). Working blindly then, we would assert that (a) is an implicit solu- 
tion of (b). But is it? Well, let us see. By Definition 3.6, we must first 
show that (a) defines y as an implicit function of z on an interval. If we 
write (a) as 


(d) ee oe 
wv 


Figure 3.67 


4 


we see, since e-” is always positive, that y is defined only for x > 0. 
Hence the interval for which (a) may be a solution of (b) must exclude 
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values of x S 0. Here again as in the previous example, we cannot easily 
solve for y explicitly in terms of x, so that we must resort to a graph to 
determine g(x). It is given in Fig. 3.67. From the graph, we see that 
there are three choices of g(x). If g(x) is the upper branch, then (a) is an 
implicit solution of (b) for all z > 0. And if g(x) is either of the two lower 
branches, one above the line y = —2.22, the other below this line, then 
(a) is an implicit solution of (b) for J: x > 2.07 approximately. 


EXERCISE 3 


]. Determine the order of the following differential equations. 
(a) dy + (zy — cosz) dx = 0. CD) satay atu)? ay nO: 


d’y 3 ¥ 
(c) & ae 


2. Prove that the functions in the right-hand column below are solutions of the 
differential equations in the left-hand columns. (Be sure to state the common 
interval for which solution and differential equation make sense.) 


0. Ou. AD 


(a) y +y =0 y = en? 
Oey —c vane" 
2 
dvy 1 
= =a Are sie lt 
Nae = DS Ng 
(d) f’(z) = f(z) Sie se A 
(c) zy’ = 2y y = 2. 
(f) (+2 )y’ = zy y=vi1l-+ 22. 
(g) cos 9% — 2rsin 8 = 0 r = asec’ 0. 
(th) y’ —y = 0 y = act + be-?. 
(i) f(t) = 3f(@) f(z) = 2e7/8, 
2 2 
sme Bee!) iS Gamay 


(Qe = y = V16 — 22. 


3. Show that the differential equation 


dy 
dz 


+ ly] 4-1 = 0 


has no solutions. an | 

4. Determine whether the equations ou the right define implicit functions of z. 

Jor those which do, determine whether they are implicit solutions of the 
differential equations on the left. 


(1) y 1 = Cy + ayy’ = 0 1. Sie eo 


=) vor dy a Jay) Qe =T- 
(b) ¢ as ae 0 Re care 2 


(c) “oe —4 bg el 0, 
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ANSWERS 3 
Ie 1. (by 2. (Oo: (aes: 
2, (a) —O <7 << o” (b) —~ <ax< ow, (c) -l <2z<l. 


(dl) cor (ea 0, (GD) =e) ig ee 
(Oe et tee, (h)—-~ <x ow, 
(i) =~ 7g ce (j) « # 0, —2. (k) —4 <a < 4. 


4. (a) Yes, if one makes y single valued. Implicit solution. 
(b) Yes. Implicit solution, z ¥ 0. 
(c) Function undefined. 


LESSON 4. The General Solution of a Differential Equation. 


LESSON 4A. Multiplicity of Solutions of a Differential Equation. 
We assume at the outset that you have understood clearly the material of 
the previous lesson so that when we say “solve a differential equation” or 
“find a solution of a differential equation,” or “the solution of a differen- 
tial equation is,” you will know what is meant (see Comment 3.43). Or 
if we omit intervals for which a function or a differential equation is 
defined, we expect that you will be able to fill in this omission yourself. 

When you studied the theory of integration in the calculus, you solved 
some simple differential equations of the form y’ = f(z). For example, 
you learned that, if 


(4.1) yy =e" 
then its solution, obtained by a simple integration, is 
(4.11) eC Te 

where c can take on any numerical value. And if 
(4.12) yo =e 
then its solution, obtained by integrating (4.12) twice, is 
(4.13) Ye ey ano, 

where now c, and ¢c2 can take on arbitrary values. Finally, if 
(4.14) ye = ea 
then its solution, obtained by integrating (4.14) three times, is 
(4.15) y = e* + ex" + cor + 6, 


where ¢,, C2, cz can take on any numerical values. 


Lesson 4A MuLtipuiciry OF SOLUTIONS OF A DIFFERENTIAL EQuaTION 29 


Two conclusions seem to stem from these examples. First, if a differen- 
tial equation has a solution, it has infinitely many solutions (remember the 
c’s can have infinitely many values). Second, if the differential equation 
is of the first order, its solution contains one arbitrary constant; if of the 
second order, its solution contains two arbitrary constants; if of the nth 
order, its solution contains n arbitrary constants. That both conjectures 
are in fact false can be seen from the following examples. 


Example 4.2. The first order differential equation 


(a) (y')? + y? = 0, 
also the second order differential equation 
(b) Go)> y ="0, 


each has only the one solution y = 


Example 4.21. The first order differential equation 
(a) ly’| +1 = 0, 
also the second order differential equation 
(b) a | l= 0, 


has no solution. 


Example 4.22. The first order differential equation 
(a) oa. | 
has no solution if the interval J is —1 < x < 1. Formally one can solve 
(a) to obtain 
(b) y = log |z| + ¢, 
but this function is discontinuous at x = 0. By Definition 3.4, a solution 
must satisfy the differential equation for every x in I. 
Remark. If x < 0, then by (b) above 
(c) y = log(—z) +a, z <0, 


is a valid solution of (a). And if x > 0, then by (b) 


(d) i) came \O ts Comet 0), 

‘sa valid solution of (a). The line x = 0, therefore, divides the plane into 
{wo regions; in one (c) is valid, in the other (d) is valid. There is no 
solution, however, if the region includes the line z = 0. 


30 Basic Concepts Chapter 1 


Example 4.23. The first order differential equation 


(a) (y’ — y)(y’ — 2y) = 0 
has the solution 
(b) Te ie NO — c2e7*) = 0, 


which has two arbitrary constants instead of the usual one. 


These examples should warn you not to jump immediately to the con- 
clusion that every differential equation has a solution, or if it does have a 
solution that this solution will contain arbitrary constants equal in num- 
ber to the order of the differential equation. It should comfort you to 
know, however, that there are large classes of differential equations for 
which the above conjectures are true, and that these classes include most 
of the equations which you are likely to encounter. For these classes only, 
then, we can assert: the solution of a differential equation of order n contains 
n arbitrary constants C1, C2,°°°, Cn. 

It is customary to call a solution which contains 7 constants cj, Co, 
"++, Cn an n-parameter family of solutions, and to refer to the con- 
stants c,; to c, as parameters. In this new notation, we would say (4.11) 
is a 1-parameter family of solutions of (4.1); (4.13) is a 2-parameter family 
of solutions of (4.12), etc. 


Definition 4.3. The functions defined by 
(4.31) ps I, C1, Ca,°**, Cn) 


of the n + 1 variables, z, ci, co, +++, Cn will be called an n-parameter 
family of solutions of the nth order differential equation 


(4.32) ; ag), Dates a) ae 0, 


if for each choice of a set of values cy, Co, +++, Cn, the resulting function 
f(x) defined by (4.31) (it will now define a function of x alone) satisfies 
Gis 1.e., if 


(4.33) Foi hans! 


For the classes of differential equations we shall consider, we can now 


assert: a differential equation of the nth order has an n-parameter family of 
solutions. 


Example 4.34. Show that the functions defined by 
(a) y = f(x,cy,c2) = 2x + 8 + cye* + coe?” 


of the three variables x, c,, co, are a 2-parameter family of solutions of the 
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second order differential equation 
(b>) Fixyy yy”) = y” — 3y' + 2y — 4x = 0. 

Solution. Let a,b be any two values of cy,c2 respectively. Then, by (a), 
(c) y = f(z) = 2a + 3 + ae® + be?’. 


[Note that (c) now defines a function only of x.) The first and second 
derivatives of (c) are 


(d) yy = 7 @ = 2 age’ + Joe yl = f" (a) ear ae 


Substituting in (b) the values of f, f’ and f”, as found in (c) and (d), for 
yy’, y”, we obtain 


(e) F(x,f,f’,f’) = ae? + 4be?* — 6 — 3ae” — 6be?* 
ASG 2ac + 2he-*? =e 0. 


You can verify that the left side of (e) reduces to zero. Hence by Defini- 
tion 4.3, (a) is a 2-parameter family of solutions of (b). 


LESSON 4B. Method of Finding a Differential Equation if Its 
n-Parameter Family of Solutions Is Known. We shall now show 
you how to find the differential equation when its n-parameter family of 
solutions is known. You must bear in mind that although the family 
will contain the requisite number of n arbitrary constants, the mth order 
differential equation whose solution it is, contains no such constants. In 
solving problems of this type, therefore, these constants must be elimi- 
nated. Unfortunately a standard method of eliminating these constants 
is not always the easiest to use. There are frequently simpler methods 
which cannot be standardized and which will depend on your own in- 


genuity. 
Example 4.4. Find a differential equation whose I-parameter family 
of solutions 1s 


(a) (oC COs ta. 


Solution. In view of what we have already said, we assume that 
since (a) contains one constant, it is the solution of a first order differential 
equation. Differentiating (a), we obtain 


(b) = Ab; Sina 4 I 


This differential equation cannot be the one we seek since it contains the 


parameter C. To eliminate it, we multiply (a) by sin x, (b) by cos x and 
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add the equations. There results 
(c) y sin Z-+ y’ cos] = zsin v-> Cos z, 
(y’ — 1) cosz + (y — z)sinz = 0, 


y’ = (x — y)tanz+1, t# +24 ,..., 
which is the required differential equation. [We could also have solved 
(b) for c and substituted its value in (a).] Note that the interval for 
which (a) is a solution of (c) must exclude certain points even though the 
function (a) is defined for these points. 


Example 4.5. Find a differential equation whose 2-parameter family 
of solutions is 
(a) y = cye™ + coe *. 

Solution. Since (a) contains two parameters, we assume it is the 
solution of a second order differential equation. We therefore differentiate 
(a) twice, and obtain 


(b) y’ = ce” — coe *, 
(c) y”’ = cye* + coe *. 


Because of the presence of the constants c; and ¢e in (c), it cannot be the 
differential equation we seek. A number of choices are available for elimi- 
nating c; and cg. We could, for example, solve (a) and (b) simultaneously 
for c; and cy and then substitute these values in (c). This method is a 
standard one which is always available to you, provided you know how 
to solve the pair of equations. An easier method is to observe that the 
right side of (c) is the same as the right side of (a). Hence, by equating 
their left sides, we have 


(d) y —y =0, 
which is the required differential equation. 


Example 4.51. Find a differential equation whose 2-parameter family 
of solutions is 


(a) Up = On ler == oy Coe on cia 


Solution. Since (a) contains two constants, we assume it is the solu- 


tion of a second order differential equation. Hence we differentiate (a) 
twice, and obtain 


(b) y’ = ¢, cosx — cosina + 2r, 


(c) y’’ = —c; sinz — cocosz + 2 
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Here again you could use the standard method of finding c; and cg by 
solving (a) and (b) simultaneously, and then substituting these valucs 
in (c). [Or you could solve (b) and (c) simultaneously for c; and cy and 
substitute these values in (a)]. An easier method is to observe from (c) that 


(d) c, sinew + cacost = 2 — 13” 
Substitution of (d) in (a) gives 
(c) y= 2—y" +2? or y= 2? —y +2, 


which is the required differential equation. 


Example 4.52. Vind a differential equation whose 1-parameter family 
of solutions represents a family of circles with centers at the origin. 


Solution. Here the family of solutions is not given to us in the form 
of a mathematical equation. However, the family of circles with center 
at the origin is 


(a) eyes? r > 0. 


Since (a) has only 1-parameter r, we assume it is the solution of a first 
order differential equation. Hence we differentiate (a) once, and obtain 


(b) a+ yy’ = 0, 


which is the required differential equation. Note that in this example the 
parameter r was eliminated in differentiating (a), and we were thus able 
to obtain the required differential equation immediately. 


LESSON 4C. General Solution. Partieular Solution. Initial Con- 
ditions. An n-parameter family of solutions of an nth order differential 
equation has been called traditionally a “general” solution of the differen- 
tial equation. And the function which results when we give a definite set 
of values to the constants cy, C2, +--+, C, in the family has been called a 
“particular solution” of the differential equation. 

Traditionally then, for example, y = ce* which is a 1-parameter family 
of solutions of y’ — y = 0, would be called its general solution. And if 
wp iet c= —2, honey — —2e* would be called a particular solution of 
the equation. It is evident that an infinite number of particular solutions 
can be obtained from a general solution: one for each value of c. 

A general solution, if it is to be worthy of its name, should contain all 
solutions of the differential equation, 1.e., 1t should be possible to obtain 
every particular solution by giving proper values to the constants Ci, Ce, 
ee. wage “UO unately, there are differential equations which have solu- 
tions pot obtainable from the n-parameter family no matter what values 
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are given to the constants. I’or example, the first order differential equation 
(4.6) y = zy + Cy’)? 

has for a solution the 1-parameter family 

(4.61) y = cx +c”. 


Traditionally, this solution, since it contains the required one parameter, 
would be called the general solution of (4.6). However, it is not the gen- 
eral solution in the real meaning of this term since it does not include 
every particular solution. The function 


(4.62) y= — = 


is also a solution of (4.6). (Verify it.) And you cannot obtain this func- 
tion from (4.61) no matter what value you assign to c. [(4.61) is a first 
degree equation; (4.62) is a second degree equation. } 

Unusual solutions of the type (4.62), i.e., those which cannot be ob- 
tained from an n-parameter family or the so-called general solution, have 
traditionally been called ‘‘singular solutions.’’ We shall show below by 
examples that the use of these terms—general solution and singular solu- 
tion—in their traditional meanings is undesirable. Rather than being 
helpful in the study of differential equations, their use leads only to 
confusion. 

Consider for example the first order differential equation 


(4.63) yo = —2y3!?. 
Its solution is 

i 
4.64 — 
Cae a roe 
(Verify it.) But (4.63) has another solution 
(4.65) 0) 


which cannot be obtained from (4.64) by assigning any value toc. By the 
traditional definition, therefore, y = 0 would be called a singular solution 
of (4.63). However, we can also write the solution of (4.63) as 


(4.651) ae 
ieee (6.5 81 oe 
[Now verify that (4.651) is a solution of (4.63).] slaagthis {6rm,gi— Om 


not a singular solution at all. It can be obtained from (4.651) by setting 
C = 0. Hence use of the traditional definitions for general solution and 
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singular solution in this example leads us to the uncomfortable contradic- 
tion that.a solution can be both singular and nonsingular, depending on 
the choice of representation of the I-parameter family. 

Here is another example. The first order differential equation 


(4.652) Gy — yy —2y) = 0 

has the following two distinct 1-parameter family of solutions 
(4.653) y = C47, 

(4.654) = Coe 


[Verify that each of these families satisfies (4.652).] 

If we call (4.653) the general solution of (4.652), as it should be called 
traditionally since it contains the required one parameter, then the entire 
family of fuirctions (4.654) is, in the traditional sense, singular solutions. 
They cannot be obtained from (4.653) by giving any values whatever to 
cy. If we call (4.654) the general solution of (4.652), as well we may in 
the traditional sense, since it too contains the requisite one parameter, 
then all the functions (4.653) are singular solutions. Hence, use of the 
traditional definitions for general solution and singular solution again leads 
us, in this example, to the uncomfortable contradiction that a family of 
solutions can be both general and singular. 

In this text, therefore, we shall not call an n-parameter family of solu- 
tions a general solution, unless we can prove that it actually contains 
every particular solution without exception. If we cannot, we shall use 
the term n-parameter family of solutions. In such cases, we shall make 
no attempt to assert that we have obtained all possible solutions, but. shall 
claim only to having found an n-parameter family. I’very solution of the 
given differential equation, in which no arbitrary constants are present, 
whether obtained from the family by giving values to the arbitrary con- 
stants in it or by any other means, will be called, in this text, a particular 
solution of a differential equation. In our meaning of the term, therefore, 
(4.62) is a particular solution of (4.6), not a singular solution. 


Definition 4.66. <A solution of a differential equation will be called a 
particular solution if it satisfies the equation and does not contain arbi- 
trary coustants. 

Definition 4.7. An n-parameter family of solutions of a differential 


equation will be called a general solution if it contains every particular 
solution of the equation. 


Siice there is an infinite number of ways of choosing the n arbitrary 
constants ¢;, C2, °**) Cn In an n-parameter family, one may well wonder 
they are determined. What we usually want is the one solution of 


how ie ; 
infinitely many that will satisfy certam conditions. Tor instance, we 


the 


36 Basic CoNcEPTS Chapter 1 


may observe in an experiment, that at time ¢ = O (i.e., at the start of 
an experiment) a body is 10 feet from an origin and is moving with a 
velocity of 20 ft/sec. The constants then must be so chosen that when 
t = O, the solution will give the value 10 feet for its position and 20 ft/sec 
for its velocity. For example, assume the motion of the body is given by 
the 2-parameter family 


(a) z= 167 + cyt + co, 


where xz is the distance of the particle from an origin at time ¢. Its velocity, 
obtained by differentiating (a), is 


(b) v = 32t+ ¢. 


Hence we must choose the constants c; and cz so that when ¢ = 0,x = 10, 
and v = 20. Substituting these values of t, x, and v in (a) and (b), we find 
Co = 10, cy = 20. The particular solution, therefore, which satisfies the 
given conditions of this problem is 


(c) x = 16¢7 + 20¢ + 10. 


Definition 4.71. The n conditions which enable us to determine the 
values of the arbitrary constants cy, C2, ---, C, In an n-parameter family, 
if given in terms of one value of the independent variable, are called 
initial conditions. 


In the example above, the given conditions were initial ones. Both the 
value of the function and of its derivative were given in terms of the one 
values! = (), 


Comment 4.72. Normally the number of initial conditions must 
equal the order of the differential equation. There are, as usual, excep- 
tional cases where this requirement can be modified. For our classes of 
differential equations, however, this statement will be a true one. 


. Example 4.8. Yind a 1-parameter family of solutions of the differen- 
tial equation 


(a) yy’ = (y+ 1)?, 


and the particular solution for which y(2) = 0. [Ehisnovtion, 72) = 0, 
is a shorthand way of stating the initial conditions. Here these are t = a 


i 0. It means that the point (2,0) must lie on or satisfy the particular 
solution.] 


Solution. If y # —1, we may divide (a) by (y + 1)? and obtain 


y 
(b) ae ie y ~ —I. 
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Performing the indicated integrations gives 
1 
© —_—— + = == 
(c) yi sly + zr+e y ¥# —l, 


which is the required 1-parameter family. To find the particular solution 
for which « = 2, y = O, we substitute these values in (c) and obtain 


(d) 1=2+c¢c or c= —1. 


Substituting (d) in (c), there results the required particular solution, 


(c) oq tle + il=2-1, yx 1. 

Note. The function defined by y = —1 which we had to discard to 
obtain (c) is also a solution of (a). (Verify it.) Hence, 
(f) y+t1=0 


is also a particular solution of (a). It is a particular solution which cannot 
be obtained from the family (c) by assigning any value to the constant c. 
EXERCISE 4 


In problems 1-3, show that each of the functions on the left is a 2-param- 
eter family of solutions of the differential equation on its right. 


3 
1 oe Ce eo 2 me 


eiee-? -|- eae? -- 227, y’’ + 3y’ + 2y — 12e7 = 0. 
ox + coz~1+ faloga, x?y" + zy’ —y —2x = 0. 


In problems 4 and 5, show that each of the functions on the left is 
a 3-parameter family of solutions of the differential equation on its right. 


ie wt ! , 
et (cx + cat + cat? + =): yo 8y y= yy a0, 


-¥ 
-y 
-y 


oN | 


A, y = 
z 1 9 cos 2x — 7sin 2x\ 
5. y = 01 + cnet + ope + (+ SOE Tne Je ; 
y’ — y! — e sin? x = 0. 


In each of problems 6-17, find a differential equation whose solution is 
the given n-parameter family. 


6. y = cat c. 12. y = c,e°2", 
2 10) i 
de ae Oy = c ‘ x 
8. y = ci cos 32 + ce sin 3a. 14. y = Rogie coe 27, 
9, r = 6tan (6+ c). 15. (y — c)* = cz. 
10. y = cot ae° ade. 16. r = a(1 — cos @). 


~/ eqn! + 9. 17. logy = 12" + co. 


— 

— 

= 
li 
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Find a differential equation whose solution is 


. A family of circles of fixed radii and centers on the x axis. 
. A family of circles of variable radii, centers on the z axis and passing through 


the origin. 


. A family of circles with centers at (h,k) and of fixed radius. 
. A family of circles with centers in the ry-plane and of variable radii. Hint. 


Write the equation of the family as rz? + y? — 2c)x — 2coy + 2c3 = 0. 


. A family of parabolas with vertices at the origin and foci on the x axis. 

. A family of parabolas with foci at the origin and vertices on the z axis. 

. A family of parabolas with foci and vertices on the z axis. 

. A family of parabolas with axes parallel to the z axis and with a fixed dis- 


tance a/2 between the vertex and focus of each parabola. 


. A family of equilateral hyperbolas whose asymptotes are the coordinate axes. 
. A family of straight lines whose y intercept is a function of its slope. 
. A family of straight lines that are tangents to the parabola y? = 2z. 
. A family of straight lines that are tangents to the circle 2? + y? = c?, 


where c is a constant. 


. Find a 1-parameter family of solutions of the differential equation dy = y dz 


and the particular solution for which y(3) = 


ANSWERS 4 
6. y = zy’ + (y)3. 19. 2ayy’ + 2? — y? = 0. 
7. 22( ne. — 2zyy' + 42? = 0. 20. [1 -F (y)7]8 = a?(y’’)?. 
8, y” + 9y = 0. 21. "(1 + (y')7] = 3y/(y")?. 
ae dag OF eT 22. 2ry’ = y. 
10. y = (x — 4)y’ + 3(y')?. 23. y(y’)? + 2zy’ — y = 0. 
11. ar + aly’)? — yy’ = 0. 24. yy” + (y’)? = 0. 
12. yy” = (y’)? 25. ay” + (y’)? = 0. 
13. yx = 423 — y 26. zy’ +.y = 0. 
14. y” = 4y. 27. y = zy’ + fly’). 
15. 42(y’)? + os —y=0. 28. 2zr(y’)? — 2yy’+ 1 = 
16. (1 — cos a) 5 — = rsin 8. 29, y = zy’ + cV (y’)? + 1. 
17. xyy’’ = ye — oy = 0. 30. y = ce?, y = e738, 
18. (uy)? + y? = a? 


LESSON 5. Direction Field. 


LESSON 5A. Construction of a Direction Field. The Isoclines of 
a Direction Field. Before beginning a formal presentation of techniques 
which are available for solving certain types of differential equations, we 
wish to emphasize the geometric significance of a solution of a first order 
differential equation. In many practical problems, a rough geometrical 
approximation to a solution, such as those we shall describe below and in 
later lessons, may be all “Nati is needed. Let 


(5.1) y= f(z) or f(x,y) = 0 


define a function of z, whose derivative y’ exists on an interval I: a 7 <0; 
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Then y’ will give the slope of the graph of this function at each pomt whose 
x coordinate is in J, i.e., y’ will give the direction of the tangent to the 
curve at each of these points. When, therefore, we are asked to find a 
1-parameter family of solutions of 


(5.11) y = F(xy), a<z <b, 


we are in effect being asked the following. Find a family of curves, every 
member of which has at each of its points a slope given by (5.11). 


Definition 5.12, If y = f(x) or f(x,y) = 0 defines y as a function of 
x which satisfies (5.11) on an interval I, then the graph of this function 
is called an integral curve, i.e., it is the graph of a function which is a 
solution of (5.11). 


Therefore even if we cannot find an elementary function which is a 
solution of (5.11), we can by (5.11) draw a small line element at any point 
(z,y), for which z is in J, to represent the slope of an integral curve. And 
if this line is short enough, the curve itself over that length will resemble 
the line. For example, let us assume that y’ by (5.11) has the value 2 at 
the point (4,3). This means that at (4,3), the slope of an integral curve is 
2. Hence we can draw a short line at this point with slope 2. In a similar 
manner we can draw, theoretically, such short lines over all that part of 
the plane for which (5.11) ts valid. 

These lines are called line elements or sometimes lineal ele- 
ments. The totality of such lines has been given various descriptive 
names. We shall use the term direction field.* Any curve which has at 
each of its points one of these line elements as a tangent will satisfy (5.11), 
and will therefore be the graph of a particular solution. 


Example 5.2. Construct a direction field for the differential equation 


(a) ee: 


Solution. Table 5.21 gives the values of y’ for the integer coordi- 
nates from —5 to 5. In Fig. 5.22, we have drawn the line elements for 
these values of y’ and also one integral curve. It is the graph of the par- 


ticular solution 


(b) y =e — eee | 
of (a) 


The construction of line elements is unquestionably a tedious job. 
Further, if a sufficient number of them is not constructed in close prox- 
1) : ; 
imity, it may be difficult or impossible to choose the correct line element 
ImMlvy; 


_ * —— 
*Other names are slope field, lineal element diagram. 
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Table 5.21 


Or 


|S 


—_ 
bo 


2 3 


Ow 


for the particular integral curve we wish to find. If such doubt exists in a 
certain neighborhood, it then becomes necessary to construct additional 
line elements in this area until the doubt is resolved. Fortunately there 


Figure 5.22 


exist certain aids which can facilitate the construction of line elements. 


One of these is to make use of the isoclines of a direction field. We 
shall explain its meaning below. 
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In (a), let y’ equal any value, say 3. Then (a) becomes 
(c) r+ y = 3, 


which in effect says that the slope y’ has the value 3 at each point where 
the integral curve crosses this line. [Look at the table of values given in 
5.21. At all points which satisfy (c) and are therefore points on this line, 
as for example (5,—2), (0,3), (1,2), etc., y’ = 3.] Hence we can quickly 
draw a great many lineal elements on the line (c). All we need do is to 
construct at any point on it a line element with slope 3. This line there- 
fore has been called appropriately an isocline of the direction field. For 
each different value of y’, we obtain a different isocline. All the straight 
lines drawn in Fig. 5.22 are isoclines. In general, therefore, if 


(5.23) y’ = F(z,y), 
then each curve for which 
(5.24) F(z,y) = k, 


where k is any number, will be an isocline of the direction field deter- 
mined by (5.23). Every integral curve will cross the isocline with a slope k. 


Remark. Jor our illustration, we chose an F(2z,y) which, when set 
equal to k, could be solved explicitly for y. We were therefore able to find 
the isoclines of the direction field without much trouble. We should 
warn you however, that in many practical cases, (5.24) may be more 
difficult to solve than the given differential equation itself. In such cases, 
we must resort to other means to find a solution. 


An integral curve which has been drawn by means of a direction field 
may be looked upon as if it were formed by a particle moving in such a 
way that it is tangent to each of its line elements. Therefore the path of 
this particle (which remember is an integral curve) 1s sometimes referred 
to as a streamline of the field moving in the direction of the field. Every 
student of physics has witnessed the formation of a direction field when 
he has gently tapped a glass, covered with iron filings, which had been 
placed over a bar magnet. [Fach iron filing assumes the direction of a 
line element, and the imaginary curve which has the proper line elements 


as tangents is a streamline. 


LESSON 5B. The Ordinary and Singular Points of the First Order 

Bz gation (Subl). In the example of the previous lesson, each point 

aha +n the plane determined one and only one lineal element. Now con- 
a5 


cider the followmg example. 
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Example 5.3. Construct a direction field for the differential equation 


2G!) 
» oF ; 


(a) —— xX 0. 

Solution. (See Fig. 5.31.) We observe from (a) that we can con- 
struct line elements at every point of the plane excepting at those points 
whose x coordinate is zero. If therefore we were attempting to find a 
particular integral curve of (a) by means of a direction field construction, 
we could do so as long as we did not cross the x axis. For example, if we 


B 


NZ 
1) 5 
es aie 


Figure 5.31 


began at a point in the second quadrant of the plane and followed a 
streamline, we would be stopped at the point (0,1) since by (a), y’ is 
meaningless there. Even if we had concluded that an arbitrary assign- 
ment of the value zero to y’ at this point would seem reasonable and give 


continuity to the integral curve made by the streamline, so that (a) would 
now read 


(b) y= SD, gH 
=) c=0,y = 1, 


we would be at a loss to know which streamline to follow after crossing 
(0,1). If you will draw sufficient lineal elements in the neighborhood of 
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(0,1), it will soon become evident. to you, that with the new definition of 
y’ as given in (b), an infinite number of integral curves lies on the point 
(0.1) with slope zero. Hence atter crossing this point, one could follow 
any first, third, or fourth quadrant streamline, or even another second 
quadrant streamline. 

To overcome this difficulty, we could specify two sets of initial condi- 
tions in place of the usual one. For example, we could require our solu- 
tion to le on the point (—3,2), and after crossing (0,1) to go through the 
point (2,—1). These two initial conditions would then fix a particular 
integral curve. This annoying difficulty arises because of the necessity of 
excluding x = 0 from the interval of definition. Actually, there are two 
distinct solutions of (a), namely 


(c) Y= Cee, re) 
ye Coe ler a), 
[Be sure to verify that each function defined in (c) is a solution of (a).] 


Since the point (0,1) satisfies both equations in (c) and since we have 
agreed to define the slope y’ as equal to zero at this point, we can write 


(cy) as 
(d) y = cen N= 0, 


cox? +1, 2@ 


IV 
S 


y 


In this form the solutions (d) include every particular solution of the 
given differential equation with the agreement that y’ equals zero when 
ae), we 

In the form of solution (d), we can now make the further observation 
that with the exception of (0,1), no mtegral curve lies on any point in the 
plane whose x coordinate Is zero. lor example the point (0,3) does not 
satisfy either equation in (d) no matter what values you assign to cy 


and Co. . . 
We characterize the difference between points like (0,1), (0,3), and 


(2,3) in the following definitions. 

Definition 5.4. An ordinary point of the first order differential equa- 
tion (5.11) is a point in the plane which lies on one and only one of its 
integral curves. 

Definition 5.41. A singular point of the first order differential equa- 
tion (5 11) is a point im the plane which meets the following two require- 
ments: 

1. It is not an ordinary point, i.¢., it does not lie on any integral curve or 
| ‘t lies on more than one integral curve of (5.11). 
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2. If a circle of arbitrarily small radius is drawn about the point (i.e., the 
radius may be as small as one wishes), there is at least one ordinary 
point in its interior. (We describe this condition by saying the singular 
point is a limit of ordinary points.) 


In the above Example 5.3, every circle, no matter how small, drawn 
about any point on the y axis, say about the point (0,3), contains not 
only one ordinary point but also infinitely many such points. 


Remark. Requirement 2 is needed to exclude extraneous points. For 
example, if y’ = \/1 — x?, then only points whose x coordinates lie 
between —1 and 1 need be considered. If, therefore, we defined a singular 
point by requirement 1 alone, then a point like (3,7) would be singular. 
This point, however, is extraneous to the problem. 


This example has served three purposes: 


1. It has shown you what an ordinary point and a singular point are. 

2. It has shown you the need for specifying intervals for which a differ- 
ential equation and its solution have meaning. You cannot work auto- 
matically and blindly and write as a solution of (a) 


(e) =c’+1, -—0o <2 < ow. 


If you did that, and even if you defined y’ = 0 at (0,1), you could get 
from (e) only the parabolic curves as solutions. One of these is shown in 
Vig. 5.31. It is marked A, and was obtained from (e) by setting c = 1 
[equivalent to setting c, = 1 andc, = 1 in (d)]. Ifin (d), wesetc, = 2 
and co = —2, we get the integral curve marked B in the graph. And if 
in (d) we set c) = 1 and cy = —2, we get the curve which is marked A 
in the second quadrant and B in the fourth quadrant. 


3. It shows once more that not every first order differential equation has 
a 1-parameter family of solutions for its general solution. The differen- 
tial equation in this example requires two 1l-parameter families to 
include all possible solutions. 


EXERCISE 5 
1. Construct a direction field for the differential equation 


y= 2a 
Draw an integral curve. 
2. Construct a direction field for the differential equation 


Where are its singular points? How many parameters are required to include 
all possible solutions? Draw the integral curve that goes through the points 
(—1,2) and (2,—1). 
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3. 


Construct a direction field for the differential equation 
a a vy 
1 ag 
Draw an integral curve that goes through the point (1,1). 


Find the isoclines of the direction field and indicate the slope at each point 
where an integral curve crosses an isocline, (a) for problem 2, (b) for problem 3. 


- Describe the isoclines of the direction field, ify’ = x2 + 2y?. 


ANSWERS 5 


. On line z = 0; two parameters. 
. (a) Isoclines are the family of straight lines through the origin: Vai, — ee 


Slope of an integral curve at each point where it crosses an isocline is equal to c. 
(b) Isoclines: x(1 — c) = y(1 +c), slope c. 


. Isoclines are the family of ellipses 22 + 2y? = c. At each point where an 


integral curve crosses one of these ellipses, the slope of the integral curve is c. 


Chapter 2 


Special Types of Differential Equations 
of the First Order 


Introductory Remarks. In this chapter we begin the study of formal 
methods of solving special types of first order differential equations. A 
few preliminary observations however should be instructive and helpful. 

1. It is unfortunately true that only very special types of first order 
differential equations possess solutions (remember a solution is a function) 
which can be expressed in terms of the elementary functions mentioned 
in Lesson 215. Most first order differential equations, in fact, one could say 
almost all, cannot be thus expressed. 

2. There is no connection between the appearance of a differential 
equation and the ease or difficulty of finding its solution in terms of ele- 
mentary functions. The differential equation 


does not look less complicated than 


a 


ae ace Ol dx 


Yet the first has an elementary function for its solution; the other two 
do not. 

3. If the solution you have found can be expressed only in the implicit 
form f(x,y) = 0, it will usually be of little practical value. An implicit solu- 
tion 1s frequently such a complicated expression that it is almost iImpos- 
sible to find the needed function g(x) which it implicitly defines, (see 
Definition 2.81). And without a knowledge of the function g(x) or at 
least a knowledge of what a rough graph of g(x) looks like, the solution 
will not be of much use to you. While we shall show you, therefore, in 
the lessons which follow, formal techniques for finding solutions of a first 
order differential equation, keep in mind, if the solution is an implicit one, 
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that other forms of solutions we shall describe later, such as geometric 
solutions, series solutions, and numerical solutions, will be of far greater 
practical importance to you. 

4. If you start with an algebraic equation and follow a certain pro- 
cedure to find a solution for a variable x, it is possible that the value thus 
obtained is extraneous. For example, the usual procedure followed to 
solve therequation ./72 ar — 3 = 1 — 2r isto square both sides and 
then factor the resulting equation. If you do this you will obtain the solu- 
tions z = 2 and x = 8. However, both values are extraneous. Neither 
solution satisfies the given equation. (Verify it.) Similarly, in showing 
you a procedure that will lead you to a solution of a differentia} equation, 
it is possible that the function thus obtained will be extraneous. Hence, 
to be certain a function is a solution of a given differential equation, you 
should always verify that it does in fact satisfy the given equation. 

5. I'mally, and we cannot emphasize this point too strongly, examples 
generally found in textbooks are “textbook” examples. They are inserted 
as iliustrations in order to clarify the subject matter under discussion. 
Hence they are carefully selected to yield “nice, relatively easy” solutions. 
Actual practical problems are avoided since they may require, for in- 
stance, the determination of the imaginary roots of a fourth degree equa- 
tion, or the solving of a system of four or more equations in a corresponding 
number of unknowns—burdensome and time-consuming problems to say the 
least. 


LESSON 6. Meaning of the Differential of a Funetion. 
Separable Differential Equations. 


LESSON 6A. Differential of a Function of One Independent 
Variable. We assume in this Lesson 6A that all functions are differ- 
entiable on an interval. Let y = f(x) define y as a function of x. Then 
its derivative f’(x) will give the slope of the curve at any point P(2,y) 
on it, i.e., it is the slope of the tangent line drawn to the curve at P. 

It is evident from Fig. 6.12, that 


/ dy 
(6.1) 1 (a) = tane = ron 
Hence, 
(6.11) dja (eae 


We call dy the differential of y, 1.e., it is the differential of the function 
defined by y = f(r). From (6.11) we note that the differential of Y, 
namely dy, is dependent on the abscissa x (remember as the point P 
changes, f’(r) changes), and on the size of Ar. We see, therefore, that 


whereas y = f(r) defines y as a function of one independent variable x, 
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(0,0) x x+Ax xX 
Figure 6.12 


the differential dy is a function of two independent variables x and Az. 
We indicate this dependence of dy on x and Az by writing it as 


(dy) (z,Ac). 
Hence, 


Definition 6.13. Let y = f(x) define y as a function of x on an inter- 
val J. The differential of y, written as dy (or df) is defined by 
(6.14) (dy)(v,Ax) = f' (x) Ae 


Note. We shall want to apply Definition 6.13 to the function defined 
by y = x. Therefore, in order to distinguish between the function defined 
by y = x and the variable x, we place the symbol “ over the zx so that 


(6.15) yf = 


will define the function that assigns to each value of the independent 
variable x the same unique value to the dependent variable y. 


Theorem 6.2. If 


(6.21) oy 

then 

(6.22) (dy)(x,Ax) = (d#)(z,Az) = Az. 
Proof. Since 

(a) y= 


defines the function that assigns to each value of the independent variable 
x the same unique value to the dependent variable y, its graph is the 
straight line whose slope is given by 


(b) y = f(z) = 1. 
Substituting f’(z) = 1 in (6.14), we obtain (6.22). 
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Comment 6.23. If in (6.14) we replace Ax by its value as given in 
(6.22), it becomes 


(6.24) (dy)(z,Ax) = f'(x)(d#)(x,Az). 


In words (6.24) says that if y = f(x) defines y as a function of x, then the 
differential of y is the product of the derivative of the function f and the 
differential of the function defined by y = &. The relation (6.24) is the 
correct one, but in the course of time, it became customary to write 
(6.24) in the more familiar form 


(6.28) dy = f(x) dz, Y= p(x), 


Example 6.26. If 
(a) y = 2, 
defines y as a function of z, find dy. 
Solution. Here f(x) = x®. Therefore f’(x) = 2z. Hence by (6.24) 


(b) (dy)(x,Ax) = 2x dé(x,Az), 


which is customarily written as 
(c) diy 022 dz. 


The importance of the definition of the differential as given in 6.13 lies 
in the following theorem. 


Theorem 6.3. If y = f(x) defines y as a function of x and x = g(t), 
y = fig) = F(d), define x and y as functions of t, then 


(6.31) (dy) (t,t) = f’(x)(dx)(t,Ad). 
Proof. Since x = g(t) defines x as a function of ¢, we have by (6.24) 


(a) (dx\(LAl) = oO dian: 

where x = é defines the function which assigns to each value of the inde- 
endent variable ¢, the same value to the dependent variable z. By 

A lien y = f[g(t)] defines y as a function of ¢. Therefore by (6.24) 

and the chain rule of differentiation, 

(b) (dy)(t,4t) = f'[g(Jlg'(t) dé(t,Ad)]. 

In (b) replace the last expression in brackets on the right, by its equal 

lot side of (a) and replace g(t) by its equal x. The result is (6.31). 
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To summarize: 

j,i y = f@), thenv@y) @ Ar) — ee a 

2. If 7 = f@) and 2 — g@eso that eo einem (ya) 
f’(x)(dx)(t,At), where dy and dz are differentials of y and x respectively. 
The first is the differential of f[g(t)]; the second is the differential of g(t). 

In both cases 1 and 2, we shall follow the usual custom and write 


(6.32) Gie= | (edz sor ou = f(a) 


Comment 6.33. Jf y = f(x) and x = g(t), then y = flg(t)] defines y 
as a function of t. The independent variable is therefore ¢; the dependent 
variables z and y. In general if y is a dependent variable, the increment 
Ay # dy, see Fig. 6.12. It follows therefore that Az # dz since here z is 
also a dependent variable. Thus there is no justification in replacing an 
increment Az by dx in “dy == f’(x) Az.” However, if both dy and dz are 
differentials as defined in 6.13, then as we proved in Theorem 6.3, “dy = 
f’(x) dx” even when z is itself dependent on a third variable t. 


LESSON 6B. Differential of a Function of Two Independent 
Variables. Let z = f(z,y) define z as a function of the two independent 
variables xz and y. Then, following the analogy of the one independent 
variable treatment, we define the differential of z as follows. 


Definition 6.4. Let z = f(x,y) define z as a function of x and y. 
The differential of s, written as dz or df, is defined by 


(6.41) (2a y Ar ay tate y) Ap ee ve Y) A 


Note that whereas z is a function of two iis variables, the 
differential of z is a function of four independent variables. 


Theorem 6.42. If 


(6.43) 2= (2) =a 
where < has the usual meaning, then 
(6.44) (dz)(z,y,Az,Ay) = d#(z,y,Az,Ay) = 
Proof. Here z = f(x,y) = #. Hence 
Of(ay) _ O& _ 1 ee 5, 
ax éx’tséY 


Substituting these values in (6.41), we obtain (6.44). 
Similarly, it can be shown, if z = (aa) =a ai 
(6.45) (dy) (w,y,da,Ay) = Ay, 
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Where # has the usual meaning. Substituting (6.44) and (6.45) in (6.41), 
we obtain 


(6.46) 


_ ne ne y) 


(da)(ryjht Ay) = (dt)(x,y,Ax,Ay) + = (dy) (2,y,Ax,Ay). 
This relation (6.46) is the correct one. However, in the course of time, 


it beeame the custom to write (6.46) as 


: _ Af(xy) afew) 


Kxeep in mind that dz and dy mean dé and dy and are therefore differentials, 
not increments. With this understanding of the meaning of dx and dy we 
shall now state, but not prove, an important theorem analogous to Theo- 
rem 6.3 in the case of one independent variable. The theorem asserts that 
(6.47) is valid even when z and y are both dependent on other variables. 


Theorem 6.5. If z = f(x,y) defines z as a function of x and y, and 
i == wT ;S, “i os io y(7,8, _ 2 c= Ilx(z,s, ie ay y(r,8, im )] = EES, ae . 
define x, y, and z as functions of r, s, and a finite number of other variables 
(indicated by the dots after s), then 


) = FEY axing, brae--) 
+ Yew 


(Gol) “(dzKys > Parag. 
(Gy JiGs, 2 3, Ar owes). 


Here also we shall follow the usual custom and write (6.51) as 


af(ay) , . flay) 
(6.52) dz = 4 d.c -- sa dy 


Example 6.53. Vind dz if 
(a) 2 =) = 2° 4- Grey eS 
Solution. Here 


Of (x,y) = 37° + Oy, Of (x,y) — a + By”. 
oe OY 


(b) 
Hence by (6.52) 
(c) dz = (3x? + Gry) dx + (3x? + 3y?) dy. 


LESSON 6C. Differential Equations with Separable Variables. 
The first order differential equations we shall study in this chapter will be 
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those which can be written in the form 
dy 


Written in this form it is assumed that y is the dependent variable and x 
is the independent variable. If we multiply (6.6) by dz, it becomes 


(6.61) P(x,y) dx + Q(z,y) dy = 0. 


Written in this form, either x or y may be considered as being the de- 
pendent variable. In both cases, however, dy and dx are differentials and 
not increments. 

Although (6.6) and (6.61) are not the most general equations of the 
first order, they are sufficiently inclusive to cover most of the applications 
which you will meet. Examples of such equations are 


(a) ou = 2cy + &*, 

(b) y = logxz+ y, 

(c) 2) ae 4 ey i 0, 
(d) e* cosy dx + a2sin ydy = 0. 


If it is possible to rewrite (6.6) or (6.61) in the form 
(6.62) f(x) dx + gly) dy = 0, 


so that the coefficient of dx is a function of x alone and the coefficient of 
dy is a function of y alone, then the variables are called separable. And 
after they have been put in the form (6.62), they are said to be separated. 
A 1-parameter family of solutions of (6.62) is then 


(6.63) | te da + [ow dy = C, 
where C is an arbitrary constant. 

Example 6.64. Find a 1-parameter family of solutions of 
(a) 2x dx — 9y* dy = 0. 


Solution. A comparison of (a) with (6.62) shows that the variables 
are separated. Hence, by (6.63), its solution is 


(b) vc? — 3y3 = C. 
Example 6.65. Find a 1-parameter family of solutions of 


(a) V1 — dz + 5 Dpdy = 0, 1 See 
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Solution. A comparison of (a) with (6.62) shows that the variables 
are separated. Hence its solution by (6.63) is 


(b) 42V1 — 22+ Arcsin r+3(5+y?"?=C, -1<2 < ly>—5. 


Comment 6.651. Because of the presence of the inverse sine, (b) im- 
plicitly defines a multiple-valued function. By our definition of a func- 
tion it must be single-valued, i.c., each value of x should determine one 
and only one value of y. For this reason we have written the inverse sine 
with a capital A to indicate that we mean only its principal values, namely 
those values which lie between —7/2 and 7/2. 


Example 6.66. Find a 1-parameter family of solutions of 
(a) ON ee) dy 0 
also a particular solution not obtainable from the family. 


Solution. We note first that (a) imakes sense only if y S 1 and 
—1 S281. Further if y #1, 2 ¥ £1, we can divide (a) by 
s/1 — yvV1 — 2x? and obtain 


(b) ade dy 
tee 

'. his equation is now of the form (6.62). A 1-parameter family of solu- 

tions by (6.63) 1s 

(c) 5 a a) es ce ee 


The function y = 1, which we had to exclude to obtain (c) also satisfies 
(a) for values of x between —1 and 1. (Be sure to verify it.) It isa par- 
ticular solution of (a) that cannot be obtained from the family (c). 


Ol er ee 


Remark. In Fig. 6.67 we have 
indicated the set in the plane for 
which the solution (c) 1s valid. It 
is bounded on the top by the line 
y = 1, and on the sides by the lines 
e#= l@andz = —1. By (a elex 
7 = +1 8nd y < 1, unique value 
of the constant C and tlrerefore a 
unique particular solution of (a) is 
determined. However, if y < 1, Figure 6.67 
dy/dx > +0 aszr— +1. Hence | | 
if y < 1, the lines x = +1 are tangents to the family of integral curves. 
The corner points (1,1) and (—1,1) can be made part of the set. For these 
two points, we obtain from (c) tlre solution 


(a) i a aye 
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Squaring (d) and taking the derivative of the resulting function, we obtain 
(e) y 5. 


By (a), 7’ is meaningless at the two corner points (1,1) and (—1,1). How- 
ever, because of (e) we are led to define the slope of the integral curve at 
these two corner points as 4 and —4. We see now that every particular 
solution of (a) obtained from (c) lies in the region below the line y = 1. 
The line y = 1 however, is, as we observed previously, also a particular 
integral curve of (a) and is part of the set for which solutions of (a) are 
valid. In Fig. 6.67 we have drawn the integral curve (d) and an integral 
curve of (c) through (0,0). 


Example 6.68. ind a 1-parameter family of solutions of 
(a) xcosydxr + Vx+ 1sinydy = 0; 
also a particular solution not obtainable from the family. 


Solution. We note first that (a) makes sense only if x > —1. Fur- 
7 37 


ther, if # —l,y #5) + 51+ ++, we can divide (a) by Vx + 1 cos y 
and obtain 

ie ee er = a ae” 
(b) er abe Ue lly Pie BE ee aes 


The equation is now of the form (6.62). A 1-parameter family, by (6.63), is 


2(4 — 2 
(c) e ) Vv ee 1 lee cose eo 
pe lly ye eS + Fa. 
The functions 


om 


d Sata om 
(d) as; =| 


» bye ee, 


which we had to exclude to obtain (c), also satisfy (a). They are particular 
solutions of (a) which cannot be obtained from the family (c). 


Remark. In I"ig. 6.69 we have indicated the set in the plane for 
which the solutions (c) are valid. It is bounded on the left by the line 


ae 
x == —I, and excludes the lines y = + a These last two lines, how- 


ever, also are particular solutions of (a) not obtainable from (c), and are 
therefore also part of the set for which solutions of (a) are valid. Each 
line y = 37/2, —37/2, etc., is also a solution of (a). 
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Figure 6.69 


Example 6.7. Find a particular solution of 
(a) ay? dx + (1 — x) dy = 0, 
fomaybichag(2) — 1. 

Solution. If y ¥ O and x = 1, we can obtain from (a) 


(b) i de ty dy = 0, x1, y #0, 
which we can write as 
(25 -)e+ utd =o, cXl,y #0. 


By (6.63), a family cf solutions of (a) Is 
(a) jog [1 — a] +2 +7 =C, ee Ly xO. 


To find the particular solution for which z = 2, y = 1, we substitute 
these values in (d) and obtain0+2+1= Ceor C= so. Plancey(d) 


becomes 


1 
(e) lee a 2 el, y 0. 


EXERCISE 6 


Find a I-parameter family of solutions of each of the differential equa- 
tions 1-16 listed bclow. Be careful to justify all steps used in obtaining a 
solution and to indicate intervals for which the differential equation and 
the solution are valid. Also try to discover particular solutions which are 
not members of the family of solutions. 


dr : 
Ly =y. 2, xdy — ydx = 0. On ail —sin @. 


2 dr 
db, (gy, -F 1) @ec — (x + 1) dy : Ce CON — To ee 


ll 
S 
wt 


" 0 
. (« — 1) cosy dy = 22 sin y dz. 

yy =" 7) lopeecoter: 

. cdy+ (1+ y?) Arc tan y dx = 0. 

Oy sry al) dre 

. eM (22 + 22 + 1) dx + (xy + y) dy = 0. 


Find a particular solution satisfying the initial condition, of each of the 
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; yx” dy — y° dx = 2x” dy. Tes (y? — 1) dr — (Qy+ zy) dy = 0. 
.clogrdytv1-+ y2dz = 0. 9. et! tany dz + cosy dy = 0. 
. zcosydzr-+ 2x2 siny dy = a siny dy. 

ls = 7 tan @. 


following differential equations 17-21. The initial condition is indicated 
alongside each equation. 


WG 


18. 
19. 
20. 
af IF 
22. 


10. 


11. 


2: 
13. 
14. 
15. 
16. 
17. 
18. 
19. 
20. 
zi. 


COND a 


dy 
sin 2 cos 2y.dz7 coc 2 sin. 2y dyu—=0) 7 (Oar / 2. 


(1 — z) dy = r(y+ 1) dz, y(0) = 0. 

yay 2 dzra— 377° dag) — 

dy = e*t dz, 4(0) = 0. 

Define the differential of a function of three independent variables; of n 
independent variables. 


ANSWERS 6 
eee. 2 Gan er, 3. r = cos6+e. 


- Arctanz = Arctany+ec or x—y = C(1-+ czy), where C = tanc. 
T= ¢-see 0 az ee 0x one; ao 
- (ce ly? = (y —1)z, #0, y XO; y = 0. 


t+2=cevy—1, « ¥ —2, y¥F stl; y= al. 


-logizi(ytvVy2+1)=c, ¢¥0, 2 #1. 


e7*? + log (esey — coty) + cosy =c, y X nm; y = nt. 

Tv 

D 
Tv 

reos6=c, r #0, OAS nT; 0) 

siny = (zx — 1)e®*+¢- gy 1, y Ane; y = ne. 

y= ein? ¢ tna, y € 0. 

y = tan (c/z), x ¥ 0. 


~ 


2 2 
a —x =coos y, « a, y¥# “|= TLRs y= ot ne. 


ae lS ee — 1 
z?+- 27 = ete g ¢ —1, 

Sg = 

cos” x cos 2y = —1. 


(y+ 1)(1 — 2) = e72, 
By? = 1 + O¢822-12. 
ev t+ e-¥ = 2. 
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LESSON 7. First Order Differential Equation with 
Homogeneous Coeflicients. 


LESSON 7A. Definition of a Homogeneous Function. 


Definition 7.1. Let z = f(x,y) define z as a function of x and y in a 
region R. The function f(x,y) is said to be homogeneous of order n if 
it can be written as 


(7.11) f(xy) = x"g(u), 


where u = y/x and g(u) is a function of u; or alternately if it can be 
written as 


(7.12) f(x,y) = y"h(u), 
where u = x/y and h(u) is a function of u. 
Example 7.13. Determine whether the function 
(a) fay =v+y? log 2 Tee a 0; 
is homogeneous. If it is, give its order. 


Solution. We can write the right side of (a) as 


pee ep 
(b) 2 (: ee log u) 


If we now let u = y/z, it becomes 
(c) z?(1 + u? log u) = 2g(u). 


Hence, by Definition 7.1, (a) 1s a homogeneous function. Comparing 
(c) with (7.11), we see that it 1s of order 2. 
Or if we wished, we could have written (a) as 


2 

(d) y° (5 +- log ¥) = "(uw — log u) = y7 h(n), 

where uw = r/y. Hence by Definition 7.1, (a) is homogeneous of order 2. 
Example 7.14.° Determine whether the function 

(a) f(xy) = Vy sin () 

ss homogencous. If it 1s, give its order. 
Solution. With uw = .x/y, we can write the right side of (a) as 

1/2 


(b) yl? singe sey! PAC). 


Henee, by Definition 7.1, (a) is homogeneous of order 4. 
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Follow the procedure used in Examples 7.13 to 7.14 to check the accu- 
racy of the answers given in the examples below. 


Answers 
1. eo!” 22 tan (y/2). Homogeneous of order zero. 
2. x? + sin x cos y. Nonhomogeneous. 
BN eee, Homogeneous of order 3. 
4. v/x2 + Bay + 2y?. Homogeneous of order 1. 
5. ae — Ba°y + by7a? — By. Homogeneous of order 4. 


Comment 7.15. An alternate definition of a homogeneous function is 
the following. A function f(x,y) is said to be homegeneous of order n if 


(7.16) f(tz,ty) = f(x,y), 


where ¢ > 0 and nis a constant. By using this definition, (a) of Example 
7.13 becomes 


(a) fltety) = Bo? + Py log # 
ae 2 ¥ 
a (= + y° log =) 
= Uf (x,y). 


Hence the given function x? + y? log (y/x) is homogeneous of order two. 
By using this definition, (a) of Example 7.14 becomes 


(b) (Cae es (2) ae (v2 sin 2) 
= ale es ae 


Hence the given function is of order 4. As an exercise, use (7.16) to test 


the accuracy of the answers given for the functions 1 to 5 after Example 
CAA. 


LESSON 7B. Solution of a Differential Equation in Which the 


Coefficients of dx and dy Are Each Homogeneous Funetions of 
the Same Order. 


Definition 7.2. The differential equation 
(7.3) P(x,y) dx + O@y)ay = 0, 
where P(x,y) and Q(z,y) are each homogeneous functions of order 7 is 


called a first order differential equation with homogeneous coeffh- 
cients. 
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We shall now prove that the substitution in (Gicey) on 
(7.31) = ee, dy = udx + xdu 


will always lead to a differential equation in x and u in which the variables 
are separable and hence solvable for wu by Lesson 6. The solution y will 
then be obtainable by (7.31). The proof is incorporated in the following 
theorem. 


Theorem 7.32. If the coefficients in (7.3) are each homogeneous func- 
tions of order n, then the substitution in it of (7.31) will lead to an equation 
an which the variables are separable. 


Proof. By hypothesis P(x,y) and Q(x,y) are each homogeneous func- 
tions of order n. Hence by Definition 7.1 with u = y/z, each can be 
written as 


(a) Play) = x"gi(u), — Q(ay) = x"go(u). 


Substituting in (7.3) the value of dy as given in (7.31) and the values of 
P(x,y), Q(x,y) as given in (a), we obtain 


(b) Lin) Ge 4 2 Goi) Gnda -- edi 0, 
which simplifies to 


(c) [gi(u) + uge(u)] dx + xgo(u) du = 0, 
da Ak ae du = 0, x ~ 0,g1(u) + ugo(u) ¥ 0, 
t  gilw) + uge(u) 


an equation in which the variables x and u have been separated. 
Prove as an exercise that the substitution in (7.3) of 


(7.33) c= ay, dx = udy + ydu 
will also lead to a separable equation in u and y. 


Remark. If the differential equation (7.3) is written in the form 


dy = P(z,g) Se iy? 
(7.4) dx Oey) 


then the statement that (x,y) and Q(v,y) are each homogencous of order 
n is equivalent to saying /*(x,y) is homogeneous of order 0. I*or by (7.4) 


and Definition 7.1 


sess vee m GAM) 
(741) hgy)= a ee ee G(u). 
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Example 7.5. Find a 1-parameter family of solutions of 


(a) (Veo — Pr yee — Sey ne 
also any particular solution not obtainable from the family. 


Solution. We observe first that (a) makes sense only if |y| S |z|, or 
ly/x| < 1,2 # 0. Second we note by Definition 7.1 that (a) is a differen- 
tial equation with homogeneous coefficients of order one. We have a 
choice therefore of either of the substitutions (7.31) or (7.33). By experi- 
menting with both, you quickly will discover that the first is preferable. 
By using this substitution in (a), we obtain 


(b) (/x2 — u2x2 + ur) dx — c(udzx + 2xdu) = 0, 
lu] = is = 1, 2a 0. 


Since c+ ¥ 0, we can divide (b) by it to obtain after simplification 


(c) ztVil—wdr—zdu=0, «#0, |u| = eal ell, 


where the + sign is to be used if x > 0; the — sign if x < 0.* Further 
if u ~# +1, we may divide (c) by V1 — w?. Therefore (c) becomes 
dx 


du y 
(d) Se 0 uf = || <1. 
a V1 — u2 ia v 


The variables are now separated. Hence, by (6.63), a 1-parameter family 
of solutions of (d) is 


(e) logx = Aresinu-+ ec, |u| < 1,2 > 0, 
—log (—z) = Arcsinu +c, |u| < 1,2 < 0. 

Replacing wu in (e) by its value as given in (7.31), we have 
(f) log x = Are sin z se eI Sle 0) 
u a : 


—log (—r) = Are sin : + ¢, | orien =< (. 


In obtaining the solution (f), we had to exclude the values eel = |y/z| = 
1, This means we had to exclude the functions y = +z. You can and 


should verify that these two functions also satisfy (a). They are particular 
solutions of (a) not obtainable from the family (f). 


e xi ii . > a . l if ») 
ra 1} Ean! = — 0 c nd Vor = f : = Dp 2 7 
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EXERCISE 7 
1. Prove that the substitution in (7.3) of 
z= wy, dx = udy+ydu, y ~ 0, 
leads to a separable equation. 
Find a 1-parameter family of solutions of each of the following equa- 
tions. Assume in each case that the coefficient of dy ~ 0. 
2. Qry dx + (x? + y*) dy = 0. 
3. (x + Vy? — zy) dy — ydz = 0. 
4. (@+- y) de — (x — y) dy = 0. 
5. zy’ — y — xsin (y/z) = 
6. (2r2y + y3) dx + (xy? — 2x3) dy = 0. 
7. y” dx + (rv y? — x2 — zy) dy = 
par ani De 0. 
z oy y 
9. y dx + x log © dy — 2xdy = 0. 
10. 2ye*/¥ dx + (y — 2xe*/¥) dy = in 
le (2e""* — ysin *) dz +- x sin = dy = 0. 
Find a particular solution, satisfying the initial condition, of each of the 


following differential equations. 


12. (x? + y?) dx = 2zydy, y(—1) = 0. 
13. —? y) a = may, y(1 0. 


14, — 5 a ase ==0, y(l) = 
15. (ry — y?) dz — x*dy = 0, y(1) 


le 
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2. de-y + y? = c. 
Pam 9) yoOr<y poe, 9 <0, ty. 
4. Arc tan (y/z) — 3 log (z? + y?) = 
or y = 22 Arc t&n cz. 
2 
6. “gt log ty = c, «#0, yo 0. 
2. 
a. fo = yVy? — 22, or equivalently, c(y + Jy? — 2?) = ty, y? > 2 
y a 
8. y sin a G 
9. y = c(1 -+ log z/y). 


10. 2e7/" + logy = 
2 —ylz ae y 2 a a= Ge 
ll. log xz” — e (sin % + cos : 


12. y =a +c. 
ylz =). 15.2=e 


’ 
14. log z — eos = = 
(zlyy—) 
13. log z +e 
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LESSON 8. Differential Equations with Linear Coefficients. 


LESSON 8A. A Review of Some Plane Analytic Geometry. The 
first degree equation az + by + c = 0 represents a straight line. For this 
reason it is called a linear equation. (Notre. The presence of the con- 
stant c in the equation prevents the function defined by it from being 
homogeneous.) If the coefficients of x and y in one linear equation are 
proportional to the x and y coefficients in another, the two lines they 
represent are parallel. For example, the two lines 


ax — 2y + 7 = 0, 
6x — 4y +3 = 0, 


are parallel since 3: —2 = 6: —4. If the three constants in one linear 
equation are proportional to the three constants respectively in a second 
linear equation, the two lines coincide, i.e., they are the same line. For 
example, the two lines 


22 3 Jeo 
4x + 6y + 2 = 0, 


are coincident. (Do you see why?) 

Another concept of analytic geometry that we shall need for this lesson 
is that of “translation of axes.” Let (x,y) be the coordinates of a point P 
with respect to an origin (0,0) (Fig. 8.1), and let us translate the origin to 


P(x, y) = (%,9) 


Figure 8.1 


a new position whose x and y distances from (0,0) are h and k respectivel 

To distinguish the new origin from the old one, we call its one 
(0,0). The point P will then have two sets of coordinates, one with re- 
spect to (0,0), which we designate by (Z,7), and the other main respect to 
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(0,0), which we have already designated as (v,y). This means that if a 
point is measured from (0,0), its coordinates have no bars over them; if 
it is measured from (0,0) its coordinates have bars over them. The ques- 
tion we now ask and whose answer we seck is this. What is the relation- 
ship between the two sets of coordinates (x,y) and (Z,9)? 

If you will examine Fig. 8.1 carefully, you will see that 


(8.11) c="P-+ ky y=A74+k. 
Hence by (8.11), 
(8.1) 0a J=y—k. 


These are the equations of translation. Their purpose, you may recall, is 
to change more complicated second degree equations into simpler ones by 
eliminating the first degree terms. We shall now demonstrate how a 
translation of axes can help solve a differential equation with linear 
coefficients. 


LESSON 8B. Solution of a Differential Equation in Which the 
Coeffieients of dx and dy Are Linear, Nonhomogeneous, and When 
Equated to Zero Represent Nonparallel Lines. Consider the differ- 


ential equation 
(8.2) (ayx + byy + .¢,) dx + (aox + boy + co) dy = 0, 


in which the coefficients of dx and dy are linear and when equated to zero 
represent nonparallel lines. We assume also that both c; and cg are not 
zero. (If both c; = 0 and cy = 0, then (8.2) ts a differential equation 
with homogencous coefficients which can be solved by the method of 
Lesson 7.) Since the coefficients in (8.2) are assumed to define nonparallel 


lines, the pair of equations 
(8.21) ayx + byy +c; = 0, 
aot + boy + co = 0, 
formed with them, have a unique point of intersection and therefore a 


unique solution for z and y. Let us call this point (A,4). If we now trans- 
late the origin to (h,k), then by (8.11), (8.2) becomes, with respect to this 


new origin (0,0), 


(8.22 (ay(¥ -4- h) -- bY -- 9) -+- Cy] dt 
+ [ao(E + h) + b2(9 + k) + co] dy = 


| 
> 


which simphfies to 


8.23 E+ by + (ahh + bik + c,)] dz 
: | we | =f [aot -++ bo + (doh + bok ++ Co) | ay a (). 
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But (h,k) is the point of intersection of the two lines in (8.21) and there- 
fore lies on both of them. Hence the term in the parentheses in each 
bracket of (8.23) is zero. This equation therefore reduces to 


(8.24) (a,z + b19) dE + (at + boy) dy = 0, 


which is now a homogeneous type solvable for = and 9 by the method of 
Lesson 7. By (8.11) we can then find solutions in terms of x and y. 


Note. 


1. The left-hand members of the system (8.21) by which h and k are 
determined are the coefficients in the given differential equation (8.2). 

2. Equation (8.24) which is equivalent to (8.2) with respect to a new 
origin translated to the point (h,k), can be easily obtained from (8.2). 
Omit the constants c; and co and place bars over x and y. 


Example 8.25. Jind a 1-parameter family of solutions of 
(a) Ce] fod (4) dy — 0) 


Solution. The coefficient of dz is linear but nonhomogeneous, and 
the two lines defined by the coefficients of dz and dy are nonparallel. 
Hence the procedure outlined above applies. Solving simultaneously the 
two equations determined by the coefficients of dx and dy, namely, 


(b) ZY 

t+y= 0, 
we find that their point of intersection is (—4,4). Hence, in (8.11) 
h= —3,k = 2. Translating the origin to the point (—4,34), the equa- 


tions of translation are by (8.11) and (8.12) 

fc) t=E-h y=9t+h F=rt+h Fey -t. 

By (8.24), (a) becomes with respect to this new origin (see Note 2 above) 
(d) (22 — 9) dz + (E+ 9) dy = 0. 

To solve it, we apply the method of Lesson fone 

(e) J es, dy = udzt + Edu, 


By substituting (e) in (d) and following the procedure outlined in Lesson 
7, we obtain 


(f) Loey || ey a Are tan — 


1 
We pee O21 aa z £0, 


ss : 
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which Is a 1-parameter family of solutions of (d). In (f), we replace wu by 
its value in (e) and multiply by 2. There results 


* (: ze z) 
: i 


Substituting the last. two equations of (c) in (g) gives finally 


(g) log 


) 


2 


a 
= 6 VAG tan —Z Tess 0. 
V/2 


3 iP —1\ ~ — 
(h) log B (=a) + (ey = c —/2 Arc tan esti al ’ 
| ‘ V/2 (32 +1) 
ee 7 


Comment 8.26. The solution (h) above is an excellent example of 
the point made at the beginning of this chapter in introductory remark 
No. 3. Here is a solution written in implicit form, which has little value 
for practical purposes. To try to find the function g(x) implicitly defined 
by this relation would be an extremely laborious if not a hopeless task. 
In genera] a 1-parameter family of solutions of a differential equation 
with linear coefficients or with homogeneous coefficients will usually be a 
complicated expression of this kind. In these cases, more important for 
practical purposes than an implicit solution is a knowledge of the approxi- 
mate behavior of the integral curves. There are fortunately means avail- 
able by which it is possible to determine the character of these integral 
curves from the differential equation (8.2) ztself, without the need to solve 
it. Since differential equations with homogeneous or linear coefficients 
arise in practical problems when trying to find an approximation to the 
behavior of the motion of a particle whose velocities in the z and y direc- 


tions are given by the two differential equations 


a = f(z,y), 
sy = g(x,y), 


we have deferred to Lesson 32 a further discussion of this important topic. 
We shall show there, how it is possible to find an approximation of the 
particle’s motion by changing the two equations Be coun een 
linear coefficients, and then showing how more useful information can be 
obtained from the resulting differential equation itself than from its os 
complicated tmplicit solutron. We shall thus be ala to learn Se a le 
solution (h) im the above example approximately looks hke, Bot ae We 
solution, but from the given differential equation (a); see Example 32.44. 
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LESSON 8C. A Second Method of Solving the Differential Equa- 
tion (8.2) with Nonhomogeneous Coefficients. In (8.2), let 


(8.3) u= ax + by + C1, 
v= aor + boy + Co. 

Therefore 

(8.31) du = a, dx + by, dy, 


dv = ao dz + be dy. 


Now solve (8.31) for dz and dy. The substitution in (8.2) of (8.3) and these 
values of dx and dy will also lead to a differential equation with homo- 
geneous coefficients solvable by the method of Lesson 7. 


Example 8.32. Find a 1-parameter family of solutions of 
(a) Ca Ue ea a yd) — 0. 


Solution. As indicated in (8.3), we let 


(b) U2 a ee ve=xrt+y. 
Therefore 
(c) du = 2dx — dy, 

dv = dx + dy, 


The solution of (c) for dx and dy is 


_ du — 2dv 
3 


(d) = ate, i 


Substituting (b) and (d) in (a), we obtain 

(ec) i (@ ais a, @ — 2 a) — 0 
3 5 ; 

which simplifies to 

(f) (u — v) du + (u + 2v) dv = 0. 


This equation is now of thé t a 
ype with homogeneous coeffici - 
ing the method of Lesson 7, we let : ee 


(g) u=t, du=tdv + vdt. 
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Substituting these values in (f), we obtain 


(h) (tv — v)(tdv + y dt) + (tv + 2v) dv = 0, 
which reduces to 

dv i—] 

(i) b Peo = 4, v - 0. 


Its solution is 


(j) log j»| + $ilog @? + 2) — =a Arc tan — 
log (v?(¢? + 2)) = C+ V2 Arctan -—, » ~ 0. 
72 


=—(, viz 0), 


By (g) and (b), 
(k) t= 


Substituting (k) in (j), we obtain 
(I) log [(2t — y + 1)? + 2@ + y)"] = C+ VB Are tan SUF 1, 
V2 (« + y) 
t+y # 0. 


LESSON 8D. Solution of a Differential Equation in Which the 
Coefficients of dx and dy Define Parallel or Coineident Lines. 
If the lines defined by the coefficients of dv and dy in (8.2) are parallel, the 
method of Lesson 8B will not work. Parallel lines do not have a point of 
intersection and therefore (8.21) has no solution for x and y. In this case 
we must resort to a different substitution. It is illustrated in the following 


example. 


Example 8.4. Vind a 1-parameter family of solutions of 


(a) (22 + 3y — 1) dx + (Ax + Oy + 2) dy = 0, 
also any particular solution not obtainable from the family. 


Solution. We observe that the lines defined by the coefficients of dx 
and dy are parallel but not coincident lines. In all such cases, the substi- 
tution of a new variable for the coefficient of dx or of dy will transform 
the equation into one which is separable. We therefore let 

du — 3dy 
du = 2dx + 3dy, C0 ee 


ad 


CG) te Oe + by — |, 


Then by (b) 
(c) 2ag -|- dete 1- Gy + 2. 
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Substituting (b) and (c) in (a), we obtain 

(a) (25 3) + eu + 4) dy = 0 

which simplifies to 


(e) udu + (u+ 8) dy = 0, 


an equation whose variables are separable. If wu # —8, (e) can be written 
as 


U 


) ut+8 


du-+dy=0, u # —8. 


Integration of (f) gives 
(g) uo lon tt 4 3) 4 en 


Finally, replace in (g) the value of wu as given in (b), noting at the same 
time that the exclusion of «= —8 implies the exclusion of the line 
2x + 3y + 7 = 0. Hence (g) becomes 


(h) 22+ 3y —1—S8log|2e+3y+7|lty=c, 2x-+3y¥y+ 7 0, 


which is a 1-parameter family of solutions of (a). 
The function defined by 


(i) 2x + 3y +7 = 0, 


which had to be excluded in obtaining (h) also satisfies (a). (Be sure to 
verify it.) It is a particular solution not obtainable from the family Ch). 


Example 8.41. Jind a 1-parameter family of solutions of 
Se Zee Ofer ae oy tay — 0; 
also any particular solution not obtainable from the family. 


Solution. We observe that the coefficients in (a) define the same line. 
If we exclude values of x and y for which 


(b) 22 + Jy 2 = 0, 
we may divide (a) by it and obtain 
(c) dz + 2dy = 0. 


Its solution is 


(d) Le =n 6 
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which is valid for those values of t and y which do not lie on the line 
ax + 3y + 2= 0. It is the required I-parameter family. However. the 
function defined by | 


(e) 2 + 3 2 = 0 


also satisfies (a). It is a particular solution not obtainable from the family. 


EXERCISE 8 
I*ind a 1-parameter family of solutions of each of the following equations. 


(z+ 2y — 4) dx — (27 — 4y) dy = 0. 
» (32 + 2y + 1) dx — (82+ 2Qy — 1) dy = 
» (z+ y+ 1) dx + (22+ 2y+ 2) dy = 0. 
(2+ y — 1) dz+ (Qr+ 2 — 3) dy = 0. 
(c+ y — 1) dx — (x — y — 1) dy = 0. 

- (2+ y) dz-+ (2x-+ 2y — 1) dy = 0. 

> We — 3) de (22 + lee = 0. 

» (x -+ 2y) dx + (32 + 6y + 3) dy = 0. 

> (@-+ 2Qy) dx + (y — 1) dy = 0. 

~ (382 — 2y + 4) dz — (22 -+ 7y — 1) dy = 0. 


I'ind a particular solution, satisfying the initial condition, of each of 
the following differential equations. 
ll. (c+ y) dz + (32 -++ 38y — 4) dy = 0, y(1) = 0. 
2. (82 4+ 2y-++ 3) dx — (x + 2Qy — 1) dy = 0, y(—2) = 1. 


Mey, 7) de--@e-py + 3idy = 0, yO) = T- 
14. a@+ty+2) dz — (x —y— 4) dy = 0, y(l) = 0. 


0. 


SP RPNAADNS ww He 


— 
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4 2) aula ee 
l. log [4(y — 1)” + (x — 2) Sor 


. log |l5z + 10y — 11+ #(@—y) =. 


2 
See 29. = oc 
4. 2+ 2y + log |x + y — 2| = ¢. 
5. (cx — 1)2+ y2 = ce? Are tan (wle—D1, 
6. 2+ 2y+ log [r+ y — 1] =. 
7. 7 log [2c + 1] + 2 log |7y — 3] = «. 
8. 2+ 38y — 3 log |x + 2y-+ 3] = «. 
9. (2 + 2)/(@--y + 1) + log lz ty + 1 = ¢. 
10. 322 — 4zy + 8x — Ty? + 2y = ¢. 
Ma a+ sy + 2 log (2 — z= —y) =I. 
12. (22 + 2y + 1)(82 — 2y+ 9)* = —1. 
is, @ + H2@r+ yt 1) = 128. 

ee 2 log 3. 


14, log [(z — ie + (y+ 3)°] + 2 Arc tan 8 


2 
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LESSON 9. Exact Differential Equations. 


Before beginning a study of this type of equation, we shall review those 
concepts from the theory of integration which we shall need. 


Xp a xy oe) eee x 
Figure 9.1 


1. Let f(z) be a function of x defined on an interval f: a S x S b. 
Let J be divided into n subintervals and call Ax, the width of the kth 
subinterval, (Fig. 9.1). Then if 


(9.11) lim 5 Tie) Aa) 
=) 


no 


exists as the number of subintervals increases in such a manner that the 
largest subinterval approaches zero, we say that 


n b é 
(9.12) lim S (rae i Ga) hes 
m— 00 k=1 a 
This limit is called the Riemann integral of f(z) over J. If this limit 
does not exist, we say f (x) is not Riemann-integrable over J. 
2. If f(x) is a continuous function of x on an interval la 2 = trend 


(9.13) F(z) -| f(u) du, 

ro 
then by the fundamental theorem of the calculus 
(9.14) ei a b, 


or equivalently 
c ey i 


y) be functions of two independent variables, 
defined on a common domain D. In Lesson 2C 


3. Let P(x,y) and Q(x 
x,y, both functions being 


Lesson 9 Isxact DirrerentiaL IQuATIONS 71 
(we suggest your rereading this lesson), we showed that a two-dimensional 
domain may assume various shapes. Hence if we Wish to perform, for 
example, the following integration, the first with respect to x (y constant), 
and the second with respect to y (x constant), 


« 


zr y 
(9.16) Pea ax + [ oceuray 
cat) Yo 


we must be sure that (19,709) is a point of D and that the rectangle deter- 
mined by the line segments joining the points (29,40), (7,¥0) and (x9,70), 
(xo,y) lies entirely in D. If the domain D is either of the regions shown 


Figure 9.17 Figure 9.18 


in the shaded areas in I"ig. 9.17 or 9.18, then you cannot integrate (9.16) 
along the straight line from ro to x or from yo to y because part of these 
ines ¢ in D. 

— “ore another factor to be considered. If the domain D is the 
region shown in I’ig. 9.17, and the rectangle determined by the line Seg- 
ments joining the points (%9,Yo), (t,Yo) and (x0,Yo), (v0,y) lies ye m 
D, then (9.16) can be integrated. If, however, the domain D is z region 
with a hole in it such as in Fig. 9.18, then even if the rectangle were a 
tirely in D, (9.16) cannot be integrated because of this hole in its ae 
Therefore, we must in some way distinguish between these we types 4 
regions. The region in Fig. 9.17, 1.e., the one which Ls ie ae = it, Is 
called a simply connected region. Its formal definition is the following. 


Definition 9.19. A region is called a simply connected region int 
every simple closed curve lying entirely in the region encloses only points of 


the region. | 
To summarize: We can perform the integrations called for in (9.16) 
O Sl « . 


only if: . Oe 

ry od a x he - 
(a) The common domain of definition of the functions ts a simply con 
a 1e ¢ 


nected region /e. 
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(b) The point (z0,yo) is in A. oo . 
(c) The rectangle determined by the lines joining the points (xo,yo), (z,Yo) 
and (x9,Yo), (vo,y) lies entirely in R. 


LESSON 9A. Definition of an Exact Differential and of an Exact 
Differential Equation. We showed in Lesson 6B that if, for example, 


(9.2) z= f(x,y) = 3x°y + dey + y? + 5, 

then the differential of z [see (6.47)] is 

(9.21) 

i hey) dx + He dy = (6xy + 5y) dz + (32 + 52 + 3y7) dy. 


If therefore, we had started with the differential expression 


(9.22) (6zy + Sy) dx + (8x? + 5x + 3y?) dy, 


we would know that it was the total differential of the function f(z,y) 
defined in (9.2). Differential expressions of the type (9.22); i.e., those 


which are the total differentials of a function f(x,y), are called exact 
differentials. Hence: 


Definition 9.23. A differentia] expression 


(9.24) P(z,y) dz + Q(x,y) dy 
is called an exact differential if it is the total differential of a function 
J@agy), ives, if 
6) re) 
aD Bey) = a, (ty) and Q(z,y) = 57 1654). 


Setting the differential ex 
differential equation 


(9.25) 


Pression (9.22) equal to zero, we obtain the 


(Oxy + 5y) dr + (32? + 52 + 3y”) dy = 0, 
whose solution, by (9.2), is 


(9.26) HU Suey Say Bo 


ch (9.26) defines y aS an implicit function 
(If you have any doubt that (9.26) is an 


. ’ he d ] 1 
or that of(z,y)/dy is the dy coefficient in (9.25) « coefficient in (9.25) 


A differential equation of the t Pa: 
5 c 9.2 r ; 
is the partial deriv ype (9.25), 1.€., one whose dx coefficient 


a function f(z,y) and whose dy 
i 
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coefficient is the partial derivative with respect to y of the same function, 
is called an exact differential equation. Hence: 


Definition 9.27. The differential equation 
(9.28) P(x,y) dx + Q(z,y) dy = 0 


is called exaet if there exists a function f(x,y) such that its partial deriva- 
tive with respect to z is P(z,y) and its partial derivative with respect to 
y is Q(z,y). In symbolic notation, the definition says that (9.28) is an 
exact differential equation if there exists a function f(x,y) such that 


(9.29) ee = Paw), FEY — acy) 


A 1-parameter family of solutions of the exact differential equation (9.28) 
is then 


(9.291) eo) =e 


In the example used above, we knew in advance that (9.25) was exact 
and that the function defined in (9.26) was its solution, because we started 
with this function f(z,y) and then set its total differential equal to zero to 
obtain the differential equation (9.25). In general, however, if a first order 
differential equation were selected at random, two questions would present 
themselves. Iirst, how would we know it was exact, and second, if it were 
exact, how could we find the solution f(x,y) = c? The answer to both 
questions is incorporated in the theorem and proof which follow. 


LESSON 9B. Necessary and Sufficient Condition for Exaetness 
and Method of Solving an Exaet Differential Equation. 


Theorem 9.3. A necessary and sufficient condition that the differential 


equation 
(9.31) P(z,y) dx + Q(x,y) dy = 0 
be exact ts that 


dipeomai 


where the functions defined by P(x,y) and Q(x,y), the partial derivatives mn 
(9.382) and aP(x,y)/dr, dQ(x,y)/dy exist and are continuous in a simply 


connected region I. 


Nore. Although the theorem is valid as stated, the proof will be given 
only for a rectangular domain contained entirely within the simply con- 


nected region PR. 
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Proof of necessary condition, 1.€., given (9.31) is exact, to prove (9.32). 
Since (9.31) is exact, it follows from Definition 9.27 that there is a func- 
tion f(x,y) such that 


(9.33) 2 fay) = Play), 5 Sea) = Onn). 


Because of the assumptions about the functions P and Q stated after 
(9.32) and by a theorem in analysis, we are permitted to assert that 


a fa a fa 
ile 4 (2 so) and 8 (2 ye) exist. 


ros) oe) 
FY 5, f(y) a jy TY) 


i.c., the order in which we take the first and second partial derivatives of 
f(x,y) is immaterial. Substituting (9.33) in 2, above, we obtain 


re) re) 
34 — P(x,y) = — Qa, 
(9.34) By Pay) = 5, Q(r,y), 
which is (9.32). 


Proof of sufficient condition, i.c., given (9.32), to prove (9.31) is exact. 
By Definition 9.27, the proof that (9.31) is exact is equivalent to proving 
the existence of a function f(x,y) such that df/ac = P(x,y) and df/dy = 
Q(x,y). [In the proof of this sufficient condition, we shall at the same 


time discover the method of finding f(z,y).] Hence the function f(z,y), if 
it exists, must have the property that 


(9.35) . he = P(x,y). 


Therefore, with y constant, f(x,y), by (9.14) and (9.13), must be a function 
such that 


& 


(9.36) fay) = | Pay) du-P hy), 


where v9 is a constant and R(y) stands for the arbitrary constant of inte- 


gration. [Remember that in going from (9.36) to (9.35), R(y) and y are 
constants. | 


“es this function f(x,y) must also have the property, by Definition 9.27, 
at 


(9.37) 5 feu) = Qla.y). 


Therefore, differentiating (9.36) with respect to y and setting the result 
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equal to Q(zx,y), we obtain in symbolic notation 


=z 


(9.38) - / P(z,y) dz + R'(y) = Q(z,y). 


By hypotheses P(x,y) is continuous. Hence, by a theorem in analysis, we 
can, in (9.38), put the symbol 0/dy inside the integral sign. It will then 
read 


zx 


(9.381) / 5 Pay) dx + R'(y) = Q(z,y). 


By (9.32), we can write (9.381) as 


(9.39) / * Oa yyde+ Ry) = Q(a,y). 


Study the integral in (9.39) carefully. In words, it says: differentiate 
Q(z,y) with respect to z, with y fixed, and then integrate this result with x 
still fixed. The net result is to get back the function Oy). Wry ittor 
the function Q(z,y) = x7y with y constant.] Hence (9.39) becomes 


(9.4) Uy, + LY) = Q,y), 
which simplifies to [remember Q(xy)[z, = Qz,y) — Q(xo,y)] 
(9.41) R'(y) = Q(x0,y). 


Integration of (9.41) gives, by (9.14) and (9.13), 


y 
Yo 
where yo is a constant. Substituting (9.42) in (9.36), we obtain finally 
= y 
(9.43) fay) = | P(x,y) da + ij Q(x0,y) dy, 
258) Yo 


where (o,Yo) is a point in #, and the line segments joining the points 
(xo,yo), (t,Yo) and (xo,¥o), (to,y) lie entirely in R. . 

This function f(x,y) we shall now show is the one we seek. Since the 
second integral in (9.43) is a function of y, we have, by (9.13) and (9.14), 


af(x,y) aah ——— 
(9.44) al al ar ™ Py) dx gical) i (x,y). 
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And by following the steps from (9.38) to (9.4), we obtain 


) 


(9.441) aa P(z,y) dx = Q(x,y) — Qo). 


By (9.13) and (9.14) 
Yy- 
0 
(9.442) 2 f a¢eoa) dy = Qeow. 
Y Jy 
Hence, by (9.43), (9.441) and (9.442), it follows that 


(9.443) Ge) = Q(2,y). 


We have thus not only proved the theorem, but have shown at the same 
time how to find a l-parameter family of solutions of (9.31). It is, by 
(9.291) and (9.43), 


i 


(9.45) f(xy) = / PGs. [ Q(xo,y) dy = ¢, 


where (z9,Yo) is a point in R and the rectangle determined by the line seg- 
ments joining the points (79,yo), (2,yo) and (%9,Y0), (x,y) lies entirely in FR. 
Prove as an exercise that if in place of (9.35) we had started with 


(9.46) 5 fa) = Q(x,y), 


we would have obtained for the solution of (9.31) 


(9.47) — f(x,y) =| Q(x,y) dy | P(x,yo) dx = c. 


Remark. Both (9.45) and (9.47) will give a l-parameter family of 


solutions of (9.31). You may use whichever you find easiest in a particular 
problem. 


Example 9.5. Show that the following differential equation is exact 
and find a 1-parameter family of solutions. 


(a) cos ydzx — (xsiny — y?) dy = 0. 


Solution. Comparing (a) with (9.31) we see that P(z,y) = cos y and 
Q(z,y) = —xsiny+y’. Therefore dP(z,y)/dy = —sin y and 0Q(z,y)/dz = 
—sin y. Since dP/dy = 8Q/dz, the equation, by Theorem 9.3, is exact and 
since P(x,y) and Q(z,y) are defined for all x,y, the region FR is the whole 
plane. Hence we may take r> = 0 and yo — 0. With 2o,— 0) 
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QO(ro.¥) = Q(0,y) = y?. Thus (9.45) becomes 


% y 
(b) / cosy de + | y*> dy =. 
0 0 
Integration of (b) gives (remember in the first integration y is a constant) 
ye 
ee .. BON see nO 


which is the required 1-parameter family. 


Example 9.51. Show that the following differential equation is exact 
and find a particular solution y(x) for which GV =0. 


(a) (x — 2ry + e”) dx + (y — x? + xe) dy = 0. 


Solution. Comparing (a) with (9.31) we see that Pay) == ey 
+e” and Q(z,y) = y — x*+ xe’. Therefore dP/dy = —2x + e” and 
dQ/dx = —2x + e”. Since dP/dy = dQ/dz, the equation, by Theorem 
9.3, is exact. And since the region R is the whole plane, we may take 
to = Oand yo = 0. With xo = 0, Q(xo,y) = y. Hence (9.45) becomes 


oe y 
(b) / (x — Quy + e”) dx +f ydy =. 
0 0 


Integration of (b) gives 


2 2 
x % y Yo 
(c) eo ~ vy + ze a poe 


To obtain a particular solution for which x = 1, y = 0, we substitute 
these values in (c) and finde = 8. Hence the required particular solution is 


(d) x? — Qr2y + Qre¥ + y? = 3. 


Example 9.52. Show that the following equation is exact, and find a 
1-parameter family of solutions. 


(a) (x3 + xy? sin 2x + y* sin? xz) dx + (2xry sin? x) dy = 0. 


Solution. Were dP/dy = 2zry sin 2x + 2y sin? x and 


2 = 2y(2z sin x cos x + sin? x) = 2zy sin 2x + 2y sin? x. 
L 


Since dP? /dy = 9Q/dzx, the equation by Theorem 9.3 is exact. In this case, 
it will be found easier to use (9.47). Since the region 7 is the whole plane, 
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we may take zy = 0 and yo = 0 so that P(z,0) = x*. Hence (9.47) 
becomes 


y x 
(b) i Qzy sin? x dy + | a> dx =c. 
0 0 


Integration of (b) gives (remember that this time z is a constant in the 
first integration) 

4 
(c) ty? sin? 2 + 7" =i 


which is the required 1-parameter family. 


Remark. Formulas have the advantage of enabling one to obtain a 
result relatively easily, but have the disadvantage of being easily forgot- 
ten. We therefore outline a method by which you can solve any of the 
above differential equations directly from Definition 9.27. In our opinion, 
this method is the preferable one. 


Example 9.6. Solve Example 9.5, using Definition 9.27. 
Solution. The differential equation is 
(a) cos ydx — (xsiny — y) dy = 0. 


We have already proved (a) is exact. By Definition 9.27, therefore, there 
exists a function f(z,y) such that 


(b) HOW — pay) = cos y. 


Hence integrating (b) with respect to x, we obtain 
(c) flay) = ie ydx + R(y) = xcosy + Rly). 


aoe by Definition 9.27, this function f(x,y) must also have the property 
that 


(d) of(z,y) 


gy Oy) = —zsiny + y’”. 


Hence differentiating the last expression in (c) partially with respect to y 
and substituting this value in (d) we obtain 


(e) —xsiny + R’'(y) = —zsin yt y’, 
which simplifies to 

3 
(f Rw = fytay =. 
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Substituting (f) in (c) gives 

(g) f(x,y) = xeosy + ack 

By (9.291), a 1-parameter family of solutions of (a) is therefore 


y 
(h) TE na = 6, 
just as we found previously. 


As an exercise, solve the other two Examples 9.51 and 9.52 directly from 
the definition as we did above. 


EXERCISE 9 
1. Prove formula (9.47). 
2. Solve Example 9.51 by the method of Example 9.6. 
3. Solve Example 9.52 by the method of Example 9.6. 


Show that each of the following differential] equations 4-13 is exact and 
find a I-parameter family of solutions using formula (9.45) or (9.47), and 
also the method outlined in Example 9.6. 


4. (322y + 82ry?) dx + (x3 + 8r2y + 12y?) dy = 0. 


(BH) e+ (Gea -o 
. 2ry dx + (x? + y?) dy = 0. 
. (e7 sin.y + e-”) dx — (xe-¥ — e cosy dy) = 0. 


5 

6 

A. 

8. cosy dz — (xsiny — y?) dy = 0. 
9 

0 


» (x — 2ry + e¥) dx + (y — x? + xev) dy = 0. 
. (x? — 2+ y) dz — (e¥ — 2Qzy) dy = 0. 
Jl. (2x + y cos x) dx + (2y + sinz — siny) dy = 0. 
2 
uy 
12, xV 22 -- y? dx — ———_—_—- dy = 0 
i V 52 oye 
13. (42° — sin z + y3) dx — (y? ++ 1 — 3zy?) dy = 0. 
14. If f(x,y) is the function defined in (9.43), prove (9.44). 
lind a particular solution, satisfying the initial condition, of each of the 
following differential equations. 
15. e7(y? + zy? + 1) dx + 3y?(xe* — 6) dy = 0, y(0) = 1. 
16. sinz cosy dz + coszsinydy = 0, y(mr/4) = w/4. 
17. (y2e 4 423) dz + (2zye*¥? — 3y?) dy =10, (1) = 0. 


ANSWERS 9 
4. x3y + 4x2y2 + 4y3 = c. 7. esiny + re-¥ = ¢, 
3. x? += + log |y| = c. 8. 3x cosy + y? = ¢. 


6. 327y 4- y? = c. 9, 2# = Qn7y + y” + 276" = c. 
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10. 273 — 3x2 + 6xy? — 6eY = c. ll. 2? + ysinz+ y?+ cosy = 
12. (x? + y= + y? = ¢. 

13. 324 + 3cosx + 3y3r — y? — 3y = 

15. xety? + e* — ‘ah = —§. 16. 2coszcosy = 1. 

17. ev? + xt? — = 


LESSON 10. Recognizable Exact Differential Equations. 
Integrating Factors. 


LESSON 110A. Recognizable Exact Differential Equations. It is 
sometimes possible to recognize the solution f(z,y) = c of an exact differ- 
ential equation without the necessity of resorting to the methods of 
Lesson 9b. For example, if the exact differential equation is 


(10.1) Qry? dx + 2Qx7y dy = 0, 
you might be able to recognize that its solution is 
ecteee) u7y? = ©. 


If you cannot, you must of course use the method of solution outlined in 
the previous lesson. 

We list below a number of exact differential equations and their solu- 
tions. It will be profitable for you to verify some of them by taking the 
total differential of the function on the right and seeing if it yields the 
differential equation on the left. 


Exact Differential Equation Solution 
(10.2) yar 2 dge— 0 ig C 
co2) 2xy dx + x? dy = 0 1 =e 
(10.23) 2ry? dx + 22?y dy = 0 7) ac 
(10.24) 3x7y3 dx + 3r3y? dy —n0 xy? = ¢ 
(10.25) 3x°y dz + x3 dy = 0 = yen 
(10.26) ycosxdx-+ sinady = 0 yom —"c 
(10.27) sinydz-+xcosydy = 0 zsiny = c 
(10.28) ye4 dx + xe™ dy = 0 € — ic 
UH di 
10.29 —_ a 
( ) Pa log (zy) = ¢ 
ydx — xd 
(10.3) ae o seai a 
y y 
(10.31) yy See y 
x2 7 Pe 
9 a 2 
10.32 ery dy — y" dx 
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Exact Differential Equation Solution 
2 2 
(10.33) os Bi 7 
y y 
xdy — ydr 
(10.34) alee = 0 Are tan 2 = 
(10.35) 9 xdy — ydz =a log eae’ +y = ¢ 
x2 — ye Lay 
2 3 
gx ydz — x dy y 
(10.36) er ee 0 eek 
2 
. y dx — 2xy dy 7 o 
ydr-+ady _ i 
(10.38) 2 = 0 zy = 6 
3 2 3 
y dx — xy dy 7 ioe 
(10.39) a: ee 0 373 = ¢ 
d 
(10.391) rice 1/2 
Vie ye 
(10.392) e387 dy + 3e3?y dx = 0 esty = Cc 


The exact differential equations on the left are sometimes referred to 
as integrable combinations. We encourage you to add to this list 
whenever you discover the solution of a new integrable combination. 

If a differential equation is exact, but no integrable combination is 
readily apparent to you, you can always fall back on the method of solu- 
tion outlined in Lesson 9B. However, it is sometimes possible, if an equa- 
tion is exact, to solve it more readily and easily by a judicious rearrange- 
ment of terms so as to take advantage of any integrable combinations it 
may possess. 


Note. Hereafter when we use the word solve, in connection with first 
order equations, we shall mean “find a l-parameter family of solutions of 
the given differential equation.” 


Example 10.4. Solve 


xy +- 1 Ze = 
Solution. By (9.31), P(z,y), Q(x, y) are the respective coefficients of 


dz, dy. Chenefore; Pk on oe a 
(b) Vn Eo) insti 


Heuce the equation is exact. A solution therefore can be obtained by 
Theorem 9.3. However, if we rewrite the equation as 


l 2 x e) 
(c) a See a ee — 0, y ~ 0, 
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which can be put in the form 


(d) ede + = dy + YZ _ 9, y ¥ 0, 


we observe that the last term of the left side is, by (10.30), d(z/y). Each 
of the other terms can be integrated individually. Hence integration of 
(d) yields 


2 
(e) "gt 2log|yl+== 6 y #0, 
which is the required solution. 
Example 10.41. Solve 
(a) (3e3*y — 2x) dx + e** dy = 0. 


Solution. You can easily verify that (a) is exact. It therefore can 


be solved by the method of Lesson 9B. However, if we rewrite the equa- 
tion as 


(b) 3e**y dx + e3* dy — 2x dx = 0, 


we observe that the sum of the first two terms is by (10.392), d(e37y), 


and that the third term can be integrated individually. Hence integration 
of (b) yields the solution 


(c) ety — 2? = ©. 

Example 10.42. Solve 
(a) (x — Qzy + e”) dx + (y — x? + xe”) dy = 0. 

Solution. We have already shown (see Example 9.51) that this 
equation is exact, and solved it by use of Lesson 9B. However, if we 
rewrite it as 


(b) xdx — (2Qry dx + x° dy) + (e” dz + xeY dy) + ydy = 0, 


the second expression, by (10.21), is d(x*y) and the third expression is 
recognizable as d(ze”). The solution of (b) is therefore 


( ) ne 2 a 
Cc xa a Rey ett SI 
5 xy + xe% + ora 
just as we found previously. 
LESSON 10B. Integrating Factors. 


Definition 10.5. A multiplying factor which will convert an inexact 
differential equation into an exact one is called an integrating factor. 
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lor example, the equation (y? + y) dx — xdy = 0 is not exact. If, 
however, we multiply it by y~?, the resulting equation 


] ie 


is exact. (Verify it.) Hence by Definition 10.5, y~? is an integrating 
factor. 


Remark. Theoretically an integrating factor exists for every differ- 
ential equation of the form P(r,y) dx + Q(x,y) dy = 0, but no general 
rule is known to discover it. Methods have been devised for finding 
integrating factors for certain special types of differential equations, but 
the types are so special that the methods are of little practical value. It 
is evident that if a standard method of finding integrating factors were 
available then every first order equation of this form would be solvable 
by this means. Unfortunately this is not the case. However, in the next 
lesson we shall discuss a special, important, first order differential equation 
for which an integrating factor is known and for which a standard method 
for finding it exists. 

In the meantime, we shall show by a few examples how an integrating 
factor, if you are shrewd enough to discover one, can help you solve a 
differential equation. 


Example 10.51. Solve 
(a) Gey) Ge — rt). 


Solution. We proved to you above that y~? is an integrating factor 
of (a). Hence multiphcation of (a) by y~* will convert it into the exact 
differential equation 


1 x 
(b) (1+1)d—2 dy =, y F 0. 


We can now solve (b) by means of Lesson 9B or 10A. If we rearrange the 
terms to read 

y dr age 
(c) dx + —- = 0, 
the second term by (10.3) 1s d(x/y). Hence by integration of (c) we 
obtain the solution 


(d) ceae ’ y  Q. 


Nore. The curve y = 0 also satisfies (a). It is a particular solution 
not obtainable from the family (d). 
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Example 10.52. Solve 


3 
(a) ysecxdx + sinxdy = 0, ee eae 


Solution. First verify that (a) is not exact. However, sec x is an 
integrating factor. Multiplication of (a) by it will therefore yield the 
exact equation 


(b) ysec’xdxr+tanzdy=0, t #=1 = o-- 


[Now verify that (b) is exact.] The solution of (b) by means of Lesson 9B 
or by recognizing that its left side is an integrable combination is 


(c) aan GC On Ye Col ae 


LESSON 10C. Finding an Integrating Factor. As noted in the 
remark following Definition 10.5, a standard method of finding an inte- 
grating factor is known only for certain very special types of differential 
equations. We shall discuss some of these special types below. 

We assume that 


(10.6) P(x,y) dx + Q(z,y) dy = 0 
is not an exact differential equation and that h is an integrating factor of 
(10.6), where A is an unknown function which we wish to determine. 


Hence, by Definition 10.5, 


(10.61) hP(x,y) dx + hQ(a,y) dy = 0 


is exact. It therefore follows, by Theorem 9.3, that 
(10.62) = (AP(x,y)] = 2 (how)! 
oy : Ox a 


We consider five possibilities. 


1. hisa function only of x, i.e., h = h(x). In this case we obtain 
from (10.62), 


(10.68) (2) 5° Plea) = a) 2 Q(ea) + Oey) SO, 


which we can write as 


ce) ce) 
h(x) Q(zx,y) om 


(10.64) 


In the special case that the coefficient of dz in (10.64) also simplifies to a 
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function only of x, let us call it F(x), so that 
5, Pew) — 2 aay) 
} i _—— 


Q(2,y) 
then, by (10.64) and (10.65), log [A(x)] = fF(x) ax. Hence, 


(10.65) F(x) = 


) 


(10.66) h(x) = ¢!P@rae 


where we have omitted the constant of integration, is an integrating factor 
of (10.6). 


Example 10.661. First show that the differential equation 
(a) (e7 — sin y) dx + cos ydy = 0 
is not exact and then find an integrating factor. 


Solution. Comparing (a) with (10.6), we see that 


(b) P(xy) =e —smy, Wy) = cos y. 
Therefore 

4 : AQ(x,y) __ 
(c) a = cos, =e 0. 


Hence, by Theorem 9.3, (a) is not exact. By (b), (c), and (10.65), 


—Ccos ¥ 


(a) °@) == kt 
Therefore, by (d) and (10.66), 
(ec) h(z) = d= 


is an integrating factor of (a). (Verify it.) 


2. his a function only of y, i.e., h = h(y). In this case we obtain 
from (10.62), 


10.67) a) 2 Play) + PG) SY = wey 2 ace, 


which we can write as 
0 
a a ty 
dh(y) _ 3g 20 ~ gy PMD dy 
(10.68) aan a 


If the coefficient of dy in (10.68) also simplifies to a function only of y— 
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let us call it G(y)—so that 
0 0 
P(x,y) 


then, by (10.68) and (10.69), log [A(y)] = fG(y) dy. Hence, 


(10.69) Gly) = 


? 


(10.7) h(y) = eft ay, 
is an integrating factor of (10.6). 
Example 10.701. First show that the differential equation 
(a) ry dz + (1+ x27) dy = 0 
is not exact and then find an integrating factor. 


Solution. Comparing (a) with (10.6), we see that 


(b) Pay) =ty, Q@y) = 1+ 2°. 
Therefore 

OP(x,y) _ OQ(x,y) _ 
(c) an == 2b, wae = 


Hence, by Theorem 9.3, (a) is not exact. By (b), (c), and (10.69), 


22 —2 | 
d 6) = ogaae 
(d) (y) ry ; 
Therefore, by (d) and (10.7), 
= 
(e) h(y) = el¥ pony y 


is an integrating factor of (a). (Verify it.) 


3. h is a function of xy, i.e., h = h(u), where u = xy. In this 
case we obtain from (10.62), 


(10.71) 
iw 2 Pea) + Pew|2 noo] = men 2 Ota) + Ocean | % na } 


Ou d cou d 
Since u = zy, a x. Therefore, ay OD) Sh) oa tT h(u). 


0 0 
Similarly, 2 = = y and a en Ra 1G) = = 2 £ h(u). Substituting in 
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(10.71) these values of a h(u) and = A(u) and simplifying the result, 
we obtain 
= Ploy) — 2 Q(ay) 
d{h(u)} ay “= ag VY 


ae Me “Wey, apap o 


If the coefficient of du in (10.72) also simplifies to a function of u = xy— 
let us call it F(u) = F(xy)—so that 


5 Pee) — 2 ea) 
yQ(x,y) — xP(x,y) 


then, by (10.72) and (10.73), log [A(u)] = fF(u) du. Hence, 


(10.73) F(u) = 


(10.74) h(u) = efPerau 
is an integrating factor of (10.6), where u = cy. 

Example 10.741. First show that the differential equation 
(a) (gor cy eee te ey eee 
is not exact and then find an integrating factor. 

Solution. Comparing (a) with (10.6), we sce that 
(b) Pay =ytayty, QG@y) = 2+ 27y +2. 
Therefore 


(c) SPY) — ay? + Qay + 1, I) — 35? 4 oy +1. 
y cS 


Hence, by Theorem 9.3, (a) is not exact. By (b), (c), and (10.73), 


3y? + 2ry +1 — 3x7 — 2xy — | = —3(x? -— y”) 
(d) Plu) = vay $ 8y? + cy — zy? — wy? — ay “ay(x? — 92) 
3 


uu 
Therefore, by (d) and (10.74), 


3 
(e) h(u) = Jo 8 2 PRS =F (xy)~* 


is an integrating factor of (a). (Verify it.) 
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4. h is a function of x/y, i.e., h = h(u), where u = x/y. Here 


u = x/yso that du/dy = —2/y? and du/dx=1/y. Therefore 
) Te ee 

(10.75) = Mu) = Ww) Se = — FF hea), 
6) ee ees 


Substituting (10.75) in (10.71) and simplifying the result, we obtain 


yp p= 7 20(e) 
d{h(u)} _ oy Ox : 

ie hu) — Pag) yay“ 

If the coefficient of du in (10.76) also simplifies to a function of u = x/y— 
let us call it G(u) = G(x/y)—so that 


; [Paw 7 0c) 
y Oy Ox 
aP( zy) yO) 


then, by (10.76) and (10.77), log (h(u)] = [G(u) du. Hence, 
(10.78) h(u) = elo au, 


(10.77) AG) = 


is an integrating factor of (10.6), where u = x/y. 

Example 10.781. First show that the differential equation 
(a) sae ay — 0) 
is not exact and then find an integrating factor. 


Solution. Comparing (a) with (10.6), we see that 


(b) Pay) = 38y, = Q(a,y) = —2. 
Therefore 

Pay). dQ(x,y) _ 
(c) oy = 3, ea oa aly 


Hence, by Theorem 9.3, (a) is not exact. By (b), (co) amd(10:77), 


(d) (pee) ee 
on — ay co: 
Therefore, by (d) and (10.78), 
Z du 
(e) h() = ple == eles u? = ur = nae 


is an integrating factor of (a). (Verify it.) 
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9. his a function of y/x, i.e., h = h(u), where u = y/x. In this 
case, we leave it to you as an exercise—follow the method used in 4—to 
show that an integrating factor of (10.6) is 


(10.79) h(u) = ef Ko du 


where wu = y/z and 


2 [sew Z Pia] 
or oy 


tP(z,y) + yQ(z,y) 
Example 10.81. First show that the differential equation 


(10.8) Kia = 


(a) ydz — 3xdy = 0 


is not exact and then find an integrating factor. 


Solution. Comparing (a) with (10.6), we see that 


(b) PH) = y, Q(x,y) = —32. 
Therefore 

Oa) a dQ(zy) 
(c) ae 


Hence, by Theorem 9.3, (a) is not exact. By (b), (c), and (10.8), 


2 
ogi 
(d) BD). ry — 3xy oy 
Therefore, by (d) and (10.79), 
lie du log u? 2 y" 
(e) hue Fe Sing = = gp 


is an integrating factor of (a). (Verify it.) 


If a differential equation can be put in the special form 


(1082) yidety? + Bey yds + 2(Cay ey) a 0, 


where A, B, C, D are constants, then it can be shown that an integrating 
factor of (10.82) has the form x*y’ where a and b are suitably chosen 
constants. We illustrate, by an example, the method of finding an inte- 


grating factor of (10.82). 
Example 10.83. Virst show that the differential equation 


(a) y(Qr7y? + 3) de + r(Qv?y? — 1) dy = 0 


is not exact and then find an integrating factor. 
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Solution. Comparing (a) with (10.6), we see that 


(b) P(z,y) = 2x7y* + 3y, — Q(zy) = 2*y* — 
Therefore 
(c) oP) = 827y? ae 3, aon = 327y? eal, 


Hence, by Theorem 9.3, (a) is not exact. Since (a) has the form of Oy 82), 
an integrating factor mill have the form x*y’. Multiplying (a) by z ay? we 
have 


(a) (Qatteybt4 4 ga%yPt}) da + (x2t3yt3 — 22t1y) dy = 0. 

By Theorem 9.3, (d) will be exact if 

(ec) (b+ 4)n2t2yPt? + (b + 1)32%y? = (a + 3)a2t2y?t® — (a + 1)’. 
Multiplying (e) by 1/(z%y”), we obtain 


(f) (2b + 8)x7y? + 3b + 3 = (a + 3)x*y* — (a + 1). 
Equation (f) will be an equality if we choose a and b so that 
(g) 2%+8=a+3, 38b4+3= —-a—1. 
Solving (g) for a and b, we find 

(h) = b= —¢- 


Hence, x7/5y—%/* is an integrating factor of (a). (Verify it.) 


EXERCISE 10 


Test each of the following equations 1-19 for exactness. If itis not exact, 
try to find an integrating factor. (Integrating factors for nonexact equa- 
tions are given in the answers.) After the equation is made exact, solve by 


looking for integrable combinations. If you cannot find any, use method of 
Lesson 9. 


1. (2zy + 2?) dx + (x? + y?) dy = 

2. (x? + ycos x) dz + (y3 + sin xz) dy = 0. 
(224-9? 2) dz + addy = 0. 

» (x — Qry + e”) dx + (y — 224+ zev) dy = 0. 
. (e7 sin y + e-¥) dx — (xe-¥ — eF cos y) dy = 0. 
oh ea) 0% (cd 
iy yal (cy ye, 
y(2x + y3) dx — x(2x — y3) dy = ‘ 


Qry” Qny 
(Ge tan ry aa a dz aa mee, ="0. 


So ae 


© 
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10. e7(z + 1) dz + (yeY — ze*) dy = 
1, LET ae + dy = 0. 


12. (y? — 3xry — ant dx + (ry — x”) dy = 0. 
13. yy + 224+ 1) dr — z(2y + x — 1) dy = 0. 
14. y(2z — y — 1) dz+ 2(2y — x — 1) dy = 0. 
15. (y? + 12z7y) dx + (2zy + 423) dy = 0. 

16. 3(y + 2)? dz-+ 2x(3y + 2x) dy = 

17. ydx — (y?+ 27+ 2) dy = 

18. 2xy dx + (x? + y? + a) dy = 0. 

19. (2zy + x? + b) dx + (y? + 22+ a) dy = 


ANSWERS 10 

. 827y + 23 + y3 = ©. 
. 423 + 3y4 + 12ysinz = c. 
324 + 423 + 62x?y? = c; integrating factor z. 

2 — Qxr2y + y? + Qrev = c. 
e* sin y + ze” = c. 
ee lesa, £ +y — logVz — y =; integrating factor 1/(2? —a 
. 3 vy + zy? — oe —3; integrating factor 1/zx?y?. 
. 22+ zy? = cy?; integrating factor 1/y3. 
. z Arctanzy — log (1 + z?y?) = ¢. 
. Qre7-¥ + y? = c; integrating factor e-¥. 


22 
Pt aa 4 log |y| = 
x*y? — 2z3y — xt = c¢; integrating factor 2z. 
. (y—2z+1)3 = czy; integrating factor (zy) —4/. 
.(ctyt+ 1)% = cry; integrating factor c—!y—(2 + y + 1)-). 
. 4r3y + zy? = c. 
. 6x2y? + 8x3y + 3x4 = c; integrating factor z. 
. y + Arc tan ot c; integrating factor 1/(z7 + y’). 
a 
y® + 3z2y + 3ay = 
y? + 23 + 3(x7y + ay + br) = 


—_ 
—) 


— 
pod 
4 


el a 
NIAMS Wh 


— bt 
2 = 


LESSON 11. The Linear Differential Equation of the 
First Order. Bernoulli Equation. 


LESSON 11A. Definition of a Linear Differential Equation of the 
First Order. The important differential equation which we are about 
to discuss has many theoretical and practical applications. It is a special 
type of first order differential equation in which both the dependent vari- 
able and its derivative are of the first degree. An equation of this type is 
called a linear differential equation of the first order. Hence: 
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Definition 11.1. A linear differential equation of the first order 
is one which can be written as 


iia a + P(x)y = Q(z), 


where P(x) and Q(x) are continuous functions of x over the intervals for 
which solutions are sought. (Note that y and its derivative both have 
exponent one.) 

For this differential equation we shall prove in Lesson 11B that the 
l-parameter family of solutions we shall obtain is actually a true general 
solution as we defined the term in 4.7. Every particular solution of (11.11) 
will be obtainable from this 1-parameter family of solutions. 


LESSON 11B. Method of Solution of a Linear Differential Equa- 
tion of the First Order. As mentioned in Lesson 10B, an integrating 
factor is known for this type of equation (11.11). It is 


(11.12) efPiade 


) 


where the constant of integration is taken to be zero. 

The motivation and means by which this rather terrifying looking inte- 
grating factor was obtained have been deferred to Lesson 11C. In the 
meantime let us verify that (11.12) is indeed an integrating factor for 


(11.11). Multiplying (11.11) by (11.12) and changing the order in which 
the terms appear, we obtain 


(11.13) [P(x)e/PO4y — Q(x)elP 4] gy 4 SPM gy — 0, 


The terms P(a)elP4 and Q(x)e!4 are functions of x. Hence the 
partial derivative with respect to y of the coefficient of dz in (11 13)ms 


(11.14) P(ajelP oe. 
By (9.15) the partial derivative with respect to x of the coefficient of dy 
d 
mal 13) is [remember =e. =e" a  henewe = [re ax | 
dx dx 


(11.15) P(x)elP 22, 


Since the functions in (11.14) and (11.15) are the same, by Theorem 9.3, 
(11.13) is exact. Hence by Definition 10.5, ef Plzidz ig an integrating factor. 
Let us now rewrite (11.13) in the form 


CLLIG) el P(zidz dy + P(x)elP rary = Q(x)el? Oe Oa. 


Since we know (11.16) is exact, we can solve it either by the method of 
Lesson 9B, or by trying to discover an integrable combination. A shrewd 
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observer now discerns that the left side of (11.16) is indeed 
(11.17) d(clPMAzyy, 


[Be sure to verify this statement. Remember d(uy) = udy + ydu. Here 
a Pe) Henee (11.16) becomes 


(11.18) d(lP Ody — IPQ) gy 
whose solution is 


(11.19) ef Piaide,, = [ctroseaca dx +c. 


Proof that (11.19) is a true general solution of (11.11). The argu- 
ment proceeds as follows. Since ?)4 3 0, [for proof see Lesson 18, 
(18.86)], (11.11) holds if and only if (11.13) holds; (11.13) holds if and only 
if (11.16) holds; (11.16) holds if and only if (11.18) holds. Finally (11.18) 
holds if and only if (11.19) holds. We have thus demonstrated that Gb) 
is true if and only if (11.19) is true. And since e!?42 3¢ Q, we can in 
(11.19) divide by this factor to obtain a 1-parameter family of solutions 
of (11.11) in the explicit form 


Gige101) y= efenis f glrenara(y dx + ce FP@az 


Hence (11.11) holds if and only if (11.191) holds. The “if and only if” 
clause is equivalent to saying that if (11.11) holds, then (11.191) holds, 
and if (11.191) holds, then (11.11) holds. This means that if (Witéalel) is 
true, then its solutions are (11.191), and if (11.191) is true (ie., true for 
each c), then (11.11) 1s satisfied. 


Example 11.2. Find the general solution of 


(a) y’ —= ny — er”. 

Solution. By comparing (a) with (11.11), we see that the equation 
is linear, P(t) = —2x and Q(z) = e??. By (11.12) an integrating factor 
of (a) is therefore 
(b) ef-2z dz _ a | 


Multiplication of (a) by ec?” gives 
(c) e~** dy — Qe? xy ae = de, 


an equation which now corresponds to (11.16). Hence by (11.17), the left 
side of (¢) should be (and is) 


(d) d(e~*"y). 
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Replacing the left side of (c) by (d), and integrating the resulting expres- 
sion, we obtain for the general solution of (a), 


(e) ety = fox =e ic, 
which we can write as 
(f) y =e (x +0). 


= 


Comment 11.21. After the integrating factor e has been deter- 
mined, we could by (11.19) go immediately from (a) to (e). For (11.19) 
says, “y times the integrating factor = { (integrating factor) Q(x) dz-+c.” 


Example 11.3. Yind the particular solution of 


sin x 
22 


dy = 
(a) Ue + 3y = 
for which y(7/2) = 1. 


» 2 OQ, 


Solution. Since x + 0, we may divide (a) by it and obtain 


(b) dy 3 me, #0. 


Comparing (b) with (11.11) we see that (b) is linear, P(x) = 3/z and 
Q(x) = sinx/x*. Hence by (11.12) an integrating factor is 


3 
(c) it _ e logz __ gos z® = ae 


(By taking the logarithm of both sides, you can show that e!&* = w,) 
Multiplication of (b) by the integrating factor x? will give, by (11.19) 
[see Comment (11.21)], 


(d) y= | einaaee ye — cote 


To find the particular solution for which x = 2/2, y = 1, we substitute 
these values in (d) and obtain 


3 
7 
e eee 
(e) c= 4 
Replacing (e) in (d), the required solution is 
3 
(f) yx? + cosz = a 


LESSON 11C. Determination of the Integrating Factor e& ?*, 


We outline below a method by which the integrating factor for (11.11) 
can be determined. First we rewrite (11.11) as 


(11.4) [P(x)y — Q(x)] dz + dy = 0, 
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and then multiply it by u(x). There results 
(11.41) [u(x)P(x)y — u(x)Q(x)] dx + uayag — 0, 


We now ask ourselves this question. What must u(r) look like if it is to 
be an integrating factor for (11.11)? We know by Definition 10.5 that it 
will be an integrating factor if it makes (11.41) exact. And by Theorem 
9.3, we know that (11.41) will be exact if 


(11.42) 7 (u(x) P(2)y — u(z)Q(z)) = - we 


Taking these derivatives [observe that u(x), P(x), and Q(z) are functions 
only of x], we obtain 


d 
(11.43) Geen ed (ae) a a (a): 
which we can write as 

du(x) 


Integration of (11.44), with the constant of integration taken to be zero, 


du 
gives (remember / = log u) 


(11.45) log u(x) = [re dx, 


which is equivalent to 


(11.46) u(x) = efP@rde 


SP(2)dz 
} 


Hence if u(x) has the value e it will be an integrating factor for 


(11.11). 


LESSON 11D. Bernoulli Equation. A special type of first order dif- 
ferential equation, named for the Swiss mathematician James Bernoulli 
(1654-1705), and solvable by the methods of this lesson is the following. 


(11.5) 4 Pedy = Any". 


If n = 1, (11.5) can be written as dy/dx = [Q(x) — P(z)]y, an equation 
in which the variables are separable and therefore solvable by the method 
of Lesson 6C. Hence we assume n # t. Note also that the presence of 
y” prevents the equation from being linear. If we multiply (11.5) by 


(11.51) ic) we 


we obtain 
—n d —ny __ = 
(11.52) (1 — ny SB + (1 — Py") = (1 — 2) QQ). 
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: : ee . 
The first term in (11.52) is cE (y*—"). Hence (11.52) can be written as 
tb 


d —n —n 
(11.53) GT") +L — 2) P@)Y'™) = 1 — 0) QQ). 
If we now think of y'~" as the dependent variable instead of the usual y 
[or if you prefer you can replace y'—” by a new variable u so that (11.53) 
easiness a +i) PGS = eather! by eae 


(11.53) is linear in y'~" (or u). It can therefore be solved by the method 
of Lesson 11B. 


Example 11.54. Solve 
i = 
(a) ps = oe y ¥ 0. 
Solution. Comparing (a) with (11.5), we see that (a) is a Bernoulli 


equation with n = —3. Hence, by (11.51), we must multiply (a) by 4y°. 
There results 


(b) 4y?y’ + 4xy* = 42. 


Because of the sentence after (11.52), we know that the first term of (b) 
should be (and is) 


d 
(c) Ae Je 
Hence we can write (b) as 


d 
d a Wel 4atay a) 
(a) 5 lu'] + 4oly*] = 4, 
an equation which is now linear in the variable y*. An integrating factor 


for (d) is therefore, by (11.12), 


(e) efit dz ee 


After multiplying (d) by ee we can take advantage of (11.19) to write 
immediately 


(f) a = a fe? dz = e* + ¢. 
Therefore, 
(g) ff eee 


is the required solution. 
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EXERCISE 11 


Kind the general solution of each of the following. 


lo ry’ + y = 33, 
2. y’ + ay = b. 
3. ry + y = y? log z. 
dx es : 
4. a 2yz =e ~. ITint. Consider z as the dependent variable. 
5. = (r + e—*) tan 6 
6 dy = 2ry o 
* dz x2 + ] 
toy ty = xy. 
8. (1 — 28) Y — 90 + ayy = “die 


dr 2 
9. wh = Win 6. 


10. L - ee Ri = Hsin kt. (This is the equation of a simple electric circuit 


containing an inductor, a resistor, and an applied electromotive force. For 
the meaning of these terms and for a more complete discussion of electric 
circuits, see Lessons 30 and 33C.) 


Me a’ + 2y = Be-** 15. y' + yeosr = #sin 22. 
ig’ + 29 = ge-*. 16. zy’ + y = zsinz. 

13. y’ + 2y = sing. 17. zy’ — y = x’ sine. 

14. y’ + ycosx = e*-. 18. ry’ + cy? — y = 0. 


19. xy’ — y(2ylogz — 1) = 0. 
20. x2(r — 1)y’ — y? — x(x — 2)y = 


Find a particular solution of cach of the differential equations 21-24. 
21. y’ — y = 7, y(0) = 


2 
1 y 
nla Pee oe y(—1) = 


23. 2cosxdy = (y sin z — yy dn 0) = 
24. (x — sin y) dy -+ tanydr = 0, y(1) = Si 
25. The differential equation 


(11.6) iy Sie) fie) y 4 fey Ge 20, 
is called a Riceati equation. If yi(z) is a particular solution of this equa- 
tion, show that the substitution 
(11.61) yento y i — 2, 
will transform the equation into the first order linear equation 
(11.62) ub [fr@e) 4 2folaalee = —fa(z). 
Hint. Since yr is a particular solution of the given equation, y;’ = 


fo(x) + fi(a)yr + folryr?. 
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With the aid of problem 25 above, find the general solution of each of 
the following Riccati equations. 


2 1 2 2 
%y artly—-y, yy(x) = —2. 
x x 
Di © — 2 tae sce y" sina, wyi(z) = see x. 
] y 9 ] 
ee tS AS ae 
wy =a TTY yi(z) = = 


29. y/ 1+2—5) yi(t) = &. 


ANSWERS 11 


i, tbe = ae 4.2 = eV(ytc). 
a — ate ce. 5. 2r = csec@ — e*(tan 6 + 1). 
a 
3. ylogx+y+t czy = 1. 6. y = (Arc tanz + c)(x? + 1). 
Qn 1 
1 =o +24 — 
y 2 
3/2 3 c(1 — 2)? 
8. y = ae oe) ee erie 
41t2+2?) l+aet+e2 


O77 = sin ¢|loe (see @ 4 tang)||--c sin ¢: 
. _-ruLc , E(Rsinkt — kL cos kt) 

TOs 2 "ce a Re) RL? 

ll. y = 3xe—?7 + ce-??, 

12. y = 2re—7* + ce—?F, 


oy 2 (2sin & — cos x) 4 ce", 


14. ye (of etaiinae | ; 
2, 
x 


15. y =e = Mate 20. y a ea 
in = = = 6a 21. y = (2 +1). 
17. y = ac — cos 2). 22,4 = 1. 
22 2 
a rire y = 0. 23. secx = y (tanz-+ 1). 
19. 1 — 2y(1 + logz) = czy. 24. Srsiny = 4sin?y-+ 3. 
2 1 eae 
uw t(242)u=2, y= —2z a 
2 
a —2tae—ms, yy = : Jeo 
cosx c — cos? z 
1 Z 
as = = — 
8.u'—lu=1 y= 5+ — 
i 2 
29. uw’ —-—u = ->: y= ut : 
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LESSON 12. Miscellaneous Methods of Solving a First Order 
Differential Equation. 


LESSON 12A. Equations Permitting a Choice of Method. If a 
differential equation is selected at random, it may be solvable by more 
than one method. The one selected will depend ultimately on your in- 
genuity in determining which will most readily lead to a solution. The 
following examples will illustrate this point. 


Example 12.1. Solve 
(a) tdy — ydx = y* dx. 


Solution. As was shown in Example 10.51, multiplication by y—2, 
y =~ 0, will make (a) exact. It will then be solvable by the method of 
Lesson 9B, or by means of (10.30). Finally if we divide by x, (x ¥ 0), 
the equation becomes 


2 
(b) y—2=£, x ¥ 0, 


which one recognizes as a Bernoulli equation. Hence it is solvable by 
the method of Lesson 11D. Of the three choices available to solve (a), 
you will find that use of (10.30) is the easiest. 


Example 12.11. Solve 
(a) CSIC Se Bey cee — (0) 


Solution. This equation is of the type with homogeneous coefficients 
and is therefore solvable by the method of Lesson 7B. It is also exact 
and therefore solvable by the method of Lesson 9B. However, the easiest 


method is to rewrite (a) as 
(b) x? dy + 2rydzx + y? dy = 0, 
and then make use of (10.21). 
Example 12.12. Solve 
(a) (3e%*y — 2z) dz + e* dy = 0. 


Solution. The equation is exact and is therefore solvable by the 
method of Lesson 9B. If we divide (a) by e** dz, we obtain 


(b) a 4+ 3y = Qze—**, 


an equation which is linear and hence solvable by the method of Lesson 
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11B. If, however, (a) is rewritten as 
(c) 3e3*y dx + e?* dy — 2xdzx = 0, 
it can be solved most easily by making use of (10.392). 
Example 12.13. Solve 
(a) x? dy — (xy + yx? + y?) dx = 0. 


Solution. The equation is of the type with homogeneous coefficients 
and therefore is solvable by the method of Lesson 7B. However, the 
presence of the combination x(x dy — y dz) leads one to try to make use 
of (10.3) or (10.31). We therefore divide (a) by x, (x # 0) and rewrite 
it to read 


(b) x dy — ydu = © Jn? + y? dr, xz ¥ 0. 


We then divide (b) by y? to obtain 


dy — ydzx il [5:2 
(c) eet = BVP Pde =| at ide, z#0,y ~ 0. 


y? z 
By (10.3) the left side of (c) is —d(x/y). Hence (c) can be written as 


d(x/y) dx 
d ee eee 
o V1+ (z/y)? a 


Integration of (d) now gives 
(e) log |= + VI + (@/4)*| = log |x| + log |cl, 2 # 0, y # 0, 


which can be written as 


G) ee ee ~ 0. 
oN oe s 

The solution of (a) is therefore 

(g) y = era + Vae2+ y?2), « ~0,y 4 0. 


Comment 12.14. The function y = 0 which we had to exclude to 
obtain (g) also satisfies (a). Moreover every member of the family of 
solutions (g) goes through the point (0,0). Observe from (a), however, 
that dy/dx is undefined when zx = 0. The point (0,0) is one of those 
singular points we discussed in Lesson 5B. Every member of the family 
(g) lies on it, but no member goes through any other point on the line 
x = 0. This solution, therefore, actually should have been written with 
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two parameters instead of one, namely 


y = qa(e t+ Vxr2 4+ y?), 2 
Cot(x + Vx2 + y?), 2 = 0. 


IIA 
on) 


y 


LESSON 12B. Solution by Substitution and Other Means. A 
first order differential equation need not come under any of the headings 
mentioned heretofore. This fact should not be too surprising. You your- 
self could easily write a first order differential equation which would not 
fit any of the types thus far discussed. It is possible in some cases to solve 
a differential equation by means of a shrewd substitution, or by discovering 
an integrating factor, or by some other ingenious method. We give below 
a number of examples which do not, as they stand, lend themselves to 
standardization. You should keep in mind that these examples have been 
specially designed to yield a solution in terms of elementary functions. 
It is easily conceivable, if a differential equation were selected at random, 
that one could spend hours and days using every known method and device 
at one’s disposal and still fail to find an explicit or implicit solution in 
terms of the elementary functions. More than likely no such solution exists. 


Example 12.2. Solve 
(a) (y — y? — x”) dx — xdy = 0. 


The equation as it stands cannot be solved by any of the methods out- 
lined thus far. However, the presence of the combination y dx — x dy 
leads one to try to make use of (10.3) or (10.31). Rearranging terms and 


dividing by x? gives 


2 
ido) ae y | 
(b) a a ar E aI (¥) Jas, eae. 


By (10.31), the left side of (b) is —d(y/x). Hence (b) ean be written as 


eT ro 
(c) 2 
a 
Integration of (c) gives 
y a 
(d) Arc tan : = —(x-+c) or lee —tan(x +c), x ¥ 0. 


Hence the solution of (a) is 


(e) y= satan (2 -+c), 2 0. 
Nore. In regard to the line x = 0 and the point (0,0), we refer you to 


our Comment 12.14. 
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Example 12.21. Solve 
(a) (Qcosy)y’ +siny = z’escy, y # 0. 


Solution. The equation as it stands cannot be solved by any of the 
methods outlined thus far. If we multiply it by sin y, we obtain 


(b) (2sin ycosy) y’ + sin?y = 2°, y ~ 0. 
UND 
The first term is equal to cE (sin? y). We therefore can write (b) as 


(c) £ (in? y) + Gin? y) = 2, y #0, 


an equation which is now linear in the variable sin? y. The integrating 
factor by (11.12) is found to be e”. Hence by (11.19) 


(d) e* sin? y = [ve dx = e(x*7 — 22 +2) +c, y #0. 

The solution of (a) is therefore 

(e) sin? y = (2? — 2x + 2) + ce", y ¥ 0. 
Example 12.22. Solve 

(a) 7 2 Ge ye 


Solution. The equation as it stands cannot be solved by any of the 
methods outlined thus far. A powerful and useful method frequently used 
by mathematicians to integrate functions is that of substitution. An 
attempt is made to simplify the integrand by using a new variable to 
represent a function of the given variable. In some cases this method of 
substitution can also be used profitably to find solutions of differential 
equations. For this example, we try the substitution 


(b) u=2?+y-—1, 


and hope it will yield a differential equation in uw which we can solve in 
terms of elementary functions. Differentiating (b) we obtain 


du _ dy dy _ du _ 
(c) dx at hee dx dx a 


We now substitute (b) and (c) in (a). There results 


(d) a = 2y7!3 u—*/3 du = 2dz, u ¥ 0. 


Lesson 12—Exercise 103 


By integration of (d) we obtain 
(e) Buv3 — 22+te u <0. 


Replacing w by its value in (b) and cubing, we have 

(f) Pty — l= = (22 + 0) as? 4+-y — 1 £0. 
The solution of (a) is therefore 

(g) Te ne oe ep ze +y—1#0. 


Nore. The function y = 1 — x? which had to be excluded in obtain- 
ing (g) also satisfies (a). It is a particular solution of (a) not obtainable 
from the family (g). 


EXERCISE 12 


Solve each of the following differential equations. 


z 


1]. ay H+ (1+ ay? =e. 


: aq. d 
2, cos y SY + siny = x’. Hint. qq (in ¥) = cosy 


3. (c+ 1) dy — (y+ 1) dz = (f+ 1)Vy4+1dz. Letu = y+ 1, 


d 
4. e’(y’ +1) = e. Hint. = e = ey. 


5. y’ siny + sinzcosy = sinz. Hint. id cosy = —(sin y)y’. 
- Y y ae 


6. (cy? B= 4 Leta = z —¥y. 


ae ea ee 2 


dx 
8. (82 + 2y + 1) dy + (42 + 38y + 2) dz = 0. 
9. (x2 — y”) dy = 2zy dz. 
10. ydz + (1+ ye?") dy = 0. Lety = e7*u. 
1]. (x2y + y?) dz + 2° dy = 0. 
12. (y2e7¥? + 423) dx + (Qrye™™? — 3y?) dy = 0. 
13. y’ = (22+ 2y — 1)?8 —z. Letu = zr? + 2y — 1. 


14. x dy +y= i + e*)y”. 
dx 


MISCELLANEOUS PROBLEMS 
In the following set of problems, classify each differential equation by 


type before attempting to find a 1-paramceter family of solutions. Some 
may fall into more than one type, some may not fall into any. In the 
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answers, you will find hints as to methods of solving. Always first try to 
solve the equation before looking at these hints. Also keep in mind that 
there may be other methods in addition to the ones we have given. 


15. (2y — xy log z) dx — 2rlogxdy = 0. 

16. y’ + ay = ke®. 

NE) ees 

18. y’ + 8xr3y? + Qzry = 0. 

19. (ry 22 — y2 4+ 2)y' = y — xy/z2 — y?. 
20. y’ + ay = bsin kz. 

21. zy’ —y?+1=0 


; d 
22. (y? + asin x) = = COS Z. 


23. zy’ = re/*# + a+ y. 

oy cost = e ” 

25. zy’ — y(log zy —1)= 

26. z3y’ — y? — x?y = 0. 

27. zy’ + ay+ bz7 = 0, xz > 0. 
28. xy’ — zsin J —y=0. 


29. (cy — x)y’ + y? — 3zy — 22? = 0. 

30. (6zy + x? + 3)y’ + 3y? + 2Q2y + 22 = 0. 
31. x7y’ + y24+ ayt x? = 0. 

32. (x? — 1)y’ + 2ry — cosx = 0. 

33. (x?y — 1)y’ + 2y? —1 = 0. 

34. (x? — 1)y’ + zy — 32y? = 0. 

35. (x2 — 1)y’ — 2zy logy = 0. 

36. (2? + oy? + Dy, 2ry 4-1 | 3 = 0. 
37. y’ cosx + y+ (1 x sin z) cosz = 0. 

38. (2ry + 4x3)y’ + y Ne 12z2y = 0. 

39. — yy +e = 


40. (x? — y)y’ — dey : 0. 
Al. xyy se ae — (0) 
42. 2a + 322 — y? = 0. 


43. (2zy? — xrt)y’ + 223y — y4* = 0. 
44. (ty — 1)?zy’ + (a2y? + 1)y = 0. 
45. (2? + y?)y’ + 22(22 + y) = 0. 


46. 3zy"y’ + y® — 2x = 0 0. 

47, 2yty' 1 ay? — 28 = 0. 

48. (22y3 + xy + 2?)y’ — cyt y? = 0. 
49, (2y° + yy’ — 273 — x = 0, 

50. y’ — e*-¥ + e? = 0. 


ANSWERS 12 
1. 2y?x = e* + ce-?, = log (4e7 + ce? 
2. siny = 2? — 2z-+ 2+ ce-:, ‘i ase Sn 
ea i + 1, 
—— 
6. y = log | ———_—— 
me =yF4 se 


y+ VEEP = cx”, or equivalently, y = C + +/z2 2 
8. 3ry + y? + y + 22? + 2x = CC. cs 
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oP ae oh = 0. 12, eT? + x4 — 73 = ©, 
10. her 2y7(log |y| — c). 13. 3(z? + 2y — 1)'3 = Q7+4 ¢. 
VW. 32? + y = cxdy. 14. ry(x+e7#+c)+1 = 0. 
ANSWERS FOR MISCELLANEOUS PROBLEMS 
15. Separable. x + 2 log |y| — 2 log (log |z|) = c. 
16. Linear. 1 
on 9 bz —az 

pS een +ce", a+b <Q, 

y = kre’? + ce”, a+b =0. 
Iv. Letu = x-+ y. Resulting equation is separable. x-+ y = tan (x+ c). 
¥8. Bernoulli. y—*® = ce?*? — 42? — 2. 
19. Let y = uz. Resulting equation can be made exact. 


20. 
zn. 


zsin [c — 3(x?2 + y?)], z> 0 


y — 
ye eeomle pia), 2 = 0. 
b . —az 
Linear. y = 2 (asinkz — kcos kx) -+ ce”. 
Separable. y = (1 — cx?)/(1 + cz?). 


. Let y be the independent variable. Bernoulli in sin z; see problem 2 above. 


2 
a 2 2 
sin = oo (© 4H 2), 


. Homogeneous. (1 — cz)e¥/*? = cz. 


oun Dinear. y = (x 4 c)er*™*, 
25. Let u = zy. Resulting equation is separable. ry = e*. 
26. Bernoulli. Also 1/z?y? is an integrating factor. x? — y = czy. 
27. Linear 5 
y = Cz = man La, a x —n. 
y = cx’ — bx “logz, a = —n. 


C= 


y 
. Homogeneous. csc og cot me 


t= ¢. 


. Integrating factor x. x?y? — 2z8y — zt = 
_ Exact. 3zy2 + z2y + 8y + 2? = ¢. 

. Homogeneous. z = (y + 2) (log |x| + c). 

_ Linear. Also exact. (x? — lby = sinz-+c. 


Exact. 22y2 — 2(z+ y) = ¢. 


_ Bernoulli. yo?) = 3+c¢V|z2 — II. 


. Separable. y = € ; 
. Bxact. 2? + y? + 3(r7y + y + 32) = c. 


: 1+ sinz 
. Linear. (1 + sinz)y = cosz (sin 2 21. = = c) : 


eae )). 


cos? x 
. . 9 _ 
Integrable combinations. 4x3y + xy” =. 


Bernoulli, y independent variable. 22% = 2y — 1+ ce7?. 


Let y = uxr?. Resulting equation is separable. (a cha? & ep 
. Homogeneous. 2°(1° -+ oye) we c. 
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. Bernoulli. y? = cz — 32”. 

. Integrating factor 1/x2y?. 23 + y? = cry. 

. Let u = zy. Resulting equation is separable. y? = celty—(/zy)], 
. Homogeneous. Also exact. y? + 423 -+ 327y = c. 

. Bernoulli. zy? = 22 +c. 

. Homogeneous. Also xz? + y? is an integrating factor. 


(fe ya ye inc. 


. Integrating factor 1/zy?. y? + y log |zy| — x = cy. 
. Exact. Also separable. y# + y? = z*+ 22+ ¢. 
. Let u = e¥. Resulting equation is linear. e” = 1+ ce-®. 


Chapter 3 


Problems Leading to Differential 
Equations of the First Order 


LESSON 13. Geometric Problems. 


We are at last ready to study a wide variety of problems which lead to 
differential equations of the first order. We consider first certain geo- 
metric problems in which we seek the equation of a curve whose deriva- 
tive y’ has certain preassigned properties. 


Example 13.1. Find the family of curves which has the property that 
the segment of a tangent line drawn between a point of tangency and the 
y axis is bisected by the x axis. 


Figure 13.11 


Solution (Vig. 13.11). Let P(z,y) be a point on a curve of the required 
family and let ?Q be a segment of the tangent line drawn at this point. 
By hypothesis, ?Q is bisected by the x axis. Hence the coordinates of the 


point Q are (0,—y). |The mid-point formula for two points (x),y;) and 


(x2,y2) 18 (= a cty nti | The equation of the hne PQ is, there- 
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fore, given by 
a 
(a) oS SS dx 
By Lesson 6C, the solution of (a) is 
(b) y=cz?, x #0,y 4 0. 


We have thus shown that if there exists a family of curves which meets 
the requirements of our problem, it must satisfy (a) and hence must 
satisfy (b). 

Conversely, we must show that if a family of curves satisfies (b), it 
will meet the requirements of our problem. Let P(xo,yo) be a point on a 
curve of (b). Then by (b) 


= 2 , —= 
(c) Yo = CX , Y (z0o,¥0o) — 2CXo. 


The equation of the line at P(xo,yo) with slope 2czxo is 
(d) Y — Yo = 2cxo(x — Zo). 
When x = 0, we obtain from (d) 

(e) Y = Yo — 2cxo’, 


which is the y coordinate of the intersection of the line (d) with the y 
axis, (Q in Fig. 13.11). The coordinates of the mid-point of PQ are therefore 


(f) (2, vo — cay?) 


Replacing yo in (f) by its value in (c), we born for the coordinates of 
the mid-point of PQ 


(g) (2, ). 


We have thus proved that the tangent 
at any point P(2x9,yo) of a member of 
the family (b), drawn to the y axis is 
bisected by the x axis. 


Example 13.2 (Fig. 13.21). Find 
the family of curves with the property 
that the area of the region bounded by 
the x axis, the tangent line drawn at a 
point P(z,y) of a curve of the family 
0(0,0) Q(2,0)  —-R(x,0) *X and the projection of the tangent line 

KF; on the z axis has a constant value A. 
igure 13.21 


Solution. At P(z,y) draw a tan- 
gent to a curve of the required family. Call Q(a,0) the point of inter- 
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section of this line with the x axis, R(z,0) the intersection of the projec- 
tion of the tangent line with the x axis. The equation of the tangent line is 


] 
(a) ae x Fa. 


Solving this equation for a, we obtain 


py al ey 
(b) es rr 


which represents the distance 0Q. Hence the distance QR is 


Y Y 
c ces — te 
© Gat deat 
The region whose area is A, is therefore given by the formula 
Be) lg 
(d) A ar 94 (4) a 2Qy/ 
Hence, 
y? 
(e) = 54" 


whose solution, by Lesson 6C, is 


1 ay ec 
(f) 2 oe & Y= 54, ee @ Ac. 


We have thus shown that if there exists a family of curves which meets 


the requirements of our problems it must satisfy (a) and hence must 


satisfy (f). , , oe 
Conversely, we must show that if a family of curves satisfies (f), it will 


meet the requirements of our problem. Let P(xo,yo) be a point on a 
curve of (f). Then by (f) 


2A : ae . 
“4 V0 Fic ay | ee 
The equation of the line at P(zo,yo) with slope given in (g) is 

ee ee 

(h) Y¥ — Yo = (& — Xo @de — a)? 
When y = 0, we obtain from (h), 

_ 2Azo — yol2Ae — 20)" 
(a) — 2A 


which is the z coordinate of the intersection of the line (h) with the z axis 
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(Q in Fig. 13.21). The distance QA is therefore 
_ 2Ax — yo(2Ac — 20)” _ Yo(2Ac — tad 


Hence the area of the region A is 
Die ae 
(k) 5Y0 E 9A “ 7 


Substituting in (k) the value of (2Ac — zo)” as determined by the first 
equation in (g), we obtain 


2 
1 Yot A ; 
(1) 2Y0 (vets) 


which simplifies to the constant A. Hence our family (f) meets the re- 
quirements of the problem. 


Example 13.3. Find the family of curves such that the angle from a 
tangent to a normal at any point of a curve of the family is bisected by the ra- 
dius vector at that point. (In problems involving radius vectors, it is usually 

preferable to use polar coordinates.) 


Solution (Fig. 13.31). Let P(r,@) 
be the polar coordinates of a point on 
a curve of the required family. Call 8 
the angle measured from the radius 
vector r counterclockwise to the tan- 
Normal line gent line at P. Then by a theorem in 
~ the calculus 


Gi; ¥\ 
Tangent 
line 


dé 


* (a) tan 6 =r. 


Figure 13.31 


By hypothesis r bisects the angle be- 
tween the normal and tangent lines. Hence 8 = 45° or —45°. In Fig. 
13.31 1t is —45°. Therefore (a) becomes (using 8B = 45°) 


dé dr 


(b) ir ea = dé, 
whose solution is 
(c) logr=O0+c, r= et" = ebe = ce? 
We leave it to you as an exercise to solve (a) when 8 = —45° and to 


prove the converse, i.e., that if a family of curves satisfies (c), then it 
meets the requirements of our problem. 
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Example 13.4. Find the family of curves with the property that the 
area of the region bounded by a curve of the family, the z axis, the lines 
<= a, = x is proportional to the length of the arc included between 
these two vertical lines. 


Solution (Fig. 13.41). The formula for the arc length of a curve be- 
tween the points A,B whose abscissas are x = a and xr = xis 


(a) =f fie Bie Y 


The area of the region bounded by 
Vite lines, 7 ="Q, f= ea, the x axis; 
and the arc of the curve y = f(z) 
between these lines, is 


(b) A= / f(x) dz. 


By hypothesis A is proportional to s; x=a dx x=x 


therefore, by (a) and (b), Figure 13.41 


(c) f soar=af {i+ (@®iax, 


where k > 0 is a proportionality constant. Differentiation of (c) with 
respect to x, and replacing f(x) by its equivalent y, give [see (9.15)] 


dyx* hore dy\* : 


which simplifies to 


y2 — k? _ dy dx +dy AE 
.) BAe de! ok ga 


By integration of (ce), we obtain 


(f) : alee GY = V0 Oe, 


which can be written as 
ae ae 
Gg et Sheva 8-7 ee Tee). 


We leave it to you as an exercise to prove the converse, i.e., if a family 


of curves satisfies (g), then it meets the requirements of our problem. 
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EXERCISE 13 


1. Let P(z,y) be a point on the curve y = f(z). At P draw a tangent and a 
normal to the curve. The slope of the curve at P is therefore y’; the slope 
of the normal is —1/y’. Prove (see Fig. 13.5) each of the following. 


(a) x — y/y’ is the z intercept of the tangent line. 

(b) y — zy’ is the y intercept of the tangent line. 

(c) z+ yy’ is the z intercept of the normal line. 

(d) y + z/y’ is the y intercept of the normal line. 

(e) |y/y’| is the length AC of the projection on the z axis, of the segment of 
the tangent AP. The length AC is called the subtangent. 

(f) |yy’| is the length CB of the projection on the z axis of the segment of 
the normal BP. The length CB is called the subnormal. 


1 
Yana t ] | 
lzV1 + (y’)2|. 
ly + (y’)2]. 


i 
bahia e. 


(g) The length of the tangent segment AP = 


(h) The length of the tangent segment DP 
(i) The length of the normal segment PB 


(j}) The length of the normal segment PE 


B 
(x+yy', 0) 


Figure 13.5 


In each of the following problems 2-20, use rectangular coordinates to 
find the equation of the family of curves that satisfies the property described. 


2. The slope of the tangent at each point of a curve is equal to the sum of the 
coordinates of the point. Find the particular curve through the origin. 
3. The subtangent is a positive constant k for each point of the curve. Hint. 


See l(e). 
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HA vi 


ll. 


12: 


2. 


. The subnormal is a positive constant k for each point of the curve. Hint. 


See 1(f). 


. The subnormal is proportional to the square of the abscissa. 
. The segment of a normal line between the curve and the y axis is bisected 


by the z axis. Find the particular curve through the point (4,2), with this 
property. 


. The x intercept of a tangent line is equal to the ordinate. Hint. See 1(a). 
. The tength of a tangent segment from point of contact to the z intercept is 


a constant. Hint. See 1(g). 


. Change the word tangent in 8 above to normal. Hint. Sce 1(i). 
. The area of the right triangle formed by a tangent line, the z axis and the 


ordinate of the point of contact of tangent and curve, has constant area 8. 
Hint. See 1(e). 

The area of the region bounded by a curve y = f(z), the z axis, and the lines 
x = 2, x = g, is one-half the length of the arc included between these 
vertical lines. 

The stope of the curve is equal to the square of the abscissa of the point of 
contact of tangent Hine and curve. Find the particular curve through the 


point (—1,1). 


. The subtangent is equal to the sum of the coordinates of the point of contact 


of tangent and curve. Hint. See 1(e). 


. The length of a tangent segment from point of contact to the z intercept is 


equal to the z intercept of the tangent linc. Hint. See (1g) and 1(a). 


. The normal and the line drawn to the origin from point of contact of normal 


and curve form an isosceles triangle with the z axis. 


. Change the word normal in 15 above to tangent. 
. The point of contact of tangent and curve bisects the segment of the tan- 


gent line between the coordinate axis. 


. Change the word tangent tn 17 above to normal. 
. The length of arc between z = a and x = z is equal to x°/2. 
. The area of the region bounded by the curve y = f(z), the lines z = a, 


x = xr, and the x axis, is proportional to the difference of the ordinates. 


. Lety = f(z) define a curve that passes through the origin. Find a family of 


curves with the property that the volume of the region bounded by y = f(z), 
rz = 0,2 = x rotated about the z axis is equal to the volume of the region 
bounded by y = f(z), y = 0, y = y rotated about the y axis. 

Let P(7,8) be a point on the curve r = r(@). At P draw a tangent to the 
curve. Prove (see Fig. 13.6) each of the following. 


(a) a om ir2, where A is the area of the region bounded by an arc of the 
curve and two radit vectors. 


(by) ds _ (2) + r2 where s is the length of arc of the curve between 
do N\de 


two radi vectors. 


(c) tanB =r = See (a) of example 13.3. 


In cach of the following problems 23-25, use polar coordinates to find the 


equation of the family of curves that satisfies the property described. 


23. 


The radius vector rand the tangent at P(r,0) intersect in a constant angle B, 
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24. 


29. 


Anna erwn 


The radius vector r and the tangent at P(r,6) intersect in an angle which is 
k times the polar angle 6. 


ds= ¥dr*+(rd6)? 


P(r, 8) 


Tangent line 


Figure 13.6 


The area of the region bounded by an arc of a curve and the radii vectors to 
the end points of the arc is equal to one-half the length of the arc. Hint. See 
22(a) and (b). 


ANSWERS 13 


Ue CF |, 


-y* = ce*, (y/y’) > O;y* = ce", (y/y’) < 0. 


~y? = 2kxet+c, yy’ > O;y? = —2kx +c, yy’ < 0. 
. dy? = 2kx? + c, yy’ > 0; 8y? = —2kz? + c, yy’ < 0. 
2+. Qy? = 24, 7 ctylogy+cy = 0. 


se cerhi geal = VP =H — blog (PEYE =H). 


a ee ee 
eee — Vey Ory Ory cy 16 0. 


~ Sy = 4cet22 + c—) eF2z, 12. 3y = x? + 4. 

- t= ylog|cyl, (y/y’) > 0; 2zy + y? = c, (y/y’) < 0. 

a> a? 97) aye“. 

. 2? — y? = ¢, 18. x? — y? =. 
ry = ¢ 


Se +[5 VP —1—tlog@+V2—1| +e. 


wulewee") 24. 7° = @ sin 40. 
. 2 — yoweny. 25.7r = 1;r = sec(@-+c), r #1. 
A 
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LESSON 14. Trajectories. 


LESSON 114A. Isogonal Trajectories. When two curves intersect in 
a plane, the angle between them is defined to be the angle made by their 
respective tangents drawn at their point of intersection. Since these lines 
determine two angles, it is customary to specify the particular one desired 


Figure 14.1 


by stating from which tangent line we are to proceed in a counterclockwise 
direction to reach the other. In lig. 14.1, a is the positive angle from the 
curve c, with tangent line /; to the curve c2 with tangent line lo; B is the 
positive angle from the curve cz to the curve cy. ib we call m, the slope 
of 1; and mg the slope of le, then by a formula in analytic geometry 


= m, — m 
(14.11) mo — eS a 
, 1 + mmo 1 + mmo 


Definition 14.12. A curve which cuts every member of a given 


]-parameter family of curves in the same angle is called an isogonal 


trajectory of the family. 


If two I-parameter families have the property that every member of 
ery member of the other family in the same angle, 
said to be a l-parameter family of 1sogonal 
the curves of either family are isogonal 


one family cuts ev 
then each family may be 
trajectories of the — 1.€x 
ajectories he other. 
ai pork problem is to find a family of isogonal trajectories that 
makes a predetermined angle with a given 1-parameter ay of ee 
If we call y,’ the slope of a curve of a given I-paraineter family, y the 
slope of an isogonal trajectory of the family, and @ their angle of inter- 
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section measured from the tangent line with slope y’ to the tangent line 
with slope y1’, then by (14.11) 


Ut es 
il + yyy" 


Example 14.14, Given the 1-parameter family of parabolas 


(14.13) ene, — 


(a) y = ar’, 


find a l-parameter family of isogonal trajectories of the family if the 
angle of intersection a, measured from the required trajectory to the given 
family, is 7/4. 


Solution. Differentiation of (a) gives 
(b) y = Qo 
From (a) again, we obtain 
(c) a= y/xr?, « #0. 
Substitution of this value in (b) gives 


Z 
(d) Uy = ~2% 


x 0, 

which is the slope of the given family at any point (2,y), x # 0. It there- 
fore corresponds to the y;’ in (14.13). Since by hypothesis a = 7/4, 
tana = 1]. Hence (14.13) becomes 


2y : 
: ay cae : 
(e) La 2. eee 
ae Dairy 


Simplification of (e) gives 
(f) (x — 2y) dx + (x + 2y) dy = 0, 


whose solution, by Lesson 7, is 


a es 4y — & 
(g) LOGAN) 25 BY ie te Rae tan = c, sw) 
aa ie 


Comment 14.15. Note that before we used (14.13), we eliminated 
the parameter in (b) to obtain (d). This elimination is essential. 


Comment 14.16. Because of the presence of the inverse tangent, 
(g) implicitly defines a multiple-valued function. By our definition of a 
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function it must be single-valued, i.c., cach value of x should determine 
one and only one y. For this reason we have written the inverse tangent 
with a capital A to indicate that we mean only its principal values, namely 
those values which lie between —7/2 and 7/2. By placing this restric- 
tion on the inverse tangent, we have thus excluded infinitely many solu- 
tions, for example solutions for which the arc tan lies between 7/2 and 
37/2, between 37/2 and 57/2, etc. 


LESSON 14B. Orthogonal Trajectories. 


Definition 14.2. A curve which cuts every member of a given 1-param- 
eter family of curves in a 90° angle is called an orthogonal trajectory 
of the family. 

If two 1-parameter families have the property that every member of 
one family cuts every member of the other family in a right angle, then 
each family may be said to be an orthogonal trajectory of the other. 
Orthogonal trajectory problems are of special interest since they occur 


in many physical fields. 
Let y;’ be the slope of a given family and let y/ be the slope of an or- 
thogonal trajectory family. Then by a theorem in analytic geometry 


(14.21) io a ee 


Example 14.22. Find the orthogonal trajectories of the 1-parameter 
family of curves 


(a) y = cx. 

Solution (Fig. 14.23). Differentiation of (a) gives 
(b) —— Sex. 
From (a) again we obtain 


(c) c= y/x?, «#0 


Substituting this value in (b), we have 


Pe ee 
(d) , 5) x rg ) 
n family at any point (z,y), « ~ 0. Lt 


hich ié the slope of the give 
— ’ (14.21). Henee, by (14.21), the slope 


ae 
corresponds therefore to the y;' In 
y’ of an orthogonal family 1s 


16 
eee ae 0,y ~ 0. 
(e) y a, LH Y 
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Its solution, by Lesson 6C, is 
(f) Pe 5 Oe 


which is a 1-parameter family of ellipses. 


Figure 14.23 


Comment 14.24. Note that before we used (14.21), we eliminated 
the parameter in (b) to obtain (d). This elimination is essential. 


LESSON 14C. Orthogonal Trajectory Formula in Polar Coordi- 
nates. Call P(r,6) (lig. 14.3) the point of intersection in polar coordi- 


Figure 14.3 


nates of two curves c;,c2g which are orthogonal trajectories of each other. 
Call ¢; and ¢2 the respective angle the tangent to each curve c, and ¢» 
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makes with the radius vector r (measured from the radius vector counter- 
clockwise to the tangent). Since the two tangents are orthogonal, it is 
evident from the figure that 


o1 = d2 + = 
Therefore 
7 1 
(14.31) tan ¢,; = tan (6: +. z) = en oe 


As remarked previously in Example 13.3, in polar coordinates 


dé 
(14.32) tan do = 7 ar : 
Therefore (14.31) becomes 

dr 
(14.33) tani ¢, = — a 


Comparing (14.32) with (14.33), we see that if two curves are orthogonal, 
dé 

then r “ of one is the negative reciprocal of r ap of the other. Conversely, 
r i 


if one of two curves satisfies (14.32) and the other satisfies (14.33), then 
the curves are orthogonal. Hence to find an orthogonal family of a given 


dé ; 
family, we proceed as follows. Calculate r 7, of the given family. Replace 
r 


dr ! ‘ : 
r ed by its negative Feciprocal — a, The family of solutions of this 
ar pe 


new resulting differential equation is orthogonal to the given family. 


Example 14.34. Find, in polar form, the orthogonal trajectories of 
the family of curves given by 


(a) Pe hesee so. 


Solution. Differentiation of (a) gives 


dr ' 
(b) = a k sec 6 tan @. 


From (a), again, we obtain 
r 
k == 4 
(c) ’ sec 0 


Substituting this value in (b), we have 


dr a 
(d) | a re 
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By (14.33), therefore, the differential equation of the orthogonal family is 


dr ] CT. 
(e) ey) os ~ = cot 6d, 
whose solution is 
(f) (2S 


Comment 14.35. We remark once more that before we could use 
(14.33), we had to eliminate the parameter in (b) to obtain (d). 


EXERCISE 14 


For each of the following family of curves, 1-4, find a 1-parameter 
family of isogonal trajectories of the family, where the angle of intersec- 
tion, measured from the required trajectory to the given family, is the 
angle shown alongside each problem. 


l. y? = 4kz, a = 45°. 

ge ty? = k?, a = 45°. 

y= ke, tana we: 

~y2 + zy — 2? =k, a = 45°. 

. Given that the differential equation of a family of curves is M(z,y) dx + 
N(z,y) dy = 0. Find the differential equation of a family of isogonal tra- 
jectories which makes an angle a ¥ 7/2 with the given family, where a 
is measured from trajectory family to given family. 

6. Given that the differential equation of a family of curves is of the homo- 
geneous type. Prove that the differential equation of a family of isogonal 
trajectories which makes an angle a ~ w/2 with the given family is also 
homogeneous. Hint. You will find a proof in Case 3-2 of Lesson 32. 


Vw th 


Find in rectangular form the orthogonal trajectories of each of the fol- 
lowing family of curves. 


7. c2?+ Qry — y? = k. Lee y= k. 

8. 27+ (y — k)? = k?. 14. 2? — y? = k?, 
9. (x — kh)? + y? = k?. 15, Gomer. 

10. 2 — y = ke’. 16. e? cosy = k. 
Ly? =e. 17. siny = ke. 


12. ry = kx — 1. 


Find in rectangular form the orthogonal trajectories of each of the fol- 
lowing family of curves. 
18. A family of straight lines through the origin. 


19. A family of circles with variable radii, centers on the z axis, and passing 
through the origin. 


20. A family of ellipses with centers at the origin and vertices at (+1,0). 
21. A family of equilateral hyperbolas whose asymptotes are the coordinate axes. 
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22. A family of parabolas with vertices at the origin and foci on the z axis. 


If the differential equation of a given family of curves remains unchanged 
when y’ is replaced by —1/y’, the family is called self orthogonal, i.e., a 
self-orthogonal family has the property that a curve orthogonal to a mem- 
ber of the family also belongs to the family. Show that each of the fol- 
lowing families is self orthogonal. 

23. The family of parabolas that have a common focus and axis. Hint. See 
answer. 


24. The family of central conics that have common foci and axis. Hint. See 
answer. 


Find in polar form the orthogonal trajectories of each of the following 
family of curves. 


25. 7 = k cos @. 30. 7? = k(rsin @ — 1). 
M6. 10 = k. Bin = hs cos 20. 

97. r = k(1 + sin @). 22. r-1 = sin? @-+ k. 
28. r = sin @-+ &. S307 sin ne — Kk. 

29. r = ksin 20. Lee 


ANSWERS 14 
z+ 2y 
=¢ 


x 


2 2 6 
lL. log |22° + zy + y | + —= Arc tan 
7 V7 


2. log |c(z? + y?)| — 2 Arc tan (y/z) = 0. 

3. log |c(z2 + y?)| + 4 Arc tan (y/z) = 0. 

4. ry = C¢. 

5. y’ = (Ntana + M)/(M tana — N). 

a. 72 — Qry — y? =. 15. 3y? + 22? = c. 
g. 22+ y? = cz. loae sin y = — 

9, x2 + y? = cy. 1. a= Cees: 7. 
10. ce? = y — z+ 2. 18.8a2 ay? = c. 
ll. 272+ y? =. 19. See problem 9. 
12. 22-+ 3y =. 20. x2 = cet? tv?, 
13. 2y2 — 2? = ¢. 2 eae 
14. zy = ¢. 22. See problem 11. 


23. Equation of family is je = 4p(e + p). 
2 


ee y . 
24, Equation of family 1s 2 =i = 1, where (+c,0) are the coordinates 


a? — ¢? 
of the foci. 
95, r = csin 8. 50m = 2 cme c CUS U. 
-_. gh (me 81-7? = c sini2d. 
97, r = c(1 — sin). 82) tan @ —ce™. 
og. elt = c(sec 6+ tan 6). 33. r” cos n@ = c. 


ae ik eee 
29, r4 = c cos 26. 34, r = etV¥e-0". 
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LESSON 15. Dilution and Accretion Problems. Interest 
Problems. Temperature Problems. 
Decomposition and Growth Problems. 
Second Order Processes. 


LESSON 15A. Dilution and Accretion Problems. 


In this type of problem, we seek a formula which will express the amount 
of a substance in solution as a function of the time ¢, where this amount 
is changing instantaneously with time. 


Example 15.1. A tank contains 100 gallons of water. In error 300 
pounds of salt are poured into the tank instead of 200 pounds. To correct 
this condition, a stopper is removed from the bottom of the tank allowing 
3 gallons of the brine to flow out each minute. At the same time 3 gallons 
of fresh water per minute are pumped into the tank. If the mixture is 
kept uniform by constant stirring, how long will it take for the brine to 
contain the desired amount of salt? 


Solution. The usual procedure in solving problems of this type is to 
let a variable, say x, represent the number of pounds of salt in solution at 
any time t. Then an equation is set up which will reflect the approximate 
change in x in an arbitrarily small time interval At. In this problem, 3 
gallons of brine flow out each minute. Hence 3A¢ gallons of brine will 
flow out in At minutes. Since the 100 gallons of solution are thoroughly 
mixed, and x represents the number of pounds of salt present in the solu- 
tion at any instant of time ¢, we may assume .that of the 3A¢ gallons of 


e 


: : Al ; 
brine flowing out, 160 x will be the approximate loss of salt from the solu- 


tion. (lor example, if 250 pounds of salt are in the 100-gallon solution of 


sare ; 3At 
brine at time ¢, and if At is sufficiently small, then — 250 will be the 
approximate loss of salt in time At.) 100 


If, therefore, Ax represents the approximate loss of salt in time Aé, then 


a oat —— 2 
To" Ae 100, 
(the symbol ~ means approximately equal to). The negative sign is 


necessary to indicate that x is decreasing. Since no salt enters the solu- 
tion, we are led to the differential equation 


Oe 3x dx 
(a) i 100’ - = —0.03dz. 


The solution of (a) is 


(b) log x = —0.03¢ + c’, eee 
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Inserting in (b) the initial conditions x = 300, t = 0, we obtain c = 300. 
Hence (b) becomes 


(c) z == 300er 70%", 


an equation which gives the amount of salt in solution as a function of 
the trme ¢. And when x = 200, we obtain from (c) 


(d) fae gr OOS! log 3 = 0.08t, 
from which we find 
(c) ¢ = 13.5 min, 


i.e., it will take 13.5 minutes for the amount of salt in the solution to be 
reduced to 200 pounds. 


Comment 15.11. A much shorter and more desirable method of 
solving the above problem is to insert in the second equation of (a) the 
initial and final conditions as limits of integration. We would thus obtain 


200 : t 

(f) i = -0.03/ dt. 
z=300 2 =6 

Integration of (f) gives immediately 

(g) log 2 = —0.03t, log $ = 0.03t, 


which is the same as (d) above. 


Example 15.12. A tank contains 100 gallons of brine whose salt con- 
centration is 3 pounds per gallon. Three gallons of brine whose salt concen- 
{ration is 2 pounds per gallon flow into the tank each mimute, and at the 
same time 3 gallons of the mixture flow out each minute. If the mixture 1s 
kept uniform by constant stirring, find the salt content of the brine as a 


function of the time f. 


Solution. Let x represent the number of pounds of salt in solution at 
any time t. By hypothesis 6 pounds of salt enter and 3 gallons of brine 
leave the tank each minute. In time At, therefore, 6A¢ pounds of salt 


is v a “ Ms 
flow in and approximately 100 (340) pounds flow out. Hence in time Af, 


the approximate change of the salt content in the solution is 


ne 


x ~~ —- v . 
(a) At = GA 700 24% ae es) x0 305, 


We are thus led to the differential equation dx/dt = 6 — 0.03.2, which 
we write as 


dx a dx =, 
(b) aor | (OS — , 
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As suggested in Comment 15.11, we integrate (b) and insert the initial 
condition as a limit of integration. We thus obtain 


x t 
dx 
(c) ico 0.032 —6 — ie =e 
whose solution is 
(d) ci) 1002 te5°°*'), 


Note. We also could have solved (b) by the method of Lesson 11B. 


Example 15.13. Same problem as in Example 15.12, excepting that 
3 gallons of fresh water flow into the tank instead of brine and 5 gallons 
of the mixture flow out in place of 3. 


Solution. Since liquid is flowing into the tank at the rate of 3 gallons 
per minute and the mixture is flowing out at the rate of 5 gallons per 
minute, there will be (100 — 2¢) gallons of the brine in the tank at the 
end of ¢ minutes. If x represents the number of pounds of salt in solution 
at time ¢, then the approximate change in the salt content of the brine in 
a sufficiently small time interval At is 


re oa 


alt 
ee Sept) aa 
— 3; (549, Al 100 — 2t 


100 
We are thus led to the differential equation 


dx 5x dx dt 


t= aim s.- pose oe 


Following the suggestion in comment 15.11, we integrate the second equa- 
tion in (a) and insert the initial condition as a limit of integration. We 
thus obtain 


2p t 
1 eb dt ‘ 
oS 
( ) o r=300 {=0 100 — 2t 
Its solution is 
(c) t= zeoq(100 — 2t)5/?, 


EXERCISE 15A 


It is assumed in the problems below that all mixtures are kept uniform 
by constant stirring. 


1. A tank initially holds 100 gal of brine containing 30 Ib of dissolved salt. 
Fresh water flows into the tank at the rate of 3 gal/min and brine flows out 
at the same rate. (a) Find the salt content of the brine at the end of 10 min. 
(b) When will the salt content be 15 lb? 
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-] 


10. 


1]. 


2. Solve problem 1 if 2 gal/min of fresh water enter the tank instead of 3 gal/min. 
Ss 
4. A tank initially contains 200 gal of brine whose salt concentration is 3 lb/gal. 


Solve problem 1 if 4 gal/min of fresh water enter the tank instead of 3 gal/min. 


Brine whose salt concentration is 2 lb/gal flows into the tank at the rate of 
4 gal/min. The mixture flows out at the same rate. (a) Find the salt content 
of the brine at the end of 20 min. (b) When will the salt concentration be 
reduced to 2.5 Ib/gal? 


. A tank initially contains 100 gal of brine whose salt concentration is $ lb/gal. 


Brine whose salt concentration is 2 lb/gal flows into the tank at the rate of 
3 gal/min. The mixture flows out at the rate of 2 gal/min. Find the salt 
content of the brine and its concentration at the end of 30 min. Hint. After 
30 min, the tank contains 130 gal of brine. 


. A tank initially contains 100 gal of brine whose salt concentration is 0.6 


lb/gal. Brine whose salt concentration is 1 lb/gal flows into the tank at the 
rate of 2 gal/min. The mixture flows out at the rate of 3 gal/min. Find the 
salt content of the brine and its concentration at the end of 60 min. Hint. 
After 60 min, the tank contains 40 gal of brine. 


. A tank initially contains 200 gal of fresh water. Brine whose salt concentra- 


tion is 2 lb/gal flows into the tank at the rate of 2 gal/min. The mixture 
flows out at the same rate. 

(a) Find the salt content of the brine at the end of 100 min. 

(b) At what time will the salt concentration reach | lb/gal? 

(c) Could the salt content of the brine ever reach 400 Ib? 


. A tank initially contains 100 gal of fresh water. Brine whose salt concentra- 


tion is 1 lb/gal flows into the tank at the rate of 2 gal/min. The mixture 
flows out at the rate of 1 gal/min. (a) Find the salt content of the brine and 
its concentration at the end of 60 min. 


. A tank initially contains 200 gal of fresh water. It receives brine of an 


unknown salt concentration at the rate of 2 gal/min. The mixture flows out 
at the same rate. At the end of 120 min, 280 lb of salt are in the tank. 
Find the salt concentration of the entering brine. 

Two tanks, A and B, each contain 5000 gal of water. To each tank 150 gal 
of a chemical should be added, but in error the entire 300 gal are poured into 
the A tank. Pumps are set to work to circulate the liquid through tle two 


Yj 


Figure 15.14 


tanks at tlie rate of 100 gal/min (Fig. 15.14). (a) How long will it take for 
tank A to contain 200 gal of thre chemical and tank B to contain 100 gal- 
lons? (b) Is it theoretically possible for each tank to contain 150 gal? 
The CO2 content of the air ina 5000-cu-ft room is 0.3 percent. Fresh air 
containing 0.1 percent COz is pumped into tle room at the rate of 1000 
ft?/min. (a) Find the percentage of COz in the room after 30 min. When 


will the COz coutent be 0.2 percent? 
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12. The COs content of the air in a 7200-cu-ft room is 0.2 percent. What volume 
of fresh air containing 0.05 percent COz must be pumped into the room 
each minute in order to reduce the COg2 content to 0.1 percent in 15 min? 


ANSWERS 15A 


30e—9-3 = 22.2 lb. (b) e= 9:03! 23.1 min. 
(Wie 30(1 — 0.014)? = 30(0.9)? = 21.87 lb. (b) 4 =.20.6 min. 
. (a) z = 30e—9-286 = 22.5 lb. (Det ——260 mine 


1 ee Ee 

2 

3 

4. (a) « = 200(2 + e—9-4) = 534.1 Ib. (b) ¢ = 50 log 2 = 34.7 min. 
5 

6 

q 


Zl tb; 1-32 lb/eal: 
. 37.4 lb, 0.94 lb/gal. 
~ (a) 2528) lb: (b) 69.3 min. (c) Salt content approaches 400 lb as ¢t 
increases without limit. 
8. 98 Ib, 0.61 lb/gal. 
9. 2 lb/gal. 
10. (a) 27.5 min. (b) No. Tank B contains 150 gal of the chemical only if ¢ 
is infinite. 
11. (a) 0.10 percent. (b) 3.47 min. 
12. 527 ft?/min. 


LESSON 15B. Interest Problems. Let $A be invested at 6 percent 
per annum. Then the principal P at the end of one year will be 


(a) = A(1 + 0.06) if interest is compounded annually, 


2 
ao (1 + os) if interest is compounded semiannually, 
Un. , . 
P= A\1+-——] if interest is compounded quarterly, 


12 
2 = (1 + ua if interest is compounded monthly. 
And, in general, the principal P at the end of one year will be 
(b) P=A (1 a = 
m 


if the interest rate is r percent per annum compounded m times per year. 
At the end of n years, it will be 


° r= al(e JT 


If the number m of compoundings in one year, increases without limit, 
then 


(d) a a|(1 sis ae ; r m/r)|nr 
i m,-300 m 7a se A | i m , 
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m/r 
But lim (: Sa +) = e. Hence (d) becomes 


(e) de: he 
Finally, replacing n by ¢, we obtain 
(52) P= Ae", 


which gives the principal at the end of time ¢ if $A are compounded 
instantaneously or continuously at r percent per annum. The differential 
equation of which (15.2) is the 1-parameter family, is 


(15.21) — = rP. 
(Verify it.) 


Example 15.22. How long will it take for $1.00 to double itself if it is 
compounded continuously at 4 percent annum. 


Solution. By (15.21) with r = 0.04, we obtain 


dP 
(a) Pp = Oa. 
Integrating (a) and inserting the initial and final conditions as limits of 


integration, we have 


2 t 
(b) {L fe = os} > dt, leg 2 = 0104, t = 17% years, 
=) = 


approximately. 


Remark 1. We could have solved this problem by using (15.2) directly 
with P = 2, A = 1,r = 0.04. 


Remark 2. At 4 percent per annum, compounded semzannually, $1.00 
will double itself in 17$ years. Compounded continuously, as we saw 
above, it doubles in 173 years. The continuous compounding of interest 


property therefore is not as powerful as one might have believed. 


EXERCISE 15B 


It is assumed in the problems below that interest is compounded con- 


tinuously unless otherwise stated. 


1. In how many years will $1.00 double itself at 5 percent per annum? 
9. At what interest rate will $1.00 double itself in 12 years? 


3. How much will $1000.00 be worth at 44 percent interest after 10 years? 
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4. Ina will, a man left a few million dollars, to be divided among several trusts. 
The will provided that the money was to be deposited in savings institutions 
and held for 500 years before being distributed to the designated legatees. 
The will was contested by the government on the grounds that the monetary 
wealth of the nation would be concentrated in these trusts. If the money 
earned an average of 4 percent interest, approximately how much would 
only $1,000,000 amount to at the end of the 500 years? 

5. How much money would you need to deposit in a bank at 5 percent interest 
in order to be able to withdraw $3600.00 per year for 20 years if you wish the 
entire principal to be consumed at the end of this time: (a) if the money is 
also being withdrawn continuously from the date of deposit as, for example, 
withdrawing $3600/365 each day; (b) if the money is being withdrawn at 
the rate of $300.00 per month beginning with the first month after the de- 
posit. Hint. After 1 month, money left in the bank equals Ae®-95/12 — 3090, 
where A is the amount at the beginning of the month. 

(c) Try to solve this problem assuming the more realistic situation of 
interest being credited quarterly and $900.00 withdrawn quarterly, begin- 
ning with the first quarter after the deposit. Notre. This problem no longer 
involves a differential equation. Hint. At the end of the first quarter, money 


left in the bank equals A ¢ Se “| — 900. 


6. You plan to retire in 30 years. At the end of that time, you wish to have 
$45,500.00, the approximate amount needed—see problem 5(b)—in order 
to withdraw $300.00 monthly for 20 years after retirement. (a) What amount 
must you deposit monthly at 5 percent? Hint. At the end of one month 
P = A; at the end of two months P = Ae®-°5/12 4 4° where A is the 
monthly deposit. 

(b) What amount must you deposit semiannually if interest is credited 
semiannually at 5 percent instead of continuously. Note. This problem 
no longer involves a differential equation. 


ANSWERS 15B 


I. 13.86 years. (Compounded semiannually at 5 percent interest, $1.00 doubles 
itself in 14 years.) 


. 5.78 percent approximately. 

- $1568.31. 

. $485,165,195,400,000. 

. (a) dP = (rP) dt — (3600) dt, A = $45,513. 


oe & bo 


ae 
(b) A = 300 aos = $45,418. 


1 — 1012 5ymee 


a |- 
(c) 00 IGE $45,348. 


6. (a) $45,500 =A aes A = $54.57 monthly. 


(b) $45,500 


1025). =a 
A few » A = $334.58 semiannually. 
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LESSON 15C. Temperature Problems. It has been proved experi- 
mentally that, under certain conditions, the rate of change of the tem- 
perature of a body, immersed in a medium whose temperature (kept 
constant) differs from it, is proportional to the difference in temperature 
between it and the medium. In mathematical symbols, this statement is 
written as 

dT z 


(15.3) Te = — MPs — Te) 


where k > 0 is a proportionality constant, 7’'g is the temperature of the 
body at any time ¢, and Ty, is the constant temperature of the medium. 


Comment 15.31. In solving problems in which a proportionality 
constant k is present, it is necessary to know another condition in addition 
to the initial condition. In the temperature problem, for example, we 
shall need to know, in addition to the initial condition, the temperature 
of the body at some future time ¢. With these two sets of conditions, it 
will then be possible to determine the values of the proportionality con- 
stant k and the arbitrary constant of integration c. And if we wish to 
take advantage of Comment 15.11 we must use (15.3) twice, once to 
find k, the second time to find the desired answer. 


Example 15.32. A body whose temperature ts 180° is immersed in a 
liquid which is kept at a constant temperature of 60°. In one minute, 
the temperature of the immersed body decreases to 120°. How long will 
it take for the body’s temperature to decrease to 90°? 


Solution. Let T represent the temperature of the body at any time ¢. 
Then by (15.3) with Tay = 60, 


dT oe On @ 2 ae 
(a) a = —k(7 60), T — 60 = i; dt, 


where the negative sign is used to indicate a decreasing 7’. Writing (a) 


twice as suggested in Comment 15.31, integrating both equations, and 
inserting all given conditions, we obtain 


ve 1 90 a t 
d 

_ fl ees 
(b) [- aT — 60 t=0 fimuso 1 — 60 t=0 


From the first integral equation, we obtain 
(c) log.0.5 = —k, k = log 2. 


With the proportionality constant k known, we find from the second inte- 
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gral equation 


_ log4 _ 2 log2 
(d) log 0.25 = —(log 2)é, b= lee eee 


Hence it will take 2 minutes for the body’s temperature to decrease to 90° 


EXERCISE 15C 


In the problems below, assume that the rate of change of the tempera- 
ture of a body obeys the law given in (15.3). 


1. A body whose temperature is 100° is placed in a medium which is kept at a 
constant temperature of 20°. In 10 min the temperature of the body falls 
to 60°. (a) Find the temperature T of the body as a function of the time ¢. 
(b) Find the temperature of the body after 40 min. (c) When will the body’s 
temperature be 50°? 

2. The temperature of a body differs from that of a medium, whose temperature 
is kept constant, by 40°. In 5 min, this difference is 20°. (4) What is the value 
of k in (15.3)? (b) In how many minutes will the difference in temperature 
be 10°? 

3. A body whose temperature is 20° is placed in a medium which is kept at a 
constant temperature of 60°. In 5 min the body’s temperature has risen 
to 30°. (a) Find the body’s temperature after 20 min. (b) When will the 
body’s temperature be 40°? 

4. The temperature in a room is 70°F. A thermometer which has been kept in 
it is placed outside. In 5 min the thermometer reading is 60°F. Five minutes 
later, it is 55°F. Find the outdoor temperature. 


The specific heat of a substance is defined as the ratio of the quantity 
of heat required to raise a unit weight of the substance 1° to the quantity 
of heat required to raise the same unit weight of water 1°. For example, it 
takes 1 calorie to change the temperature of 1 gram of water 1°C (or 1 
British thermal unit to change the temperature of 1 lb of water 1°}). If, 
therefore, it takes only 5 of a calorie to change the temperature of 1 gram 
of a substance 1°C (or 75 of a British thermal unit to change 1 lb of the 
substance 1°1*), then the specific heat of the substance is yy. 


In problems 5-7 below, assume that the only exchanges of heat occur 
between the body and water. 


5. A 50-lb iron ball is heated to 200°F and is then immediately plunged into a 
vessel containing 100 lb of water whose temperature is 40°F. The specific 
heat of iron is 0.11. (a) Find the temperature of the body as a function of 
time. Hint. The quantity of heat lost by the iron body in time ¢ is 50(0.11) 
(200 — Ts), where T'z is its temperature at the end of time ¢. The quantity 
of heat gained by the water—remember the specific heat of water is one— 
is 100(1)(Tw — 40), where Ty is the temperature of the water at the end 
of time f. Since the heat gained by the water is equal to the heat lost by the 
ball, 50(0.11)(200 — Tg) = 100(Tw — 40). Solve for Tw and substitute 


this value for Tz in (15.3). Solve for 7g. (b) Find the common temperature 
approached by body and water ast — o. 
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6. The specific heat of tin is 0.05. A 10-Ib body of tin, whose temperature is 
100°F, is plunged into a vessel containing 50 lb of water at 10°F. (a) Find 
the temperature T of the tin as a function of time. (b) Find the common 
temperature approached by tin and water ast > 0. 

. The temperature of a 100-lb body’ whose specific heat is jp is 200°F. It is 
plunged into a 40-lb liquid whose specific heat is $ and whose temperature 
is 50°. (a) Find the temperature T of the body as a function of time. (b) To 
what temperature will the body eventually cool? 


~1 


ANSWERS 15C 


L. (€) T = 2001 + 4277088") hy) 25%. (ce) 14.2 man. 
2. (a) k = —2log (0.5) = 0.1386.  (b) ¢ = 10min. 
5.. (a) 47.3°. (b) 12 min. 
4. 50°F. 
1 = W055e7 

= b) 48.3°F, 
5. (a) Te 1056 (51 + 160e ) (b) 
6. (a2) T= 77 (isco) «hy ae. 
7. (a) T = 10001 +e ""). ~—(b):100°F. 


LESSON 15D. Decomposition and Growth Problems. These prob- 
lems will also involve a proportionality constant and will therefore re- 
quire an additional reading after an interval of time ¢. The method of 
solution is essentially the same as that used to solve the problem discussed 


in Lesson 1 


Example 15.4. The number of bacteria in a yeast culture grows at a 
rate which is proportional to the number present. If the population of a 
colony of yeast bacteria doubles in one hour, find the number of bacteria 
which will be present at the end of 34 hours. 


Solution. Let x equal the number of bacteria present at any time @. 
Then in mathematical symbols, the first sentence of the problem states 


ax ag 
(a) Ah =s kx, oa = k dt, 


where k is a proportionality constant. Writing (a) twice, integrating both 
equations, and inserting all the given conditions, we obtain (omitting 


percent signs) 


200 1 x 7/2 
(b) i Sok i a, ff @aaf a 
zml00 & tex0 zr—al00 7% t=O 


From the first integral equation, we obtain 


(c) k Slog 2, 
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and from the second integral equation 


x = gil2 


(d) log (2/100) = $ log 2, i00 eo Isl 


b 


Hence 1131 percent or 11.31 times the initial number of bacteria will be 
present at the end of 34 hours. 


Example 15.41. The death rate of an ant colony is proportional to 
the number present. If no births were to take place, the population at 
the end of one week would be reduced by one-half. However because of 
births, the rate of which is also proportional to the population present, 
the ant population doubles in 2 weeks. Determine the birth rate of the 
colony per week. 


Solution. In this problem, we must determine two proportionality 
constants, one for births which we call k,, the other for deaths which we 
call ky. Using first the fact that the death rate is proportional to the 
number present and that deaths without births would reduce the colony 
in one week by one-half, we have 


os es 1 
= —k Odgesnnala 
(a) ao hon, i. — kf dl, 


where x represents the population of the colony at any time ¢, and x = 1 
stands for 100 percent. The solution of (a) is 


(b) ke = log 2. 


Hence, the differential equation which takes into consideration both 
births and deaths of the colony is 


dx d 
(c) T= Mt — (log 2)z, = = (ky — log 2) dt. 


Integrating (c) and inserting the given conditions which reflect the net 
change in the population, we obtain 


9 
~ 


2 
d div 
2 [= — 1000 fa 


The solution of (d) is 
(e) log 2 == Dy — log 4, Ki = 4log8 = 1.0397. 
Hence the birth rate is 


a 


103.97 percent per week. 
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EXERCISE 15D 


In problems 1-10 below, assume that the decomposition of a substance is 


proportional to the amount of the substance remaining and that the growth 
of population is proportional to the number present. (A suggestion: review 
Lesson ].) 


1 


2. 


10. 


1]. 


he, 


The population of a colony doubles in 50 days. In how many days will the 
population triple? 

Assume that the half life of the radium in a piece of lead is 1500 years. How 
much radium will remain in the lead after 2500 years? 


. If 1.7 percent of a substance decomposes in 50 years, what percentage of the 


substance will remain after 100 years? How many years will be required 
for 10 percent to decompose? 


» The bacteria count in a culture is 100,000. In 23 hours, the number has in- 


creased by 10 percent. (a) In how many hours will the count reach 200,000? 
(b) What will the bacteria count be in 10 hours? 


. The population of a country doubles in 50 years. Its present population is 


20,000,000. (a) When will its population reaeh 30,000,000? (b) What will 
its population be in 10 years? 


. Ten percent of a substance disintegrates in 100 years. What is its half life? 
- The bacteria count in a culture doubles in 3 hours. At the end of 15 hours, 


the count is 1,000,000. How many bacteria were in the count imtially? 


. By natural increase, a city, whose population is 40,000, will double in 50 


years. There is a net addition of 400 persons per year because of people 
leaving and moving into the city. Estimate its population in 10 years. Hint. 
Mrst find the natural growth proportionality factor. 


- Solve problem 8, if there is a net decrease in the population of 400 persons 


per vear. 
A culture of bacteria whose population is No will, by natural increase, double 
in 4 log 2 days. If bacteria are extracted from the colony at the uniform 
rate of Ft per day, find the number of bacteria present as a function of time. 
Show that the population will increase if Ro < No/4, will remain stationary 
if ft = No/4, will decrease if R > No/4. 

The rate of loss of the volume of a spherical substance, for example a moth 
ball, due to evaporation, is proportional to its surface area. Express the 
radius of the ball as a function of time. 

The volume of a spherical raindrop inereases as it falls beeanse of the ad- 
hesion to its surface of mist particles. Assume it retains its spherical shape 
during its fall and that the rate of change of its volume with respect to the 
distance y tt has fallen, is proportional to the surface area at that distance. 
Iexpress the radius of the raindrop as a function of y. 


ANSWERS 15D 


1. 79 days. 5. (a) 29 years. (b) 22,970,000 approx. 
2. 31 pereenut. 6. 658 years. 

3. 96.6 percent; 307 years, Te 319250. 

4. (a) 18.2 hours. (b) 146,400. 8. 50,240. 


10. 


9. 41,660. 


N , 
+ il (“» r) rit). 
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1l. r = ro — Kt, where 70 is the initial radius and k is a positive proportionality 


factor. - 
12. r = ro -+ ky where 79 is the initial radius and k is a positive proportionality 


factor. 


LESSON 15E. Second Order Processes. A new substance C is some- 
times formed from two given substances A and B by taking something 
away from each; the growth of the new substance being jointly propor- 
tional to the amount remaining of each of the original substances. Let 
s, and se be the respective amounts of A and B present initially and let 
x represent the number of units of the new substance C formed in time ¢. 
If, for example, one unit of C is formed by combining 2 units of substance 
A with three units of substance B, then when z units of the new substance 
are present at time ¢ 


(s; — 2x) is the amount of A remaining at time {, 


(sg — 3x) is the amount of B remaining at time t. 


By the first sentence above, therefore, the differential equation which 
represents the rate of change of C at any time ¢ is given by 


dx 
ia k(s; — 22)(so — 32), 


where k is a proportionality constant. In general, if one unit of C is formed 


by combining m units of A and n units of B, then the differential equation 
becomes 


d 
(15.5) = = k(s — mz)(s, — nz), 


where. and So are the respective number of units of A and B present 
initially and x is the number of units of C present in time ft. 


A substance may also be dissolved in a solution, its rate of dissolution 
being jointly proportional to: 


1. The amount of the substance which is still undissolved. 

2. The difference between the concentration of the substance in a satu- 
rated solution and the actual concentration of the substance in the 
solution. For example, if 10 gallons of water can hold a maximum of 
30 pounds of salt, it is said to be saturated when it holds this amount 
of salt. The concentration of salt in a saturated solution is then 3 
pounds per gallon. When therefore the solution contains only 15 


pounds of salt, the actual concentration of the salt in solution is 1.5 
pounds per gallon or 50 percent of saturation. 


Let x represent the amount of 


ae. the sub t , rt] 
to the initial amount of the subs Oa Neva any times 


tance, and v the volume of the solution. 
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Then at any time ¢, 


(zo — x) is the amount of the substance dissolved in the solution, 


a) ~_ 


is the concentration of the substance in the solution. 


If c represents the concentration of the substance in a saturated solution, 
then the differential equation which expresses mathematically condition: 
1 and 2 above is 


2 Ce * oe Sy. 
(15.51) i ka (< ; 


Problems which involve joint proportionality factors are known as 
second order processes. 


Example 135.52. A new substance C is to be formed by removing two 
units from each of two substances whose initial quantities are 10 and 8 units 
respectively. Assume that the rate at which the new substance is formed 
is jointly proportional to the amount remaining of each of the original 
substances. If z is the number of units of C formed at any time ¢ and 

= 1 unit when ¢ = 5 minutes, find z when ¢ = 10 minutes. 


Sal@mon. In (15.5), sy— 10, so = 8, m = n= 2. Hence (15.5) 
becomes 


@) a Eee oh 6 Se a. 

Therefore 

b) Wed. = a (see Lesson 26) c= — — aa. 
(b) ~ (5—2)(4—2) ~*~ Ee ie Soe 


Writing (b) twice, integrating both equations and inserting all the given 
conditions, we obtain 


rc 


5 1 
1 1 ) . 
(c) wf a-{ (4. i_s dx; 
10 Zz 
1 1 j 
ee eee 
suf a [ Gi- ‘Ae 


From the first integral equation, we find 

5 = 2)! Lig i, 
~) :S = et =, a0 PS 
and from the second integral equation, 


: a ae) 
(e) (J. tog! 18) (10) = tog $= ie sien (ae 
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Simplification of (e) gives 


(f) ee"): le gee ee = 


Hence 1.63 units of the substance x are formed in 10 minutes. 


Example 15.53. Six grams of sulfur are placed in a solution of 100 cc 
of benzol which when saturated will hold 10 grams of sulfur. If 3 grams 
of sulfur are in the solution in 50 minutes, how many grams will be in 
the solution in 250 minutes? 


Solution. Let x represent the number of grams of sulfur not yet dis- 
solved at any time ¢. Then, at time t, (6 — zx) is the amount of sulfur 
dissolved and (6 — x)/100 is the concentration of sulfur in benzol. Here 
c, the concentration of sulfur in a saturated solution of benzol, is given as 
10/100 = 0.1, the initial amount zo of the substance is given as 6 and 
v = 100. Hence (15.51) becomes 


ar, eS ae 
Therefore 
(b) ig” = qty - 1(#- =). 
100 x(x + 4) 4\2 x+4 


Writing (b) twice, integrating both equations, and inserting all the given 
conditions, we obtain 


i 50 3 1 
(co). | a | ies 1 ) 
er) 130 z=6 \C z+ 4 de, 


k ie be 
Zon) 725 pe ee er dz. 


From the first integral equation, we find 


(d) k= 


and from the second integral equation 
) 


i Al 5 
(e) ¢ (3 log 3) 250 = lo L 
Pail Safa 


a 


6 
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Simplification of (e) gives 


aN eS 
5 5 . 
(f) 2) 7 i € ns ) » x = 0.5 gram approximately, 


which is the amount of sulfur not yet dissolved at the end of 250 minutes. 
Therefore since 6 grams of sulfur were undissolved in the solution origi- 
nally, 5.5 grams are in the solution at the end of 250 minutes. 


EXERCISE 15E 


In problems 1-8, assume all reactions are governed by formulas (15.5) or 
(15.51), with the exception of problem 4 which is a modified version of 
(1d Sh). 

1) i 5.5) kEw, = 10, 50 = 10,m = 1,% = 1. If 5 units of C are formed 
in 10 min, determine the number of C units formed in 50 min. 

2 Pae(low) Mew, = 10, 99 SS, me — 1,n = 1. If 1 umt of C is formed im 5 
min, determine the number of C units formed m 10 min. 

3. In (15.5) take m = 1, = 1. (a) Solve for z as a function of time when 
$8; * 82 and when s; = sg. (b) Show that as t— ©, r—- 8; if so = 54 
and z — sgif so S $8). 

4. In a certain chemical reaction, substance A, mitially weighing 12 |b, ts con- 
verted into substance B. The rate at which B is formed ts proportional to the 
amount of A remaining. At the end of 2.5 min, 4 1b of B have been formed. 


(a) How much of the B substance will be present after 6 min? 
(b) How much time will be required to convert 60 percent of A? 


Work this problem in two ways: 


1. Letting z represent amount of A remaining at time ¢. 
2. Letting xz represcnt amount of B formed at time ¢. 


Chemical reactions of this type are called first order processes. 


5. A new substance C ts to be formed froin two given substances A and B by coim- 
bining one unit of A with two units of B. Initially A weighs 20]b and B weighs 
40 lb. (a) If 12 lb of C are formed m % hi, express 7 as a function of tine nr 
hours, where z is the number of units of C formed m time t. (b) What ts the 
maximum possible value of x? 

6. A saturated solution of salt water will hold approximatcly 3 Ib of salt per 
gallon. A block of salt weighing 60 Jb ts placed into a vessel containing 100 
gal of water. In 5 min, 20 Ib of salt are dissolved. 


(a) How mucl: salt will be dissolved in 1 hr? 


(b) When will 45 Ib of salt be dissolved ? C. 
7. Five grams of a chemical A are placed m a solution of 100 ce of a liquid B 


which, when saturated, will lrold 10 ¢g of A. If 2 g of A are m the solution 
in 1 hr, how many grams of A will be mn the solution m 2 hr? 

8. Fifteen grams of a chemical A are placed into 50 cc of water, which when 
saturated will hold 25 g of A. If 5 g of A are dissolved m 2 hr, low many 
grains of A will be dissolved in 5 hr? . 

9. A substance containing 10 Jb of moisture ts placed in a sealed room, whose 

« 2000 cu ft and which when saturated can hold 0.015 Ib of moisture 


volume 1 ure we 
Initially the relative humidity of the airs 30 percent. If the 


per cubic foot. 
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substance loses 4 Ib of moisture in | hr, how much time is required for the sub- 
stance to lose 80 percent of its moisture content? Assume the substance loses 
moisture at a rate that is proportional to its moisture content and to the 
difference between the moisture content of saturated air and the moisture 
content of the air. 


ANSWERS 15E 


]. 84 units. 2. 1.80 units. 


com oe = 4] c sy kt 
| Sie, meal. 
4. (a) 7.47 lb. (b) 5.6 min. 
5. (a) & = 1801/2 -+ 91). (io) 20 Tb. 
6. (a) 59.2 Ib. (b} 18.2 min. 
Tos. 8. 8.9 g. 9. dr/dt = kx[30 — (19 — x)]; 3.8 hr. 


LESSON 16. Motion of a Particle Along a Straight Line— 
Vertical, Horizontal, Inclined. 


In this lesson we discuss a wide variety of problems involving the 


motion of a particle along a straight line. In Lesson 34, we shall discuss 
the motion of a particle moving in a plane. 


By Newton’s first law of motion, a body at rest will remain at rest, and 
a body m motion will maintain its velocity, (i.e., its speed and direction), 
unless acted upon by an outside force. By his second law, the rate of 


change of the momentum of a body (momentum = mass X velocity) 1s 


proportional to the resultant external force F acting upon it. In mathe- 
matical symbols, the second law says 


(a) = hn 
; F km a 


where m is the mass of the body, v its velocity, and k > 0 is a propor- 
tionality constant whose value depends on the units used. If these are 


foot for distance, pound for force, slug for mass (= 1/32 pound), second 
for time, then k = 1 and (a) becomes 


(16.1) dv d?s 


F= —— = — —_— 
7 ma Up 


Where a is the rate of change in velocity, commonly called the acceleration 


of * jn and s is the distance the particle has moved from a fixed 
on am a of 1 lb therefore wiil give a mass of 1 slug an acceleration 
sec’) Rememberthaw\'a,and » dfe Fector quantities, i.e., they 


not only hay 
Nt have ‘a also direction. (For a discussion of a vector 
‘ ¥, See Lesson 16C.) Hence it 7 
qua ce if 1s always essential 7 
. . . . vs | 
indicate the positive direction. , a 


oe 
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If we write 
(b) a, BS 
at. ds at 


and recognize that v = ds/dt, then (b) becomes 


| 1 —_ ‘— —_— e 
ash di ds 


Hence we can also write (16.1) as 


dv 
(16.111) i mu a 


Newton also gave us the law of attraction between bodies. If 2, and 2, 
are the masses of two bodies whose centers of gravity are r distance apart, 
the force of attraction between them Is given by 
mM ,mM2 
=” 


(16.12) | 
where k > 0 is a proportionality constant. 


LESSON 16A. Vertical Motion. Let, see lig. 16.138, 


Vf = mass of the earth, assumed to be a sphere, 

m = mass of a body in the earth’s gravitational field, 
R = the radius of the earth, 

y = the distance of the body above the earth’s surface. 


Figure 16.13 


By (16.12) the force of attraction between earth and body is (we assume 
their masses are concentrated at them respective centers) 


AIm 
(16.14) Ie a mE 


ality constant G which we have used in place of k is called 


The proportion lien 
The negative sign is necessary because the 


the gravitational constant. 
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resulting force acts downward toward the earth’s center, and our positive 
direction is upward. If the distance y of the body above the earth’s sur- 
face is small compared to the radius # of the earth, then the error in 
writing (16.14) as 
GMm 

(iGF15) F=— pe 
is also small. [& = 4000 miles approximately so that even if y is as high 
as 1 mile above the earth, the difference between using (4000 x 5280)? 
feet and (4001 X 5280)? feet in the denominator is relatively negligible.] 
By (16.1) with y replacing s, we can write (16.15) as 


(16.16) i. = — 


Since G, M, and FR are constants, we may replace GA{/R? by a new con- 
stant which we call g. We thus finally obtain for the differential equation 
of motion of a falling body in the gravitational field of the earth, 


2 
(16.17) mov = —gm, we = —gm 


where v = dy/dt. The minus sign is necessary because we have taken the 


upward direction as positive (see Fig. 16.13) and the force of the earth’s 
attraction is downward. From (16.17), we have 


d*y 
16.18 = — 
( ) dt? 


The constant g is thus the acceleration of a body due to the earth’s attrac- 
tive force, commonly known as the force of gravity. Its value varies 
slightly for different locations on the earth and for different heights. For 
convenience we shall use the value 32 ft/sec?. 

Integration of (16.18) gives the velocity equation 


d 
(16.19) v (- au) = ee 


And by integration of (16.19), we obtain the distance equation 


(16.2) y= — a CyE=- Co. 
Example 16.21, A bal 


1 is thrown upward ¢ ildi thich j 
64 feet above the ground, p rom a building which is 


with a velocity of 48 ft/sec. Find: 
1. How high the ball wil] rise. 

2. How long it will take the ball 
3. The velocity of the ball 


i 


to reach the ground. 
When it touches the ground. 
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Solition (Fig. 16.22). By (16.2), with g =932, 


(a) ee SCPE Clerc 

Differentiation of (a) gives ee 

b ‘= —32 

( ) l 3 { + Cy. lex 
If the origin is taken at ground level, the 

~~ oe Ground 

initial conditions are t= 0, y = 64, —— y=0 
v = 48. Inserting these values in (a) and 

(b), we obtain Figure 16.22 

(c) Ca — EH, Co 

Hence (a) and (b) become respectively 

(d) y = —16t? + 48¢ + 64, vp = —32t + 48. 


The ball will continue to rise until its velocity is zero. By (d), when 
v = 0, ¢ = 1.5 seconds, and when ¢ = 1.5 seconds, y = 100 feet. Hence 
the ball will rise 100 feet above the ground. 

When the ball is at ground level, y = 0, and by (d) when y = 0, 
i — 4 seconds. Hence the bal] will reach the ground in 4 seconds. Its 
velocity at that moment will then be, by the second equation in (d), 


yp = (—32)(4) + 48 = —80 ft/sec. 


The negative sign indicates that the ball is moving in a downward direction. 


Comment 16.23. In the above example, we ignored the very tm- 
portant factor of air resistance. In a real situation, this factor cannot be 
thus ignored. Air resistance varies, among other things, with air density 
and with the speed of the object. Furthermore, air density itself changes 
with height and with time. It is different for different heights and may 
be different from day to day. The factor of air resistance in a real problem 
is thus a complicated one. 

When, therefore, we assume in the examples which follow, a constant 
atmosphere and an air resistance which is dependent only on the speed of 
the object, we have simplified the practical problem enormously. And 
when in addition we suppose that this simplified air resistance 1s propor- 
tional to an integral power of the speed, we have simplified the problem 
considerably further. There is no valid reason why air resistance may not 
be proportional to the logarithm of the speed or to the square root of the 
speed, ete. 

In all cases, 
the motron. 


however, air resistance always acts in a direction lo oppose 
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Example 16.24. A body of mass m slugs is dropped from a height of 
5000 feet. Find the velocity and the distance it will fall in time ¢. Assume 
that the force of the air resistance is proportional to the first power of 
the velocity, the proportionality constant being m/40. 


Solution (Fig. 16.241). The force of the air resistance is given as 
(m/40)v. The downward force due to the weight of the mass m is mg 
pounds. Hence the differential equation of 
y=0 motion (16.17) must be modified to read, 
with the positive direction downward (remem- 
ber mass X acceleration of a body = the net 

| + forces acting upon it), 


dy _ _m 
Ground (a) a di a 40 cs 
Figure 16.241 Note that the force of gravity gm is now posi- 


tive since it acts in the chosen positive direc- 
tion. This equation can be solved by the method of Lesson 6C or 11B. 
Using the latter method, we write (a) as 


(b ti 


The integrating factor by (11.12) is e’#°. The solution of (b) is therefore 
(c) v= 40g + cye—*/40.. 


Integration of (c) gives 
(d) y = 40gt — 40cye~/ 49 4 Co. 


If the origin is taken at the point where the body is dropped, then the 


initial conditions are t{ = Ore 0 Substituting these values in 
(c) and (d), we find 


(e) Cc; = —40g, Co = —1600g. 


Hence the two required equations are 


(f) pe gle), = 409(¢ + 40e7*/49 — 40), 


Comment 16.25. We see from (f), that as t—> o, the velocity 


v — 409. . This means that when a resisting force is present, the velocity 
does not increase indefinitely with time but approaches a limiting value 
beyond Which it will not increase. This limiting velocity is called the 
terminal velocity of the falling body. In this example, it is 40g ft/sec 
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Example 16.26. The problem and initial conditions are the same as in 
Example 16.24 excepting that the force of the air resistance is assumed to 
be proportional to the second power of the velocity. Find the velocity of 
the body as a function of time and also the terminal velocity of the body. 


Solution. Here the force of the air resistance is (m/40)v?. Hence 
(a) of Example 16.24 must be modified to read 


M 9 dv _ 40g — v” dy ee 
“a 40 409227 40° 


Integrating the last equation in (a) and inserting the initial conditions as 
limits of integration, we obtain 


. dv 1 
(6) / = i dt. 
veo (2V109)? — v? = 10. J t= 0 
Its solution is 
ia 2 Loe gee Jeg 2V 109 FY _ 100/10)¢ 
4\/ 109 2V 10g — v 40° ZN ge) 


Solving the last equation for v, we obtain 


| j (se = , 
d) p= Pv 109g ) 


Vel 100/10)¢ i 


(c) 


which gives the velocity of the body as a function of J. . 
As t > ow, we see from (d) that vy > 2\/10g. This ts the terminal 


velocity of the body. 


Example 16.27. A raindrop falls from a motionless cloud. Find its 
velocity as a function of the distance it falls. Assume it Is subject to a 
resisting force which is proportional to the second power of the velocity. 
Also find its terminal velocity. 


Solution. Taking the downward direction as positive, the differential 
equation of motion (16.17) must be modified to read 


dv — _ ee 
(a) ma, = mg kv". 


where k > 0 is a proportionality constant. Since we wish to find v as a 
function of the distance y, we replace dv/dt by its equal as given in (16.11). 
Hence (a) becomes 

v dv _ dys 


dv 2 ae 
(b) ne = mg — ke’, oe 5 J 


If the cloud is taken as the origin, then the initial conditions are y = 0, 
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» = 0. Integration of (b) and insertion of the initial conditions give 


v y 
v dv = df ih 
(c) v=o MG — ky? Mm Jy=0 
whose solution 1s ; 
i, (ae) ee 
(d) =o ee a 
mg — kv? = mgeeulm 
2 mg —2ky/m 
v8 (y — e*HvIm) 


As t — », the distance y the raindrop falls approaches infinity, and as 
y — ow, we see from (d) that v? > mg/k. Hence the terminal velocity is 


(e) LV Nagy 


Note. Since the body is falling and the downward direction is positive, 


the positive square root must be taken for the velocity in the last equation 
of (d). 


Comment 16.28. The terminal or limiting velocity has no y in it, 
and is therefore independent of the height from which the raindrop falls. 
It is also independent of the initial velocity. From actual experience we 
know that a raindrop reaches its limiting velocity in a finite and not in 


an infinite time. This is because other factors also operate to slow the 
raindrop’s velocity. 

Comment 16.29. A body falling in water encounters a resistance 
just as does the body falling in air. If the magnitude of the velocity is small, 
the résistance of the water is approximately proportional to the first 
power of the velocity. The differential equation of motion (16.17) there- 
fore becomes, with the downward direction positive, 


(a) 


dv 
ne, eg ky, 
which is similar to (a) of Example 16.24. 


Example 16.3. A man with a parachute jumps at a great height from 
an airplane moving horizontally. After 10 seconds, he opens his para- 
chute. Find his velocity at the end of 15 seconds and his terminal velocity 
(1.e., the approximate velocity with which he will float to the ground). 
Assume that the combined weight of man and parachute is 160 pounds, 
and the force of the air resistance is proportional to the first power of the 
velocity, equaling 4v when the parachute is closed and 10v when it is 


- opened. 
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Solution. For the first 10 seconds of fall, the differential equation of 
motion (16.17) of the man is, with positive direction downward, 


d 
(a) tg = mg — gu. 


Here the downward force mg is equal to 160 pounds and the mass m = 
160/32. Hence (a) becomes 


160 dv __ Le du 1. 
(b) 32 dt = (60 av, a + le. SS, 


Its solution, by the method of Lesson 118, is 
(c) v = 320 + ce?!" 


If we take the origin at the point of jump, then ¢ = 0, v = 0. Hence by 
(c), ¥e find c = —320's0 that 


(d) v = 32011 — e~*"). 
When ¢ = 10 
(c) v = 320(1 — e—') = 320(0.6321) = 202.3 ft/sec. 


Starting with the tenth second, the differential equation (16.17) be- 
comes (remember the resistance is now 10v) 


160 dv __ dy _ 99 
(f) 39 dt == G0is= 10v, dt + 2p 3 5 
whose solution 1s 


(g) v= 16 + ce”. 


Inserting in (g) the initial condition which, by (e), is ¢ = 0, v = 202.3, 
we find c = 186.3. Hence (g) becomes 


(h) p= fo 180.36. 


i 5 ° yarachute opens and 15 seconds 
When t = 5, i.c., 5 seconds afte: the | | 


after his Jump, 


(i) y = 16 + 186.3e77° 


I 


16 + 186.3(0.000045) 
— 16 + 0.008 = 16.008 ft/sec. 


[in (In) let 6 > «] 16 ft/sec. We see from (i), 
ter the parachute is opened, the man 1s 
locity of 16 ft/sec. 


The terminal velocity 1s 
therefore, that only 5 seconds sal 
already floating to earth with a practically steady ve 
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Comment 16.31. In deriving formula (16.17) for a es falling 
body, we ignored the distance y of the object above the earth . surface, 
since we assumed it to be relatively small in comparison with the radius 

R of the earth. If, however, the dis- 

Hk tance of the object is very far above 

t e the earth’s surface, then this distance 

cannot be thus ignored. In this case 
(16.14) becomes 


M 
(16.32) F=-—G-3, 


0 where JM is the mass of the earth con- 
sidered as being concentrated at its 
Figure 16.33 center and r is the distance of the 

body of mass m from this center (Fig. 

16.33). Replacing in (16.32) the value of F as given in (16.1), we obtain 


r 
M 


dv Mm dv GM 
(16.34) Uc ay = oF =o 


’ — 


ae 


Since G and Jf are constants, we can replace GM by a new constant k. 
There results 


i 2 
(16.35) ae Ll ee 


where v = dr/dt. From (16.35) we deduce that the acceleration of 
a body in the gravitational field of the earth varies inversely as the square 
of the distance of the body from the center of the earth. 


Example 16.36. A body is shot straight up from the surface of the 
earth with an initial velocity vp. Assuming no air resistance, find: 


1. The velocity v of the body as a function of the distance r from the 


center of the earth. 
2. Its velocity when it is 4000 miles above the earth’s surface. 
3. How high the body will rise. 
. The magnitude of the initial velocity vg in order th 
escape the earth, i.e., 
o. The time ¢ 
center. 


: at the body may 
in order that it may never return to the earth. 
as a function of the distance r of the body from the earth’s 


Solution (Fig. 16.361). W 


e take the origin at the center of 
and call R the radius of the ea g center of the earth, 


rth. Then, by (16.35), 
(a) o= 2 : 


a fw 
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Substituting tn (a), the initial conditionsr = R,a = = Gwe uid: sat 
Hence (a) becomes 
du gR? 
b z= 
©) dt ee 


Since we wish to find v as a function of the distance r, we replace du/dt by 
its equivalent value as given in (16.11). Hence (b) becomes 


dy gR? gk? 


(c) an re ’ MR Se 


Integration of (c) and insertion of the initial conditions v = vg, r = R, 
give 


v r ai 
(d) [ve = 7k ee 


whose solution is 
2 R 
(e) o? = og? + OR” o9R = un? + 29h (% — 1). 


Hence the answer to question | is 


(f) yp = a/vo? + 29 (= — 1); 


the positive sign is to be used when the body is rising, the negative sign 
when it is falling. When the body is 4000 miles above the earth’s surface, 


Surface of thejearth 


r= lO) 
center of earth 


Figure 16.361 


r = 8000 (R = 4000 miles approximately). Inserting this value in (f), we 


obtain 


R = at= 
(g) jie -- ely? t- Delt (amp = 1) ee Ny 4000g, 


which is the answer to question 2. 
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The body will continue to rise until v = 0. Hence by (f) 


R 29h? 
(h) 0 = m? + 29h (2-1), (eer es 7c. 


which is the distance the body will rise above the center of the earth if 
fired with an initial velocity vp. Subtracting R from this value will give 
the distance the body will rise above the earth’s surface. This is the 
answer to question 3. 

The body will escape the earth, i.e., it will never return to the earth, 
if r increases with time. This means we want r to become infinite as the 
velocity v of the body approaches zero. By (e) we see that if v9? = 29h, 
then r —> » asv — 0. Hence the answer to question 4 is 


(i) vy = V2gR = V(2)2)(4000) (5280) 
36,765 ft/sec = 7 mi/sec,* approx., 


= 25,100 mi/hr, approx., 


which is the escape velocity of a body if air resistance is ignored. 


The answer to question 5 is somewhat more difficult to obtain. In (e) 
replace v by dr/dt and let 


()) G—2oree, b = uy” — 2gR. 


Hence (e) becomes 


dr la b 
(k) i oe Co = tl Var FOr. 


When the body is rising, the velocity is positive and we can, therefore, 
write (k) as 


(a Se ee ee 


Var + br? 2b Var + br2 Zoe lay + br2 


If we assume b < 0, i.e., if we assume [see (j)] v9? < 2g9R, so that the 
body cannot escape the earth, then integration of (1) gives 


(m) t= c+ 5 Var pba — 


a . {—2br —a 
A ———- le 
ass resin ( ; ), ee 0) 
where a,b have the values given in (j). 


Substituting in (m) the initia] conditionst = 0.r = R. we obtain 
? ? 


| —?2bR — 
= eye a5 a , 2 
i= , Val + oR =, ee ‘), br 0) 


With this value of c, (m) defines tas a function of r for a risine body 
. : 
“With g = 32 ft/sec?, ry = 6.96 mi 


S27 ft/sec. With this value of s /sec instead of 7 mi 


/sec. However, g is closer to 
vo = 6.98 mi/sec. a 
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Remark, When the body ts falling, vis negative. Hence for a falling 
body, we must, in (k), take 


~ = 
(0) = “e Fr b, 


in order to arrive at an equation comparable to (It) above. Or, if you wish, 
vou may use formula (d) of Example 16.38 following. It gives the time of 
a falling body as a function of r with initial conditions t = 0, v = 0, 
r= To. 

If we assume that b = 0, ie., if we assume v9”? = 2g [see (j)] so that 
the body will escape the earth, then (ec) becomes 


d /2g R , 
(p) a rll? dr = \/2g R dl, 273!? _ ./2g Rt + C. 


Whea i = 0,7 = &. Hence c = 2R3/?. Therefore the last equation in 
(p) becomes 


(q) (73/2 — R3l2y, 


= 
3RV 29 


Comment 16.387. 1. Note from (16.35) that, as r — o, the accelera- 
tion d2r/dt? due to the gravitational force of the earth approaches zero. 
This means that the influence of the earth’s gravitational field, although 
never zero, becomes insignificant. 

2. From (e) we observe that when to? = 2gle, the escape velocity of 
the body, the velocity equation reduces to yp? = 2gh?/r. Hence as r gets 
larger, the velocity of the body will continue to get smaller until such time 
as it enters the gravitational field of another heavenly body. And if 
Yo? > 2gRh so that vo? — 2gh equals a positive constant k°?, then the 
2Qgle* 


ir 


° . a Ws 
velocity equation (e) reduces to ae Hence as r— o, 


v—ok. 
3. From equation (q) above, which expresses time as a function of r 


with ro? = 29P, we see that (also approaches infinity as r > o. 


Example 16.38. A body falls from interstellar space at a distance 
ro from the center of the earth. lind: 


1. Its velocity v as a function of the distance r, where r is measured 


from the center of the earth. 
2. Its velocity when it reaches the surface of the earth. 


/_ 


2 The time (asa function of the distance 7. 


Take the carth’s center as the origin and the outward direction as positrve. 
The differential equation of motion of the body ts the same 


Solution. 
Integration of this equation and 


as that of (c) in the previous example. 
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insertion of the initial conditions gives 


‘ "dr 
dy = — | a 
(a) [je = 0 rary? 


Its solution is 
(b) pe (2 = +) 


which is the answer to question 1. 
When r = R, i.c., when the body is at the surface of the earth, its 
velocity is, by (b), 


2 
() y= — )9r — 22. 
T0 


The negative sign is needed because the body is moving toward the earth 
and the outward direction is positive. This is the answer to question 2. 
From (c) we see that if ro is very large, i.e., if the body is extremely far 
away from the earth, then 2g2?/ro is very close to zero, and \v| is extremely 
close to, but less than 1/29. This means that a body falling from outer 
space can never exceed a velocity equal to \/2gR. As we saw in (i) of 
Example 16.36, 2g/ = 25,100 miles/hour. Hence, if air resistance ts 
ignored, a body falling from interstellar space will have a velocity at the 
earth’s surface which differs extremely little from 25,100 miles/hour. 

We leave it to you as an exercise to show that the answer to question 3 is 


(d) t= Vr0 vir =F + 8(5 — are sin22@=*)) 
0 


a 
See (Vr ee el ra). 
: 


RV/2g 0 


Hint.. Start with (b) and follow the method we used in Example 16.36 


to find the answer to question 5. You do not need to make the substitu- 
tions (}) of Example 16.36. 


Comment 16.39. In solving the two previous problems, we assumed 
no air resistance. Since there is air resistance, the escape velocity vo 
would have to be sufficiently greater than / 2g = 25,100 miles/hour to 
Overcome this resistance. If, however, the body ected from the earth’s 
atmosphere, which is rare 100 miles above its surface,* with a velocity 
equal to or perhaps very slightly more than 25.100 eM our it would 
escape the earth. Conversely, the formula for the velocity af a body 


falling from outer gs Sec : 
pace will give fairly accurat 
reaches the carth’s Elf bie y e results until the object 


or about 100 miles from its surface. Con- 
*A calculation made from 
owe. . ee a ae noale Sis of one of our satellite’s orbits shows that the 
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sidering the great distances involved, 100 miles is relatively insignificant, 
but its importance is tremendous. It complicates the whole problem of 
exit and reentry of satellites. 


EXERCISE 16A 


1. Verify the accuracy of the answer as given in the text to question 3 of 
Example 16.38. 


In problems 2-5, assume no air resistance and that the object is 
near the earth’s surface. 


2. A ball is thrown vertically upward from the ground with an initial velocity 
“of 80 ft/sec. 


(a) Find its velocity and distance equations as functions of time. Take the 
origin at the point where the ball is thrown and the upward direction 
as positive. 

(b) What are its velocity and height at the end of 1 sec? 

(c) How long and how high will it rise? 

(d) When will it reach the ground and with what velocity? 

(ec) Would the results differ if the ball were a projectile weighing 5 tons? 


3. A man leans over the side of a bridge and drops a stone. His stop watch 
shows that the stone touched the water in 2.1 seconds. How high is the 
bridge above the water? 

4. A ball is given a downward velocity of 8'ft/sec from a height of 120 ft above 
the ground. 

(a) When will it reach the ground and with what velocity will it strike the 
ground? 

(b) How much lower must one stand in order to drop a ball and have it reach 
the ground at the same time as the first ball? 

(c) With what velocity will the second ball strike the ground? 

(d) What is the significance of the negative sign of —3 seconds obtained 
in (a)? Hint. Substitute ¢ = —3 in your velocity equation. Then solve 
this problem: If a ball is thrown upward from the ground with a veloc- 
ity of 88 ft/sec, how high will it go; at what height will its velocity be 
8 ft/sec downward; when will it reach this height and velocity? 


5. A person, 81 ft above the ground, drops an object. With what velocity must 
a second person 180 ft above the ground throw an object straight down in 
order that both objects reach the ground at the same time? 

In the problems below, weight in pounds is equal to mass in slugs times 
the acceleration of gravity in fect per second per second, 1.¢., 


(16.391) W = mg, mom WT /g. 
6. A man weighs 160 Ib on earth. 


(a) What is his mass? . 

(b) The acceleration of gravity on the surface of the moon is approximately 
one-sixth that of the earth. What will he weigh on the surface of the 
moon? . . 
Find formulas comparable to the velocity and distance equations 


) 
(16.19) and (16.2) for the surface of the moon. 
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7. A ball thrown vertically upward from the surface of the earth with a velocity 
of 64 ft/sec will reach a maximum height of 64 ft in 2 sec (verify it). If 
thrown with the same velocity on the surface of the moon, find, by means 
of the formulas developed in 6(c), comparable figures for the maximum height 
reached and the time needed to attain this height. 

8. If a man can high-jump 5 ft on earth, how high will he jump on the moon 
and how much longer will he be in the air as compared with the time in the 
air on the earth? Assume his center of gravity is 2 ft from the top of the 
bar. Hint. See problem 7. 

9. A man whose weight is 160 lb is in an elevator which is descending with an 
acceleration of 2 ft/sec?. What is his weight while riding in the elevator? 
Hint. Use (16.391); remember his mass is constant, and when the elevator 
accelerates down, he accelerates up. 


In problems 10-17 and 20, 21, assume that the force R of the air re- 
sistance is proportional to the first power of the velocity, i.e., 
R = kv, and that the falling or rising body is near the earth’s surface. 


10. A body of mass m is dropped from a great height. 


(a) Find its velocity and the distance it falls as functions of time. Take 
the positive direction as downward and the origin at the point where 
the body is dropped. Hint. In (a) of Example 16.24 replace m/40 byte 
Use your results to check the accuracy of the answers given in (f). 

(b) What is its terminal velocity? 


11. Solve problem 10 if the body initially is given a downward velocity of 
vo ft/sec. W hat is its terminal velocity? Compare with 10(b) above. Note 
that the initial velocity does not affect the terminal velocity. 


12. A body weighing 192 lb is dropped from a great height. The proportionality 
constant & of the air resistance is 12. 


(a) Find its velocity and the distance it falls as a function of time. Solve 
independently. Use results obtained in 10 only as a check. 
(b) What is its terminal velocity? 


(c) How far does it fall in 10 sec? What is its velocity at that moment? 


Solte problem 2 it the body is given an initial downward velocity of 
170 ft/sec instead of being dropped. Solve independently. Use the results 
obtained in 11 only as a check. 

14. When a paratrooper falls freely from a great height before opening his chute, 


his terminal velocity is approximately 175 
\ y 175 ft/sec. Assume a paratro 
and his chute together weigh 200 Ib. ae 


(a) Find the proportionality factor k of the air resi 
j resistance. Hint. 
formula for T.V. found in 10(b). : a” 
(b) Find his velocity and the distance he falls as a function of time. 


(c) What is his velocity at the end of 82s 73 
1 4 sec, 173 sec, 261 2 sec? 
(d) How far has he fallen in 322 sec? . ' a 


13. 


: Assume the paratrooper of problem 14 0 
his terminal velocity of 175 ft/sec, 
him a safe landing speed of 16 ft/sec 
(a) What is the new value of k? Hint. U 

problem 11, 


(b) Find his velocity and the distance he falls 
functions of time. 


pens his chute when he has reached 
and that his chute is designed to give 


‘se the formula for T.Y. found in 


after he opens his chute as 
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16. 


17. 


18. 


19. 


20. 


21. 


(c) What is his velocity at the end of 1 sec, 2 sec, 3 sec, 4 sec, 5 sec? 

(d) How far has he fallen in 5 sec? 

(e) Do vour answers in (c) and (d) suggest a safe height at which he can 
open his chute? 

(f) If he opens his chute at a height of 1040 ft, in how many seconds does 
he reach the ground? 


A paratrooper jumps from a plane flying horizontally at a great height. 
When he feels that he has reached a steady velocity (i.e., when he has 
reached his terminal velocity), he opens his chute. Assume this steady veloc- 
itv is 180 ft sec. 


(a) Find his velocity and the distance he falls as a function of time before 
the chute opens. Hint. Use formula for T.V. found in 10(b) and solve 
for m/k. 

(b) Calculate his velocity at the end of 114 sec, 224 sec, 33} sec, 45 sec. 

(c) How far has he fallen in 45 sec? 


If the force of the air resistance is 50 lb when a body is falling at a velocity 
of 25 ft/sec, what is the value of the proportionahty constant k of the air 
resistance? For this k, find the terminal velocity of a falling body weighing 
100 lb. If the body has an initial velocity of 20 ft/sec, find its velocity and 
distance equations as functions of time. 

A body weighing 96 !b begins to sink as soon as it is placed in water. Two 
forces act on it to oppose its motion, an upward force due to the buoyancy 
of the object and a force due to the resistance of the water. Assume the 
buoyant force is 12 lb and the resistance of the water is 6v. Take the origin 
on the surface of the water and downward direction as positive. 


(a) Find the velocity and position of the body as functions of time. 
(b) Find its terminal velocity. 


The specific gravity of a body is defined as the ratio of its weight to the 
weight of an equal volume of water. Assume a body is released from the surface 
of a nedium whose specific gravity is one-fourth that of the body and that the 
resistance offered by the medium is mv/3. 


(a) Find the velocity of the body as a function of time. /int. The specific 
gravity of the medium equal to } that of the body, implies that the medi- 
um’s upward buoyant force is one-fourth the weight of the body. 

(b) Find its terminal velocity. 


A body of mass m is shot straight up from the ground with an initial velocity 
of v9 ft/sec. 
(a) Find the velocity and position of the body as functions of time. Take 


the positive direction upwards and the origin on the ground. 
(b) How high will the body rise and when will it reach this maximum height? 


An object weighing 64 Ib is shot Straight up from the ground with an initial 

velocity of 96 ft/sec. Assume the foree of the air resistance is de. 

(a) Find the velocity and position of the object as functions of time. , 

(b) How high will the body rise and when will it reach this maximum 
height? Cheek the accuracy of your answers in (a) and (b) with the 
formulas obtained in problem 20. a 

(©) When and with what velocity will it strike the ground? Note that the 
down trip takes longer than the up trip, Whereas when there 1s no air 
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resistance both times are the same. Note also that the return velocity 
is smaller than the initial velocity. 

(d) Do you believe you would get the same answer for the velocity of the 
falling body when it strikes the ground and for the time of the down 
trip if you used the formulas for a falling body as found in problem 10, 
with y having the value determined in (b)? Try it. 


In problems 22-30, assume that the force R of air resistance is pro- 
portional to the second power of the velocity, i.c., R = kv?, and 
that the falling or rising body is near the earth’s surface. 


22. In Example 16.27, we found the velocity v of a falling body as a function of 
the distance fallen. Starting with equation (a) of this example, find the 
velocity and distance of a falling body as functions of time. Find its terminal 
velocity. Compare with (e) of Example 16.27. 

28; . body of mass m falls from a great height. Its initial velocity is vo ft/sec. 

ind: 


(a) Its velocity as a function of the distance fallen. Take the positive direc- 
tion downwards and the origin at the point of fall. 

(b) Its velocity as a function of time. 

(c) Its terminal velocity. Compare with (e) of Example 16.27 and with 
problem 22. Note that the initial velocity does not affect the terminal 
velocity. 

24. A body of mass 7m is fired vertically upward from the ground at an initial 
velocity of vo ft/sec. 


(a) Find its velocity as a function of its height. Take positive direction 
upwards and origin on ground. 

(b) Find its velocity as a function of time. 

(c) Find its height as a function of time. 

(d) When will it reach maximum height ? 

(e) How high will it rise? 


Note. These formulas are valid only while the body is rising When it begins 

to fall, formulas developed in Example 16.27 and problem 22 must be used. 
Compare with problem 21 where we used one formula to calculate the time 

for a round trip. 

Zav With what velocity will the body of problem 24 return to the earth and how 
ae will it take for its descent? Hint. Read note in problem 24. To find 
ean use (d) of Example 16.27 with y equal to the value of the 
oe a ae found in problem 24(e). Note that the returning velocity 
oe “ e initial velocity vo. To find the time of descent, use the formula 
: y as found in problem 22. Here it is not easy to see that the time of 
escent is longer than the time of ascent. : 


26. The velocity of a i 
} parachutist at the moment his chute o is | 
The force of the air resistance is mv2/8, Find: i 


(a) Sel velocity and distance as functions of time Take the 
TIN ¢€ e : vl : ; 
co point where the chute opens and the positive direction 


(b) His velocity 

Is y 1 sec after his chute ; 
(c) His terminal velocity. aca 
(d) How far he falls in the first secon 
(e) Approximately when 
earth when his chute 


d; in the second second. 


he reaches the ground if he is 1064 ft above the 
opens. 
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ay. 


28. 


2. 


30. 


far enough from the earth so that equat 


A body of mass m is dropped from a plane flying horizontally 1 mile above 
the earth. The force of the air resistance is 2mk?v?. The terminal velocity 
of the body is 100 ft/sec. Find: 


(a) The value of the constant k. (Hint. T.V. = /mg/k; replace k by 2mk?.) 
(b) The velocity of the body as a function of time. 

(c) The velocity of the body at the end of 3 sec. 

(d) When the body reaches a velocity of 60 ft/sec. 


A body falls from a great height. Its terminal velocity is 10 ft/sec. (a) Find 
its velocity and distance equations as functions of time. Hint. T.V. = 
\/mg/k. Solve for k/m. (b) Find its velocity equation as a function of dis- 
tance. 

A paratrooper and his chute, which together weigh 192 Ib, drop from an 
airplane moving horizontally. He opens his chute at the end of 10 sec. 
Assuming the proportionality constant of air resistance is 1/120 when the 
chute is closed and 4/3 when it is open, find: 


(a) His velocity as a function of time before the chute is opened. 

(b) His terminal velocity before the chute is opened. 

(c) His velocity at the end of the first 10 sec. 

(d) His velocity as a function of time after the chute is opened. 

(c) His terminal velocity after the chute is opened, 

(f) His velocity at the end of 15 see, i.c., his velocity 5 sec after the chute is 
opened. 

Solve independently and then check your results with the formulas found in 

problems 22 and 23. 


A man and his parachute weigh 192 Ib. Assume that a safe landing velocity 
is 16 ft/sec and that air resistance 1s proportional to the square of the velocity, 
equaling 34 Ib for each square foot of cross-sectional area of the parachute 
when it is moving at 20 ft/sec at night angles to the direction of motion. 
What must the cross-sectional area of a parachute be in order that the para- 
trooper land safely? ffiné. First find the force of the air resistance. Then 
find k such that T.V. = 16. Then find the number of square feet of para- 
chute that will make the force of the air resistance equal to kv. 


In problems 31-39, assume no air resistance and that the object is 


ion (16,35) applies. Use the fol- 


lowing data: 2 = 4000 miles, g = 32 Tt /eee?, /2gh = 6.96 mi/sec. 


31. 


32. 


. Assume a body falls from 1 


With what velocity must a rocket be fired in order to reach a height of 400 
mi above the earth; 4000 mi above the earth? Solve independently. Cheek 
your results with (h) of [Sxample 16.36. 

The “air” 200 mi above the carth is so thin that it will hardly slow a space 
It is called the F-2 region of the atmosphere. What velocity should 


vehiele. 
above the earth, if all its fuel is exhausted at that 


a rocket have at 200 miles 
point, in order to go another 3800 mr? ' i? 
A body is shot to a height of 400 mi and then starts to fall. What 1s its 
velocity (a) when rt has fallen 200 mi and (b) when it 1s at the surface of 
the cart’, Liam. Use @) of Example 16.38 with ro = R-+ 400 = 4400. 
Note that the velocity, when ‘t reaches the ground, is the same as the 
velocity required to propel it 1400 miles upward. See problem 31. 

st at a distance of O1F, 10. ata distance of 
f the earth (equivalent to the inoon’s distance 


244,000 mi from the center 0 | 
With what velocity and in how many hours 


from the center of the earth). 
will it reach the earth? 


Zz 
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35. A body is fired straight up with an initial velocity equal to the escape veloc- 
ity V2gR. Find: 
(a) The velocity of the projectile as a function of the distance r from the 
center of the earth. 
(b) When it will have reached 244,000 mi, the distance of the moon from 
the center of the earth. 


Hint. Use (e) and (q) of Example 16.36. 


36. A body is fired straight up with an initial velocity vo whose magnitude is less 
than escape velocity. When will it reach its maximum height? Hint. The 
maximum height the body will reach is given in (h) of Example 16.36. 
Express this value of r in terms of a and b as defined in (j). Then use (m) 
and (n). Norse. This time equation is valid only for a rising particle. If 
you wish to compute its return time, you must use the time equation given 
in (d) of Example 16.38, with ro equal to the height from which it begins 
its fall. 

37, Show that if vo is very much less than the escape velocity /2gR, then the 
time for the object to reach its maximum height, as given in problem 36, 
is approximately vo/g. Hint. Replace the Are sin function by its series ex- 
pan@ion, Are sin = 2+ r°/6-4----. Then eliminate vo” and higher 
powers of ro. To see some justification for this elimination, let vo = 39 
mi/sec in the time equation of problem 36. 

38. A body is shot straight up from the surface of the moon with an initial 
velocity vo. (a) Find the velocity v of the body as a function of its distance 
rm from the center of the moon. (b) Find the escape velocity of the body. 
The radius of the moon is approximately 1080 mi; the acceleration of gravity 
on the surface of the moon is approximately one-sixth that of the earth. 
Take the outward direction from the moon as positive. 

39. (a) Prove that if a particle were placed approximately nine-tenths of the 
distance D from the center of the earth to the center of the moon on a line 
connecting moon to earth, Fig. 16.392, the particle would be at rest, i.e., the 
gravitational pulls of moon and earth on a particle placed nine-tenths of the 
distance from the center of earth to the center of the moon are equal. As- 
sume the mass of the moon is 1/81 the mass of the earth. Hint. Apply 
(16,32) to both earth and moon. Then equate the two forces. 


Earth 


Moon 


m 


Neutral point 


Figure 16.392 


S Set up the differential equation of motion of a particle shot from the 
ani of the earth toward the moon, considered fixed, taking into account 
oth the earth’s and moon’s gravitational attractions. Solve the equation 
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40. 


with ¢ = 0, = vo. Take the positive direction as outward from the earth, 
and the orgin at the earth's center. 

(c) At what velocity must the particle be fired in order to reach the 
neutral point? Hint. In the velocity equation found in (b), you want 
t= 0, when r= PD. AMfunie Rn” = 677/81), D = 612 + R/4, 
gm = g/6, where R,, is the radius of the moon and g,, is the acceleration due to 
the force of gravity of the moon. Note the small effect of the moon’s gravita- 
tional attraction. 

(d) At what velocity must a projectile be fired in order to reach the moon? 


If a body were dropped in a hole bored through the center of the carth, it 
would be attracted toward the center with a force directly proportional to 
the distance of the body from the center. 
(a) With what velocity will it pass the center? 
(b) When will it reach the other end of the hole? 

Notr. The motion of the body is known as simple harmonic motion. A 
fuller discussion of this motion can be found in Lesson 28. 


ANSWERS. 16A 


. @ » = 320+ 80, y = — 160? + 808. (b) 48 ft/sec, 64 ft. 


(c) 24 sec, 100 ft. (dl) 5 sec, —80 ft/sec. (e) No. 


» BONG. 
. (a) 23 sec, 88 ft/sec. (b) 20 ft. (c) 80 ft/sec. 


(d) If 3 sec ago, the ball were thrown upward from the ground with a 
velocity of $8 ft/sec, it would reach a height of 121 ft and havea velocity 
of 8 ft/sec as it passed the 120 ft point on its way down. 


5. 48 {t/sec. ie ; 
. @ S¥lugs) (6) 269Mb. (ce) v = — me alr C1, y= Sl + cit + ce. 
7. Om it, |2tc., 
8. 15 ft if one assumes he scales the bar horizontally so that he raises his 
center of gravity 2 ft on earth; 6 times as long. 
9. 150 |b. ; 
—kilm m m g —kilmn 
bo et S ey = et en 


i. 


Jad. 


Tes 


14. 


(b) TV. = mg/k. 
7 = = (1 — e hm) noe”, 


7 mg mg p mvo ee “ae 


TV. = mg/k, same as in 10(b). 

(a) eo 1601 = g-Py yy = 160 -f 8G 2t— }), : (b) 16 ft/sec. 

(c) y = S19 + e779) = 152 ft, » = 16(1 — e779) = 16 ft/sec. 

(a) » = 16(1— e7*) -+ 170 ot wie 1 eer = 160+ 77(1 — @-~’). 


(bh) 16 ft/sec. (ec) 237 ft, 16 ft/see. 
(u) kom F. : 
820175 2 is woe 76 
(bh) oe 175(1 "ae ys y = tat + 39 (e le 


(c) 139.7 ft/sec, 167.9, 173.6, 174.6. (d) 4791 ft. 
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15. 


16. 


17. 


18. 


19. 
20. 


21. 


22. 


23. 


24. 


159 2 
(a) 12.5. (b) v = 16(1— e |) + 175¢ ee es cg a). 
(c) 37.5 ft/sec, 18.9, 164416105, 16.012 (dy) 159°S1C. 
(ce) Over 160 ft. (f) Approx. 60 sec. , 
= 180° , —8745 
G) mee —<  ), y= 180 ++ 3o- (e Say. 


(b) v(114) = 18001 — e-?) = 155.6 ft/sec, 176.7, 179.6, 179.9. 
(c) Approx. 7100 ft. 


- —0.64t 
k = 2:T.V. = 50 ft/sec; » = 50 — 30e °"” = 50 — 30¢ 
P ~ —0.64 

ye ee = en 
an = re —= em) y = 14 — a — a 
(By Ty = 14 It /see: 
a — wl — en). (b) T.V.. = 72 ftyeec. 

y = @ ay i) c= ote = m t. 
_m __ gm kvg + gm _m kvo + gm 

wy = 2 (e 7, 19 ae ) t= Blog Beto 
(a) v = 16(7e7** — 1), y = 56(1 — e724) — 166. 


(b) y = 8(6 — log7) = 32.4 ft, = 4log7 = 0.97 sec. 
(c) 3.5 sec approx., —16 ft/sec. (d) Same answer. 
oo kgimt eae 
v = Ving/k tanh Vgk/mt = V ing/k eet 
gim 
+ 1 


: gkimt ae = gkimt 

; log cosh Vgk/mt = 5, log anna ae 
T.V. = Vmg/k ft/sec. 

For definitions of cosh and tanh, see (18.91) and (18.92). 

(a) oF a = (1 _ eas ae bare 


Since the positive direction is 


downward, the positive square root must be taken for v when the body 
is falling. 


(py Meet ving _ Vk vo + Vg gov onl me 
Vk v — V Ing Vk vo — V mg 
(c) T.V. = Vig/k ft/sec. 
oe mg —2kylm —2kylm . j 
(a) v = ¥ 1) as ee Sinte the positive direction is 


upward, the positive square root must be taken for y when the body is 
rising. 


(b) t = \/m/kg (Arc tan +/ k/mg vo — Arc tan-V k/mg v), 
ory = Vgm/k tan (c — Vkg/mt), wherec = Arc tan Vk/gm vo 


The formula for the time t is valid only for a rising body. 
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26. 


gy. 


28. 


29. 


30. 
31. 
32. 
33. 
34. 
35: 


36. 


(c) y = log ee gam t I 


COs C 
(d) % = eno kg. 


m 
(ec) y= . log sec c. 


~v = V mg/(kvo? + mg) ro ft/sec, 


t = Vm/gk cosh! sec c or cosh \/ gk/mt = sece, 


where c = Arc tan V/k/gmvo. For definition of cosh, see (18.91). 


a 
(a) @ = 16 ———s ary = 16 + 8 log G5 — 45¢~). 
(b) 16.49 ft/sec, 16.009 ft/sec. (c) 16 ft/sec. 


(a) DORs t., 16.1 fite (ec) 66 sec. 


(a) k = 1/25. 
poOtt gy 
(b) v = 100 oo yy 
(c) 74.4 ft/sec. (d) 2.2:se¢. 
Coe a | 
(a) v = 10 tanh (3.21) = 10 “ cer 
+1 
3.2¢ —3.2¢ 
y= » log cosh 3.2t = wy log os” 
g g 2 
(b) » = 10/1 — e~ 0-64, 
210/15 a, 
Gy 2 =} 158 


e2tv1Olis 44 

Go) T. Ver 151 Solitysec. (c) 147.4 ft/sec. 
1.18¢'°"* 4-1 

“ma a 

(@) 12 ft/sec. (f) 12 {t/see 

600 sq ft. 

2.10 mi/sec, 4.92 mi/scc. 

4.7 mi/se€. 

(a) 1.45 mi/sece. (b) 2.10 mi/sec. 

6.9 mi/sec, 119 hours. 


(a) v = RV 2g/r, (b) 50.6 hours. 


12 


lugpegiier ice a | 
ot eas eS 2 : 
2 = a 
Poe git ae vo 2g = vo? Are cos oie 
(2g R — vo?)3”? ght ie 
> gk” voV 29k — vo? +- 2 Arcsin en ; 
= Qk — — ng2)s/2 ght V2ghk 


159 
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Tx Tin ° « ’ 
38. (a) y= ee + ~ (f= = .), where R,, is the radius of the moon 
(b) vo = VgRm/3 = 1.48 mi/sec. 
2 
dv ae, Sie Gul 
2 2 2 
2 R Qe: Rem 2 s = Je cm ; 
ee ee ee BP 


(c) vo = +/2gR (0.99) = 99 percent of the escape velocity of the earth 
when the gravitational pull of the moon is ignored. 

(d) The velocity must have a positive value when it reaches the neutral 
point. See (c). 


40. (a) 4.9 mi/sec. (b) 42.5 min. 


LESSON 16B. Horizontal Motion. If a body moves in a horizontal 
direction, as on a table or platform, a frictional force develops, which 
operates to stop the progress of the motion. This frictional force is due to 


1. The gravitational force of the earth pressing the body to the platform. 
2. The smoothness or roughness of the surface of the platform. This 
quality of the surface, i.e., its roughness or smoothness, is characterized 
by means of a letter yu, called the coefficient of friction of the surface. 


Definition 16.4. The frictional force of a body moving on a hori- 
zontal surface is, by definition, equal to the product of the coefficient of 


friction » of the body and the gravitational. force mg, i.e., frictional 
force = p(mg). 


Comment 16.41. From experience we know that it requires a greater 
force to begin the movement of an object than it does to keep it moving. 
There are thus two coefficients of friction, one called static friction, 


which operates at the start of the motion, the other called sliding friction, 
which operates after the motion has begun. 


In addition to the frictional force, a body also may be subject to a 
resisting force due to the air or other medium in which it moves. 


Example 16.411. Au object ona sled is pulled by a force of 10 pounds 
across a frozen pond. Object and sled weigh 64 pounds. The coefficients 
of static and sliding friction are negligible. However, the force of the air 
resistance is twice the velocity of the sled. If the a starts from rest, 


7 its velocity at the end of 5 seconds and the distance it has traveled in 
that time. What is its terminal velocity? 


Solution. Here m = 64/32 = 
| : oe 2 and the force of the ai 
7 esistance 1S 
Biven as 2v pounds. Hence the differentia! a 


= equation of motion of the sled 
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is (remember mass X acceleration of a body = net force acting upon it) 


(a) of = 10 — 2u, Stas. 

Its solution is 

(b) v=5+ce%. 

The imtial condition is 1 = 0, v = 0. Hence c, = —5, and (b) becomes 
(c) v= 5(1 — ec’). 


When i = 5, 
(d) v = 5(1 — e7*) = 5(1 — 0.0067) = 5(0.9933) = 4.97 ft/sec. 


By (c) the terminal velocity is found to be 5 ft/sec. 
To find the distance x traveled in time ¢, we integrate (c) to obtain 


(e) 2 = 5(t + e7') + eo. 

When ¢ = 0 and x = O (taking the origin at the starting position), we 
find, from (e), co = —5. Hence (e) becomes 

(f) a= 5(t+e' — 1). 


And When ¢ = 3, 
(g) 2 = 5(5 +e > — 1) = 5(4 + 0.0067) = 20 ft approx. 
Example 16.42. A boy weighing 75 pounds runs for a slide and reaches 


it at a velocity of 10 ft/sec. If the coefficient of sliding friction ~ between 
his shoes and the ice is 1/25, how far will he slide? Ignore wind resistance. 


Solution. By Definition 16.4, the frictional force is 1/25-75 = 3 
Since this is the only force which is opposing the motion and the 


pounds. 

mass of the boy is 75/32, the differential equation of motion becomes 
(in dv 82 

~ CD) : ie 20 


By (16.11), we can write (a) as 


(b) 0 ae ee” vdy = — 95 
asured from the beginning of the slide. Integra- 


where x is the distance ne 0! 
and final conditions results in 


tion of (b) and insertion of the initial 


0 x 
ae 
(c) | v dv ~ 55 [ae 
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Its solution is 
(d) 50 = 322, x = 39 ft approx. 


Example 16.43. Solve the previous problem if a wind is blowing 
against the boy with a force equal to his velocity. 


Solution. The differential equation (a) above must now be modified 
to read [with dv/dt replaced by its equal v(dv/dx), — see (Lone); 


TO 3 — vdv _ __ 32 
(a) oa a yeone 75 


0 xz 
5 a 
f_.( an i bee 


The solution of (a) is 


dx, 


(b) —3log3 — 104 3log 13 = —32r, 2x = 13.1 ft approx. 


Example 16.44. A boat is being towed at the rate of 18 ft sec. At 
the instant when the towing line is cast off, a man takes up the oars and 
begins to row with a force of 20 pounds in the direction of the moving 
boat. If man and boat together weigh 480 pounds, and the resistance is 
equal to jv pounds, find the speed of the boat at the end of 30 seconds. 


Solution. The net force acting on the boat at the instant ¢ = 0 when 
the towing line is cast off is the man’s force of 20 pounds, less the resisting 


force of gv pounds. The mass of man and boat is 480/32 = 15. Hence 
the differential equation of motion is 


—_y = 


dv 7 dv ff 4 
a ie So ee 2. 
(a) ae ae ry 3 


Its solution by Lesson 11B is 
(b) pues ce 7t/ 60 ae 80. 


Substituting in (b) the initial conditions ¢ = 0,v = 18, we find c = 46/7. 
Hence (b) becomes 


(c) y = 48-760 4 80 


When 1 = 30; 
(d) 


v= She? 4 89 — 1) 6 ft/sec. 
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EXERCISE 16B 


1. A boy pulls a sled, on which a parcel has been placed, with a constant force 
of F lb. The sled and parcel together weigh mg lb. The frictional force of 
the ice on the runners is negligible. However, the force of the air resistance 
is k times the velocity of the sled. If the sled starts from rest, find: 


(a) Its velocity as a function of time. 

(b) Its distance as.a function of time. 

(c) Its distance as a function of velocity. 
(d) Its terminal velocity. 


2. In problem 1, assume sled and parcel weigh 96 lb, that air resistance is 4 
times the velocity and that the boy is moving the sled at a constant rate of 
4.5 ft/sec) (i.e., the terminal velocity of the sled is 4.5 ft/sec). 


(a) Find the constant force which the boy is applying to the sled. 
(b) Find the velocity and distance equations as functions of time. 
(c) How far has the sled moved in 5 min? 


Solve independently and then check your answers with formulas found in 
problem 1. 


3. A boy weighing mg lb runs for aslide and reaches it with a velocity of vo ft/sec. 
The coefficient of sliding friction between his shoes and the ice ts r. (a) Find 
his velocity as a function of distance. Ignore air resistanee. (b) How far 
will he shde? 

4. A boy weighing 80 lb runs for a slide and reaches it with a velocity of 12 ft/sec. 
The coefficient of shding friction between his shoes and the ice ts 1/20 and 
the wind blows against him with a force equal to twice his velocity. (a) Fmd 
his distance as a function of his velocity. (b) How far will he shde? 


5. A 32,000-ton ship starting from rest begins to move because of the actions 
of its propellers that exert a forward force of 120,000 Ib. The force of the 
water resistance ts 5000v. Find the velocity of the ship as a function of time 
and its terminal velocity. 

6. The brakes are applied to a ear, traveling on a shppery road, when it has 
slowed down to a speed of 6 mi/hr = 8.8 ft/sec. It slides 80 ft before coming 
toa stop. Compute the coefficient of sliding friction between tires and street. 
Neglect the force of air resistance. 

7. A body weighing 50 Ib rests on a table whose coefficient of sliding friction 
is 1/25. The body is attached by a string to a weight of 14 Ib that hangs 
vertically over the table. At the moment the system is released, the 50-Ib 
body is 15 ft from the edge of the table. Assume no other forces are operating. 
When and with what velocity does the body leave the table? Hint. The total 
mass of the system is 64/32. 

8. The forward thrust of an airplane due to its propellers is / Ib. The air re- 
sistance is kv?. Find the terminal velocity of the plane. 

9. An 8-Ib body starting from rest is being pulled along a surface, whose co- 
efficient of sliding friction is 4, by a force that is equal to twice the distance 


of the body from its starting point x = 0. Air resistance is v?/8. Find the 


velocity of the body as a function of its distance. Hint. The resulting differ- 


° . . . * 2 
ential equation is lear in et”. 


164 Propiems Leapinc To First OrpER EQuaTIONS Chapter 3 


10. A man and his boat weigh 320 lb. The man exerts a force of 16 lb on the 
oars. The resistance of the water is twice the speed. Find: 
(a) The velocity of the boat as a function of time. 
(b) Its speed after 5 sec. 
(c) Its terminal velocity. 


11. A man and his boat weigh 400 lb. At the moment the man picks up his oars 
to row, the boat is moving at the rate of 22 ft/sec. If the resistance of the 
water is 2v lb and the oars exert a constant force of 15 lb, find the velocity 
of the boat as a function of time; also find the terminal velocity of the boat. 


ANSWERS 16B 


PF —ktlm 
lL @v=_(l—e ia 
F me *"™ ) 
ments a 
(chez BO gee cy ="). 
(Di LVe= 17k ft/sec. 
2 (@) 4 1b. 


: y= $01 — 6 "*"), 2 = Bt + ote?” — 97), 
) 12285 tt; 


3. (a) v? = uo? — 2rgz. a) ene) ae 
2+ 


4. (a) v — 2 log oy 12 — 4. (oy 104: 

o. v = 241 — pare, Over — 24 ity sec: 

6. 0.015. 8. TV. = \/FUE ft/sec 

1 t = 2.2sec,v = 13.4 ft/sec. 9.0 = Ng ya 

10. (a) v = 8(1 — 9-24), (ayer to tty sce. (c) DV. = "8 fivsec: 
I. v = 4(15 + 20e-4/25), TV. = 15/2 ft/sec. 


eee 16Gs, Inclined Motion. Quantities that have both magni- 
ude and direction, such as force, velocity, acceleration, are called vector 
quantities. It is the usual custom to 
represent a vector quantity by a line with 
an arrowhead at one end. The magnitude 
of the vector is given by the length of the 
line and its direction by the inclination 
of the line. In Fig. 16.5, PQ represents a 
vector quantity. With PQ as hypotenuse, 
we construct a right triangle whose sides 
are parallel to the x and y axes. Then 
the vectors PR and RQ are called respec- 


~ i€ y component of the vector PQ. Their 
are given by 


Figure 16.5 


tively the x component and th 
respective magnitudes 


a 
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(16.51) PR] = [PQ cose], |RQ| = |PQ sin 4, 
and their respective directions by the directions of the arrowheads. 


Comment 16.511. A vector formerly was written with an arrow over 
it to distinguish it from a line segment. The current practice, and the one 
we shall adopt, is to use bold face type. 


A vector may also be broken up into two or more components in any 
directions. In Fig. 16.52, we have broken up the vector PQ into four 
component vectors PR, RS, ST, TQ. Note that each 
vector begins where the other leaves off and that the Q 
final vector’s arrowhead touches the original vector’s 1 
arrowhead. 

If a body moves along a line which is inclined to 
the horizontal, the effective force causing it to move P S 
downhill is that component of the gravitational force 
acting in a direction parallel to the motion. The forces 
opposing the motion are the frictional force and the Figure 16.52 
wind resistance. Here the frictional force 1s equal to 
the product of the coefficient of friction ~ and the component of the 
gravitational force acting in a direction perpendicular to the motion. 


R 


Example 16.53. A toboggan with two people on it weighs 520 pounds. 
It moves down a slope whose gradient is 5/12. If the coefficient of sliding 
friction ts 1/50, and the force of the wind resistance is 5 times the velocity, 
find the time it will take the toboggan to reach the bottom of a 650-ft 
long incline. What would the terminal velocity be if the slope were of 
infinite length? 


Solution. Let a be the angle of incline of the shde. Since its gra- 
dient = 5/12, tana = 5/12. Hence (Fig. 16.54a) sin aw = 5/13 and cos 
12/13. The gravitational force, which is the combined weight of sled 


 —— 
520 sin a 
= (0,0) \ 
13 : 
o 
12 
(a) (b) 


Figure 16.54 


and two people, equals 520 pounds. Pherefore tlre magnitude of the com- 
al force in the direction of the incline (lig. 


ponent of the gravitation 
900 pounds. The magnitude of the 


16.54b) is 520 sin @ * 520(5/ 133) 


‘d 
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component of the gravitational force perpendicular to the incline is 
520 cosa = 520(12/13) = 480 pounds. Since the coefficient of sliding 
friction is 1/50, the sliding frictional force is 480(1/50) = 9.6 pounds. 
The mass of the body is 520/32. Hence the differential equation of motion 
is (remember mass X acceleration = net force acting on the body) 


520 do dv, 4 


(a) a a 190.4 — 5v, Ae ic? a Le. 
Its solution by the method of Lesson 11B is 

(b) eae ee 

The initial conditions are { = 0, v = 0. Hence c, = —38, and (b) becomes 
(c) eke oe) 

Integration of (c) gives 

(d) pee BO te eee es 

If we take the origin at the starting point of the toboggan, theme — 0, 
s = 0. Therefore by (d), co = —123.5. Hence (d) becomes 

(e) s = 38(t + 48e—4/13) — 123.5. 

When s = 650, we obtain from (e) 

(f) 20.4 = t+ 4Be 4013, 


whose solution is t = 20.4 seconds approximately. This is the time it 
will take the toboggan to reach the bottom of the incline. - 
From (b), the terminal velocity is 38 ft/sec (let t — o). 


EXERCISE 16C 


In the problems below, take the origin at the start of the motion and 
the positive direction in the initial direction of motion. 


LA toboggan with four boys on it weighs 400 lb. It slides down a slope with 
a 30° incline. Find the position and velocity of the toboggan as functions of 
time if it starts from rest and the coefficient of sliding friction is gy. If the 
slope is 123.2 ft long, what is the velocity of the toboggan when it reaches 
the bottom? Neglect air resistance. 

, a Weighing 400 Ib is shot up a 30° incline with an initial velocity of 
_ /see. The coefficient of sliding friction is jy. (a) Find the position and 
a ee EY the body as functions of time. (b) How long and how far will 
- Oe before coming to rest? Neglect air resistance. 

. . eek es Ebel from rest and from the same point on the circumference 
¥ g . os ¥ ertical plane. One moves along a vertical diameter; the other 

ong a chord of the circle (any chord will do). If the only force acting on the 


particles is that of gravity, prove th 
ae cae ee e that both particles reach the circumference 
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4. 


~1 


10. 


A body weighing IV Ib slides down a slope with an @® incline. Its initial 
velocity is vo ft/sec. The coefficient of sliding friction is r. Ignore air re- 
sistance. 

(a) Express the velocity and the distance of the body as functions of time. 
(b) Express its velocity as a function of distance. 

(c) Express the time as a function of the distance. 


Use these formulas to verify the accuracy of your answers to 1. 


- A body weighing IW tb is shot up a slope with an @ incline. Its initial velocity 


is to ft/sec. The coefficient of sliding friction is r. Ignore air resistance. 


(a) Find the position and velocity of the body as functions of time. 
(b) How long and how far will the body move before coming to rest? 


Use these formulas to verify the accuracy of your answers to 2. 


. A body weighing W |b, starting from rest, slides down a slope with an a° 


incline. The coefficient of sliding friction is r and the force of the air re- 
sistance is kv lb. 

(a) Express the velocity and the distance of the body as functions of time. 
(b) Express its distance as a function of the velocity. 

(c) What is its terminal velocity? 


. A boy and his sled weigh 96 lb. Starting from rest, he slides down an incline 


whose gradient is #. The coefficient of sliding friction is sz, and the force of 
the air resistance is twice the velocity. 

(a) Find the velocity and the distance of the sled as functions of time. 

(b) What is his terminal velocity? 

(c) When will he reach the bottom of the slope if it is 272 ft long? 

(d) What is his velocity at the bottom? 

Solve independently. Use the formulas found in problem 6 to verify the 
accuracy of your answers. 


. A body weighing W Ib is shot up an @® incline with a velocity of vo ft/sec. 


The coefficient of sliding friction is r and the force of the air resistance is 
kv tb. 

(a) Express the velocity and the distance of the body as functions of time. 
(b) How long and how far will it go? 


. A body weighing 64 tb is shot up an incline, whose gradient is 7, with a 


velocity of 96 ft/sec. The coefficient of sliding friction is } and the force of 
the air resistance is fv lb. 

(a) Find the velocity and the distance of the body as functions of time. 
(b) How long and how far will it go? 

Solve independently. Use the formulas found in problem 8 to verify the 
accuracy of your answers. 

A toboggan with two people on it weiglis 300 Ib. It starts from rest down a 
slope, + mile long, from a height 200 ft above a horizontal level. The co- 
efficient of sliding friction is 7%p and the force of the wind resistance 1s 
proportional to the square of the velocity. When the velocity is 30 ft/sec, 
this force is 6 Ib. . 

(a) Find the velocity of the toboggan as a function of the distance and of 


the time. *" 
(b) With what velocity will the toboggan reach the bottom of the shde? 


(c) When will it reach the bottoin ? 


(d) What. would its terminal velocity be if the slide were infinite im length? 


Jf 


é 3 
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ANSWERS 16C 
l. vp = 15.4t, 8 = 7.7t2, » = 61.7 ft/sec. 


2. (a) v = 50 — 18.77t, s = 50t — 9.39t?. 
(b) § = 2.7 sec, s = 66.6 ite 
Ye Sh 20! oe Z (sina — rcosa)t?. 
4. (a) v = vo + g(sina — rcosa), 9 


(b) v2 = vo? + 2g(sina — rcosa)s. 


~/vo2 + 2gs(sin a — Tr cos a) =. 


g(sin a — fr cos @) 


(Oy = 


; Ome. 2 
5. (a) v = vo — g(sina+ rcosa)l, s = vol es (sina +rcosa)t. 


(b) t = vo/g(sin a + r cos a) sec, § = vo2/2g(sina + r cosa). 


: —ktlm 
6. (a) v = ~ (sina — rcosa)(1 — e a i 
= ae m 
eM gid nem) of =, 


I 


m 2 ee B= =) . 
— \—v — — » Where A = mg(sina — rcos a). 
(b) s ; ( v ; log Fi where mg ( 
Ww... 
(c) T.V. = : (sina — rcosa). 
7. (a) v = 27.2(1 — e248), ¢ = 27.2(¢ 4+ Be-2"/8 — 3). 
(b) TV. S22 iy sce: (@)r 11.5 see: (d) 27.2 ft/sec. 


en. W (sin @ u r COS @) (etm yt yoo ttl™, 


aa W(sin a + r cos a) E a — a= i|+ mvo = oy, 
k k k 
ee kvo ) 
OW Ts k De (: 1 W(sin a + r cos a) ag 
A 2 a 
_ mvo  mg(sina + 7 cosa) e( kvo ) 
7% k2 Sc Ey W(sina+recosa)/ — 
9. In the formulas: W = 64,7 = 3,k = 75, sina = 2, cosa = F, 
vo = 96, m = 64/32 = 2. 
po lose 
e + ] 


(b) 68 ft/sec. (c) 30 sec, approx. (d) 74.1 ft/sec. 


LESSON 17. 


Pursuit Curves. Relative Pursuit Curves. 


LESSON 117A. 


Pursuit Curves. 


The path traced by a body which 


always moves in the direction of a fixed point or of another moving object 
is called a pursuit curve. 


Example 17.1. A pilot always keeps the nose of his plane pointed 
toward a city T due west of his starting point. If his speed is v miles per 


i 
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hour and a wind is blowing from the south at the rate of w miles per hour, 
find the equation of the plane's path. Assume that it starts from a flying 
field which is at a distance a miles from 7’. 


Solution (Fig. 17.11). Let P(z,y) be the position of the plane at any 
time ¢. The vector representing its speed has magnitude v and is pointed 
toward 7. Call 6 the angle this vector makes with the horizontal line con- 
necting the flying field and 7. The wind vector points due north and has a 
magnitude w. The diagonal of the parallelogram formed by the vectors v 


Y Actual direction 
ctu ie 


of plane 


Figure 17.11 


and w then represents the actual direction and magnitude of the plane’s 
velocity at time « Since this direction is changing instantaneously, it must 
be tangent to the path of the plane at ?. It must therefore be the slope 
dy/dx of the desired curve. Our problem then is to find an equation which 


expresses dy/dx as a function of x and y. 
eo 
The respective components of the airplane’s velocity in the x and y 


directions are 
. dy ; 
oS en ey 0. 
(a) ——- = —v7 cos 8, di vsim 
Hence the effective velocity of the plane in the y direction, taking the 


wind’s velocity into account, Is 


(b) Y = —vsné-+ w. 


From Fig. 17.11, we see that 


: Y we i = 
c sin 0 —S" COS 
" Vala 
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Substituting these values in the first equation of (a) and in (b) we obtain 


(d) ee. Sa. Ee, ae 
dt Vx? + y? dt J x2 + y? 


Division of the second equation in (d) by the first gives 


a 2 2 
20 ae ere 2 ee 


(e) dx —vx a 
For convenience, we let 
(f) k= = 


so that k represents the ratio of the speeds of wind and plane. Hence (e) 
now becomes 


(g) ady = (y — kVx2 4+ y?) dz. 


This equation is of the homogeneous type discussed in Lesson 7. It can 
therefore be solved by the method outlined there. Easier perhaps is to 
make use of the integrable combination (10.31). The necessary steps are 
outlined below without further comment. (Initial conditions are t = 0, 
C= 0 = Sy a 


pn) tay a ydr_ ik _ ady/t)  _ i 
(h) = V1 +t (y/2)? de, — =: dz, 
" dy/t) sk 

(i) SO — dx 

; y/x=0 V1 + (y/z)2 z=a 0 i 
(j) log G+vi+ (y/2)?) yy —k log =. 
Let i 
(k) eee 

r 
Then (j) becomes 
(1) (oe 1 a) = 3 log = 
(m) u-- A/a = ay 
a ) 


—2k =k 
co Lu? = (2) =e () u-+ wu, 


Lesson I7A 


° 12" -@) 


Replacing u by its value in (k), we obtain 


@ — vaslG)”-@]-@ -@)" 


Replacing k by its value in (f), we have finally 


a x 1—(w!/v) x 1+(w/v) 
6 ae Gy") 


as the equation of the path. 
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Comment 17.111]. Equation (r) enables us to obtain interesting con- 
clusions in regard to the path of the plane. 


Case 1. Wand speed w = plane speed v. In this case (r) becomes 


=2(,_2 aes ie 
(s) -_ ay 2 


which is the equation of a parabola, lig. 17.12. Note that the plane will 
never reach its destination 7’. 


(a,0) 


T(0,0) (a,0) X 
Figure 17.12 Figure 17.13 


Case 2. Wind speed w > plane speed v. In this case w/v > 1 so 


x 1—(w/v) a (w/v)—1 
that 1 — (w/v) < 0. Hence as x > 0, (*) le (*) — 0. 


We see from (r), therefore, that as «> 0, y¥— ©. Again the plane a 
never Feach 7’. A rough graph of its path is shown in Ig. 17.13 wit 


wm 2. 


f 
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Case 3. Wind speed w < plane speed v. In this case w/v <1, so 
that 1 — (w/v) > 0. We see from (r), therefore that when eee, 0, 
y = 0. Hence the plane will reach the town T. Arough graph of its path 
is shown in Fig. 17.14, with v = 2w. 


T(0,0) (a,0) X 


Figure 17.14 


Example 17.2. Solve the problem of Example 17.1 by using polar 
coordinates. 


Solution (Fig. 17.21). The components of the wind velocity w in the 
radial and transverse directions are respectively [for the derivation of 
these formulas, see Lesson 34, (34.2)]. 


a Ble 
dt : cy j 


(a) 


Actual velocity 
of plane 


Lay) (7,0) 


(a,0) X 


Figure 17.21 


Hence the effective velocity of the pl 


ane in the radial direction, taking 
Into account the wind’ 


S speed w and the plane’s speed v, 18 


d 
0 a 


a 


Lesson I7A 
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Dividing (b) by the second equation in (a), we obtain 


(c) 


hm? Oe v 
rao i Wes er eve. 
ogee Ae 
w 


Then (c) becomes 


(e) 


dr 


a (k sec 6 + tan @) dé. 


Its solution, by integration, 1s 


(f) log r + logc = k log (sec 6 + tan @) — log cos 6, 


which can be written as 


(g) 


cr = (sec 6 + tan 6)* sec 6. 


Att = 0,r = a, @ = O. Substituting these values in (g), we have 


(h) 


Coe, C= Wye 


The equation of the path is, therefore, after replacing k by its value in (qd), 


(i) 
or 


(i) 


r = aleec @ -+ tan 6)—*!” sec 8, 


péeme= deen tens)”. 


Example 17.3. Solve the problem of Example 17.1 if the wind is 
blowing with a velocity w in a direction which makes an angle @ with the 


vertical, Fig. 17.31. 


Solution. 
solved. 


Direction of 
the wind 


uw’ cOS @ 


T(0,0) w sin @ (a0) X 


Figure 17.31 


We shall give two methods by which this problem may be 
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Method 1. Choose the axes so that the direction of the wind becomes the 
y axis (Fig. 17.32). The initial conditions at ¢ = 0, therefore, become 


(a) t= @ COs a, y= a sin a. 


Direction 
of wind 


Actual velocity {+ 
of plane So 
P(x,y) 


Position of plane 
att=0 


P,(a cos @, a sin a) 


asina 


Figure 17.32 


The differential equations of motion, however, are exactly the same as 
those in Example 17.1, namely 


dx di. 
(b) ia v cos 8, ‘oy ysin 6 + w. 


Proceeding just as we did in Example 17.1, we obtain, 
(c) log (u + V1 + u?) = —klog x + loge, k= w/v. 


But now at ¢ = 0, = acosa, u = y/x = (asina)/(acosa) = tana. 
Substituting these values in (c), and solving for c, we obtain 


(d) c = (tan a+ sec a)(a cos a)*. 


Hence (c) becomes, after replacing wu by its value y/z, 


2 2 
(e) log (¥ — ae + log 2* = log [(tan a + sec «)(a cos a)*). 


Simplification of (e) gives 


(f) ee (iy + Va? + y2) = (tana + sec a)(a cos a)*, k= we 


Replacing k by its v 


alue w/v, we obtain finally as the equation of the 
plane’s path 


(g) gi Ny 4/2 + y?) = (tan a + sec a)(a cos a)”, 
ae 
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" ° ; } 
We leave it to you as an exercise to draw rough graphs of its path as 
we did in Comment 17.11. Remember tan a, sec a, cos a and a are con- 
stants. 


Direction of the wind 


w cos & 


tu sin & 


T(0,0) (a,0) x 


Figure 17.33 


Method 2 (Fig. 17.33). From Fig. 17.33, we see that the resultant of 
the effective velocities of wind and plane in the x and y directions are 
respectively 


ae LU) ae 
(h) = vcos @+ wsina, er oe vsin 6+ wcosa. 


Dividing the second equation in (h) by the first we obtain 


(i) dy _ —vsin @ + wcos a, 
dx —vcos@+wsina 


In (i) replace sin @ by its value y/V/ x2 + y? and cos 6 by t//x? + y?. 


It then simplifies to 
vx 


(j) ee = § eet dee | — 
/x2 + y? Va? + y? 


which is a homogeneous equation. Remember v, w cos «, and w sin @ are 
constants. Hence it can be solved by the method of Lesson 7. The initial 
a, y = 0. We leave it to you as an exercise to com- 


+ wsin :) dy, 


conditions are x = 
plete. 


EXERCISE 17A 


J. A man swims across a river 100 ft wide, always heading for a tree directly 
across from his starting point. He can swim at the rate of 3 ft/sec. 


(a) Find the equation of his path if the current is carrying him downstream 


at the rate of 1 ft/sec; 3 ft/sec; 4 {t/sec. 
(hb) Draw the graph of each equation. 


pf 
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Solve independently and check your answers with (r) of Example 17.1. 
2. 


In problem 1 show that the man will reach the tree on the opposite bank if 
the current is 1 ft/sec, that he will reach a point on the opposite shore 
50 ft from the tree if the current is 3 ft/sec, that he will never reach the op- 
posite shore, if the current is 4 ft/sec. 


. Solve problem 1 by using polar coordinates. Solve independently and check 


your answers with (}) of Example 17.2. 


. An insect steps on the edge of a turntable of radius a that is rotating at a 


constant angular velocity «. It moves straight toward the center of the table 
at a constant velocity vo. Find the equation of its path in polar coordinates, 
relative to axes fixed in space. (Hint. If 6 is the angle through which the 
turntable has rotated in time ¢ and r is the distance of the insect from the 
center at that moment, then d6/dt = a, r(d@/dt) = ra.) Draw a graph 
of the equation if a = 10 ft, a = 2/4 radians/sec, v9 = 1 ft/sec. How 
many revolutions will the table have made by the time the insect reaches the 
center? 


. Assume in problem 4 that the insect always moves in a direction parallel to 


the diameter drawn through the point where he steps on the table. 


(a) Find the equation of its path relative to axes fixed in space. 
(b) What kind of curve is it? Hint. Change the equation to rectangular 
coordinates if the polar form is unfamiliar to you. 


- A boy stands at A, Fig. 17.34. By means of a string / ft long, he holds a 


boat, which is in the water at B. He starts walking in a direction per- 
pendicular to AB, always keeping the string taut. Find the equation of the 
boat’s path. Ignore the height of the boy above the horizontal and assume 
that the string is always tangent to the path. The resulting curve is known 
as a tractrix. Hint. The slope of the tractrix is: tan @ = dy/dz. 


Y |B@,1) 


A(0,0) x 
Figure 17.34 


- A pilot always keeps the nose of his plane pointed toward a city which is 400 


mi due west of him. A wind is blowing from the south at the rate of 20 mi/hr. 
His speed is 300 mi/hr. Find the equation of his path. Solve independently, 
by using both rectangular and polar coordinates. Check the accuracy of your 
answers with (r) of Example 17.1 and (}) of Example 17.2. 


- A pilot always keeps the nose of his plane pointed toward a city which is a 


mi due north of him. His speed is v mi/hr and a wind i 
1. is blowing from the 
west at w mi/hr. Find the equation of his path. - 


j Solve problem 8 if the city is a mi due south of the pilot. 
- A pilot always keeps the nose of his plane pointed toward a city which is 


300 mi due west of him. A 25-mi/hr wind is blowing in a direction whose 
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ll. 


12. 


10. 


rh 


12. 


LESSON 17B. Relative Pursuit Curve. 


nate system is not fixe 
then the path deseribed by a pursucr, moving alw 


the object he is pursul 


slope is $. His speed is 200 mi/hr. Find the equation of his path. Solve in- 
dependently. Use both methods outlined in this lesson. Check the accuracy 
of your differential equations with (b) and (j) of Example 17.3. 

Solve problem 10 if the wind is blowing in a direction whose slope is —4%. 
Use method 2 of Example 17.3. Solve independently and then check the 
accuracy of your differential equation with (}) of this example. 

Assume in problem 4 that the insect moves straight toward a light which is 
fixed in space directly above the end of the diameter drawn through the 
point where it steps on the table. Find the differential equation of its path 
in polar coordinates. 


ANSWERS I7A 


( a ‘a ( zs sie i 

= 50) \i99 ANGsa -2° = —200(y — 50); 
[( o - ( a y""| 

y= ON, = Kt007 


ss 
| 


.r = 100(1 — sin 6)/(1 + sin 6)?;7 = 100/(1 + sin 6); 


rcos@ = 100(sec 6 + tan 6)—3"4. 


vo ie 
_r = a— — 6 (origin at center). 14 revolutions. 
a 


. (a) 2vo(r sin 8) = a(a? — r?). (b) Circle: center (0,--vo/a), 


radius V a2 + v97/a’. 


Ven — 7 
Iog Y= 2 — Pp. 


a \t4!15 2 \ 16/15 - 
= 200 i) — (=) |r cos ¢ = 400(sec 6 + tan 6) ~~. 


i 1—(w! v) , 14+(w/ v) 
y= — I ae with positive directions to the east and 


2 NG a 
to the south. 


ss 
| 


. Same as 8 with positive directions to the east and to the north. 


1/8 7/8 


Finstemethod: solutionis y-—- V2? + y? = 2240) =z 


Second method: Differential equation is 


(200y — 20V 2? + y?) dx — (2002 — 15/22 -F y?) dy = 0. 
Differential equation ts 

(200y — 200 22 + y?) dz —(200P == 15v/ re? + 7) ay” = 0: 
Cd —— _vorcos (9 =¥) __ where W is the angle made by the original 
dg ra + vo sin (@ — ¥ 


: : : : ; : 
diameter and a line drawn from its end (i.e., where the light is) to the insect’s 


position. 
If the origin of a coordi- 


don the ground but is attached to a pursued object, 
ays in the direction of 


ng, is called a relative pursuit curve. It is, in 


Pp 
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effect, the path traced by the pursuing body as seen by an observer in 
the pursued object. 


Example 17.4. A fighter plane whose speed is Vr is chasing a bomber 
plane whose speed is Vg. The nose of the fighter plane is always pointed 
toward the bomber which is flying in a direction making an angle 6 with 
the horizontal. Find the path traced by the fighter as plotted by an 
observer in the bomber. 


Solution (Fig. 17.41). Call (0,0) the origin of a coordinate system 
fixed on the ground, and (0,0) the origin of a coordinate system which is 
moving with the bomber plane. The position of the fighter plane at any 


P(x, y) =(%,¥) = position of fighter at time t 


Q(0,0)= (xg, yg) = position of 
bomber at time t 


As measured from an observ 


er on the ground, the effecti ae 
the fighter plane in the x 8 , the effective velocities of 


and y directions are (see Fig. 17.41) 


dx 

2 cE a 

(a) at — Vr cos(t ~ §) = —Vpcos 9, 
dy : 
ras —Vr sin (7 — 0) = —Vpsin 8. 


If two planes are approaching e 
an observer in one plane, it will s 


i 


ach other along a straight line, then to 
eem as if he were standing still and the 
with a speed equal to the sum of 
If the two planes are moving away from 
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each other along a straight line, then it will seem to an observer in one 
plane as if he were standing still and the other plane were going away 
from him with a speed equal to the sum of the speeds of the two planes. 
If, however, the planes are going in the same direction along a straight 
line, then to an observer in a pursued plane it will seem, if his speed is 
slower than the other, as if he were standing still and the other plane 
were coming toward him with a speed equal to the difference of the speeds 
of the two planes. If his speed is greater than the other, then it will seem 
to him as if he were standing still and the other plane were going away 
from him with a speed equal to the difference of the speeds of the two 
planes. 

Here the horizontal component of fighter and bomber velocities are in 
the same direction. Hence (see Fig. 17.41), to an observer in the bomber 
(we assume the fighter’s component is greater than the bomber’s), it 1s as 
if he were standing still, and the fighter plane were coming toward him in 
the positive x direction with a velocity equal to the difference of their 
two x components of velocity, i.e., the rate of change of x to an observer 
in the bomber is 

dk 
(b) _ —Vrcos @ — Vgcos 8. 
The vertical components of fighter and bomber velocities are in opposite 
directions and pointed toward each other. Hence, the velocity of the 
fighter relative to an observer in the bomber, is in the negative y direc- 
tion and is the sum of their two vertical velocities, 1.¢., the rate of change 
of 7 is 

dy 


@ a —(Vp sin 6+ Vz sin 8). 


Dividing (c) by (b), we obtain 


dg) Vp sin 6 + Vaz sin B 
(d) dz Vrcosé@+ VsgcosB 


which has the same form as (i) of Example 17.3. Remember Vr, Vz sin B, 
and Vz cos B are constants. Hence it can be solved by the method sug- 
gested there. We leave it to you as an exercise to complete. The initial con- 
ditions will depend on the distance and direction of the fighter plane from 
the bomber plane at ¢ = 0, 1e., at the moment when the pursuit began. 


Example 17.5. Solve the problem of Example 17.4 by using polar 


coordinates. 

To an observer in the bomber, when he moves 
as if he were standing still and the fighter 
Hence, to an observer in the bomber, 


Solution (Vig. 17.51). 
to the right it appears to hin 
plane were moving to the left. 


4 —— 
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when he moves with a velocity Wg, represented by the lower vector in 
Fig. 17.51, it appears to him as if he were standing still and the fighter is 


P(r,@) position of fighter at any time ¢ 


Vp sin (@ - 8) / 


Direction of bomber’s flight 
Vp cos (6 - B) 


Figure 17.51 


moving with a velocity Vg represented by the upper vector in this figure. 
The radial and transverse components of the upper Vz are 


Fh Ve sino — 6), 


As seen from an observer in the bomber, therefore, the effective velocity 
of the fighter in the radial direction is (remember it is the sum of the two 
velocities in the same negative r direction) 


(b) a = —Vr — Vegcos (6 — 8), 


and in the transverse direction is 


(c) ro = Vzgsin (6 — £). 


Dividing (b) by (c), we obtain 

A dr _ cos (@~ 8) _ Ve 
Its solution is 

(e) logr + log c 


= —log sin (6 — Bg) — Hi log [esc (8 — 8) — cot (@ — B)I; 


which simplifies to 


i 
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[ese (0 8) cot (0 >) ee 
guire(?—"p) 
— =! |! = ase (@ — p)| oes 
Sri (O"=—"p)) sp) 
1 
[sin (0 — geet em fi — cos (6 — ae 


Nore. The mitial conditions are’ = 0, r = ro, 6 = &o. 


(f) e= 


Comment 17.52. As viewed by an observer in the bomber, it is as if 
he were standing still, and the path of the fighter as given in (f) (which is 
the resultant of both planes’ motions) were due entirely to the fighter 
plane’s movements. 


Gomement’ 17.521. By means of ({), we can draw a rough graph of 
the fighter planc’s path, as seen from the observer in the bomber. 


Case 1. If Vg = Vp, ie., if the ground speed of both planes are the 
same, then (f) reduces to 
] 
(g) ee = Cee 


which is the equation of a parabola [see (34.68) and comment following]. 
A rough graph of the path of the fighter plane as viewed from the 
bomber is given for this case in Fig. 17.53. It is evident that the fighter 


will never reach the bomber. 


Fighter path 


Bomber 


Figure 17.58 
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Case 2. If Vv > Vp, thenl — (Vr/Ve) < 0, and (f) can be written as 


_ icine gre 


- - (1 — cos (6 — pyrivs 


A rough graph of the fighter plane as viewed from the bomber is given for 
this case in Fig. 17.54 (with Vp = 2Vz). 


Figure 17.54 


EXERCISE 17B 


1. An airplane A is flying with a speed of 200 mi/hr in a direction whose slope is 
%. A plane B, 50 miles due north of him, starts in pursuit. Plane B, whose 

speed is 300 mi/hr, always keeps the nose of his plane pointed toward A. Find 
the equation of B’s path as observed from A. Use rectangular and polar co- 
ordinates. Hint. In polar coordinates até = 0,6 = 7/2,tanB = 3,r = 50. 

2. Solve problem 1, in polar coordinates only, if A is flying in a southeasterly 
direction and plane B, at the instant he starts in pursuit, is 50 miles north- 
east of A. Hint. Att = 0, 6 = m/4, B = —a/4,r = 50. Make a figure 
corresponding to 17.51. Be very careful of signs. 

3. Solve problem 1, in polar coordinates only, if A is flying in a northeasterly 
direction and plane B, at the instant he starts in pursuit, is 50 miles south- 
east of A. Hint. Att = 0,6 = —x/4, B = w/4,r = 50. Make a figure 
corresponding to Fig. 17.51. Be very careful of signs. 
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ANSWERS 17B 
1. Differential equation in rectangular coordinates is 
dy _ 300% + 120\/ Fr? + 7? 
dz 300F + 160\V/#? + 7? 


Solution in polar coordinate is: 


with i= 0,7 = 0,9 = 50, 


50\/2 (4 sin @ — 3 cos es 


(5 — 4cos6 — 3sin 6)3/2 


- 50\/2 (sin 8 + cos a oe 50\/2 (cos @ — sin Ae 
(/2 — cos 9+ sin 6) (\/2 — cos @ — sin ae 


2 ®t 
Ap 


LESSON 17. 


MISCELLANEOUS TYPES OF PROBLEMS LEADING TO 
EQUATIONS OF THE FIRST ORDER 


A. Flow of Water Through an Orifice. When water flows from a 
tank through a small hole in its bottom, it has been proved that the rate 
of flow of water is proportional to the area of the hole and the square root 
of the height of the water in the tank. Hence 

dV 


(17.6) — —hkaVh, dV = —kaVhdt, 


where 
V is the number of cubic feet of water m the tank at time ¢ sec, 
k is a positive proportionality constant, 
ais the area of the hole in square feet, 
his the height in feet of the water above the hole at time ¢. 


The minus sign is necessary because the volume of water is decreasing. 
If A is the cross-sectional area of the water surface at time ¢, then 
dV = Adh. Substituting this value of dV in the second equation of 
(17.6) and taking k = 4.8, a figure determined experimentally as valid 
under certain conditions, we obtain 


(1761) Adh= —4.8avVh dt, AV an = —4.8rr” dl, 
where 
A is the cross-sectional area in square feet of the water surface 


at time f sec, 
his the height in feet. of the water level above the hole or orifice 


at. time f, 
ris the radius in feet of the orifice. 
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With the aid of (17.61), solve the following problems. 


1. A tank, whose cross section measures 3 ft X 4 ft, is filled with water to a 
height of 9 ft. It has a hole at the bottom of radius 1 in. (a) When will the 
tank be empty? (b) When will the water be 5 ft high? Hint. Att = 0, 
A = 9 and in (17.61) r = py, A = 12. 

2. A water container, whose circular cross section is 6 ft in diameter and 
whose height is 8 ft, is filled with water. It has a hole at the bottom of radius 
lin. When will the tank be empty? 

3. Solve problem 2 if the tank rests on supports above ground so that its 8 ft 
height is now in a horizontal direction, Fig. 17.62, and the hole of radius 1 in. 
is in its bottom. 


Ps 
6 
LA 
4. A water tank, in the shape of a conical funnel, with its apex at the bottom and 
vertical axis, is 12 ft across the top and 18 ft high. It has a hole at its apex 
of radius 1 in. When will the tank be empty if initially it is filled with water? 
5 A water tank, in the shape of a paraboloid of revolution, measures 6 ft in 
diameter at the top and is 3 ft deep. A hole at the bottom is 1 in. in diameter. 
W hen will the tank be empty if initially it is filled with water? 
6. A cylindrical tank is 12 ft in diameter and 9 ft high. Water flows into the 
tank at the rate of 7/10 ft?/sec. It has a hole of radius 3 in. at the bottom. 
When will the tank be full if initially it is empty? Hint. Adjust the first 


equation in (17.6) to reflect the increase in volume due to the water intake. 
Remember dV = A dh. After simplification, you should obtain 


9 t 
hm012 — fp 4820 Jiao 


If you have trouble integrating, see hint given in answer. 


Figure 17.62 


R B. First Order Linear Electric Circuit. 
The differential equation which results when 
an applied electromotive force E, an inductor 


L, and a resistor R are connected in series is, 
De 17 G2). 


Figure 17.621 (17.63) Lo ret eels 
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For an understanding of this equation and for the meaning of these terms, 
read Lesson 30. The units we shall adopt are 


ohms for the coefficient of resistance of the resistor, 
henries for the coefficient of inductance of the inductor, 
volts for the electromotive force (also written as emf), 


amperes for the current. 


= 


Solve the differential equation (17.63), if E = Eo and att = 90, the current 
i = ig. What is the limiting current asf > ©? 

8. Solve (17.63) if E = Eosinwt and att = 0,1 = 10. 

9, Aninductance of 3 henries and a resistance of 30 ohms are connected in series 
with an emf of 150 volts. At{ = 0,1 = 0. Find the current when! = 0.01 
sec. 

10. An inductance of 2 henries and a resistance of 20 ohms are connected in series 
with an emf of 100 sin 150¢ volts. Att = 0,7 = 0. Find the current when 
t = 0.01 sec. 
11. When an emf is disconnected from a circuit in which a current is flowing, 1.e., 
att = 0, E = 0, the current is called an induced current. The term 
L di/dt is then referred to as an induced electromotive force. At the 
moment an emf is disconnected from a circuit in which there is a resistance 
of 30 ohms and an inductance of 6 henries, the currenti = 15 amp. (a) Find 
the current equation as a function of time. (b) When will the current be 


74 #np? 
C. Steady State Flow of Heat. When the inner and outer walls of 
a body, as for example the inner and outer walls of a house or of a pipe, are 
maintained at different constant temperatures, heat will flow from the 
warmer wall to the colder one. When each surface parallel to a wall has 
attained a constant temperature, we Say that the flow of heat has reached 
& shdwdy state. In a eteady, stag flow of heat, therefore, each surface 
parallel to a wall, because its temperature is now constant, is called an 
isothermal surface. Isothermal surfaces at different distances from an 
interior wall will, of course, have different temperatures. In many cases 
the temperature of an ‘sothermal surface is a function only of its distance 
z from an interior wall, and the rate of flow of heat in a unit time across 
such a surface is proportional both to the area of the surface and to dT/dr, 
where T is the. temperature of the isothermal surface. Hence 
dT’ 
(17.64) Q= —kA? 
where 


Q is the rate of flow of calories of heat in 1 see across an isothermal 


eur faee , 
k, the proportionality constant, is calle 
of the material that is between the walls, 


d the thermal conductivity 


*A calorie is equal to the amount of heat required to change the temperature of 1 


gram of water | degree centigrade. 


. 4 
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A is the area in square centimeters of an isothermal surface, 

T is the temperature in centigrade degrees of the isothermal surface, 

x is the distance in centimeters of the isothermal surface from an 
interior wall. 


The negative sign is used to indicate that heat flows from the interior 
wall of higher temperature to the exterior wall of lower temperature. 


With the help of (17.64), solve the following problems. 


12. The inner and outer radii of a hollow spherical shell are 4 em and 9 cm respec- 
tively. The thermal conductivity of the material between the walls is 
0.75 cal/deg-em-sec. The inner surface is kept at a constant temperature of 
100°C and the outer surface at 0°C. Find: 


(a) The rate of heat loss per second flowing outward through the exterior 
of the shell. 


(b) The temperature T of a surface 5 cm from the center. 


Hint. In (17.64) A = 4ar?, where r, which replaces x in the formula, is the 
radius of an isothermal surface. Initial conditions are: r = 4, T = 100; 
nm=*9, T =20) 

Note, from answer, that Q has a constant value. In this example, it is 
21607 cal/sec. Hence, through each isothermal surface, this much heat 
escapes each second. If a surface is nearer the center of the sphere, so that 
its area is smaller than the area of a surface farther away, more heat per unit 
area will eseape each second from the nearer surface than from the farther 
one. The total loss of heat through each surface is, however, the same. 

13. A steam pipe of negligible thickness has an inside radius of 6 cm. It is in- 
sulated with 3 cm coating of magnesia, whose thermal conductivity is 


0.000175. The interior of the pipe is maintained at 100°C and the outer 
surface at O°C. Find: 


(a) ee! of heat loss per second flowing outward from each meter length 
of pipe. 
(b) The temperature of an isothermal surface whose radius is 8 cm. 


Hint. In (17.64), = 2mr(100), where 7, which replaces x in the formula, 
is the radius of an isothermal surface. 


D. Pressure—Atmospheric and Oceanic. We consider a column 
of air of cross-sectional area A, of height dh and at a distance h units from 
the surface of the earth, Fig. 17.65. For simplicity, we assume the earth 
is a plane, the air is at rest, and is unaffected by changes of latitude 
longitude, and temperature. The positive direction is ‘teat Let p be 
the pressure* on this column of air, due to the weight of all aie air above 


it. & nl fore 
‘a mi the total loree P on a column of air of cross-sectional area A 
is /’ = Ap. By differentiation we obtain 


(a) a= Ardp, 


*Pressure i 2 i 
ure is the force acting perpendicularly on a unit area of surface 


— 
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which gives the change of the total force ? for a change in the pressure p. 
Let p be the weight of a unit volume of air. Therefore the weight of a col- 
umn of air of height dh and cross-sectional area A is 


(b) (A dh)p. 


The decrease in total force as one goes from the height A to the height 
h + dh must be equal to the weight of 
the column of air of thickness dh. Hence 
equating the negative of (a) with (b), we 
obtain 


(17.66) —Adp = pA dh, a = 


which states that the rate of change of 
air pressure with height is equal to the 
negative of the weight of a unit volume of 
air at that height. The units we shall use 
are: pounds per cubic foot for p, pounds Figure 17.65 
per square foot for p, and feet for height. 

If p is oceanic pressure and h is the depth below sea level, then (17.66) 


becomes 


(17.67) +a 


where p is the weight per cubic foot of ocean water. 
With the aid of (17.66) and (17.67), solve the following problems. 


14. Assume that the air is an isothermal gas. Lherefore by Boyle’s law, its 
pressure and density are related by the formula 


(17.671) p: =a 
(a) Determine the pressure of the air as 
the carth if at sea level the air pressure is 14.7 Ib/sq in. 

replace p by Kp. — 
(b) What is the value of the constant & in (17.671 


sea level? - a 
(c) What is the air pressure at 10,000 ft, at 15,000 ft, at 70,000 ft, at 50 m1: 


(d) Show that the pressure 1s zero only when A is infinite. ; 

(c) Express the density of air as a function of height. //int. In (17.66) a@- 
place dp by dp/k as obtained from (17.671). : 

(f) What is the weight of the air at an altitude of 1000 ft, of 5000 ft, of 


10,000 ft, of 50,000 ft? 


a function of the height 4 above 
Tlomt. (n (17.66), 


) if p = 0.081 Ib/cu ft at 


15. If air expands adiabatically, 1.c., without gaining or losing heat, then 


14 

pm kp. 

(a) Find the pressure of the air as a fumetion of height. Assume that at sea 
level p @ 14.7 Ib) sq in. and p = 0.081 Ib/eu ft. fn. First find the 


ris ‘ mm pure — : ST 
value of &. Then in (17.66) replace p by (p/h). 
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(b) How high is the atmosphere, 1.e., at what height is p = 0? Hint. In 
(17.66) replace dp by 1.4kp°-+ dp. Solve for p. Then find h when p = 0. 


16. Assume that the weight p of a cubic foot of sea water, under a pressure of 
p lb/ft? is given by the formula 


(17.672) p = k(1 + 2- 1078p) Ib/ft3, 
and is 64 lb/ft? at sea level. 


(a) Find the value of k. Hint. At sea level p = 0. 

(b) Find the pressure of sea water as a function of its depth below sea level. 
Hint. In (17.67), replace p by its value as given in (17.672). 

(c) Find the weight per cubic foot of sea water as a function of depth. 
Hint. In (17.67), replace dp by 108 dp/2k as determined from (17.672). 

(d) What is the pressure and density of sea water at 20,000 ft below sea level? 


17. If the earth is assumed spherical instead of planar, show that (17.66) be- 
comes 


dp _ 2p 
(17.68) ae p ae 7 


where R is the radius of the earth. Hint. See Fig. 17.69. The volume of a 
thin spherical shell of air at a distance r units from the center of the earth 
and thickness dr is 4ar? dr. Its weight, therefore, is (4ar? dr)p. The total 


Figure 17.69 


force P on this spherical surface due to the weight of the air outside it is 
P = 4nr*p. Hence dP = 4x(r? dp + 2rp dr). Set —dP, which is the de- 
crease in the total force P as one goes from the distance r to the distance 
r+ dr, equal to the weight of the spherical shell. 


E. Rope or Chain Around a Cylinder. When a rope or chain, 
assumed uniform, flexible, and inextensible, is wound around a rough 
cylindrical post, a small force applied at one end of the rope or chain can 
vs Dae larger force applied at the other end. For example, a man 
can hold in check a large weight by winding ¢ - 
cient number of times ane cae See alae 


Por a post, whose axis is horizontal, it has been proved that the differ- 
ential equation 


ne dT’ 
(17.7) a ér(COs 0 agemcimeg) ear 
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expresses the tension 7’ 1n the rope or chain at.a@ point P on it, when the rope 
or chain is just on the verge of slipping, see lig. 17.71. In equation (17.7), 


T is the pull or tension on the rope at any point P on it, in pounds, 
ris the radius of the cylinder, in feet, 

pis the coefficient of friction between rope and post, 

6 is the weight of the rope or chain in pounds per foot, 

6 is the radial angle of P. 


With the help of (17.7), solve the following problems. 


18. Show that the solution of (17.7) is 


ér 
ar 


19. A chain weighs 6 }b/ft. It hangs over a circular cylinder with horizontal 
axis and radius r ft. One end of the chain is at A, Fig. 17.71. How far must 
the other end extend below D, so that the chain is on the verge of slipping. 
Hint. The initial conditions are: 6 = 0, T = 0, and 6 = 7, T = Lé, 
where 1 is the length of the portion of the chain overhanging at D. 

20. A chain weighs 6 Ib/ft. It hangs over a circular cylinder with horizontal 
axis and radius r {t. One end of the chain is at B, Fig. 17.71, the other end 
just reaches to D. What is the least value 
of » so that the chain will not ship? /fant. 
The initial conditions are: @ = 2/2, T = 0, 
and if the chain is not to slip, then at @ = 7, 
Taz”. 

2]. A chain weighs 1 }b/ft. It hangs over a 
circular cylinder with horizontal axis and 
radius % ft. One end of the chain reaches 
three quarters around the top to Cy ie 
17.71; the other end extends below D. The 
coefficient of friction between chain and 
evlinder is 3. If the chain 1s on the verge of 
slipping, find the length / of the overhang. 

29, If the axis of the evlinder is vertical, then 
the rope’s or chain’s weight which now acts 
vertically so that it does not press down upon the cylinder, has little effective 
force. Hence, in formula (17.7), 6 which is the weight per unit length of 
rope, may be taken to be zero. The formula then simplifies to 


(T4472) T= (1 — p?) sin @ — 2u cos 6] + ce”. 


Figure 17.71 


dT’ 
i je. 
(P78) 6 Le 


With the help of (17.73), solve the following problem. A longshoreman is 
holding a ship by means of a hawser wound around a vertical post. The 
ship is pulling on the rope with 2 force of 5 tons. If the coefficient of friction 
between rope and post is 4, and the man exerts a force of 50 Th to hold the 
ship, approximately how many turns of rope is he using? //tnt. Initial 
condition is @ 0, 7 = 50. We want dwhen 7 = 10,000. 


Solve problems 23-27 below, by 


F. Motion of a Complex System. 
ma mu(dv/dy), where F is the 


use of Newton's law of motion f > 
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algebraic sum of all the forces acting on a body of mass m, and a is the 
acceleration of the center of gravity of the body. 


23. A 24-ft chain weighing 6 lb/ft hangs over a frictionless support, which 18 
more than 24 ft above the floor. Initially the chain is held at rest with LOR 
overhanging on one side of the support and 14 ft on the other side, Fig. 17.74. 


— y=12 


f+ 


14 ft. 


y=0, equilibrium 
} 9 position 


Figure 17.74 


How long after its release and with what velocity will the chain leave the 
support? Hint. When 12 ft of chain overhang on each side of the support, 
the chain is in equilibrium. Call this position y = 0. Then if the distance of 
one end of the chain from equilibrium is y, the distance of the other end is —y. 
The effective force moving the chain is therefore 2y6. The mass of the chain 
is 246/32. Initial conditionsared 200, 0 = 0, = 2. 

24. In problem 23, assume that the 14-ft overhang just touches the floor. Com- 
pute the velocity with which the other end will leave the support. 

25. A chain is 12 ft long. Six feet of the chain are held extended on a frictionless 
flat table which is more than 12 ft above the ground, the other 6 ft hangs 
over the table. When and with what velocity will the end of the chain leave 
the table after its release? Hint. m = 126/32, F = y6, where y is the dis- 
tance of the overhanging part of the chain from the edge of the table and 6 
is its weight per foot. Initial conditions aret = 0, y = 6,0 = 0. 

26. Assume, in problem 25, that the table is only 4 ft above the ground. With 
what velocity will the chain of problem 25 leave the table? 

27. It has been proved that when a mass particle slides without friction down a 

fixed curved path whose equation is y = f(z), its differential equation of 
motion, with upward direction positive, is 


(17.75) vdv = —g dy, 

where g is the acceleration due to gravity, v is the velocity of the particle along 
the curve, and y is the vertical position of the particle at time t. Therefore, 
v = ds/dt, where s is the distance the particle has moved along the curved 


path. Show that the solution of (17.75), with initial conditions ¢ = 0, 
v = v0, Y = Yo, is 


2 ds\? 2 
(17.76) = (2) = vo + 29(yo — y). 
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By means of the substitution in (17.76) of ds/dt = V1 + (dy/dx)? dx/dt, 
the equation of the path y = f(x) and the initial condition yo = f(zo), show 
that (17.76) becomes 


< _ vo + 2¢lf(z0) — S@)1 
dt Fee (2) \" 
The solution of (17.77) will give x as a function of ft. With z known, we can 


determine y by means of the given equation of the path y = f(z). 
Use (17.77) to solve the following problem. A particle moves along a 


OA) 


smooth wire, shaped in the form of the parabola r? = —y. Initially it is at 
the origin and has a velocity of 4 ft/sec. Find the position of the particle at 
the end of 5sec. Hint. f(z) = —x?, f(zo) = 0, f(z) = —2z. 


G. Variable Mass. Rocket Motion. In the straight line motion 
problems thus far considered, the mass of a particle or of a body remained 
constant throughout the motion. If, however, the mass itself is also chang- 
ing with time, decreasing or increasing, then Newton’s second law of 
motion no longer holds and must be modified. It has been proved, in the 
case of a body of variable mass moving in a straight line, that the differen- 
tial equation governing its motion is given by 

= dv dm 
(17.78) na = P+ “ar 
where 
m is the mass of the body at time é, 
» is the velocity of the body at tune ¢, 
F is the algebraic sum of all the forces acting on the body at time J, 
dm is the mass joining or leaving the body in the time interval dt, 
wis the velocity of dm at the moment it joins or leaves the body, 
relative to an observer stationed on the body. 


Note that (17.78) differs from Newton's second law of motion by the 


term udim/dt. 
If a mass dm leaves the sy 
negative quantity; if it jomns the sy 


stem im the tine interval dt, dm/dt will be a 
stem, dm/dt will be a positive quantity. 


With the aid of (17.78), solve the following problems. 


28. A rocket, which weighs 324f |b and contains fuel weighing 3220 Ib, is pro- 
ht up from the surface of the earth by burning 32é lb of fuel per 
second and expelling it backwards at a constant velocity of ft/sec relative 
to an observer on the rocket. Assume that the only force acting on the rocket 
is that of gravity. Find the velocity of the rocket and the distance it travels 
as functions of time. Take positive direction upward. //int. In (17.78), the 


variable mass m at time f ism = M—+ mo — kt; therefore am /di = Sn. 


The relative velocity w of dm is —.1. 
—(M + mo — kt)g. Answers are 


pelled straig 


The force of gravity at time tis P= 


k M -+- mo 
. & —— 
i gm —vir> 48 (: a) += M0 i) = ~ k 
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A k 
(17.8) Vs a Agt? - a CM + mo — kt) log (: = Wwe; no : ’ 


M -+- mo : 
k 
Norr. If the rocket moves in free space so that it is not subject to the 


gravitational force of the earth, (iene in (17.78) onde 0 ing( 17.79) 
and (17.8). 


29, (a) Show that, when the rocket’s fuel of problem 28 is exhausted, it has 
reached a theoretical height of 


_ Amo — g (mo 2 | AM 3 Bay 
(ies 1) LS a" =) =e k log M+ mo 


Hint. The mass mo of the fuel will be exhausted in time t = mo/k. Sub- 
stitute this value in (17.8). 
(b) Show that its velocity at that moment is 


= = sp 
cee) se ; mee (7 - | 


Oxerie 


30. A rocket of mass .V, containing fuel of mass mo, falls to the earth from a 
great height. It burns an amount & of its mass per second and ejects it down- 
ward with a constant velocity relative to an observer on the rocket of A ft/sec. 
Find the distance it falls in time ¢. Take positive downward direction. Hunt. 
See problem 28. 

31. A rocket and its fuel have mass mo. At the moment it starts to burn an 

amount k of its mass per second, it is moving with a velocity vo. The fuel 

is ejected backwards with just enough velocity, so that the ejected fuel is 
motionless in space. Find the subsequent velocity and distance equations 
of the rocket as functions of time. Hint. For the ejected fuel to be motion- 
less relative to an observer on the earth, the backward velocity of the fuel 
must equal the forward velocity of the rocket; remember, the fuel at the 
instant of ejection has the same forward velocity v as the rocket itself. 

Relative to an observer on the rocket, however, it will seem to him as if he 

were standing still and the ejected fuel moving away from him at the 

rate of —v ft/sec, where + ft/sec is his own velocity in the positive direc- 
tion. Therefore u in (17.78) is —v. The variable mass m = mo — kt 

and dm/dt = —k. 

Solve problem 31 if the rocket were moving in free space. Hint. F = 0 

ios CBEETASH Is 

A body moves in a straight line in free space with a velocity of vo ft/sec. 

Initially its mass is mo and as it moves it adds to its mass k slugs per second. 

Find its velocity and distance equations as functions of time. Hint. In 

(1 i138); F = Oand assuming the added mass dm is stationary in space, then 

its velocity relative to an observer on the body is —v, where v is the velocity 

of the body. See problem 31. 

A spherical raindrop falls under the influence of gravity. Its mass increases 

by the addition of stationary moisture particles at a rate which is propor- 

tional to its surface area. Initially its radius r = ro. Find its acceleration, 
velocity, and distance equations as functions of time. Take positive direction 
downward. Show that if initially ro = 0, the acceleration has the constant 


32. 


33. 


34. 
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value g/4. For hints, see answer section. First try to solve without making 
use of these hints. 

35. A chain unwinds from a coil held at rest. It falls straight down under the 
influence of gravity, which is the only acting force. Initially / ft of the chain 
are unwound. Find its velocity as a function of time. Take positive direction 
downward. For hints see answer section. 

36. Solve problem 35, if the chain must first slide along a frictionless plane in- 
clined at an angle @ with the horizontal before dropping straight down. 
Assume that the coil is held at rest at a distance / ft from one end of the plane 
and that initially one end of the chain is at the end of the plane. For hints, 
see answer section. 


H. Rotation of the Liquid in a Cylinder. 


37. A vessel of water is rotated about a vertical axis with a constant angular 
velocity w. Show that when the water is motionless relative to the vessel, the 
surface of the water assumes the form of a paraboloid of revolution. Find 
the equation of the curve made by a vertical cross section through the axis of 
the cylinder. Hint. Sec Fig. 17.9. Two forces act on a particle of water at ee 


yy 


he 


Tangent to the surface 


X axis 


Normal to the surface 


Figure 17.9 


e weight mg of the particle; the other mw*x due to 
the centrifugal foree*™ of revolution. Since the particle of water is motionless, 
the resultant of these two forces must be perpendicular to the surface of the 
water at P; if it were not, then the resultant would itself have a component 
of foree in a direction tangent to the curve and thus cause the pamitele of 
water at P to move. You can therefore equate tan 6 ~ dy/dx with ma) x/mg. 

38. Assumc that the rotating vessel of problem 37 is a cylinder containing @ liquid 
whose weight per unit volume is p. If the pressure on the axis of the vessel is 
po, show that the pressure at the surface of the liquid at 3 distance r from 
the axis is given by the differential equation dp/dr = pw r/g. Then show 
that its solution is p = po + (pw?r?/2g9). Hint. As in problem 37, use the 
fact that an clement of volume is in equilibrium under the pressures on its 


surfaces and centrifugal force. 


*For a definition of centrifugal force see I 


one downward due to th 
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39. Assume the cylinder of problem 38 contains a gas whose weight per unit 
volume is p and which obeys Boyle’s law p = kp, where p is pressure and 
k a constant. Show that p = poe®"’/24°, Hint. Replace p by p/k in the 
formula given in problem 38. 


ANSWERS 17M. 


1. (a) 36/m min. (b) 12(3 — V5)/m min. 
2. 18/2 min. 4. 30.5 min. 
3. 32\/6/m min. clay 3 min, 
6. Make the substitution wu = 12 — VA; 65 min. 
i “ (1 — oY) 4 ge FY, § = Eo/R. 
Eo : =RUL ee 
yee Oh ee ] + toe 2 
9, 0.476 amp. * 1. (a) ¢ = 15e75, —(b) 0.14 sec. 
10. 0.299 amp. 12. (a) Q = 21607 cal/sec. (b) 64°C. 


13. (a) 8.67 cal/sec. (b) 29°C. 
14. (a) p = 14.7e—** lb/sq in. = 2117e7** lb/sq ft. 
(b) 0.000038. 
(c) 10.0 lb/sq in., 8.3 lb/sq in., 1.0 lb/sq in., 0.00060 lb/sq in. 
(e) p= 0.081e—0-900038:n 
(f) 0.078 lb/cu ft, 0.067, 0.055, 0.012. 
15. (a) p?/7 = po*/7 — 2k-5/7h, where po = 14.7 lb/sq in. = 2116.8 lb/sq ft 
and k = 2116.8(0.081)—7/5, 
(b) h = $(po/po) = $(2116.8/0.081) = 91,500 ft = 174 mi. 
16. (a) k = 64. — (b) p = 5-107(e1284/108 1) (q) 9 = Ge! 288/108, 
(d) 1,296,500 lb/ft?, 65.7 1b/ft3. 
2rp 


19, 1 = mae (1+ e™). Note that for a fixed pu, lis a function only of r. 
20. 2u = (1 — p?)eT#/2 yy = 0.7324. 
21. 2 = 0.63 ft. 
22. 6 = 15.9 radians = slightly more than 24 turns of ro 

aes pe pe about the post. 
23. v = —$/210 ft/sec; t = V8 log (6 + V/35) sec. : 


24. 18.1 ft/sec. 


25. 17.0 ft/sec; V2 log (2 + »/3) sec. 
26. 15.3 ft/sec. 


27. x = 20ft, y = —400 ft, orz = —20 ft, y = —400 ft. 
30. y = 4gt? — At — = (r+ mo ~ Hi) tog (1 ~yte) 
osteo Mirm., te at) 
3 ae kt) +. Ziemove — gmo? 
Qk 2k(mo — kt)’ 
B0 pe 2kmovg — qmo2 3 
Y = Fp (2mokt — 471?) — Sn tog (1 -+4). 
0 
32. y = movo/(mo — kt), — al lo iat 
k mo — kt 
33. = 


movo/(mo + ki), y= ~~ Pn ae 
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34. First show, see Exercise 15D, 12, that r = ro+ kt/6, where r is the radius of 
the raindrop at time t, k is a proportionality constant and 6 is the mass per 
cubic foot of water. Hence dr = k dt/6. The velocity u of the particle dm 
is —v where v is the velocity of the raindrop at time ¢, since relative to an 
observer moving with the raindrop, it is as if he were stationary and the 
particle were moving to him, in the negative upward direction, with a 
velocity equal to his own velocity at the moment the moisture particle at- 
taches itself to the raindrop. The variable mass m at time tism = 42736/3; 
dm/dt = k4xr?. Answers are 


Acceleration a 


H| 
im 1Q 
a 
— 

a 
2/8 
ao 
a 


Velocity v 


ll 
ox | & 
Ha | 
zs 

4 

x 
x 
alc. 
a 


; 6 ’ 2 ro. 2 

Distance y = 2 (?) (- + aw 2ro } : 
Replacing r by ro + kt/6 in the above equations will give acceleration, 
velocity, and distance equations as functions of time. 

35. The mass of chain at time ¢ is (1 + y)6, where 6 is the mass of chain per unit 
length and 1+ y is the distance fallen in time ¢. Therefore dm/dt = 
5 dy/dt = év. The velocity of a piece dm of the chain as it leaves the spool, 
relative to a person moving with the chain is —v, where v is the velocity of 
the chain at time t. Change dv/dt in (17.78) to v dv/dy. Answer is 


Pty? = 21+» - F. 


36. See problem 35. Acting force now is [(/ sin 8) 6 ae yd]g, where y is the vertical 
distance the chain has fallen in time ¢. Answer 1s 


r+ y) = S (3ly sin 6(21 + y) + y7(3l + 2y)). 


37. y = wx?/2g, if the origin is taken at the lowest point of the parabola. 


Chapter 4, 


Linear Differential Equations 


of Order Greater Than One 


Introductory Remarks. In Lesson 11, we introduced the important 
linear differential equation of the first order. The linear differential equa- 
tion of higher order which we shall discuss in this chapter has even greater 
importance. Motions of pendulums, of elastic springs, of falling bodies, 
the flow of electric currents, and many more such types of problems are 
intimately related to the solution of a linear differential equation of order 
greater than one. 


Definition 18.1. A linear differential equation of order n is an 
equation which can be written in the form 


(18.11) faz)y™ + fa-s(z)y"—? $s Fy! + folz)y = Q(x), 


where fo(x), fi(z), +--+, fa(z), and Q(x) are each continuous functions of x 
defined on a common interval J and fr(z) # Oin I.* 


Note that in a linear differential equation of order n, y and each of its 


derivatives have exponent one. It cannot have, for example, terms 
such as y? or (y’)"/? or [y™]3, 


Definition 18.12. If Q(x) ¥ 0 on I, (18.11) is called a nonhomo- 


geneous linear differential equation of order n. If, in (18.11), 0G) = 
0 on J, the resulting equation 


Cer fy 1G ck 4 pea fo(z)y = 0 


1s called a homogeneous linear differential equation of order n. 


*The notation “‘f,,(z) = 0 in I” (or on J or over I) means fn(z) = 0 for every z in J 
(or on J or over J) and is read as “f,(z) is identically zero in J (or on I or over Lg 
The symbol fn(z) 4 0 in J means Jn(z) is not equal to zero for every xin I (or on I or 


over /), although it may equal zero for somezin I. Iti ip i i i 
4); : é . Itis y 
BN in J (rion For aver 1)” read as “‘f, (zx) is not identicall 
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Remark. Do not confuse the term homogeneous as used in Lesson 7 
with the above use of the term. 


For a clearer understanding of the solutions of linear differential equa- 
tions of order n you should be familiar with: 


1. Complex numbers and complex functions. 
2. The meaning of the linear independence of a set of functions. 


We shall, therefore, briefly discuss these topics in this and the next lesson. 
LESSON 18. Complex Numbers and Complex Functions. 


LESSON 18A. Complex Numbers. We shall not attempt to enter 
into a lengthy discussion of the theory of the number system, but will 
indicate only briefly the important facts we shall need. The real num- 
ber system consists of: 


1. The rational numbers; examples are the positive integers, zero, the 
negative integers, fractions formed with integers such as %—#, and 3. 
2. The irrational numbers; examples are \/2, “5, 7, and e. 


Definition 18.2. A pure imaginary number is the product of a 
real number and a number 7 which is defined by the relation 7? = —1. 


Examples of pure imaginary numbers are 32, —91, /2 i, and Wri. 


Definition 18.21. A complex number is one which can be written 
in the form a + bi, where a and 0 are real numbers. 
It is evident that the compler numbers include the real numbers since 


every real number can be written as @ + Oz. They also include the pure 
imaginary numbers, since every pure imaginary number can be written 


as 0 + br. 
Definition 18.22. The a in the complex number z = a + ba is called 
the real part of s; the b the imaginary part of z. 


Note that b, the imaginary part of the complex number, is itself real. 


Remark. The complex numbers developed historically because of the 
necessity of solving equations of the type 


+1 =O, e727 +2 = 0. 


If we require x to be real, then these equations have no solutions; if, how- 
plex, then the solutions are respectively x = +2 and 
dmit complex numbers, we can make the 
It is so important that it has been 


ever, x may be com 
5 = —T1 + ¢. “Ly fact, if We a 
following very important assertion. 
labeled the “Fundamental Theorem of Algebra.” 
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Theorem 18.23. Every equation of the form 
(18.24) ane" + Gap_yz"7' +--+ + a)% + a9 = 0, ap # O, 


where the a’s are complex numbers has at least one root and not more than n 
distinct roots. Its left side can be written as 


(18.25) Ge = Ta) = i), 
where the r’s are complex numbers which need not be distinct. 


Comment 18.26. Although Theorem 18.23 tells us that (18.24) has n 
roots, it does not tell us how to find them. If the coefficients are real 
numbers, then you may have learned Horner’s or Newton’s method for 
finding approximate real roots. Or you can set y equal to the left side of 
(18.24) and draw a careful graph. The approximate values of the coordi- 
nates of the points where the curve crosses the x axis will also give the 
real roots of (18.24). 

To find the zmaginary roots of (18.24) is a more difficult matter. How- 
ever, there are methods available for approximating such roots.* 


Definition 18.3. If z = a + bi, then the conjugate of 3, written 
as Z,is2 = a — Obi. 


To form the conjugate of a complex number, change the sign of the 
coefficient of 7. For example if z = 2+ 31,2 = 2 — 31; if z = 2 — 31, 
Z= 2+ 31. 

Definition 18.31. If z= a+ bi, then the absolute value of z, 
written as |z|, is |z] = Va? + b?. 

For example, if z= 2+ 31, then 


Imaginary axis by Ee /13;if z= 2— 
31, ae} jz] = 2? + (—3)? = 
-243i¢ 0243; V13. (Nore. By our definition |z| 


is i ays a non-negative number.) 
If, in a rectangular coordinate 
system, we label the z axis as the 
(0.0) Real axis eal axis and the y axis as the im- 
aginary axis, we may represent any 
complex number z = a + bi graphi- 
Bee, ae cally. We plot a along the real axis 
and 6 along the imaginary axis. In 
Tig. 18.32, we have plotted the 
numbers 2 + 32,2 — 37, —2 + 3:, 

2. 8, 

By the graphical method of Tepresenting complex numbers. it is easy to 
establish relationships between a complex number and the bole ae 


Milne, Numerical Calculus, Princeton University Press, 1949 
, 


Figure 18.32 


*W. E. 
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nates of its point. In Fig. 18.33, we have represented graphically the com- 
plex number z = x + ty and the polar coordinate (7,8) of its point. If 


z=x+1y=(r, 6) 


(0,0) as 
Figure 18.33 


you examine this figure carefully, you will have no trouble establishing 
the following relationships. 


(18.4) |z| — V x2 + y?, 
(18.41) ico, 
(18.42) 7 = 7 Sine 


Definition 18.5. If in 
(18.51) e SL i, 


(called the rectangular form of z), we replace z by (18.41), and y by 
(18.42), we obtain 


(18.52) z= rcos6+ irsin@ = r(cos @ + 7sin 8), 


(called the polar form of z). 


Definition 18.53. The polar angle @ in lig. 18.33 is called the Argu- 
ment of s, written as Arg s. In general, Arg z is defined to be the smallest 
positive angle satisfying the two equalities 


’ ae 


(18.54) coe 0 = | al ; 


Formulas (18.4) to (18.42) plus (18.52) and (18.54) enable us to change 
a complex number from its rectangular form to its polar form and vice 


versa. 


Remark. Note that we have written arg z with a capital A to desig- 
nate the smallest or principal value of 6. If written with a small a, then 


arg 2 = Argz+2n7,n= 1,23... 


Example 18.55. ind Arg z and the polar form of z, if the rectangular 


form of z is 


(a) z=J]—1. 
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Solution. Comparing (a) with (18.51), we see that + = 1 and y = 

—1. Therefore by (18.4) 

(b) le) =r = VIP + (—1)? = V2. 

By (18.54) 

as sin @ = =e 

v2 ae 

Hence @ is a fourth quadrant angle. By Definition 18.53, therefore, 


(c) cos 6 = 


(d) Arge = =. 


Finally by (18.52), and making use of (b) and (d), we have 


(e) Pec es 


which is the polar form of z. 


Example 18.56. Find the rectangular form of z if its polar form is 


(a) z= V2 (cos 3 + isin AY 
Solution. Comparing (a) with (18.52), we see that 
(b) r= V2, §= = 


Hence by (18.41) and (18.42), 


op) 


SO ~<2vnat- 2 eee 
3 2 3 a 
By (18.51), the rectangular form of z is therefore 


(d) = 4(/2 + V6i). 


LESSON 18B. Algebra of Complex Numbers. Complex numbers 
would not be of much use if rules were not available by which we could 
a subtract, multiply, and divide them. The rules which have been 
~ down LOE oat operations follow the ordinary rules of algebra with 

e number 7° replaced by its agreed value —1. If z; = a+ bi and 


22 = c + di are two complex numbers, then by definition, 
(18.6) 2] + 29 > 
(18.61) 


i 


(a + bi) + (c + di) = (a+c) + (b+ dy, 
z1 — 22 = (a + bt) — C+ di) = @ — oc) +b — ai, 
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(18.62) z129 


(a + bi)(c + dt) = ac + adi + bei + bdi? 
(ac — bd) + (ad + bdc)i, 


I 


(18.63) a) _ Cr c= die _ foe ba) ah (be — adi 
zo ctdic—di c2 + d2 
a, ee US Ee — a. 
ge ee Lo a 


Example 18.64. iz, = 3-+ 51 and z2 = 1 — 3, compute z, + zo, 
2) — £2, £12, 21/29. 


Solutions. 
1p pe 5) eG — ed — 44 22. 
Zz) —we = (8 +62) — (1 — 31) = 2 + 8. 
ee ect) en) (Oa eS ee 
7 so P48 Cas) + Ot oe 12, 14. 


oe, ft ee, ea 0 SiGe 


LESSON 18C. Exponential, Trigonometric, and Hyperbolic Func- 
tions of Complex Numbers. If x represents a nea iuimber, 1.¢., Mae 
can take on only real values, then the Maclaurin series expansions (which 
you studied in the calculus) for e*, sin x and cos x are 


(18.7) e=1+— 


Hf 3! 
2 2 

(18.71) an — 2 Say aa , —~n <a n, 
oe 

(18.72) wr = loa tar , ~n rdw 


Each of these series is valid for all values of x, i.c., cach series converges 
for all x. If z represents a complex number, i.e., if z can take on complex 


values, we define 


2 3 
re Z Zz a 
3 5 
. Z Z 
(18.74) Sn 2 = a 31 -}- 5! rece 
2 4 
zZ rd 
(18.75) COS ¢ a OI -} 1! = 


It has been proved that each of these series also converges for all z. 


LL 
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Example 18.76. Find the series expansion for cos 2. 


Solution. By (18.75) with z = 7 and 12 = —1, we have 
: 1 if if 
(a) coed pending hep 


Note that cos 7 turns out to be a real number. 

By means of (18.73) to (18.75), we can prove the following identities. 
These are the ones you will meet most frequently, and the ones we shall 
need. 


(18.8) a. 

(18.81) Cie ee 

(18.82) e* = cosz + ising, 
(18.83) e** = cosz — ising, 
(18.84) sinz = 5; Cae 
(18.85) cosz = 4(e% + e—%), 
(18.86) e’ * OQ for any value of z. 


Proofs of (18.8) to (18.86). We give below an outline of the proofs of 
(18.8) to (18.86). Rigorous proofs would be beyond the scope of this text. 


Proof of (18.8). In (18.73) replace z by zero. 
Proof of (18.81). By (18.73) 


3 
ee on nie 


go es Tee eee ae 


Since each series also converges absolutely, we may multiply them to 
obtain 


Zz z z 2 
et beet (2+ a 
3 23 2 3 
Z) &) £2 2122 Z9 
+ (374 ay +B) 


=] 4 Mire (21 = ee 4 & as (se us (21 ae aes, 


= Prd aaa 
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Rahn of (18.82). Replace z by zz in (18.73). There results, with 


SO le 
= ive 


. 2,2 3,3 4,4 
iz 1Z 2 te ee 2 
€ ae RY pr 
2 “3 4 
; z 1z z 
le & ie te 


2? 24 ; 23 
_ (-F4+8+-) ib -F+-) 


= cosz+isinz [by (18.74) and (18.75)]. 


Proof of (18.83). Replace z by —7z in (18.73) and proceed as above. 
Or replace z by —z in (18.82) and then note by (18.74) and (18.75) that 
sin (—z) = —sinz,; cos(—z) = cosz. 


Proof of (18.84). Subtract (18.83) from (18.82) and solve for sin z. 
Proof of (18.85). Add (18.82) and (18.83) and solve for cos z. 
Proof of (18.86). By (18.81) and (18.8) 


ee? = ez t(—2) a2. 2? —- | 
Since the product e?e~* = 1, e* cannot have the value zero for any z. 


The combinations 


appear so frequently in problems that, for convenience, symbols have 
been introduced to represent them. These are 


(18.9) sinh z = — 
(18.91) a = ce, 

sinh z one 
(18.92) ienhi 2 cog GP eee 


These three functions are called respectively the hyperbolic sine, the 
hyperbolic cosine, and the hyperbolic tangent of z. 


EXERCISE 18 


]. Find the conjugate of each of the following complex numbers. (a) 1+. 
(b) 3. (c) —3t. (d) 5 — 6. (@ —2 (f) a. () 3 — 41. 
®. Find the absolute value of each of the complex numbers in 1 above. 
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3, Find Arg zand the polar form of z of each of the complex numbers in 1 above. 
4. Find the rectangular form of z, if its polar form is: 


(a) 2 (cos < + isin 5) : (c) V2 (cos a + isin $n). 
(b) 3 (cos = Hiei zy) (1) V3 (cos $x + isin $n). 
(c) 4(cos m -+ 7sin 7). (g) V/3 (cos $4 + isin $n). 
(d) 5 (cos a + 7sin = . 
5. Given 21 = —2-+i, 22=3—2%. Find: (a) a+. (b) 21 — 2. 


(c) 2122. (d) 21/22. 
6. If z; and zg are two complex numbers, prove: 


(a) z1 + zo = 2) + 22. Gwe = ae, 
OS = 21. (d) 21/22 = 21/22, 22 ¥ 0. 
7. With the help of 6, prove that if z1, z2, 23 are complex numbers and 
z2 = 2y22 + 21(22 + 23) + 21 + 22 — 23 + 21/22, 22 0, 
then 
2 = 2520 ee as ee Coe 23 21/20. 

Note. If you have proved 7, then you have proved that if z is obtained 

by adding, subtracting, multiplying, and dividing complex numbers 21, ze, 


z3, ‘++, then Z can be obtained by performing the same arithmetic operations 
ON 21; 22, 23,° °°. 


8. With the help of 7, prove that if ris a root of © 


(a) Gee,” ae ae ae ae a Q\xr ae ag = 0, 
then 7 is a root of 
(b) Gt” + Gaye") + ++» + aiz+ Go = 0. 


9. With the help of 8, prove that if the coefficients in 8(a) are real and r is a 
root of 8(a), then 7 is also a root of 8(a). Nore. If you have succeeded in 
proving 9, then you have proved the following very important theorem. If 
the coefficients in 8(a) are real, then its imaginary roots must occur in con- 
jugate pairs. 


10. Prove that the product of two conjugate complex numbers is a positive real 


number. 


ANSWERS 18 

Ge a eases 31. 6; = 9 
(2) —3 4 4 (c) 3. (dd) 5+ 6i = (e) —2 (ft) — 24. 

2. (a) V2.0 (b) 8. (e) 8.) VOT. Se) 2.) (ea: 

3. (a) rN ee isin ae 
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(b)o0, 3(cos 0° + @ sin 0°). 
37 3 

(c) = 3 (ie - + isin z) . 
(d) 309°48’, \/61 (cos 309°48’ + isin 309°48’). 
(e) x, 2(cos 7 + 7 sin wm). 

re T ats WT 

(f) ay 2 (cos ea asin & : 
(x) 283°8’, 5(cos 233°8’ + i sin 233°8’). 

4 (a) V2+%/2. (vb) —84+ V3. (2) —4. (dd) 5. 
=a <G) 9/31. .@ dv3 — dd. 

-“ari-«< S542 © 1 @ @ So 


LESSON 19. Linear Independence of Functions. The Linear 
Differential Equation of Order n. 
LESSON 19A. Linear Independenee of Functions. 


Definition 19.1. A set of functions f;(z), fe(x), +++, fn(x), each de- 
fined on a common interval J, is called linearly dependent on J, if 


there exists a set of constants cy, C2, °+°, Cn, not all zero, such that 
(19.11) eifi(x) + cofe(t) +--+ + enfa(z) = 0, 
for every xin J. If no such set of constants cj, C2,° °°, Cn exists, then the set 


of functions is called linearly independent. 


Definition 19.12. The left side of (19.11) is called a Linear combina- 
tion tof the set of functions f1(z), fo(z), --°, fn(2). 

Example 19.13. For cach of the following sets of functions, determine 
whether it is linearly dependent or independent. 


ta, —2e—ar ae, [eo @ ree. 
2a ee. Fang; ea Ome ei. 

2c) ae, pe G, Li =A So < 
ae’, Osos, 1, Il: —o < t << om. 


Solution. First we observe that all the functions in each set are 
defined on their respective intervals. Second we form for each set the 


linear combination called for in (19.1 OR . 
he linear combination of the set of functions 1n 1, equated to zero, 1s 


(a) eye ca(—2e) + 63(—cae" c4(4x) = 0. 


2 2 =e! me a 
We must now ask and answer this question. Does a set of c’s exist, not 
all zero, which will make (a) a true equation for every x mn the interval 
= ) 
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—» <2z < w? Rewriting (a) as 
(b) (c, — 2cy — 3c3 + 4c4)z = 0, 


we see immediately there are an infinite number of sets of c’s which will 
satisfy (b), and therefore (a), for every x in J. For example, 


(c) gy = 2, c=1, cz = 0, C4 = 0; 


Ci 3), oy == oe oo — Cp = 7 


are two such sets. Hence by Definition 19.1 the set of functions in 1 is 
linearly dependent. 
The linear combination of the set of functions in 2, equated to zero, is 


(d) €)x? + cox? = 0. 


If we assume x? and z? are linearly dependent functions in J, then by 
Definition 19.1, there must exist constants c; and cz both not zero such 
that (d) is an identity in z. Since c; and cg are not both zero, we may 
choose one of them, say c; * 0. Dividing (d) by c,x*%, we obtain 


(e) t= — 2, px¥q. 
C) 

The value of the left side of (e) varies with each z in the interval z > 0, 
xz <0. The right side, however, is a constant for fixed values of c,; and 
Co. Hence to assume that x”, x? are linearly dependent leads to a contra- 
diction. They must therefore be linearly independent. 

. The proof that the functions in 3, e?*, e?*, p ¥ qare linearly independent 
is practically identical with the proof that x? and x’, p ¥ q are linearly 
Norges It has therefore been left to you as an exercise; see Exercise 

ale 


The linear combination of the set of functions in 4, equated to zero, is 
(f) cye’ + co0 + cgsinz + c,-1 = 0. 


ee C; = C3 = cq = Oand cg = any number not zero. Then (f) will 
rea 


(g) O-e*+co-0+0-snzx+0-1=0, 


which is a true equation for every x in I. Hence the given set is linearly 
dependent. 


Comment 19.14. Whenever a set of functions contains zero for one 


of its members, the set must be linearly dependent. All you have to do is 


. choose for every c the value zero, except the one which is the coefficient 
of zero. 
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If a set of functions were selected at random, one could work a long time 
trying to find a set of constants c;, cg, +--+, ca, not all zero, which would 
make (19.11) true. However, a failure to find such a set would not of 
itself permit one to assert that the given set of functions was independent, 
since the possible values assignable to the set of c’s are infinite in number. 
It is conceivable that such a set of constants exist, not easily discoverable, 
for which (19.11) holds. Fortunately there are tests available to deter- 
mine whether a set of functions is linearly dependent or independent. A 
discussion of these tests will be found in Lesson 63B and Exercise 63,5. 

You may be wondering what linear dependence and linear independence 
of a set of functions has to do with solving a linear differential equation of 
order n. It turns out that a homogeneous linear differential equation has 
as many linearly independent solutions as the order of its equation. (I*or 
its proof, see Theorems 19.3 and 65.4.) If the homogeneous linear differ- 
ential equation, therefore, is of order n, we must find not only n solutions 
but must also be sure that these n solutions are linearly independent. 
And as we shall show, the linear combination of these n solutions will be 
its true general solution. For instance, if we solved a fourth order homo- 
geneous linear differential equation and thought the four functions z, —2z, 
—3x, 4x in Example 19.13-1 were its four distinct and different solutions, 
we would be very much mistaken. All of them can be included im the one 
solution 7 = ex. Hence we would have to hunt for three more solutions. 
On the other hand, the functions 7 and a”, which we proved were linearly 
independent (see Example 19.13-2 with p = 1, q = 2), could be two dis- 
tinct solutions of a homogeneous linear differential equation of order two. 
In that event, the linear combination c;z + cox” would be its general 
solution. 

Hence in solving an nth order homogencous linear differential equation, 
we must not only find n solutions, but must also show that they are 


linearly independent. 


LESSON 19B. The Linear Differential Equation of Order rn. 
We have already defined in 18.1 the linear differential equation of order 7. 
In connection with this equation, there are two extremely tmportant 
theorems. The proof of the first one, Theorem 19.2 below, 1s too com- 
plicated to be given at this stage and would only lead us too far afield. 
In order, therefore, not to delay the study of methods of solving nth 
order linear differential equations more than necessary, we have post- 
poned its proof to Lesson 65. The proof of the second one, however, 


Theorem 19.3 below, is given in this lesson. 


- fu(x) and Q(x) are each continuous 


4 A om «1922. yl ay) (ee 
Theorem 19 f Jol) Ii ~ 0 when x is in T, then 


functions of x on a common interval I, and f(x) 
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the linear differential equation 

(19.21) fa(zyy™ + fai@)y” ? +--+ + fil@y’ + foley = Y@) 
has one and only one solution, 

(19.22) y = y), 

satisfying the set of initial conditions 


C1023 er) 45, oe a, y®—) (19) = Yn—1; 


where r9 is in I, and Yo, Yi, °**, Yn—1 are constants. 

This theorem is an existence and a uniqueness theorem. It is an existence 
theorem because it gives the conditions under which a solution of (19.21) 
satisfying (19.23) must exist. It is also a uniqueness theorem because it 
gives conditions under which the solution of (19.21) satisfying (19.23) is 
unique. As remarked previously, the proof of this very tmportant theorem 
has been postponed to Lesson 65; see Theorem 65.2. 

Right now we shall content ourselves with the proofs of three important 
properties of linear differential equations that we shall need for a clearer 
understanding of the remaining lessons of this chapter. These properties 
are incorporated in the following theorem. 


Theorem 19.3. If fo(x), fi(), ++ +, fn(x) and Q(x) are each continuous 
functions of x on a common interval I and f,(x) * 0 when x is in I, then: 


1. The homogeneous linear differential equation 

(19.31) fa(x)y™ + far(eyy™ P + +++ + filz)y’ + folx)y = 0 
has n linearly independent solutions y,(x), y(t), +++, Yn(2). 
2. The linear combination of these n solutions 

(19.32) Yet) = €1y)(t) + coye(z) + +++ + cayn(2), 


where Cc), C2,+*+, Cy 28 a set of n arbitrary constants, 1s also a solution of 
(19.31). It is an n-parameter family of solutions of (19.31). (We shall 
explain later the significance of the subscript c in y-.) 


3. The function 
(19.33) ye) = yelx) + yp(2), 
where y-(x) is defined in (19.82) and yp(x) is a particular solution of the 


nonhomogeneous linear differential equation corresponding to (19.31), 
namely 


(19.34) fury + faa(e)y™—P + + + fAi@y’ + folzy = Qa), 


1s an n-parameter family of solutions of (19.34). 
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Proof of 1. We shall, for the present, limit the proof of 1 to the special 
ease where the coefficients fo(r), ---, fn(z) are constants. The proof will 
consist in actually showing, in lessons 20 to 22 which follow, how to find 
these n linearly independent solutions. The proof, for the case where the 
coefficients are not constants, has been deferred to Lesson 65, Theorem 65.4. 


Proof of 2. By hypothesis each function y;, yo, ---, Yn is a solution 
of (19.31). Hence each satisfies (19.31). This means, by Definition 3.4 
and the Remark at the bottom of page 22, that 


@) f@y” +Ri@yi°-) +=-+fi@ui' +f@y = 0, 
fa(z)yo™” + fa—i(z)yo™—? +--+ + Sfilz)ye’ + folz)y2 = 90, 


ee fe 8 ee Jar ieee, ee ete ee ee emOn es 6 # rer cee see aee | is) ie) a Cen eh Oe! 


Sr(z)yn + fairy? +++ + Si(z)yn’ + folz)yn = 0. 


Multiply the first equation of (a) by c;, the second by co, ---, the last by 
Cn, Where ¢), Co, °-*, Cn are n arbitrary constants, and add them. The 


result is 


(b) coeur zig coy” Peete aun | 
aye Kenta lae ala co: ia ap = on | peas 
+ fo(x)lery1 + cove +-++ + Cn¥nl = 0. 


This last equation can be written as* 
(c) frlx)lery: + coy2 + °° + enyl™ 


7 Troatelew Sr en tate a Cra =e Ge 
+ fo(x)leiy = epee ie Ca¥nl —-(e 


By (19.32) each quantity inside the brackets is y-. Hence (c) 1s 
(d) (Kone tee fol 9, 


which says that y¢ satisfies (19.31). It 1s therefore a solution. Since it 1s 
a linear combination of n independent solutions and contains 7 parameters, 
it, is an n-parameter family of solutions. 


Proof of 8. By hypothesis, Yp is a particular solution of (19.34). 
Hence, by Definition 3-4, 


© tee” —paiwowe” eee foe Q(x). 


*For example, 


ule) + te) du(x) d?v(z) x iu +r) Eas: 


2 
dx? dc? dx 
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Adding (d) and (e) we obtain 


(f) CoG)? OO Gees) 
+++-+ fo(x)(Ye + Yr) = QC). 


This last equation says that (y. + yp) satisfies (19.34) and is therefore a 
solution. Iurther, since y = ye + yp contains n parameters, it Is an 
n-parameter family of solutions of (19.34). 


Definition 19.4. The solution y,(z) in (19.32) of the homogeneous 
equation (19.31) is called the complementary function of (19.34). 
Hence the use of the subscript ¢ in y,(z). 


Remark. The subscript p in y,(x) of (19.33) is used to distinguish it 
from the y, part of the n-parameter family of solutions. 


Comment 19.41. We shall prove in Lesson 65, see Theorem 65.5, 
that the function y,(x) of (19.32), which is an n-parameter family of solu- 
tions of (19.31), is in fact its true general solution in accordance with our 
Definition 4.7. very particular solution of (19.31) can be obtained from 
it by properly choosing the n arbitrary constants. We therefore shall refer 
to this n-parameter family of solutions as a general solution. We infer fur- 
ther from this theorem that if one person has obtained the n independent 
solutions yi, Y2,** +, Yn (whose linear combination is the general solution) 
by using one method, then it is not possible for a second person using an- 
other method to find a general solution which is essentially different 
from it. The second person’s solution will be obtainable from the first by 
a proper choice of the constants ¢,, C2, «++, Cn in (19.32). 

A similar statement can be made for the function y(r) in (19.33). The 


proof will be found in Theorem 65.6. We shall therefore refer to it as the 
general solution of (19.34). 


EXERCISE 19 


1. Prove that if p # q, the functions e?? and e@ 
Hint. Follow the method used in proving 
functions in Example 19.13-2. 

2. Prove that the functions e? and re 


use of Example 19.13-2 with p= 
all z. 


are linearly independent. 
the linear independence of the 


are linearly independent. Hint. Make 
0. ¢ = 1, and the fact that e? ¥ 0 for 


3. Prove that the functions sin zr, Q, cos x are linearly 


dependent. 
4. Prove that the functions 3e2* and —2¢e22 / 


are linearly dependent. 
It is extremely important that you prov 

7 below. 

19.3, 


: e the statements in Exercises 5 to 
Follow the method used to prove statements 2 and 3 of Theorem 


o. If yp is a solution of 


(19.5) Pale Ol > te f(y Se fa aie Q(z), 
then Ay, 


is a solution of (19.5) with Q(z) replaced by AQ(z). 


area =9 Oo a Oe * 
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6. Principle of Superposition. (Also see Comment 24.25.) If yp, isa solution 
of (19.5) with Q(z) replaced by Q1(z) and Yp 18 & solution of (19.5) with 
Q(z) replaced by Qo(z), then yp = yp, + yp, is a solution of 

ful@y? sb fig + fob)yo=— Gul Qo). 
« Wgp(t) = ule) + w(z)is a solution of 


7 


(19.51) Poe” oop f@yet fey =) + (2), 
where fo(x),°°°, fr(z) are real functions of z, then 
(a) the real part of yp, 1.c., u(x), 1s a solution of 


meg + > ely Flee = Aa), 
(b) the imaginary part of yp, i-e., v(z), 1s a solution of 
fr(x)y +--+ filr)y’ + folz)y = S(z). 


Hint. Two complex numbers are equal if and only if their real parts are 
equal and their imaginary parts are cqual. 

8. Assume that y, = 22 is a solution of y+ y’ — 2y = 2(1 + # — co) 
Use 5 above to find a particular solution of y” + y’ — 2y = 60 + 2 — i) 
Answer: yp = 3x2. Verify the correctness of this result. 

9. Assume that yp, = 1 + 27 is a solution of 


GO ae Veena 
and yp, = ¢€7* is a solution of 
y” = y' y= Qeae 


eels SlOve tovindl a pectigular®olution of gy’ —y + y= z+ 3¢?F, 
Rewer ys = | a + e2*, Verify the correctness of this result. 

10. Assume that yp = (py cosz — Fysin z) + iGo sine + +55 cos 2) is a solu- 
tion of y” — 3y’-+ 2y = ef = cosz isinz. Use 7 above to find a 
particular solution of (a) y!’ — 3y’ + 2y = cos, (b) y” — 3y’ + 2y = 
gece Ame (ale (Th= 75 COS — 3 sin x. (b) y(z) = zo sin e+ zy COS =. 
Verify the correctness of each of these results. 

11. Prove that two functions are hnearly dependent if one is a constant multiple 
of the other. ; 

12. Assume fy, fe, f3 are three linearly independent functions. Show that the 
addition to the set of one of these functions, say f1, makes the new set linearly 


dependent. 
13. Prove that a set of functions fi, f2, °° 
functions of the set are the same. 
1% Prove that asct of functions, fi, f2, - 
i.c., if a part of the set, is linearly dependent. 


-, fn is linearly dependent if two 


- +, fn, is linearly dependent, if a subset, 


LESSON 20. Solution of the Homogeneous Linear Differential 
Equation of Order n with Constant Coefficients. 


LESSON 20A. General Form of Its Solutions. In actual practice, 
equations of the type (19.31), where the coefficients are functions of x 
with no restrictions placed on their simplhierty or complexity, do not 
usually have solutions expressible in ternis of elementary funetions. And 


f —— ti 
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even when they do, it is in general extremely difficult to find them. If, 
however, each coefficient in (19.31) is a constant, then solutions in terms 
of elementary functions can be readily obtained. For the next few lessons, 
therefore, we shall concentrate on solving the differential equation 


(20.1) any” + any" + +--+ ary’ + aoy = 0, 


where do, @1, °°: , @n are constants and a, = 0. 
Without going into the question of motivation, let us guess that a 
possible solution of (20.1) has the form 


(20.11) y = em, 


We now ask ourselves this question. I’or what value of m will (20.11) be 
a solution of (20.1)? By Definition 3.4, it must be a value for which 

qd” gz! d 
9) 9 oe Ine MI ae ee Bm ME 
(C20 a aa ° + an_1 on te + ay, an & + age’ = 0. 


Since the kth derivative of e’"* = m*e”*, we may rewrite (20.12) as 
(2043) age = am” eo" = ag me = ae = 


By (18.86), e"* = 0 for all m and x. We therefore can divide (20.13) by 
it to obtaim 


(20.14) anm” + a,p_ym™"! + --- + aym + ag = 0. 


We at last have the answer to our question. Each value of m for which 
(20.14) is true will make y = e” a solution of (20.1). 

But (20.14) is an algebraic equation in m of degree n, and therefore, by 
the fundamental theorem of algebra (see Theorem 18.23), it has at least 
one and not more than n distinct roots. Let us call these n roots m, 
m2, *-", Mn, Where the m’s need not all be distinct. Then each function 


20.15 Sgrae 
( ) Ye eee Yo = e™27 cee i, = er 


is a solution of (20.1). 


Definition 20.16 Equation (20 . 
a 20.14 aoe 
equation of (20.1). ) is called the characteristic 
Note. The characteristic equation (20.14) is Basily obieanable from 


(20.1). Replace y by m and the 
é order of : . 
equal exponent. r of the derivative by a numerically 


In solving the characteristic 
Ins aus equat 4 : 
i Mgatenicn quation (20.14), the following three pos- 
1. All its roots are distinct and real. 
2. All its roots are re 


al but some of it 
3. All its roots are in its roots repeat. 


laginary. 


= 9 
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We shall discuss each of the above three possibilities separately. Other 
possibilities may also occur as, for example, when all roots are distinct 
but some are real and some are imaginary. It will be made apparent 
why such other possible combinations do not require special consideration. 


Remark. We have already commented, see Comment 18.26, in regard 
to the difficulty, in general, of finding the n roots of the characteristic 
equation (20.14). If an equation of this type, of degree greater than two, 
were written at random, the probability is very high that it would have 
irrational or complex roots which would be difficult and laborious to find. 
Since this is a differential equations text and not an algebra text, the 
examples used for illustration and exercises have been carefully chosen 
so that their roots can be readily found. In practical problems, however, 
finding the roots of the resulting characteristic equation may not be and 
usually will not be an easy task. We cannot emphasize this point too 
strongly. 


LESSON 20B. Roots of the Characteristic Equation (20.14) Real 
and Distinct. If the 2 roots m,, me, --:, m, of the characteristic 
equation (20.14) are distinct, then the x solutions of (20.1), namely, 


MoI Myr 
’ 


(20°72) a= eee ea 


are linearly independent functions. (For proof when n = 2, sec Isxercise 
19,1. For proof when n > 2, sec Ixample 64.2.) Hence by Theorem 
19.3 [see in particular (19.32)] and Comment 19.41, 

(20.21) oN ae Wide =| ae 

is the general solution of (20.1). 

Example 20.22. ind the general solution of 
(a) gt A y" — By iy = 0. 

Solution. By Definition 20.16, the characteristic equation of (a) 1s 
(b) m + 2m? =m poe—=e 5 
whose roots are 
(c) my =i, ne) ia —2. 
Hence by (20.21) the general solution of (a) Is 
(d) Wo cye" -+ exe a sen o™ 
Example 20.23. ind the particular solution y(x) of 


(a) y = 3y' 27 = 9, 


for which y-(0) 1.0) = 0. 


Aa ———, 
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Solution. By Definition 20.16, the characteristic equation of (a) is 
(b) m? — 3m+2= 0, 
whose roots are 
(c) m=i1, m= 2. 
Hence by (20.21) the general solution of (a) is 
(d) Yo = ce? + coe?*. 
By differentiation of (d), we obtain 
(c) yo! = ce” + coe". 


Substituting the given initial conditions z = 0, yo = 1, ye’ = 0 in (a) 
and (e), there results 


(f) 1 = c, + C2, 

0 = c, + 2co. 
Solving (f) simultaneously for c; and cg, we find cy = 2, cg = —l. 
Substituting these values in (d), we obtain the required particular solution 
(g) y = 2e7 — e?*, 


LESSON 20C. Roots of Characteristic Equation (20.14) Real but 
Some Multiple. If two or more roots of the characteristic equation 
(20.14) are alike, then the functions (20.15) formed with each of these n 
roots are not linearly independent. For example, the characteristic equa- 


tion of 

(a) seh) 
is 

(b) m* — 4m +4 = 0, 


which has the double root m = 2. It is easy to show that the two func- 
tions y,; = e** and y = e** are linearly dependent. Form the linear 


combination 
(c) cye?* + coe?* = 0 
and take ¢, = 1, cp = —1. Hence the general solution of (a) could not 


= ot 2 5 
be y = ce" + cge**, (Remember, a general solution of a second order 
linear differential equation is a linear combination of two linearly inde- 
pendent solutions.) Actually we can write the solution as 


(d) 
i 


= 2 
Tie Cy (Cie ts C2)e?* = ce**, 
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from which we sce that we really have only one solution and not two. 
We must. therefore search for a second solution, independent of e7*. 

To generalize matters for the second order linear differential equation, 
we confine our attention to the equation 


(20.3) y’’ — 2ay’ + a*y = 0, 
whose characteristic equation 
(20.31) m? — 2am +a? = 0 


has the double root m = a. Let 
(20.32) Yo = ue®, 


where u is a function of x. We now ask ourselves the usual question. 
What must wu look like for (20.32) to be a solution of (20.3)? We know, 
by Definition 3.4, that (20.32) will be a solution of (20.3) if 


(20.33) (we®)’’ — 2a(ue**)’ + adic). = 0: 
Performing the indicated differentiations in (20.33), we obtain 
(20.84)  e*(u’’ + 2au + a2u — 2au’ — 2a7u + au) = 0, 


which simplifies to 


(20.35) ety!’ = 0. 

By (18.86), e*” # 0. Hence, (20.35) will be true if and only if 
(20.36) uo 0. 

Integration of (20.36) twice gives 

(20.37) uw = Ci + Cox. 


We now have the answer to our question. If, in (20.32), u has the value 


(20.37), shen 
(20.38) ye = (e, + cotje™ 


will be a solution (20.3). It will be the general solution of (20.3) provided 
the two functions e** and ze are linearly independent. The proof that 
they are indeed linearly independent was left to you as an exercise; see 
Exercise 19,2. Henee by Theorem 19.3 and Comment 19.41, (20.38) 
‘s the general solution of (20.3). -_ . 

r In al ‘4 can be shown that if the characteristic equation (20.14) 


f ‘mes, then the general solution of 
has a root m = a, which repeats m times, the geners 


(20.1) is 


ee Ath n—I ax 
(20.4) ye = (c, 1 Cat ‘eg +- cae” de 


gy” ; 
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And if, for example, the characteristic equation (20.14) can be written in 
the form 


(20.41) m?(m — a)?(m + b)*(m + c) = 0, 
which implies that its roots are 
m = 0 twice, m = a three times, m = —b four times, m = —c once, 
then the general solution of its related differential equation is 
(20.42) ye = c1 + cox + (cg + cax + c52”)e™ 
+ (cg + cx + cgz? + cox*)e~* + cy oe. 


Observe that with each n-fold root p, e?* is multiplied by a linear com- 
bination of powers of x beginning with z° and ending with 2*7?. 


Example 20.43. Find the general solution of 
(a) y\? — By" + 2y’= 0. 
Solution. The characteristic equation of (a) is 


(b) m* — 3m? + 2m = 0, 


whose roots are 
(c) ne 0, 1 i=l, m= —2. 
Since the root 1 appears twice, the general solid of (a), by (20.42), is 
(d) Ye = Cy + (Co + cgx)e* + cae 2". 
Example 20.44. Find the particular solution of 
(a) Vi 20 — 0) 
for which y.(0) = 1, y.’(0) = 0. 


Solution. The characteristic equation of (a) is 


(b) m? —2m+1= 0, 

Whose roots are m = 1 twice. Hence th 

ae e the general solution of (a), by 
(c) Yo = (cy + cox)e”. 

Differentiation of (c) gives 

(d) 


Ye = (Cy + co + cox)e?. 
a 


‘ 9 
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To findethe particular solution for which + = 0, y% = 1, ye’ = 0, we 
substitute these values in (c) and (d). The result is 


(c) l= C1, 
OS Ce: 
The simultaneous solution of (e) for c,; and cg gives c, = 1, co = —1. 


Substituting these values in (c), we obtain the required particular solution 
(f) a — ee 


LESSON 20D. Some or All Roots of the Characteristic Equation 
(20.14) Imaginary. If the constant coefficients in the characteristic 
equation (20.14) are real, then (see Exercise 18,9) any imaginary roots it 
may have must occur in conjugate pairs. Hence if a + 78 is one root, 
another root must be a — if. Assume now that a + 78 and a — 78 are 
two imaginary roots of the characteristic equation of a second order linear 
differential equation. Then its general solution by (20.21) is 


(20.5) ae cyelatios 4 cole ib 
a A aed Ss ap me 
= e%*(cy'e'F* As gio Py 

By (18.82) and (18.83) 


@0.51) e8t — cos Bx + 1 81n Br; e 8? = cos Bx — 1sI1n Br. 


Substituting (20.51) in the last equation of (20.5) and simplifying the 


result gives 
(20052) |e Mei as €,') COS Par aee(c; — oy uerall 


ant c,;/ + c2’ by a new constant c; and the con- 


We now replace the const 
Then (20.52) becomes 


stant i(c;’ —- ¢2') by a new constant Co. 
(20,63) Va ¢ (c; Bx + co sin Bx), 


which is a second form of the general solution (055): 
A third form of writing the general solution (20.5), more useful for 


‘ a 
od as is 1 valit 
practical purposes, Is obtained as follows. Write the equality 


(20.54) ¢) eos) Pre ce sin Bx 
— a al ie C2 0 ; 
4/62 © 62? ag Sree pe rn sin 6x) 
/e12 + 02° s/cy +e 
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2 
fe 
ornee 
Cy 


Co 
Figure 20.55 


We see from Fig. 20.55 that 


(20.56) sn 6 = —————— » C6s6 
Wei 1 eo Vc12 + Co? 


The substitution of these values in the right side of (20.54) gives 


(20.57) 
c, cos Bx + cosin Br = Vc,2 + co? (sin 6 cos Bx + cos 6 sin Bz) 


= Vc 2 + co? sin (Bx + 54). 


Prove as an exercise that if we had interchanged the positions of c, 
and cg in Fig. 20.55, equation (20.54) would have become 


(20.58) 
€; cos Bx + Co Sin Bx = Vcy? + ce? (cos 6 cos Bx + sin 6 sin Bz) 


= Vc;? + co? cos (Bx — 4). 


Replacing in (20.57) and in (20.58) a new constant c for the constant 


s/c," + co”, we may write the general solution (20.53) in either of the 
forms 


(20159), -/e = ce" Sin (G2 1 6) or Ye = ce“ cos (Bx — 4). 
Nore. The 6 in the first equation is not the same as the 6 in the second 


equation. 


Hence in the case of complex roots, the general solution of a linear 
differential equation of order two, whose characteristic equation has the 
conjugate roots a + 61 and a — Bi, can be written in any of the following 


forms: 

(20.6) (a) Yo = cet ip)2 aE; Oa 
(b) yo = e**(c, cos Bx + cg sin Bz), 
(Cy, — ce Scim(pr = 5), 
(cd). eee cos (cn 5). 


The significance of the two arbitrary constants c and 6 which appear in 
(20.6) (c) and (d) will be discussed in Lesson 28. 


Lesson 20D Roots IMAGINARY 219 


Example 20.61. Find the general solution of 
(a) yf = 2) + 2y= 0. 

Solution. The characteristic equation of (a) is 
(b) m? — 2m +2 = 0, 


whose roots are 1 + 1. Hence in (20.6), a = 1, 8 = 1. The general 
solution of (a), therefore, can be written in any of the following forms: 


(c) a eje0e a. Ce 
Ye = @ (C; Gos x -+ cotsin 2), 
Y= Ge sma | 0); 
ee ce” cas (i — 5). 
If the linear differential equation 
(20.7) aay"? + agy!’ + aoy” + ary’ + aoy = 0, a4 ¥ DO, 


has a conjugate pair of repeated imaginary roots, iec., if a +76 and 
a — 18 each occurs twice as a root, then by (20.38) the general solution 
of (20.7) is 


(20.71) ye= (1 + cox)e*t®? +. (cz + cane, 
The equivalent forms are 
(20.72) Yo = e*((c, + Cex) cos Bx + (cz + c4x) sin Bz}, 
Yo =F (cr Sime 51) + cox sin (Bx + 52)], 
woe “aecos:(82 = 51) + cox cos (Bx — 5o)]. 
Example 20.73. Find the general solution of 
(a) y 4- 2y" + 1 = 0. 
Solution. The characteristic equation of (a) is 
(b) m! + 2m? +1 = 0; (m? + 1)? = 0, 


whose roots arc m = 41 twice. Hence in (20.71) and (20.72) a= 0 
6 = 1. The general solution of (a) therefore can be written in any of the 


following forms: 
iz 


(c) ee (er Cox)e® + (cs + cate”, 


(c; + cox) Cos x + (eg + ¢4x) sin 2, 


ve = 
yo = Cy Gin (x +- 61) + Cex sin (x + 542), 
yo = ¢, c@ (x — 6,) + Cgx cos (x — 49). 
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Example 20.74. Find the general solution of 


(a) yy” — 12y" + 22y’ — 20y = 0 
Solution. The characteristic equation of (a) is 
(b) m>? — 8m? + 22m — 20 = 0 


whose roots are 2, 3 +1. The general solution of (a), therefore, can be 
written in any of the following forms: 


(c) Yo = Cie. ae Ce SE oe 
Yo = €e** + e**(co cos x + c3 sin a) 
Yo = ce” + cye** cos (x — 8), 
yo = Cie" = ene" sin (7 8). 


EXERCISE 20 


Find the general solution of each of the following equations. 


1. y+ 2y' = 0. 5. 6y"” — lly’ + 4y = 0. 

2. y"” — 3y' + 2y = 0. Ge! oee— 7 a 

2y' —y = 0. oy" + y” — 10y’ — by = 0. 
4. ye _ y” a 6y’ = 0. 8. y® — ae —_ 4y” - 4y’ — 0 


9, y) + 4y!”" ae y”" = 4y! = Oy =) 
10. y) — a*y = (0, a> 0. 115%. oo =o By” aie y! =F 


= 0. 
lly” — 2ky’ — 2y = 0 160 = ee ’ 
" : - Y 6y -+ 12 = 8 =" 0. 
2. y + thy’ ae 12k2y == (0). 17. dhe a 2ay’ a - = ne 
We y) = 0. 18. y + ay” =e 0. 
14. y+ 4y’ + 4y = 0. 19. 6 —.ay" = 0. 


20. y@) + dy” — iy — 12y’ + 36y = 0. 
21. 36y) — 37y” + 4y/ + 5y = 0. 26. y”’ — 4y’ + 20y 


“ae uy? — 8y" + loye=" Q, 24; y) + 4y!" + ia i 
23. y — ay’ + by = 0. Mo” 8 =O 
24. y"” — y+ y = 0. 29. y) 4 dy” = 0 

25, yh) + Bane Oy) — 0); 30. y>) Je Qy!”" ae A = 6 


For each of the following equations find a particular solution which 
satisfies the given initial conditions. 


31. y” = 0, y(1) a 


= as 4y! + 4y = 0, y(0) =1, y'(0) = 1. 
a ae ey Sy = 0, y(0) = 2, y(0) = 4, 
35. ’ ee ag 20y = 0) y(m/2) = Q, y' (2/2) = 0 

- oY oy ty — Y =F 90) = 0, y’(0) = 1, y’’(0) ee 

ANSWERS 20 

1 — —2z 

2 ; = ae Or Se ee 
a= ‘ i Coe, D. Y = cje™ + poei73 

— et - —r e 
1 (Cole Ts 6. a cyel“1 + y2)z 4 coe(—1-V2)z, 


a 
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Ty = 1037 + coel—2 tv?) 4 ege(-2-v2)2, 

8. y = cy t coe? + 03077 + c4e77?. 

G5 y= ere vege cgel—2 NO? 4 egg Pav Pde, 
10.4 = cyeve? {oni +c¢3cos\/ar+c4sin Vaz. 
Ll. y = cyeh tv? t2)2 4 coeth NEF +2) 2 
12. y = cye~* + coe?**. 16. y = (c1 + cox + c3x7)e?* 
We. = c1 + cox + caa® + caa®. 17. y = (cr + coz)e™. | 
14. y = (ce, + cox)e~**. 18. y = cr + cox + cgx? + cae-37. 
ie gy = oe + (os eae. 19. y = crtcort cge¥?* + cge—V¥2", 
20. y = (c1 + cox)e?* + (c3 + caz)e—3". 
21. y = cyem* + coe?/? + cge9/6 + cge7*/. 
22. y = (c1 + coxe?? + (cg + car)e7**. 
23. y = é7(c) cos2e-+ co sin 2z). 

y4vBi 134 

Reye= ae 2 ~ + ce 2 = e © cos se © > @agsin sad :) 
25. y = c, cos V3 2+ co sin J/3r+c3c0s M224 c4sin V2 2. 
26. y = e2"(c) cos 4z + co sin 4z). 
Pe y= (c, 4 coe pees 222 (ca + caxsin V2 2. 
28. y = cye~2* + e? [co cos V3 xz + ¢3 Sin a/ ora 
29. y = cy + cor + c3 cos 2x 4+ 4 sin 22. 
30. y = c1 + cosinr + c3cosz “| ear sin v + c5r COS Z- 
Mog — 3 — z. 
32. y = (14+ 3z)e—*". 
33. y = e7(2 cos 2x + sin jae 
36 y = 4e?"—" sin dc. 


: — € a e 
Bm ype = £24 
rei. a ae 


LESSON 21. Solution of the Nonhomogencous Linear 
Differential Equation of Order n with 


Constant Coefficients. 


LESSON 21A. Solution by the Method of Undetermined Coeffi- 
By Theorem 19.3 and Comment 19.41, the general solution of 


cients. 

the differential equation 

(21.1) aay + eo SO ayy’ + aoy = Q(z), 
where a, ~ Oand Q(z) #0 inan interval J, is 

(21.11) y(c) = yet) + Yp(), 


the complementary function, is the general solution of the 


where ye(), 
f (21.1) and Y(t) 18 a particular solution 


related homogencous equation 0 


td —— its 
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of (21.1). In Lesson 20, we showed how to find y,. There remains the 
problem of finding yp. 

The procedure we are about to describe for finding y, is called the 
method of undetermined coefficients. It can be used only if Q(z) 
consists of a sum of terms each of which has a finite number of linearly 
independent derivatives. This restriction implies that Q(x) can only con- 
tain terms such as a, x*, e®”, sin ax, cos az, and combinations of such 
terms, where a is a constant and k is a positive integer. See Exercise 21,2. 
I‘or example, the successive derivatives of sin 2x are 


2 €0s 20,4 sin 20, —9 COs 27, etc. 


However, only the set consisting of sin 2x and 2 cos 2z is linearly inde- 
pendent. The addition of any succeeding derivative makes the set linearly 
dependent. Verify it. The linearly independent derivatives of x? are 


SOO. 


The addition to this set of the next derivative, which is zero, makes the 
set linearly dependent. See Comment 19.14. However the function camer 
for example, has an infinite number of linearly independent derivatives. 

To find y, by the method of undetermined coefficients, it is necessary 
to compare the terms of Q(x) in (21.1) with those of the complementary 
function y.. In making this comparison, a number of different possibilities 
may occur, each of which we consider separately in the cases below. 


Case 1. No term of Q(x) in (21.1) ts the same as a term of y-. In this 
case, a particular solution yp of (21.1) will be a linear combination of the 
terms in Q(z) and ail its linearly independent derivatives. 


Example 21.2. Vind the general solution of 
Gy  * y’ + 4y’ + 4y = 42? + Ge, 
The complementary function of (a) 1s 
(b) 17 (Cyeeoniee 


(Verify it.) Since Q(x), which is the right side of (a), has no term in common 
with Ye this case applies. A particular solution Yp Will therefore be a 
linear combination of Q(x) and all its linearly independent derivatives. 
These are, lgnoring constant coefficients, x”, z, 1, e*. Hence the trial 
solution yp must be a linear combination of these functions, namely 


(c) Yp = Ax? + Br t+ Or De, 
where #8) B,C Deere to be determined. Successive derivatives of (c) are 
(d) Yp = 2Axr+ B+ De’, 


(c) Yp'’ = 2A + De®. 


Lesson 2] A Mertuop oF UNDETERMINED COEFFICIENTS 223 


As we have repeatedly remarked, (c) will be a solution of (a) if the sub- 
stitution of (c), (d), and (ce) in (a) will make it an identity in x. Hence 
(c) will be a solution of (a) if 


(f) 2A + De? + 4(2Ar + B+ De?) 
SACAg ee CC De =e 
Simplification of (f) gives 


(g) 44x? 4+ (84 + 4B)z + (2A + 4B 4+ 4C) + 9De? = 42? + Ge”. 


We now ask ourselves the question: What values shall we assign to A, B, 
C, and D to make (g) an identity in x? We proved in Example 19.13, 
that x, z? are linearly independent functions. The proof can be extended 
to show that r°, z, x? are also linearly independent functions. Hence the 
answer to our question is: values which will make each coefficient of like 
powers of x zero. This means that the following equalities must hold. 


(h) 4A = 4, 
8A + 4B = 0, 

94 + 4B aC = 0, 

9D = 6. 


Solving (h) simultaneously, there results 

(i) A=); n= 2 C=, Dr}: 
Substituting these values in (c), we obtain 

(j) yp =P? — WHET E, 


which is a particular solution of (a). Hence by (21.11), the general solu- 
tion of (a) is (b) + (j), namely, 


(k) y = (cy + conde? + 2° — 2 +3 t Fe. 
Example 21.21. Vind the general solution of 
(a) y” — 3y' + 2y = Or NES Sn 
Solution. The complementary function of (a) is 
(b) a — one cxe™. 
which is the right side of (a), has no term 1n com- 


will be a linear combination of Q(z) 
ves. These are, ignoring constant 


(Verify it.) Since Q(x), 
mon with y-, a particular solution Yp 
and all its linearly independent derivatt 
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coefficients, xe?*, e**, sin x, cos x. Therefore the trial solution yp must be 
of the form 


(c) Yp = Axe®* + Be** + Csinx + Doosz. 
Successive derivatives of (c) are 


(d) Yp = 3Axe®* + Ae?* + 3Be** + Ccosx — Dsing, 
(e) Yp' = 9Axe** + 6Ae** + 9Be** — Csinx — Deosz. 
The function defined by (c) will be a solution of (a) if the substitution of 


(c), (d), and (e) in (a) will result in an identity in x. Making these sub- 
stitutions and simplifying the resulting expression, we obtain 


(f) 2Axe** + (3A + 2B)e?* + (C + 3D) sinz 
+ (D — 3C) cosz = 2xe** + 3 sin x. 


Equation (f) will be an identity in x if the coefficients of like terms on 
each side of the equal sign have the same value. Hence we must have 


(g) 2A = 2 
3A + 2B = 0, 
C+ 3D = 3, 
—3C + D=0. 


Solving (g) simultaneously, there results 


(h) Aes, B= —3, C= x, D= >. 
Substituting these values in (c), we obtain 
(1) Yp = xe? — Ze7® + BS sing + 2X cosz. 


Hence by (21.11) the general solution of (a) is (b) + (1), namely 
(J) y = eye" + coe** + xe** — $697 4 9 sing + 8 cos x. 


Case 2. QQ) wm (21.1) contains a term which, ignoring constant coeffi- 
cents, is x* times a term u(x) of yc, where k is zero or a positive integer. 
In nes case a particular solution y, of (21.1) will be a linear combination 
orm “u(z) and all its linearly independent derivatives (ignoring constant 
coefficients). If in addition Q(x) contains terms which belong to Case 1 
then the proper terms called for by this case must be included in Ue 


Example 21.3. Find the general solution of 


” yl" — By! + By = 2x? + 367, 
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Solution. The complementary function of (a) is 
(b) ye =woie™ + cov™. 


(Verify it.) Comparing Q(x), which is the right side of (a), with (b), we 
see that Q(r) contains the term ¢?* which, ignoring constant coefficients, 
is x° times the same term in y,. Hence for this term, yp must contain a 
linear combination of r°t1e?? and all its linearly independent derivatives. 
Q(x) also has the term x? which belongs to Case 1. For this term, there- 
fore, yp must include a linear combination of it and all its linearly inde- 
pendent derivatives. In forming the linear combination of these functions 
and their linearly independent derivatives, we may omit the function ad 
since it already appears in y-; see Exercise 21,1. Hence the trial solution 
Yp must be of the form 


(c) Yp = Ax? + Be + C + Dre?*. 
Successive derivatives of (¢) are 

(d) jp = 2k lee De 
(e) yp = 2A + 4Dxe?* + 4 De”. 


Substituting (c), (d), (ec) in (a) and simplifying, we see that (c) will be a 
solution of (a) if 


(ft) 2Az?2 + (2B — GA)z + (2A — 3B + 2C) + De™ = 2x? + 30%. 


Equation (f) will be an identity in x if the coefficients of like terms on 
each side of the equal sign have the same value. Hence we must have 


(g) 2A = 2, 2B — 6A = 0, 9A — 3B + 2C = 0, ee ay 


From (g) we find 

(h) a) pes, C=, D— .% 
Substituting these values in (c), there results 

(i) Vp = Ob oe t+ $4 Bue 


Combining this solution with (b), we obtain for the general solution of (a) 


(J) yam Feet he $4 3re2™ + ce? + ye. 


Example 21.31. Vind a general solution of 


2r a é 
een, Ol i a SID wv. 
(a) y by + <Y a 
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Solution. The complementary function of (a) is 
(b) Yo = ce" + c9e?*. 


Comparing Q(x) which is the right side of (a), with (b), we see that Q(z) 
contains a term xe?” which, ignoring constant coefficients, is x times a 
term e?” in y-. For this term, therefore, y, must be a linear combination 
of xi tle2* = x2e?* and all its independent derivatives. In addition we 
note Q(x) contains a term sin x which belongs to Case 1. For this term, 
therefore, y, must include a linear combination of it and its independent 
derivatives. In forming the linear combination of all these functions and 
their independent derivatives, we may omit the function e?” since it 


already appears in y,. Hence y, must be of the form 

(c) Yp = Ax®e?* + Bre®* + Csinz + Dcosz. 

Successive derivatives of (c) are 

(d) yp’ = 2Ax*e?* + 2Axe?* + 2Bre?* + Be?* + Ccosx — Dsinz, 
(e) yp’ = 4Ax%e?* + 8Are?* + 2Ae?* + 4Bre?* + 4Be* 


— Csnx — Deosr. 


Substituting (c), (d), (e) in (a) and simplifying the result, we see that (c) 
will be a solution of (a) if 


(f) 2Axre?* + (2A + Bye?* + (C + 3D) sinx 
+ (D ~— 30) cosz 


xe?* + sin x. 


Equating the coefficients of like terms on each side of the equal sign, we 
find that 


© 22Ae= 1. 2A 


0, G se Syl) Saal Doe — aA 
I'rom (g), we obtain 
(h) oa B= —] 


eS eee 


Substituting these values in (c), there results 

(i) Yp = 9ure’* — xe?? + J sing + To COS 2. 

The general solution of (a) is therefore the sum of (b) and (i). 
Example 21.32. Vind a general solution of 

(a) y’+y = sin® x. 

Solution. The complementary function of (a) is 


(b) 


Ye = C1 SINZ + co cosy. 
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By (18.84), 
(c) o 6 & a om | a eu * ol 1 3(e"” = ga 

= —}sin 3x + # sin z. 


Comparing Q(z), which is the right side of (c), with (b), we see that Q(z) 
contains a term, which, ignoring constant coefficients, is x° times a term 
sin xin ye. Hence the trial solution y, must be of the form 


(d) wm = ein ot => DB Coes C7 sin. Diuicos 2. 


Successive derivatives of (d) are 


(e) -— sAMeae— FB sin de + Cricose --*e sine 
— Prsnr + Dor: 
Yp' = —9Acin 3x — 9B cos 3x — Cosine + 2C cos x 


— Dxreosx — 2Dsinz. 


Substituting (c), (d), (ec) in (a), we obtain 
(f) —8A sin 3x — 8B cos 32 + 2C cosx — 2Dsinz 
= —isin 32 + #sin a. 


Equating coefficients of like terms on each side of the equal sign, there 
results 


(g) 2. —b P= Ve 0, ee 
From (g), we have 

(h) #=@; D= —#. 

Substituting these values in (d), we obtain 

(i) Yp = de sin 3x — §x cos z. 

A general solution of (a) is therefore the sum of (b) and (1). 


Case 3. This case 1s applicable only if both of the following condi- 
tions are fulfilled. 
A. The characteristic equation of the given differential equation (21.1) 


has an r multiple root. — * ik 
B. Q(z) contains a term which, ignoring constant coefficients, 1s x” times 


a term u(r) in ye, Where u(r) was obtained from the r multiple root. 


In this case, a particular solution yp will be a linear combination of 
i " ’ ° ° s baa 
a*tru(x) and all its linearly independent derivatives. If in addition Q(x) 
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contains terms which belong to Cases 1 and 2, then the proper terms 
called for by these cases must also be added to yp. 


Example 21.4. Find the general solution of 
(a) y + 4y' + 4y = 32e7**. 


Solution. The complementary function of (a) is 


(b) Yo = ce 7* + cote **. 

We observe first that the characteristic equation of (a), namely m? + 
4m + 4 = 0, has a multiple root, m = —2. Secondly we observe that 
Q(x) which is the right side of (a), contains the term ze~?? which is x 
times the term e~”* in y, (or alternately xe?” of Q(z) is x° times the term 
ve ** in y,), and that this term in y, came from a multiple root. Hence, 
by the above remarks under Case 3, r = 2, k = 1, andr-+k = 3, (or 
alternately r = 27% = Oand r+ k = 2). Thererore. Yp must be a Hacen 
combination of v%e~?” and all its linearly independent derivatives [or 
alternately x?(re~?”), which yields the same x%e~2%, and its derivatives]. 
In Lene this linear combination, we may omit ne functions e~?? and 


ze” “* since they already appear in y,. Hence Yp must be of the form 
(c) = i em Bee 
The successive derivatives of (c) are 


(d) Yp = —2Ax%e~?* 4. 3Ax2e—2* — OBy2e—2* 4. QB re—2* 


(e) Gp =e eo = — opis = + 6Axe—?* + 4Br7e—2* 
Wie "4 ORs 22 


Substituting (c), (d), (e) in (a) and simplifying the result, we see that (c) 
will be a solution of (a) if 


(f) GAxe—?* + 2Be—2* = 3re-22, 

Equating coefficients of like terms on each side of the equal sign, there 
results 

(g) + ee =). 

Substituting these values in (c), we obtain 

(h) Yn =e =, 


The general solution of (amg) ele. the sum of (b) and (h), namely 


1 — dy =a 
o) —_ “+ ce? Cyme™?*. 


i 


- 9 = 
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Example 21.4]. Find the general solution of 
(a) y’ + 4y' + dy = 3e72, 
Solution. The complementary function of (a) is 
(b) fo = ce + cover. 


The characteristic equation of (a), namely m? + 4m-+ 4 = 0, has a 
multiple root m = —2. The function Q(x), which is the right side of 
(a), contains the term e~”” which is x° times a term in y, (or alternately 
x! times the term re~ 7? in y,). Since this term in y, came from a mul- 
tiple root, this Case 3 applies. Hence by the remarks under Case 3, 
r= o— nd. +k = 2 (onsalternately r= 2, § = —1 and 
r-+k= 1). Therefore yp must be a linear combination of © en “and 
all its linearly independent derivatives [or alternately a(xe~°*), which 
yields the same x%e~?"]. In forming this linear combination, we may 
omit the terms e~°7 and zxe~** since they already appear in ye. Hence yp 
must be of the form 


= =2 2-2 
(c) tp = Ax?e™,  — 260 oe ae 2a es 


eee Ste -* Aen. 


Substituting (c) in (a) and simplifying the result, we sce that y, will be a 
solution of (a) if 


(d) ote Se ee 


Substituting this value of A in the first equation of (c), we obtam 
(c) i 1 ee 
The gencral solution of (a) is therefore the sum of (b) and (e). 


Comment 21.42. The function which we have labeled yp, since it does 
not contain arbitrary constants, has been correctly called, by our Defini- 
tion 4.66, a particular solution of (21.1). Thevesane, of course, infinitely 
many other particular solutions of the differential equation, one for each 
set of values of the arbitrary constants in the y- part of the general solu- 
Yo + Yp- These constants are determined in the usual way by 
al conditions in the general solution y. Do not confuse, 
ained by the method of undetermined 
sfy given initial 


son y= 
inserting the imiti 
therefore, a particular solution obt 
coefficients and the particular solution which will sati 


conditions. See example below. 
Example 21.43. ¥ind the particular solution of 


(a) g — ay ay — be" 


for which y(0) = 1, y‘(0) = 2. 


al rl 
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Solution. By the methods outlined previously, verify that 


(b) Ye = c1e* + cge*, Yp = C*. 


However this y, is not the particular solution which satisfies the initial 
conditions. To find it, we must first write the general solution, and then 
substitute the initial conditions in it and in its derivative. The general 
solution of (a) and its derivative are, by (b), 


(c) y = cye* + coe?* + e7*, y’ == ce" + 2eoe7* — e*. 
Substituting in (c) the initial conditions x = 0, y = 1, y’ = 2, we obtain 


(d) je 2, sell 
20 ees — 


whose solutions are cy = —3, co = 3. Hence the particular solution of 
(a) which satisfies the given initial conditions is, by (c) and these values 
of C1, C2, 

(e) y= Be — Be" eo =. 


LESSON 21B. Solution by the Use of Complex Variables. There 


is another way of solving certain types of nonhomogeneous linear equa- 
tions with constant coefficients. If in 


(2) Sey ey ay apy SOG), ae 


the a’s are real, Q(x) a complex-valued function (i.e., a function which 


can take on complex values) and yp(x) is a solution of (21.5), then (see 
Exercise 19,7): 


1. The real part of yp is a solution of (21.5) with Q(x) replaced by its 


real part. 


The imaginary part of yp is a solution of (21.5) with Q(x) replaced by 
its Imaginary part. 


2 


. Remark. Statements 1 and 2 above would still be valid if the coefh- 
cients in (21.5) were real, continuous functions of x instead of constants. 


Example 21.51. Find a particular solution of 
(a) y” — 3y’ + 2y = sin x. 
Solution. Instead of soly 
(b) y"" — 83y' + Qy = ef, 


By (18.82), e* = cos x ++ 2 Sine. 
Hence by 2 above, the imagin 


ing (a), let us solve the differential equation 


Its imaginary part is, therefore, sin x. 
ary part of a particular solution y, of (b) 


a 
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will be a solution of (a). A particular solution of (b), using the method of 
undetermined coefficients is [take for the trial solution 2 Yp = (A + Bre"), 


(c) Yp = ye" ae ite'* 


- oD 
= 75(cos x + 7 sin x) es = 9 (cos xv -- 2 sin 2) 


= y5 cos & ole sin z + 33) cos 2). 


The imaginary part of the solution y, is fy sinz + cosz. Hence a 
particular solution of (a) is 


(d) Yp = po sina + 7 cos z. 


Question. What would a particular solution of (a) be, if in it sinz 
were replaced by cos x? [Ans. The real part of yp, namely yp, = j5 cos x 


— 5 Enz] 


EXERCISE 21 


1. Prove that any term which is in the complementary function y, need not 
be included in the trial solution yp. (Hint. Show that the coefficients of 
this term will always add to zero.) 

2. Prove that if F(z) is a function with a finite number of linearly independent 
derivatives, i.e., if P(r), F°—-Y (x), +++, F(x), F(x) are linearly independ- 
ent oo where nisa finite number, then /(x) consists only of such terms 
as a, x*, e%%, sin az, cosaz, and combinations of such terms, where a is a 


constant and kisa positiv einteger. //int. Set the linear combination of these 
functions equal to zero, 1.e., set 


Games) = Ce ee =F Crim) 4 Cok a 0, 


where the C’s are not all zero, and then show, by Lesson 20, that the only 
functions F(r) that can satisfy this equation are those stated. 


Find the general solution of each of the eae equations. 


3. yy’ + 3y' + 2y = 4. 10. ¥° — 2y/ — 8y = Qae* +- 10e-*. 
4, yy” + 3y’ + 2y = 126e7. ll. y’ — 37 = 2e°8 sin 2. 

5. y" + 3y’ + 2y = e*. 12. Ya _ Dy a, y= 2r— sing. 

6. y+ 3y' + 2y = sinz. 13. yy +y' = 7 a Ok. 

7 y! + 3y' + 2y = cose. Ld 7)! y= eesti 27. 

8. y+ 3y'+ 2y = 8+ be7+ 2sinz. 15. yy” + y = 4rsin 2. 

Gy +a +y = 2°. 16. 7 + 4y = rsin 2x. 

17. yl + Qy’ + y = xr-e7? , 

18. y!” + 3y” + 3y’ + y = 2e7 — re. a 

i. ft By’ 4 ay = Or 21. y’ + y = ae : 

20 i, — 3y’ + 2y = re" 22, y +y = a8 Lod ee 

2B. 5" — 89" + 3y' — y = 

24. +y = sin? x, Hint, sin? z = 4 — $ cos 2r. 

a. 7" — 7 =e* sin x. ; ; : 

26. We B) ty!" a! me Qr + BNE 4+-cosz. Hint. Solve y® + 2y ‘toy! = 


Qr + e'*: see Iu xample 21 Sd: _ 
27. y” + y ™ sin 27 sinc. Hint. sin 2xsinx = 4 cost — F COarat. 
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For each of the following equations, find a particular solution which 
satisfies the given initial conditions. 
Boe 15s — Oy — a0) = 2g (Oe 
29. y’ — y’ — 2y = Ssinz, y(0) = 1,y'(0) = P 
BO — 2y oe v0) = 0, 0) = 0,4") = 0. 


31. y’ + 9y = 8cosz, y(mr/2) = —l,y ee i 

32. y"’ — 5y’ + by = e*(2x — 3), y(0) = 1, y(0) = 3. 

33. y — 3y’ + 24y = e*, y(0) = 1, y'(0) = —1. 
ANSWERS 2] 


y = cye—2? + coe-* + 2. 

y = ce~2% + coe—* + 2e6e?. 

cye2? + coe~* + p5(e** — Bie). 

y = cye—2* + coe? + z(sin zr — 3 cos 2). 

y = cie—2* + coe—* + 75(3 sin x + cos 2). 

y = ce~7* + coe * + 4+ ec? + Fsinz — 3 cosz). 
pee 


SAAR RY 
2 
i 


3 . 
cx 008 ME + ca sin ME ae — 2x. 


AZ 
|! 


10. y = cye** + coe~?* — xe? — 2Qe-*. 
28 


=e = (3 sinz + cos 2). 


12. y = (cy + cox)e’ + (cz + caz)e * + 2 — Ee 


3 
Lo. y= er 


14. y = c, + coe a — = (2sin 2x + eos 22), 
Vege —" cn ere — Eee — sin 2). 


16. y = c, cos 2z + cosin 2x — i (2z cos 2x — sin 2z). 


4s 
17. y = ce + core ~+ as 
12 
eee 
18. y = cie + coxe* + cgr*e + = 2022) 


2 od 
1 Cee + coe * + = — 2 =. . ee. 
20. y = cye?* + cge* + A(6xe-* + 5e-2). 
Ze ce” + coe” cs es ae 


22. y = cj cosz+ cosine — F cosa + 5e* 


3 
23. y= (a a Cox aL ne + z) rag 


24. y = e1 008 2 + ep sina + 5 4 SSE 


25. y = cit coe? + ae @ 9 cos 2x — 7 sin zs De 
oa ooh Cee 


‘ 99 pee Fi 7 
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P = ; 
26. uv =c, + cosinr + c3 cost + cyxsinz + csx cosz + 2” 


2 
zr 
s (cos r — sin 2). 


ie 
4 
- ; , cos 3x 
ai. y = ¢1 cO8 E+ cosine - 7 sin x + (a 
= 6 Sieg l 
28. y = $2c% 4+ S8ce-7 — hed. 


y 
29. y = 4e77 + dem? — Bsinz+ doosz. 
yer? t+ 42 +44 (2? — der. 


= cosz+ & cos 3r-+ sin 3z. 


y 
82. y = e*7 + ze?. 
6y = —10e2* + l5e7 + e77. 


LESSON 22. Solution of the Nonhomogeneous Linear 
Differential Equation by the Method of 
Variation of Parameters. 


LESSON 22A. Introductory Remarks. In the previous lessons of 
this chapter, we showed how to solve the linear differential equation 


(22.1) any + agiyy™ ? +---+ ayy’ + acy = Q(z), an ¥ 0, 


where: 


1. The coefficients are constants. 
2. Q(r) is a funetion which has a finite number of linearly independent 


derivatives. 


You may be wondering whether either or both of these restrictions may 
be removed. 

In regard to the first restriction there are very few types of lmear equa- 
tions with nonconstant coefficients whose solutions can be expressed in 
terms of elementary functions and for which standard methods of obtain- 
ing them, if they do exist, are available. In Lesson 23, we shall describe 
a method by which a general solution of a second order linear differential 
equation with nonconstant coefficients can be found provided one solution 
is known, Again therefore, the equation must be of a special type so that 
the needed one solution can be discovered. 

As for the second restriction, it is possible to solve (22.1) even when 
Q(x) has an infinite number of linearly independent derivatives. The 
method used is known by the name of “variation of parameters” and is 


discussed below. 


LESSON 22B. ‘Phe Method of Variation of Parameters. Tor con- 


venience and clarity, we restrict our attention to the seeond order lear 


equation with constant coefficients, 


(22.2) apy -F ayy’ + aay = OG), ae 9, 
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where Q(z) is a continuous function of x on an interval J and is 40 on J. 
If the two linearly independent solutions of the related homogeneous 
equation 


(2221) aoy’ + ayy’ + agy = 0 


are known, then it is possible to find a particular solution of (22.2) by a 
method called variation of parameters, even when Q(x) contains terms 
whose linearly independent derivatives are infinite in number. In de- 
scribing this method, we assume therefore, that you would have no trouble 
in finding the two linearly independent solutions y,; and y2 of (22.21). 
With them we form the equation 


(22.22) Yp(Z) = ui(z)yi(x) + ue(x)ye(x), 


where wu; and ue are unknown functions of x which are to be determined. 
The successive derivatives of (22.22) are 


(22.23) Yo = UYyr + uy'yy + Ue’yo + uaye’ 
= (U1y1) + U2ye’) + (uy’y1 + Uo’y2), 


(22.24) yp” = (uiyr” + way”) + (uy'yy! + we'yo’) + (ur’yr + Us’ye)’. 


Substituting the above values of yp, yp’, and Yp in (22.2), we see that yp 
will be a solution of (22.2) if 


(22.25) Go(uyyy” + U2Yo’’) + Qo(uy"y1’ a Us’ Yo’) 
b A2(ur’y: + U2’y2)’ + ay(uryi’ + u2ye’) 
+ ai(uy’y, + U2'Y2) + ag(ury, + U2y2) = Q(z). 


This equation can be written as 


(22.26) wi (aoyi” + ayyi’ + agy) + uo(agys!” + Q1Y2 + AoY2) 
+ Go(uy’yi’ + ue"ye2’) + ao(uy’y, + Ue/Yo)’ 
+ a1(Ui"y1 + ue2'ye) = Q(z). 


Since y; and y2 are assumed to be solutions of (22.21), the quantities in 


the first two parentheses in (22.26) equal zero. The remaining three terms 
will equal Q(z) if we choose u, and wo such that 


(22.27) ur'Y1 + Us'yo = 0, 
ary! + sly! = 22. 
a2 


The pair of equations in (2277 


) can be solved for u,’ and uo’ j 
the other functions by the or 1 and ue’ in terms of 


dinary algebraic methods with which you 
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are familiar. Or, if vou are acquainted with determinants (see Lessons 31 
and 63), the solutions of (22.27) are 


0 Yo Y} 0 
Q(z) , x 
99 Ve Sk ee! {> im : 
(22.28) La — yy Yo ) Uo ie a Te, 
yy ye yr Ye! 


These equations (22.28) will always give solutions for u;’ and ue’ provided 
the denominator determinant +* 0. We shall prove in Lesson 64 that, if 
y; and yo are linearly independent solutions of (22.21), then this de- 
noniinator is never zero. 

Integration of (22.28) will enable us to determine wu; and us. The sub- 
stitution of these values in (22.22) will give a particular solution y, of 
C2222). 


Comment 22.29. Since we seek a particular solution y,, constants of 
integration may be omitted when integrating uw,’ and ug’. 


Comment 22.291. If the nonhomogeneous linear differential equation 
is of order n > 2, then it can be shown that 


(22.3) Up = U1Y1 + U2Ye +--+ + + UnYn 


will be a particular solution of the equation, where 1, Yo, °°°) Yn are the 
n independent solutions of its related homogencous equation, and wy’, 
Us’, -*:, Un’ are the functions obtained by solving simultaneously the 


following set of equations: 
(22.31) ur’yi + Ue'ye +--+ + Un'Yn = 9, 
ayy, + Ve Ve Foo + un'Yn’ = 0, 


» _ QC) 


= (n—I) . oy be 
wy” + u'Yo + +++ + Un'Yn = 


In (22.31), an is the coefficient of y™ in the given differential equation. 
at since we seck a particular solution y», arbitrary 


Again we remark th : 
>, Miegeto: tind 


é‘ — 
constants may be omitted when integrating U,, Ue, 
Uy, Uo, ld ) Un. 

Comment 22.32. The method of variation of parameters can also be 
used when Q(z) has a finite number of linearly independent derivatives. 


In the above description of this method, the only requirement placed on 
Q(x) is that it be a continuous function of xz. You will find however, that 
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if Q(x) has a finite number of linearly independent derivatives, the method 
of undetermined coefficients explained in Lesson 21 will usually be easier 
to use. To show you, however, that the method of variation of parameters 
will also work in this case, we have included in the examples below one 
which was solved previously by the method of undetermined coefficients. 


Comment 22.33. The proof we gave above to arrive at (22.27) would 
also have been valid if the constant coefficients in (22.2) and (22.21) were 
replaced by continuous functions of x. The method of variation of pa- 
rameters can be used, therefore, to find a particular solution of the equation 


(22.34) Ie sa) in eae), 


provided we know two independent solutions y; and y2 of the related 
homogeneous equation 


(22.35) fo(x)y” + filz)y’ + folz)y = 0. 
Example 22.4. Find the general solution of 
(a) U7 8 ee cle 


(Notre. This equation cannot be solved by the method of undetermined 
coefficients explained in Lesson 21. Here Q(x) = sin e*, which has an 
infinite number of linearly independent derivatives.) 


Solution. The roots of the characteristic equation of (a) are m = 1, 
m = 2. Hence the complementary function of (a) is 


(b) Ye = c1e7 + coe??, 


The two linearly independent solutions of the related homogeneous equa- 
tion of (a) are therefore 


(c) Yi = e* and yo = e*, 


Substituting these values and their derivatives in (22.27), we obtain, with 
a2 = 1, (remember az is the coefficient of ae) 


(d) uy'e” + us’e?® = 0, 
, 
Uy e* + Ue'(2e?*) = sine. 
: if 
Solving (d) for w;’ and Wo’, there results 
! =e 2 _ 
(e) uy" = —e™ sin e~?, us = e€ “sine ~ 


Therefore 


(f) wy = fam (Se ide oe ee sin e “(—e~) dz. 


~ DD) % a . - 
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Hence (in the integrands, let wu = e77, du = —e7* dx) 


zr 


(g) ui; = —cCOSe@,’, yo = —Sin® ~ +e ~ qose *. 


Substituting (¢) and (g) in (22.22), we obtain 


(h) Yp = —(cose *)e? + (e"* cose? — sine *)e”* 
= —e™ sin ¢ 7. 

Combining (b) and (h) gives 

(i) y = cye* + coe** — e?* sine”, 


which is the general solution of (a). 
Example 22.41. } ind the general solution of 
(a) yh 4g Ap = 3z077*. 


(Nore. We have already solved this example by the method of undeter- 
mined coefficients. See Example 21.4.) 


Solution. The complementary function of (a) is 
(b) Yo = ce 7* + Cer 


Therefore the two independent solutions of the related homogencous 
equation of (a) are 

(c) yi =e, yn = xe *. 

Substituting these values and their derivatives in (22.27), we obtain 

(d) uy'e 2? + ug’ (xe~**) = 0, 


uy/(—2e7 77) + uo’ (—2ae—?* + e7**) = Bee. 


Solving (d) for u;’ and ug’, there results 


(e) u;) = —3x’, i ar, 
Hence, 

2 
(f) Uy = —_ ig) == Bx : 


Substituting (c) and (f) in (22.22), we have 


(e) poate = oe 


Combining (b) and (g) we obtain for the general solution of (a) 
(h) y= ce conte A de Pe”, 


° ‘ 9 ee + 9) r 
which is the same as the one we found previously in xample 21.4. 


, <= 
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Remark. The method of variation of parameters has one advantage 
over the method of undetermined coefficients. In the variation of param- 
eter method, there is no need to concern oneself with the different cases 
encountered in the method of undetermined coefficients. In the above 
example, the characteristic equation has a repeated root and Q(x) con- 
tains a term ze~ 2", which is x times the term e~”” of yz. 


Example 22.42. Find the general solution of 


(a) y’ +y = tang, a 


(Note. This equation cannot be solved by the method of Lesson 21. 


Here Q(x) = tan x which has an infinite number of linearly independent 
derivatives.) 


Solution. The complementary function of (a) is 
(b) Ye = C, coSx + Co sinz. 


The two independent solutions of the related homogeneous equation of 
(a) are therefore 


(c) Y1 = cosa, Up asin 2. 
Substituting these values and their derivatives in (22.27), we obtain 


(d) u)' cos z + ue’ sinz = 0, 
u;'(—sin z) + ue’ cosz = tanz. 


Solving (d) for wu,’ and uo’, there results 


. 2 9 
sin” x We C0sm 2 
(e—) w= —- Sa ALTOS ieee 
COS Xx COS x = —secrt + cosz, Ue’ = sing. 
Hence 
) uy = —log (secz + tanz)+sinz, ue = —cosz. 


Substituting (c) and (f) in (22.22) we have 


(g) Yp = —Cos x log (sec z + tan z) + sin x cos x — sin rcos zr 
= —Ccos x log (sec x + tan 2), ae 


Combining (b) and (g), we obtain for the general solution of (a), 
(h) 


Y= c)cosx+ cosine — cos x log (secz + tanz), — 5 aes. 
2 
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In Fig. 22.43, we have plotted a graph, using polar coordinates, with 
as the polar angle and y as the radius vector, of a particular solution of 
(a) obtained by setting c, = cg = 0 in (h). 


90° 


eS mn 


=, 
IE, 


Figure 22.43 


Example 22.44. If 
(a) yy=au and yo = 2! 
are two solutions of the differential equation 
(b) xey -+ ay — y — 0, 
find the general solution of 
(c) gy! + ay —y=u, tr #0. 


Solution. (Sce Comment 22.33.) Substituting the given two solu- 
tions and their derivatives in (22.27), it becomes 


2 
(d) ru,’ + 2 ue’ = DO, 
F =o0 +e. ae 1 
Se a 
U1 2 Ge 2 


Solutions of (d) for uw’ and we’, by any method you wish to choose, are 


(i. i uU —— ae ao 
(e) a oe g 2 
Hence : 
1 ie 
(f) ey 5 108 qr, a a 


Substituting (a) and (f) in (22,22) gives 


~~ ae 
(g) yp = 5 lee 


a 
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Combining (g) with (a), we obtain for the general solution of (c), 
= a zg 
(h) TEE aise see sh LOBE re 
which simplifies to 


(i) Wo (pee == Cox! + 5 log x. 


EXERCISE 22 


Use the method of variation of parameters to find the general solution 
of each of the following equations. 


ly’ + y = secz 9. y+ 2y’+y = e*logz 
yd; yy = cotz 10. y’ + y = csc. 

a lag y= sec! 2 ri, yt ve tan? x 

4, vy = sin’ s 12, y + 2y’ + y = e-2/z 

5 y ty = sin’ z 13. y’ + y = seczecscz 

6. ae 3y + Pyles 14. y” — 2y’+y = elogz 
i ee 2y a me te 15. y"’ — 3y’ + 2y = cose? 
Yy y = 4zsinz. 


Use the method of variation of parameters to find the general solution 
of each of the following equations. Solutions for the related homogeneous 
equation are shown alongside each equation. 


16. r7y" — ay’ + y= 2; yy =z, yo = xlogz. 


17. 2 


nD 

~7e tay = cles; y= 2,42 = 2. 
2 

18. xy” + zy! — 4y = 2°; To pees 

19. xy" + ay’ — y = ze7?: Te 


20. ey Say —-—y= apis y= ae y2 = ga, 


ANSWERS 22 
ae) cosz-+cosinz+ zsinzg + cos x log cos z. 
2.¥ = c1 cost co sin z + sin x log (ese x — cot 2) 
oe =") Cj] COs «+ ¢9 Sin 2 34 tan z sin z. 
. Se ae in 
® ¥ = c,.cosx+ cesinz + 2 cos 27 + 3, 
6. y = cje—27 + C9e-* = Der 


4 —xz 
US Ge Pig 
12 


8 y = C1 cost + cosinz — z2eosz+ zsint 
i 
A eS kre Qlogcs — 3) + (c1 + cox)en?, 
oe y = ci cosa + c2sinz-+ sinz logsin z — zeosz 
y= | 


= “1608 + co sin z + sin x log (see z + tan 2) = 
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12. y = e~*(c; + cox + z log z). 

13. y = ci cosz + co sin z + sin z log (esc x — cot zr) — 
cos z log (sec x + tan 2). 

14. y = (c, + cox)e7 + x%e7(4 log xz — 3). 

15. y = cye7 + coe?* — e?* cos e7. 


y 
16. y = c)z + coz logz + - (log x)”. 
y = cz + cox? + 323 logx — 2°. 
3 


18. y = ca? + ome 


19, y = cox t+ cox! + e-7(1 + 27). 
20. y = ciz!/2 + cox—! — 427! log z. 


LESSON 23. Solution of the Linear Differential Equation with 
Nonconstant Coefficients. Reduction of 
Order Method. 


LESSON 23A. Introductory Remarks. We are at last ready to ex- 
amine the general linear differential equation 


Cal) ey pha@y +: iy + fo@y — 2), 
and its related homogeneous equation 
Gani Her? Seeger + ey + fey = 0, 


where fo(z), fi(x), +++) fn(z), Q(z) are cach continuous functions of 2 on 
a common interval J and f,(x) ¥ 0 when x is in J. 

We have already remarked that in most cases the solutions of (23.1) 
will not be expressible in terms of elementary functions. However, even 
when they are, no standard method is known of finding them, as is the 
case when the coefficients in (23.1) or (23.11) are constants, unless the 
cocflicient functions fy(c) are of a very special type; see, for example, 
Exercise 23,18. lor an unrestricted nth order equation (23.11) that has a 
solution expressible in terms of elementary functions, the best you can 
hope for by the use of a standard method is to find one independent solu- 
tion, if the other n — 1 independent solutions are known. And for (23.1), 


ain from a standard method is to find one independent 


the best you can obt 
ided the 


solution of (23.11) and a particular solution of (23.1), again prov 
other 7 1 independent solutions of (23.11) are known. 

You can sec, therefore, that even in showing you a standard method 
for finding a gencral solution of only the second order equation 


(23.12) folndy” + fil@y! + folay = @@), 


it is essential that the functions Tat), Fy fia ve ol such a character 
that the needed first solution of its related homogencous equation can be 


discovered. 


_ eS 


242 HicHER OrpveR LINEAR DIFFERENTIAL EQUATIONS Chapter 4 


Comment 23.13. The function y = 0 always satisfies (23.11). Since 
this solution is of no value, it has been appropriately called the trivial 
solution. 


LESSON 23B. Solution of the Linear Differential Equation with 
Nonconstant Coefficients by the Reduction of Order Method. As 
remarked in Lesson 23A, we assume that we have been able to find a non- 
trivial solution y; of the homogeneous equation 


(23.14) jxz)y + hi)y 4 foa)y — 0. 


The method by which we shall obtain a second independent solution of 


(23.14), as well as a particular solution of the related nonhomogeneous 
equation 


(23.15) Ieay + hiley + foe — Ce), 


is called the reduction of order method. 


Let yo(x) be a second solution of (23.14) and assume that it will have 
the form 


(23.2) yo(z) = 1iCe) f ute dq, 


where u(x) is an unknown function of z which is to be determined. The 
derivatives of (23.2) are 


(23.21) Yo (x) = yu + n' | ue dz, 


(23.22) ye" (xz) = yy’ + yy’u + Ui ae ri fate) dx. 


Substituting the above values for yo, Yo’, and yo’’ in (23.14), we see, by 
Definition 3.4, that y» will be a solution of (23.14) if 


(23.23) — fo(z) Pe + 2y)/u + rn” fre) az| 


Te ce) ye Se n' [uw as| + fo(z) vce) f wee az| 


We can rewrite this expression as 
(23.24) (fo(z)yi"” + fi()yy! + foto) | wa) dx 
+ folz)yiu! + [2fe(x)yy’ + fi(z)yilu = 0. 


Since we have assumed that y, is a solution of (23.14), 
the first parenthesis of (23.24) is zero. Hence (23.24) red 
(23225) 


ll 
= 


the quantity in 
uces to 


Fo(x)yyu! +4 [2fo(z)y1’ + fi(z)yJu = 0. 
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Multiplying (23.25) by dr/[ufe(x)y,], we obtain 


(23.26) i Ae 2 5 
u Y1 f2(x) 
Integration of (23.26) gives 
(23.27) log u + 2logy,; = — h@) dx, 
f2(z) 
log (uy,?) = — fil) d. 
g ( Y1 ) fo(z) az, 
(a 
uy,” =e ee 
= (2 ee 


1 => e f2(2) ie 


Substituting this value of wu in (23.2), we obtain for the second solution of 
@312) 


_fa@as 
f2(z) 
(23.28) YQ = wn fe ibe 


We shall prove in Lesson 64, see Example 64.22, that this second solution 
y2 is linearly independent of y1. 

Comment 23.29. We do not wish to imply that the integral in (23.28) 
will yield an elementary function. In most cases it will not, since in most 
cases, we repeat, the given differential equation does not have a solution 
which can be expressed in terms of elementary functions. Further the 
solution y, need not itself be an elementary function, although in the 
examples below and in the exercises, we have carefully chosen differential 
equations which have at least one solution expressible in terms of the 


elementary functions. 
Example 23.291. Find the general solution of 
(a) x?y” + cy’ —y=0, x #0, 


given that y = visa solution of (a). 


Solution. Comparing (a) with (23.14), we see that fo(z) = oo, 
fulce= x. Lenee bY (23.28) with y; = x, we obtain 


ey 
Je o ele : 
z —— dx = & - de cl x ae 


(b) 


eS 
| 
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Hence the general solution of (as 


(c) y = ct + cor. 


Comment 23.292. Although formulas are useful, it 1s not necessary 
to memorize (23.28). We shall now solve the same Example 23.29 by 
using the substitution (23.2). With y, = 2, (23.2) becomes 


(d) — rf ue dx. 
Differentiating (d) twice, we obtain 

(e) oo = Juco Gat, yo 2a 
Substituting (d) and (e) in (a), we have 


(f) x?(xu! + Qu) + 2 a -f- fue ax| — ft Oke — al) 


which simplifies to the separable equation 


(g) zu’ + 3u=0, x # 0. 
Its solution is 
(h) u=x?. 
Substituting (h) in (d), there results 

=D) ar 
= Ei cl AG omy ee 
(i) pele di = %—5 = = 


Hence the general solution of (a) is, as found previously, 
(j) me Cit Cot 


The same substitution (23.2), namely 


(23.3) y(x) = yi(x) i w(x) dz, 


in the nonhomogeneous equation (23.15) will yield not only a second 
independent solution of (23.14) but also a particular solution of (23.15). As 
PETG, we differentiate (23.3) twice and substitute the values of y, y’, and 
y’’ in (23.15). The left side of the resulting equation will be exalt the 
same as (23.25) found previously. Its right side, however, will have Q(x) 
in it instead of zero. Hence in place of (23.25), we would Boiein 


(23.31) Folz)yiw + [2feGQmy + iy =), 
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an equation which is now linear in wand therefore solvable by the method 
of Lesson 11B. The substitution of this value of wu in (23.3), will make 
y(z) a solution of (23.15). 


Comment 23.311. Two integrations will be involved in this pro- 
cedure; one when solving for wu in (23.31), the other when integrating u in 
(23.3). There will, therefore, be two constants of integration. If we in- 
clude these two constants, we shall obtain not only a second independent 
solution y2(x) of (23.14) and a particular solution yp(x) of (23.15), but 
also the first solution y;(x) with which we started. Hence by this method 
the substitution (23.3) will give the general solution of (23.15). 


Example 23.32. Given that y = x isa solution of 
xy’ +a2y’ —-y=0, x #0, 
find the gencral solution of 
(a) gy ee | Ser, zee 0. 


Solution. By (23.3), with one solution y;(t) = z, we have 


(b) eo) — rf ua dx. 
Its derivatives are 
(c) ey at fi Cha 


Ue) Se te 


Substituting (b) and (c) in (a) gives 


(d) r*(zu! + Qu) +2 (a + fr ds) — cf ot, 
which simplifies to 
(e) cu + 3u= 2, au’ +- = u=r. 


This equation is linear in u. By Lesson 118, its integrating factor 1s 
gfsz-tdz _ plogz* — x* Hence, by iain? 


2 
x ! 
frar= Sra 


—i| 


ic man 
a ie 


ot 


I 


(f) ur® 
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Substituting this value of u in (b), we obtain 


= 


Chapter 4 


=I 
Cn v2) — ef = ae i=) Ca — o|4 loz ee—eq- = -++ cs 


—1 


BF Aa 
5 log x — C1 a + C28, 


which is equivalent to 


(h) y(z) = cx) + cox + 5 log x. 


Comment 23.33. We could, if we had wished, have obtained (e) 
directly from (23.31). Comparing (a) with (23.15), we see that fo(x) = 2”, 
fi(z) = x and Q(x) = x. The y; in this formula is the given solution z. 
Substituting these values in (23.31) will yield (e). Verify it. 


EXERCISE 23 


Use the reduction of order method to find the general solution of each 
of the following equations. One solution of the homogeneous equation 


is shown alongside each equation. 


l. x?y” — zy’ +y=0, yp = 2. 


2 2 
2y% —-yt—H—ye= = 
7] pes m2 0, 1 GB. 


3. (222 + 1)y” — 4zy’ + 4y = 0, yi = 2. 
4. y" + (2? — z)y’ — (x — Ny = 0, yt = 2. 


1 
PA y) a 


vey” + B3ry' -~y = 0, yy = 2/2, 

; cae (f(z) — ly’ — f(e)y = 0, y1 = e*. 
yl + af(z)y’ — f(zjy = 0, y. = 2. 

x7y" — zy’ + y = oie 


Meee a 


2 
10. y” — sy +5 =zrlogz, y) =f. 


ll. zx aio — 4y = 2 y. = zr. 
2s +ay’—y=x2 = y. = 2. 


13. 2x ay" -- Sas —y= 7 Y= ge 


4. x?y’” — Qy = Qn ve 

Is ie hy zy = 0, y1 = e*. 
16. xy!’ — Qy = 27? aes 

Vi. 22y" + ay’ — y = 1, ea 

18. The differential equation 


(23.4) a3(x — z9)3y/” + ag(x — x0)?y"’-+ ai(x — xo)y’ + aoy = Q(z), «Zo, 
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where ao, 41, 42, a3, Xo are constants, and Q(z) is a continuous function of z, 
is known as an Euler equation. Prove that the substitution 


2 —% =e, & we loys — Zo), 


will transform (23.4) into a linear equation with constant coefficients. Hint. 


dy _ dy dz dy 

du dx du -) dz’ 

d’y dy ody 

ae a ae” 
dy d’y dy d°y 
oe ae = ae 


Use the substitution given in problem 18 above to solve equations 19-21. 


19. (x — 3)¢y" + (2 — 8)y ty =z, 2 43. 
20. z2y” + zy’ = 0, xz # 0. 

21. x3y!" + Q22y" — ay’ + y = 2, 2c #0. 
22. Prove that the substitutions 


y = esuy(zdr yy! = yet viz, and y"” = yy 2eSuide yy'es 4192 
will transform the linear equation 
go(x)y”’ + gi(z)y’ + go(x)y = 9 
into the Riceati equation (see also Exercise 11,25) 


» _ _ go(z) _ girlz) ? 


2 
— yl. 
g(x) —-g2(z) : 


Hence if y1 is a solution of the Riceati equation, y = eJ¥47 is a solution of 
the linear equation. 

23. Use the substitutions given in 22 to transform the linear equation zy” — 
y’ — zy = 0 into a Riccati equation. Find, by trial, a solution of the 
Riccati equation; then find a solution of the linear equation. With one 
solution of the linear equation known, find its general solution. 

24. Prove that the substitution 

1 du 


= —_—- "SC ss 0, 
Y fo(x)u dz Jaz) 

! 1 " ! fou aE es) 
y= feu u ae Uu ( fo2uw , 


will transform the Riccati equation, 
y’ = fo(e) + fay + fo(x)y”, fo(x) # 9, 
‘nto the second order hnear equation 


fo(x)ul” — [fe'(x) + fr(z)fo(ax)}ul ++ fo(x)[fe(z) Pu = 0. 
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25. A second order linear differential equation 

(23.5) fo(a)y” + filz)y’ + folz)y = Q(z), 
is said to be exact if it can be written as 

a 

dz 

i.e., if its left side can be written as the derivative of a first order linear 


expression. A necessary and sufficient condition that the equation be exact is 
that 


(23.51) ce a weo| = 90), 


pee Cite, © 
If the equation is exact, then M(x) and N(z) of (23.51) are given by 
(23.53) M(x) = fo(z) and MN(z) = fil(z) — fe’(z). 


Show that the following equation is exact and solve. 


G@? = 27) eee yy ye 
Page 
Ans. (x* — 2zx)y = = + cz + co. 


26. A function A(z) is called an integrating factor of an inexact differential 
equation, if after multiplication of the equation by it, the resulting equation 
is exact. A necessary and sufficient condition that h(x) be an integrating 
factor of the linear differential equation 


(23.6) fo(z)y” + filz)y’’folz)y = Q(z) 


is that it be a solution of the differential equation 


(23.61) a (foh) d 
. dx2 2 > ye tO Sor — (0% 


Find an integrating factor of the following equation, then multiply the 


equation by the integrating factor and use (23.52) to prove that the resulting 
equation is exact. 


zy" — (223 — 622)y’ — 3(23 + 272 — 225 —s0r 
Ans. h(x) = e*; also h(x) = e737, 


ANSWERS 23 
le y = cz + coz log z. 
Ue Cin 4 Cee. 
Sty scye | cage — 1), 
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6. 


=1 
rs 


20. 


2k. 


23. 


= cx )/2 a cor}, 


—r—Jf(z)d 
ye= eye + aa | Wied a, 


oe Sel ade 
Y = Cizt 7 Car a 


ce 
| 


y = Cz ob c2z log x ai 5 (log z)”. 


y = ox + cor? + 423 logz — Fx. 
3 


2 —2 = 
= cr + cor te 


= crt cox 1+ e77(1 + 273). 
= cyx)/? + cgx—! — 4x7! log z. 


= cr? + cor! — z. 


eee fe 


—z—(23/3) 
y = cye + coe | e dz. 


y = e122 + cox! + $2? log z. 


.¢ = ox — ce | — 1. 


t+y=e +3, 
x 
c1 cos [log (x — 3)] + c2sin [log (x — 3) aisles 


ce 
I 


ea 0 y= clone + cz. 
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2 a ed 2 
dy dy aii g y = cz + cot loga+ cat +5 (log 2). 


) 


ee Se oe 
Riccati equation: yi’ = 2 + 7 yl = By 


‘ x7/2 —z7/2 
Comemleclution: y= ci 1 cz ; 


Chapter 5 


Operators and Laplace Transforms 


In the next and succeeding lessons we shall prove certain theorems by 
means of mathematical induction. We digress momentarily, therefore, to 
explain the meaning of a “proof by mathematical induction.” 

Suppose we wish to prove a statement about the positive integers as, 


for example, that the sum of the first n odd integers is n”, i.e., suppose 
we wish to prove 


(a) Le te Ort epg 1) as 


By direct substitution we can verify that (a) is true when n = 1, n = 2, 
n = 3, for then (a) reduces to the respective identities 1 = 17,1+3= ae 
er oo 0 = 37, Since it would be impossible to continue in this manner 
to check the accuracy of (a) for every n (there are just too many of them), 
we reason as follows. If by assuming (a) is valid when n = k, where k is 
an integer, we can then prove that (a) is valid when n = k + 1, it will 
follow that (a) will be true for every n. For then the validity of (a) when 
n = 3-will insure its validity when n = 4. The validity of (a) when 
n = 4 will insure its validity when n = o, etc., ad infinitum. And since 
we have already shown by direct substitution that (a) is valid when 
n = 3, it follows that (a) is valid when n = 4, etc., ad infinitum. 

We shall now use this reasoning to prove that (a) is true for CVELVE?. 
We have already shown that (a) is true when n = 1 2 ee 
We now assume that (a) is true when n = k. Hence we assume that 


is a true equality. Let us ad 


d to both sides of (b) the next odd number in 
the series, namely (2k — | 


Sa Equation (b) then becomes 


“+ 2k — 1) + Qk4+ 1) 
=h?+2k+1 = (k +1)? 


(OO en Sa ee 


Since we have assumed (b) is true, it foll 
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ows that (c) is true. But if in 


i 
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(a), we let n = k + 1, we obtain 
(d) 1-3-6 a0 +o et 1) = th is 


which agrees with (c). Therefore, if (b) is true so also is (d). Hence we 
have shown that if (a) is true when n = f, it is true when n = k + 1. 
But (a) is true when n = 3. It is therefore true when n = 4. Since 
(a) is true when n = 4, it is therefore true when n = 5, etc., ad infinitum. 

A proof which uses the above method of reasoning is called a proof by 
induction. 


Comment 24.1. Every proof by induction must consist of these two 
parts. First you must show that the assertion is true when » = I (or 
for whatever other letter appears in the formula). Second you must show 
that if the assertion is true when n = k, where k is an integer, it will 
then be true when n = & + 1. 


LESSON 24. Differential and Polynomial Operators. 


LESSON 24A. Definition of an Operator. Linear Property of 
Polynomial Operators. An operator is a mathematical device which 
converts one function into another. For example, the operation of differ- 
entiation is an operator since it converts a differentiable function f(x) into 
a new function f’(x). The operation of integrating - f(t) dt is also an 
operator. It converts an integrable function f(t) into a new function F(z). 

Because the derivative at one time was known as a differential coefh- 
cient, the letter D, which we now introduce to denote the operation of 
differentiation, is called a differential operator. Hence, if y is an nth 
order differentiable function, then 


(24.11) By = ¥, Dy — a’, Dy zs Tae rae D"y = yf. 


(Other letters may also be used in place of y.) lor example, if 2 Ce)se Ge, 
then D°y = 2°, Dy = dy/dr = 322, Dy = d*y/dx* = On, Diy =: 
d3y/dx® = 6, D*y = d‘y/dxt = 0; if r(0) = sind + 0°, then = 
sin @ +- 62, Dr = dr/d@ = cos 6 -F 20. d?r/d0° = —sill Pa 2, tt 
‘ee (?, then D_2=t’, Dr= ay i er ch D*e = (i*z/at- = 2, D>x = 0. 

By forming a linear combination of differential operators of orders 0 to 


n, we obtain the expression 
(24.12) ‘ig ED) = ao -- a,D + gal” -++- gate +- ofl”, An 0, 


where do, @1, °° °, Gn are coustants. 


» 
Because of the resemblance Old 
| operator of order mr. 


(D) toa polynomial, we shatl refer to 


it as a polynomia Its meaning is given in the 


following definition. 


_ 


252 OPERATORS AND LAPLACE TRANSFORMS Chapter 5 


Definition 24.13. Let P(D) be the polynomial operator (24.12) of 
order n and let y be an nth order differentiable function. Then we define 
P(D)y to mean 


(24.14) P(D)y = (a, D° = ay = Ga) 
= 0,0 7 +--+: = a Dy ayy. 
By (24.11), we can also write (24.14) as 
(lo) P(D)y = any +--+ + ayy’ + acy, an ¥ 0. 


Hence, by (24.15), we can write the linear equation with constant coeffi- 
cients, 


(24.16) any” + an_iy™) +--+ ay’ + apy = Q@), an ¥ 0, 
as 

(24.17) P(D)y = Q(z), 

where P(D) is the polynomial operator (24.12). 


Theorem 24.2. If P(D) is the polynomial operator (24.12) and y,, y2 
are two nth order differentiable functions, then 


(24.21) PCD) 592) = c)P(D)y, ie. D as, 


where c, and co are constants. 


Proof. In the left side of (24.21) replace P(D) by its value as given 
in (24.12). There results 


(a) Oe Gey es ee a,D + ao)(ery + C22). 
By Definition 24.13, we can write (a) as 
(b) anP"(cry, + coy) + @m—1D" "(e141 + coyo) + --> 
+ a,D(cyy1 + Coy2) + ao(erys + coye). 
By (24.11) and the property of derivatives, 


k ; ; 
(c) D* (ey + coye) = ey” + coy = Cy coD* yo, 


for each k = 0, 1,2,-++,m. Hence (b) becomes 
(d) An(c¢,D"y, a CoD" yo) ah aaron ie ae CoD"—" yp) 
Sa ane nam C4 Day coDy2) + ag(ery, + coyo) 
= ¢(0,D" — a, 2D oe + Gy onan 
© 6o(Qel)" +> Gy Rt Se a 
= Dye eee 
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which is the same as the right side of (24.21). We have thus shown that 
the left side of (24.21) is equal to its right side. 


By repeated application of (24.21), it can be proved that 


(2622) 2D )epyy + cows +--+ + Cnya) 
weg gin col CD yn 4 = cn (Da, 


where ¢,, Co, .. -, Ca are constants, and each of y1, y2, °°, Yn is an nth 
order differentiable function. 


Example 24.221. Use Definition 24.13 to evaluate 
(a) (D? — 3D + 5)(2x° + e?* + sin z). 


Solution. Here P(D) = D*? — 3D + 5 and the function y of (24.14) 
is 273 + e?? + sin z. Therefore, by (24.14) and (24.11), 


(b) (D® — 3D + 5)(22z° + e** + sin z) 
= 9220) +e? -sint) — 8D(2r> e+ sim) 
+ 5(223 + e?* + sin z) 
= 127 + 4e?7 — sinz — 1827 — 6e 
+ 1023 + 5e?% + 5 sin x 
= {Or? —.1Se-e+ 122 -- Be? asin tr — 3 coon. 


22> 3 cost 


Example 24.222. Use (24.22) to evaluate 

(a) (p= — BOs bye" =. e2* + sin 2). 
Nore. This example is the same as Example 24.221 above. 
Solimion. By (24.22), with P(D) = D> = a3, 


(b) (D? — 3D + 5)(2x23 + e?? + sin z) 
=e 804 ar (D? — 3D + 5)e** 
(Do 3D Seine 
= 262 =e + 52") + Ge* — 6e2* + 5e?*) 
oh. (Simi: —— 3.0m tae 5 sin 2) 
— Or? — 1822 + 122 + 3e7* + 4sinz — 3cosz, 


the same result obtained previously. 


Definition 24.23. An operator which has the property (24.21) is 
called a linear operator. Hence the polynomial operator (24.12) 1s 


linear. 


<_ 
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Comment 24.24. With the aid of the linear property of the poly- 
nomial operator P(D) of (24.12) we can easily prove the following two 
assertions, proved previously in Theorem 19.3. 


1. If y1, yo, °-*, Yn are n solutions of the homogeneous linear equation 
P(D)y = 0, then yo = cyy; + Coyg + +++ + Cnn is also a solution. 

2. If y, is a solution of the homogeneous linear equation P(D)y = 0, and 
Yp is a particular solution of the nonhomogeneous equation P(D)y == 
O(@), then = 7. -episarsolution ef7(D), ="Q@). 


Proof of 1. Since y, y2,°**, Yn are each solutions of P(D)y = 0, we 
have 
(a) (Dy 0, POD yaa e-POD gy = 0) 
Hence also 
(b) aP(D)y; = 0,  cgP(D)y2 = 0, +++, enP(D)yn = 0, 
where ¢), C2, +++, C, are constants. Adding all equations in (b) and making 


use of (24. 29), 9 we obtain 
(c) PD) (igi cays cy = 0) 


which implies that y, = cy, + Coy2 +:++++ Ca¥n is a solution of 
(UD 0 


Proof of 2. By hypothesis y, is a solution of 2D )y — 0 andy, 1s.2 
solution of P(D)y = Q(x). Therefore 


(d) P(D)y. = 0 and P(D)yp = Q(z). 

Adding the two equations in (d) and making use of (24.21), we obtain 
(e) P(D)(ye + yp) = Q(x), 
which implies that Y = Ye + Yp is a solution of P(D)y = Qa). 


_ Comment 24.25. Principle of Superposition. In place of the 
linear differential equation 


(a) P(D)y = Qi + Qo+---+Q,, 

where P(D) is a polynomial operator (24.12), let us write the n equations 
(b) P(D)y = Qi, P(D)y = Qo, --- » P(D)y = Qn. 

Let Wp, Yop, «* 


» Ynp be respective particul 
of (b). on Pp ar solutions of the n equations 


(c) Pi — Or, PD) ae "++, P(D)ynp = Qn. 


a 


> 9). e es . 
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Adding all the equations in (c) and making use of (24.22), there results 


(d) P(D) (Yip + Yop +++ + Yap) = Qi + Qe +--+ Qn, 


which imphes that 


(e) Yp = Yip + Yop + °** + Ynp 


is a solution of (a). 

We have thus shown that a particular solution yp of (a) can be obtained 
by summing the particular solutions yip, Yep, ***, Yap Of the n equations 
of (b). The principle used in this method of obtaining a particular solu- 
tion of (a) is known as the principle of superposition. 


Example 24.26. Use the principle of superposition to find a particular 
solution of the equation 


(a) (D? + 1)y = 2? + re?? + 3. 


Solution. By Comment 24.25, a solution y» of (a) is the sum of the 
particular solutions of each of the following equations. 


(b) (D?4+1)y= 22, (D?+1)y= xe, (Di + Dy = 3. 


Particular solutions of each of these equations are respectively—write 
(D? + 1)yas y” + y and use the method of Lesson 21— 


(c) Yip = e? a 2, Yon 4(xe?* ae $e**), Y3p = 3. 


Hence a particular solution of (a) is 


(d) yp = 27 — 2+4(xe — Se) + 8 Se 3(te?* — #e?*). 


LESSON 24B. Algebraic Properties of Polynomial Operators. 
Whenever P,(D) and P2(D) appear in this lesson, we assume that 


(24.3) P,(D) = wal” => = = + +--+ 4,D + ao, 
PACD) Sage saab, 


tors of orders n and m respectively, n 2 m. 


are two polynomial opera . 
- sume it is an nth order differentiable function, 


Whenever y appears we as 
defined on an interval /. 


Definition 24.31. The sum of two polynomial operators Py(D) and 


P»(D) is defined by the relation 
(24.32) ey Poy = Pry + Poy. 


, Al 
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Theorem 24.33. Let P,(D) and P2(D) be two polynomial operators of 
the forms (24.3). Then P, and P2 can be added just as af they were ordinary 
polynomials, t.e., we can add the coefficients of like orders of D. 


Proof. By (24.32), (24.3) and the rules of differentiation, 


(a) (Py + Po)y = (anD" +--+ + aD? + a,D + ao)y 
+ (bey DD” a ess 4- bod “= b,D -. bo)y 


= (a,D" +--+ + dnD™ + +++ + a2D? + b2D? 
+ 0;D + 1D Goa On 


= [Oe = UR ee (ag + be) D? 
d= (@; 4= 01) D —- @ea bo) ly. 


Example 24.331. If 
(a) P,(D) = 3D? + D? + 3D — 1, P2,(D) = 5D? — 7D + 3, 
find P,(D) + P.(D). 

Solution. By Theorem 24.33, 


(b) Pape Ps) =) = 6 p- — 4p > 


As an exercise, prove that the following identities follow from Definition 
24.31. 


(24.34) P\(D) + P3(D) = P2(D) + P,(D) 
(commutative law of addition). 
PD) PotD) Ps(D)| = (Pi) = Pie Pa) 
: = P\(D) + P2(D) + P3(D) 
(associative law of addition). 


Definition 24.35. The product of a function h(x) by a polynomial 
operator P(D) is defined by the relation 


(24.36) [h(x) P(D) ly = h(x)[P(D)y]. 
Example 24.37. Evaluate 
(a) [22*(3D? + 1)}e*. 


Solution, Comparing (a) with (24.36), we see that Go La 
P(D) = 3D? +1, y(x) = 32. Therefore, by (24.36), (24.14) and (24.11), 
tb) [22°(3D? + 1)Je** = 22°[(3.D? + 1)¢3%) 


= 22-[3(0e*) a= 2x7(28¢3*) = 56x2e3*. 
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Example 24.38. Tevaluate 

(a) (Oe? +22 23) 2) (D2 — lye. 
Solution. By Theorem 24.33 and (24.36), we can write (a) as 

(b) (3x? + 2)((3D? + 3D + 1)e?*). 

Carrying out the indicated differentiations in (b), we obtain 

(c) (3x3 + .2)(12 + 6 4 I)e?* = 19e7*(3x? 4 2). 
Comment 24.381. By (24.32), we may also write 


(24.39) h(x)[P1(D) + Po(D)ly = A@)Pi(D)y + Po(D)yl 
h(x)[Pi(P)y] + h@)[P2(P)y]. 


Example 24.4. Evaluate (a) of Example 24.38, by use of (24.39). 


Solution. 
(a) (372 + 2)((D? + 3D + 2) + (2D? — I)le* 
= (Gn 4 2)((D? - 8D + 2)e77] + Gr + 2[@D° — es] 
= (a0? + Dee + ape” + Ga? + 2)(8 — he 
= 19¢?7(3r3 + 2). 
Definition 24.41. The product of two polynomial operators P,(D) 
and P5(D) is defined by the relation 
(24.42) [Pu(D)P2(P)ly = Pr(D)[P2(P)yl- 
Example 24.43, Fivaluate 
(a) (QD? — 5D -- 3)(D? — 2))(c* + 2r). 
Solution. By (24.42), (24.14) and (24.1 DP 


(b) (iD? — 6D 4+ 3G — 2)(x3 + 2r)] | 

= (3D® — 5D + 3)(6r = 2x° — 4x) 
2(— 120) — 5(6 — Gut — 4) + 18r = 6x? — 12r 
— — (79 + gOre — 30R — 10. 


Prove as exercises that the following identity follows from Definition 


24.41, 
(24.44) P(D)|Po(D)Ps(P)I = [(P(D)P2(D)|P3(D) 

P(D)Po(D) PsP) 

(associative law of multiplication), 
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and the following identity from Definitions 24.31 and 24.41, 


(24.45) P,(D)[P2(D) + P3(D)] = Pi(D)P2(D) + Pi(D)P3(D) 
(distributive law of multiplication). 


Theorem 24.46. If 


(24.47) P(D) = a,D" + a,_;D""'+ +--+ a,;D+ a9, an ¥ 0, 


where Qg, @1,°°*, Gn are constants, then 
(24.48) P(D) = a,(D — 1)(D — r2) +--+ (D — fa), 
where r1, T2,°°*,Tn are the real or imaginary roots of the characteristic equa- 


tron (20.14) of P(D)y = 0, 7.e., a polynomial operator with constant coeffi- 
cients can be factored just as tf it were an ordinary polynomial. 


Proof. We shall prove the theorem only for n = 2, i.e., we shall 
prove 


(a) D? — (nr, + r2)D + ryre = (D — 1)(D — 12). 
In the equalities which follow, we have indicated the reason after each 


step. Be sure to refer to these numbers. We start with the right side of 
(a) and show that it yields the left side. 


By 
(b) [(D — 71)(D — ro)]y 
Se Oe aa (24.42), 
= (D — r))(Dy — rey) (2s 
= ge = ty) DF Daa) (24.21), 
= a — 1, Dy — reDy + ryrey (24.14), 
= 2 ¥ — (7, + re)Dy + ryrey Theorem 24.33, 
= [D* — (1 + re)D + rirely (24.14). 


Corollary 24.481. If P(D) is the polynomial operator (24.47), then 


(24.482) P(D) = P,(D)P2(D), 


where P,(D) and P2(D) may be com 


posite fact POD 
may be products of factors of (24.48). PED) eae 


The proof follows from Theorem 24.46. 


Theorem 24.49. The com 
sa mutative law o fee ee 
polynomial operators, 1.e., f multiplication is valid for 


(24.5) Oia) = (=a r1). 


a 
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Proof. In the proof of Theorem 24.46, interchange the subscripts 1 
and 2 of r; and ra. Since the final formula on the right of (b) in the proof 
will remain the same, the equality (24.5) follows. 


Example 24.51. Evaluate (D? — 2D —3)(sin z + 2?). 
Solution. Method 1. By application of Theorem 24.2. 


(a) (D? — 2D — 3)(sinz + x”) 
= (D*? — 2D — 3)sinz + (D? — 2D — 3)z? 
= —sinz — 2cosx — 3sinz +2 — 42 — 32? 
= 2 — 4x — 3x” — 4sinzx — 2 cosz. 
Method 2. By application of Theorem 24.46 and (24.42). 
(b) (D? — 2D — 3)(sinz + 2”) 
= [(D + 1)(D — 3)\(sinz + 2”) 
= (D+ 1I[(D — 3)(sinz + x] 
= (D+ 1)(cosz + 2x — 3sinz — 32”) 
= —sinz + 2 — 3cosz — 62+ cosz 


+ 27 — 3sinzx — 32? 
= 2 — ae — 3n° — Asin zg — 2C0s 2. 


Definition 24.52. If 
(24.521) (0) — aye: aD a5 
is a polynomial operator of order 7, then 
(24.522) P(D+a)=4,(D+ a)" +----+a,(D +a) + a, 


where a is a constant, i.e., (24.522) is the polynomial operator obtained 
by replacing D in (24.521) by D + a. 

Summary 24.523." Polynomial operators can be added, multiplied, 
factored, and multiplied by a constant, just as if they were ordinary 
polynomials. Furthermore, the 


(24.53) Commutative law: Pies = PoP 1, 
(24.54) Associative law: P\(P2P3) = (PiP2)P3 = PiPoPs, 
(24.55) Distributive law: Pi(P2 + Pe) = Pileet PiPs 


are all valid. 


d do not apply to polynomial operators with 


= » summarize 
*Some of the properties herc Exercise 24, 17 and 18. 


nonconstant coefficients. See, for example, 


a ——x_ 
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LESSON 24C. Exponential Shift Theorem for Polynomial Opera- 
tors. If the function to be operated on has the special form we°’, where 
u is an nth order differentiable function of x defined on an interval J, 
then the following theorem, called the exponential shift theorem 
because the formula we shall obtain shifts the position of the exponential 
e°7, will aid materially in evaluating P(D)ue%. 


Theorem 24.56. (Exponential Shift Theorem) Jf 
(24557) P(D) = a,D" + an_,D"' +--+ + a1D + ao, 


ad, * 0, 1s a polynomial operator with constant coefficients and u(x) 1s an 
nth order differentiable function of x defined on an interval I, then 


(24.58) HAGE) TE ee EL DE EATS EY 
where a is a constant. 


Proof. We shall first prove by induction that the theorem is true for 


the special polynomial operator P(D) = D*. By Comment 24.1 we must 
show that: 


1. (24.58) is true when k = 1, i.e., when POD) =a 
2 If (24.58) is valid when k = n, then it is true when k = n= lose, 
if (24.58) is valid when P(D) = D*, then it is true when P(D) = D?+} 


Proof of 1. When P(D) = D, the left side of (24.58) is D(ue). B 
(24.11) and (24.14), (24.58) is D(ue*). By 


(a) Die) =e ee, er ou) =e (ain 


By Definition 24.52, if P(D) = D, then P(D + a) = D+a. Substitut- 


ing these values of D and D+ a in the f end ; 
obtain (24.58). rst and last terms of (a), we 


Proof of 2. We assume that (24.58) is true when P(D) = D”. We 
must then Prove that the theorem is true when PD) a ls 
Definition (24.52), if P(D) = D®, P(D+a)= (D+ a)”. Substituting 
these values of P(D) and P(D + a) in (24.58), we obtain | 


(b) Der) = = a ay 


which, by our assumption, | 
ae. shee, puon, 1s a true equality. Operating on (b) with D, 


fe) D{.D" (ue%*)] = De a)” uw] (b) od 
= &D(D + a)"u + ae**(D + a)*u | (24.11) 

ee + a)" + a(D + a)"Ju (24.39), 

eal + a)"(D + a)ju Corollary 24.481, 

ou OL a Corollary 24.481. 
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The left side of (c) is D®*!(we**). Hence we have shown by (c) that the 
validity of (b) leads to the validity of 


(d) aie) = ee tag)" lap, 
It therefore follows by Comment 24.1, that 
(24.59) D*(ue**) = e°*(D + a)*u, 


for every k. 
Let P(D) be the operator (24.57). Then 
By 
(e) P(D)(ue™) 
= a,D"(ue®*) + --- + a, D(ue**) + aque” (24.14), 
PC ay += ea (D + a) =P alte (24.59), 
= e*P(D+ a)u Definition 24.52. 


Corollary 24.6. 
(24.61) (D — GG) = FD" x. 


Proof. Let P(D) = (D — a)". Then by Definition 24.52, P(D + a) 
= (D+a—a)" = D”. Substituting these values of P(D) and P(D + a) 
in (24.58), we obtain (24.61). 


Corollary 24.7. If cis a constani, and P(D) 1s the polynomial operator 
(24.67), then 


(24.71) RED) (Ga). = cea). 
Proof. By (24.58) and Definition 24.52, 


(Oe (Dice =" (D+ aje 
CMa D + ay pe, D+ ey + agle. 


l 


By Theorem 24.46, (24.42) and (24.14), 


b D bee(D) + a)’ '(D + ae = (D+ wee 
_ a = a + a)*-2(D + a)(ac) = (D + a)*~*(a*e) 


ae ce) 
Hence, by (b), we can write the second equation in (a) as 


(c) P(Dyce** = e**[ana” + a,_ja" 1 +---+a,a+ ale. 


By Definition 24.52, (¢) 1 equivalent to 


P(D)ce™ = eMP(aje= we PCa). 
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Example 24.8. Evaluate 
(a) (D? + 2D + 3)(e?* sin z). 


Solution. Comparing (a) with (24.58) we see that P(D) = D? + 
29D+3, a= 2, u=sinz. Hence by Definition 24.52, POD = 2) 
(D +2)? + 2(D +2) +3 = D?+6D + 11. Therefore by (24.58), 


(b) (D* + 2D + 3)(e"* sins) = e°*(D* + 6D + 11) sinz 
e?7(10 sin z + 6 cos z). 


Example 24.81. Evaluate 
(a) (D? — D + 3)(x%e—**). 

Solution. Comparing (a) with (24.58), we see that P(D) = D? — 
D+3, a= —2, u=x*. Hence by Definition 24.52, P(D — 2) = 
(D — 2)? — (D — 2) +3 = D? —5D +9. Therefore, by (24.58), 
(b) (D2 — D + 3)(xe-27) = e-2#(D? — 5D + 9)z3 

= e **(6¢ — 152? + 92°). 

Example 24.82. Evaluate 

(a) (D — 2)3(e?* sin z). 


Solution. Comparing (a) with (24.61), we see thata = 2, u = sing, 
n = 3. Hence by (24.61), 


(b) (D — 2)%(e* sin x) = e?*D? sinz = —e?* cos z. 
Example 24.83. Evaluate 
(a) (D? — 3D? + 2)(5e—4*). 


Solution. Comparing (a) with (24.71), we see that P(D) = D? — 
30-2, ¢— 5,4 = —4. Therefore P(—4) = —64 — 48 49 = — 11g 
Hence by (24.71) 


(b) (D° — 3D? + 2)(5e74*) = 5e7*2(—110) = —550e—4*. 


LESSON 24D. Solution of a Linear Differential Equation with 
Constant Coefficients by Means of Polynomial Operators. In 
Lessons 21 and 22 we outlined methods for finding the complementary 


function y, and a particular solution Yp of the nonhomogeneous linear 
equation, 


(289) aay” agg! 4 eee ayy + G9 = OG), sae ad. 


In this lesson we shall solve 


(24.9) by means of polynomial operators. 
We illustrate the method by m 4 P 


eans of examples. 
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Example 24.91. Find the general solution of 
(a) y + Qy" — y' — Qy = e”*, 
Solution. In operator notation, (a) can be written as 
(b) (Di + 2D? — D — 2)y = e?*, 
By Theorem 24.46, (b) is equivalent to 


(c) (D — 1)(D 4+ 1)(D + 2)y = e??. 
Let 

(d) u= (D+ 1)(D + 2)y. 

Then (c) becomes 

(e) (D — Wan=ne*?, ui — u = ec, 


which is a first order linear differential equation in u. Its solution, by 
Lesson 11B, is 


(f) u = e7* + cye". 

Substituting this value of u in (d) gives 

(g) (D + 1)(D + 2)y = e** + eye’. 

Let 

(h) v = (D+ 2)y. 

Then (e) can be written as 

(i) Oe Oya ce, Ye e°* + ce", 
an equation linear in v. By Lesson 11B, its solution is 

(j) y = 2077 + = e” + ce”. 


Substituting this value of v in (h) gives 
(k) y! + dy = He + Be” + coe™, 


an equation linear in y. Its solution, by Lesson 118, is 


Qx C1 oz == —22 
(1) y = 79 + ¢é oe eo, ce 
which can be written as 
(m) y = pye?? + Cie® + ce * + ae: 
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Comment 24.92. The solution (m) could have been obtained much 
more easily if we had found y, by means of Lesson 20, and used the above 
method to find only the particular solution e?7/12. The solution (f) 
would then have read 
U 
the solution (j) 


and the solution (1), 


al _p2r 
Yp = T2e. 


The roots of the characteristic equation are, by (c), 1, —1, —2. We 
could, therefore, easily have written the complementary function 


Ye = ce” + coe * + cse 2". 


Example 24.93. Find the general solution of 


(a) ia a 
Solution. In operator notation, (a) can be written as 
(b) (D? + l)y = e*. 
By Theorem 24.46, (b) is equivalent to 
(c) (D + %)(D — i)y = e’. 
Let 
(d) u = (D — i)y. 


Then (c) becomes 
(e) 


an equation linear in w. 


(f) 

Hence (d) becomes 

(g) y’ 
whose solution is 

(h) y 


(D + i)u = ef, 


tl ewe 


Its solution, by Lesson 11B, is 


] ie 
a -€ ee. 
— iy = + ey'e—™ 
1+i a 
eee ioe ae 


This last equation can be written with new parameters as 


(i) 


Y= 26° + ce eet cogie 
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Again we remark that (i) could have been obtained more easily, if we 
had found y. by means of Lesson 20 and used the above method to find 
only the particular solution ¢7/2. 


In general, if the nonhomogeneous linear differential equation (24.9) 
of order n is expressed as 


(24.94) (D — 1)(D — r2)+++(D — ra)y = Q(@), 


where rT}, 72, °**, Tn are the roots of its characteristic equation, then a 
general solution (or, if arbitrary constants of integration are ignored, a 
particular solution) can be obtained as follows. Let 


(24.95) je (D SM) (D — rA)y; 
Then (24.94) can be written as 
(24.96) (D — r)u = Q(x), 


an equation linear in u. If its solution u(r) can be found, substituting it 
in (24.95) will give 


(24.97) (De 7a) — 9g) rey — aa 
Let 

(24.98) y= (D — 173) +++ (D — ra)y. 

Then (24.97) becomes 

(24.99) (D — re)v = ule), 


an equation linear in v. If a solution for v(x) can be found, substituting 
this value in (24.98) will give 

(24.991) (D — 1r3)-+-(D — ta)y = (2). 

The repetition of the above process an additional (n — 2) times will 
eventually lead to a solution for y. 


EXERCISE 24 
1. Prove by induction that 
18% 9? oe = 
2. Find D°y, Dy, D®y, Dy for each of the following: 
(a) y(z) = 32”, (b) y(z) = 3sin 2z, (c) y(t) = Vz. 
3, Find D°r, Dr, D?r for each of the following: 


(a) r(@) = cos@-+ tan 9. (b) r(0) = 6? + sin @. 


1 
(c) 100) = a 


~ 


n(n + 1)(2n + 1) | 
6 


, a 


266 OPERATORS AND LAPLACE TRANSFORMS Chapter 5 


4. Find D°x, Dz, D*x for each of the following: 


@) 7@= 2 4 3 Ie (b) z(t) = acos 6 + b sin OF. 
(c) x(t) = a cos (i= b). 


5. Use Definition 24.13 to evaluate each of the following: 


(a) (D? — 2D — 3) cos 2z. (b) (D? — 6D + 5)2e3 
(c) (D* — 2D?)4z°. (d) (D? — 4D + 4)(2? + «+ 1). 


6. Use (24.22) to evaluate each of the following: 


(a) D%(cos ax + sin bz). (b) (D2? + D)(8e7 + 223). 
(c) (D? — 2D + 4)(ze7 + 5x? + 2). 


7. Use the principle of superposition to find a particular solution of each of the 
following equations. 


(a) y” + 3y' + 2y = 8+ Ge? + 2sinz. 
(b) y’” — 2y’ — 8y = 9xe* + 10€7*. 
(c) y” + 2y’ + 10y = e? + 2. 


8. Evaluate P,(D) + Pe2(D), where 


fay PyCD) D?+2D—1, Pe(D) = 3D3+ 4D? — D+ 3. 
(b) Pi(D) D* — 2D*, P2(D) = D? — 6D+ 5. 


9. Evaluate P1(D) + Pe(D) + P3(D), where 


(Gee (Dy oD? =) =o Peay ab2 ap. 
P2(D)) =D! ops = p24. 3p ea 

(MPIC ns? ope), Psp) = 2D2 9 p23 pe ap 
P3(D)= 3D° — 4D? + 7. 


10. Evaluate by means of (24.36) 
(a) [22(D? + 1)](2e*), (b) [(@ — 1)(D3 + D2)\(e2= + 2%). 
Cee oO) tans 1, (Qe 37-4 iG. 
1]. Evaluate two ways, by Theorem 24.33 and by (24.39), 
(a) 27((D? + 1) + D](2e-2*). 
(b) (t — 1)[(D* + D?) + (2D? — 6D + 5)](z3 + 2). 
(c) sin z[(2D? — D+ 1) + (D?+ D — 1)} cotz. 
12. Evaluate two ways, by (24.42) and by Theorem 24.46, 
C2) Caer 


(b) (D° Se DCD Vie 2? se 6 
(c) (D* + 1)(D — 8)(cos x -+ es) 


13. Evaluate, by means of Theorem 24.56, 
- os eu — 3) cos 27) (b) (D? — D+ 8)(32z2e-27), 
c — e-? tan 2). d) (D2 + 2D)(3e?7 
(e) (D? — 2D+ 6) (e—3? log z). eee) Re 
14. Evaluate, by means of Corollary 24.6, 


(a) (D — l)e* sin z. b) (D+ le 
Gey IO 2)*(¢?s log z). a ne: i ee on 
(e) (DD — 3)" (€™ Bre sina (f) (D- 3)" cota 
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15. 


18. 


Evaluate, by means of Corollary 24.7, 


(8D + OG). (bh) (De 8D+ Dee. 
(ce) (D — 2)3(8e4?). (d) (D? — 3D + 7)5e8. 


. Prove Theorem 24.46 for n = 3. Hint. (D — 1r1)(D — re)(D — 1r3) = 


D> — (ry + re + 73) D? + (rire + rir3 + rer3)D — rirer3. 


. Prove Theorem 24.46 is false if the coefficients of P(D) in (24.47) are func- 


tions of z. Hint. Show, for example, that (r?D? — 1) ¥ (kD — 1)(4D+ 1) 
by evaluating (x?D? — 1)e*7 and (xD — 1)[(zD + le??]. 

Prove the commutative law (24.5) is false if the coefficients of P(D) in 
(24.47) are functions of z. Hint. Show, for example, that (D?-+ zD)(3D)y ¥ 
3D(D* + xD)y, where y is a second order differentiable function of z. 


Find the general solution of each of the following differential equations. 


Follow the method of Lesson 24D. 


12. 
16. 


. (a) 400. 


y’ — y! — * = e. 2. yy — 3y ey ie. 

y’ + 3y’ + 2y = 12e?. 30. y’’ + 4y = 42 sin 2z. 

yl" + By + Wy = e, a! = By" + By! — y = eé, 

y’ + 3y’ + 2y = sing. 30) 7" — yf = 77 sin? @. 

y'’ + 3y/ + 2y = cosz. 33. 4y” — 5y’ = x7e-* 

y+ 3y’4+ 2y = 84 6e7+ 2sinz. 34. y! — yl" +y! —y = 46737 + Ont. 

y!’ — 2y' — 8y = l0e7 + Ore, 85. oy" — By" + 8y' — 4y = 3e?7. 

y" — By’ = 2e?? sin x. 36. Prove the equalities in (24.34). 

y™) — dy" + y = © — sing. 37. Prove the equality in (24.44). 

yf ty! = 2? + Qz. 38. Prove the equality in (24.45). 
ANSWERS 24 

@)2r* son, 0. (b) 3 sin 2z, 6 cos 2z, —12 sin 2z, —24 cos Dem 


(c) Vt, ioe 2, —de-?!?, ee a 


. (a) cos @ + tan 8, —sin 6 + sec? 6, —cos @ + 2 sec? 6 tan 6. 


(b) 62 + sin 6, 26+ cos 6, 2 — sin 8. (c) g-*, —2g0- 60-4. 

(a) 2+ 3t4+ 1, 2¢+ 3,2. (b) acos bt + bsin 6t, —a6 sin 6t + b@ cos 4, 
—a6? cos 6t — 6? sin ét. . ae 

(c) acos (6t + b), —a6 sin (8 + b), —aé* cos (@ . 

(a) 4 sin 2x — 7 cos 2z. (b) —S8e8*. (c) —48z. (d) 4x2 — 42+ 2. 


(a) a3 sin ax — 6° cos bz. (b) 6e? + 62? 4+ 12z. 


(c) 3ze7 + 18 — 202 + 2027. 


‘ p= er +44 4sinz — 3 cos 2). 
“ A = —ze™ — 2e7%. (c) Yp = 23/3. 
p— Paci” 
. 2 33 8) “gh + 2. (b) D*# — D? —6D-+ 5. 


Pe a(b) aaa 20 ee — Se, 10. 
ate. 0) Oe (bet #1).  @) @ Gee? 2 Aten 2 2) 


(d) (x2 + 32+ 4)(x? + 8). 


. (a) 6x%e-?*. (b) (x — 1)(52° — 1822 + 18x + 16). 


(@) ig ON . stalls ae 
(a) 0. (b) 3z Qx* — 5x ; oN 

(a) e27(—4 sin 2x — 7 cos Qe). (b) 302 — 101 a= 027). 
(c) e~7(2 sec? x tanz — 6 sec? z + 9 tan 2). 

(d) 3e27 ese x(esc? x + cot? x See cot x + 8). 

() ¢@4(21 log c — a7? — 8a"). 


P 
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2 2ry—2 
I (a) e* cos 2. (b) —e7* sin z. (c) om 
(d) 2e7?7 sec? x tan z. (e) xe37(1 — 2?) —3/, 
(i) 2en 7 csc 2 cote. : 
Dee (a) 750". (b= 26c— (c) 24e4*. (d) 23522". 


19. y = cie7? + cze?* — $e7. 
20. 4 Se 2ee cieg* 1 coe 57. 
21. y = pyle? — 3ie”) + cre? ecu 7 
22. y = zy(sinz — 3cosx) + cie~*? + c2e*. 
23. y = z5(3sinz + cosz) + Cie Cae al 
24. y = 4+ e7 + Xsinz — 3cosz) + cie-** + coe’. 
B5Gyaecie | ne — ee 
Page 
2. y = — as (3sinz + cosxz) +¢e1 + coe”. 
= sin x 
O7. y = (c1 + coxje” + (c3 + cazle + 2 — 7 


3 
See 
PRUE Se CS et 
29. y = (ce, + cox)e? + cge—7? + fe-*. 
x 
30. y = ¢1 cos 27 + cosin 27 — i (2x cos 2x.— sin 22). 


3 
sly. = C + cox + Cae a = ae 


n = 1 9 cos 2x — 7 sin a) 2x 
32. y = c, + coe + coe Ge ss et eal *. 


—z 


2 e 
729 
on P 3 
34. y = cre + cosinz + c3 cos z =i 10 eo oe 18) 


22 
32°e°" 


2 


33. Y = sei re i — (812° + 2342 + 266) 


ww 
— 

cs 
| 


= (c1 + cox)e”* + cge” + 


LESSON 25. Inverse Operators. 


In Lesson 21, we found, by the method of undetermined coefficients, a 
particular solution of the nth order linear differential equation 


(25.1) P(D)y = Q(z), 
where P(D) is the polynomial operator 
(25011) P(D) = a,D" +-+---+4a,D+ a, an ¥ 0, 


and Q(r) is a function which consists only of such terms as b, x*, e%7, 
sin ar, cos ax, and a finite number of combinations of such terms. Here 
a and b are constants and k is a positive integer. In this lesson we shall 


show how inverse operators may furnish a relatively easy and quick 


method for obtaining this same particular solution. 
Let 


(2am?) Ye = CY, Feoee t+ Cn¥n 
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be the complementary function of (25.1), i.e., let y. be the general solu- 
tion of P(D)y = 0, and let y, be a particular solution of (25.1). Therefore 
the general solution of (25.1), by Theorem 19.3, is 


(25.13) y = Yo + yp. 


By following the method of undetermined coefficients as outlined in 
Lesson 21, we obtained a particular solution y, that contained no term 
which was a constant multiple of a term in y,. However, there are in- 
finitely many other particular solutions of (25.1). By Definition 4.66, 
each solution which satisfies (25.1) and does not contain arbitrary con- 
stants is a particular solution of (25.1). For example, the complementary 
function of the differential equation 


(a) (D? - l)y = x? 
is 
(b) Yo == €,€7 + c2e~*. 


A particular solution of (a), found by the method of undetermined coefhi- 
cients, 1s 
(c) yo —a? — 2. 
Therefore the general solution of (a) is 
(d) y= = ee Oe 
You can verify that the following solutions, obtained by assigning arbi- 
trary values to the constants ¢, and co of (d) are, by Definition 4.66, also 
particular solutions of (a). 
(ec) Yp = —x? — 2, Vp = —z? — 2 — 3e*, 

ee we DS — ee p= —g" — 2 -- 3 sete. 


Note, however, that every two fimnetions differ from each other by terms 
which are constant multiples of terms in ye. In the proof of Theorem 
65.6, we show that this observation holds for all particular solutions of 


(251). 
In the remainder of this lesson and the next, whenever we refer to a par- 
ticular solution Yp of (25.1), we shall mean that particular solution from 


“ms in y, have been eliminated. lor 1n- 
which all constant multiples of terms 1 Ye me Hing 
stance, in the above example, our particular solution of (¢ : 


LESSON 25A. Meaning of an Inverse Operator. 


Let P(D)y = Q@), where P(D) is the polynomial 


Definition 25.2. “oll 
. (x) is the special function consisting only of such 


operator (25.11) and @ 


“a 
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terms as b, x*, e*7, sin ax, cos az, and a finite number of combinations of 
such terms,* where a, b are constants and k is a positive integer. Then the 
inverse operator of P(D), written as P~'(D) or 1/P(D), is defined as 
an operator which, when operating on Q(z), will give the particular solu- 
tion yp of (25.1) that contains no constant multiples of a term in the 
complementary function Ye, 1.¢., 


(25.21) P7(D)Q() = Yp oF aye =e 


where y, is the particular solution of P(D)y = Q(x) that contains no 
constant multiple of a term in yz. 


Comment 25.22. If we are given P(D) and Q(x), we now know how 
to find P~!(D)Q(x). By Definition 25.2, it is the particular solution yp 
of P(D)y = Q(x) that contains no constant multiples of terms in ye. 


Example 25.23. Evaluate 
(a) (D? — 3D + 2)7"r. 


Solution. By Definition 25.2, (D? — 3D + 2)~!x = yp, where yp is 
a particular solution of 


(b) 3D yy a eer, 


that contains no constant multiples of terms in y,. 
By the method of Lesson 21 or 24D, we obtain the particular solution 


: 3 
(c) Ue ae += a 
Hence 
(d) (D? — 8D +22 = 543. 


Comment 25.24. By Definition 25.2, we conclude that 


(25,25) D“"Q(x) = integrating Q(x) n times and ignoring 
constants of integration. 


Proof. By Definition 25.2, D-"Q(z) = Yp, Where y, is the particular 
solution of 


(a) D"y = Q(z) 


that contains no constant multiples of terms in the complementary func- 


oe = : ; 
This restriction on Q(z) is a drastic one. Our definition, however, would not be mean- 


ingful if Q(x) were not thus restricted, since it mj i ibi 
. . . . . ° 4 1 ht t ‘i 
plicitly or implicitly in terms of elementary rune tng NES ee 
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tion y, of (a). The complementary function of (a) is 
(b) Ye = Cy + Coe + Cyn" = eels Chae 


and these terms result from retaining the constants of integration when 
integrating (a) n times. 


Example 25.251. Evaluate 
(a) D~?(2z + 3). 
Solution. By (25.25), 


(b) D-*(2z + 3) = p- | (2e + 3) dx = D7*(z? + 3x) = 2 is a 


You can verify that 23/3 + 32r7/2 is a particular solution of 
(c) D?¥y = 22+3, y” = 224+ 3, 
and that the complementary function of (c) is ye = ¢1 + C22. 


Comment 25.26. We draw another important conclusion from Defi- 
nition 25.2, namely that if P(D)y = 90, then 


(25.27) Yp = P7'(D)0) = 0 or Y= AD} (0) = 0. 


Proof. By Definition 25.2, P—(D)(0) = yp, Where yp is the particular 
solution of 


(a) P(D)y = 0 


that contains no constant multiple of a term in the complementary func- 
tion 7, of (a). This particular solution 1s Yp = 0. 


Theorem 25.28. 
(25:29) P(D){(P7'(D)Q] =@ or P(D) Fe 0| = Q. 


Proof. Let yp be a particular solution of 


(a) P(D)y = @. 
Therefore 

(b) P(D)yp = @ 
By (a) and Definition 25.2, 

() y= P(D) @ 


In (b) replace yp by its value in (c). The result is (25.29). 
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LESSON 25B. Solution of (25.1) by Means of Inverse Operators. 
As stipulated at the beginning of Lesson 25, the function Q(x) of (25.1) 
may contain only such terms as b, 2“, e®”, sin ax, cos ax, or a finite com- 
bination of such terms, where a and 6 are constants and k is a positive 
integer. We shall first consider each of these functions individually and 
then combinations of them. 


1. If Q(x) = bx" and P(D) = D — apo, then (25.1) becomes 
(a) (D — ao)y = bx*, =—-y’ — any = ba*, ay = 0. 


The complementary function of (a) is ye = ce*°*. Hence a trial solution 
Yp, by the method of Lesson 21A, is 


(b) yp = Aye*® + Aoa®) + Agak-? 4+ Agek-3 +... 4 Aga + Aggy. 
Differentiation of (b) gives 

Cle Ake a — gee Se TNE pe eee 
Therefore, by (b) and (c), yp will be a solution of (a) if 


(d) ie AoYp = —AoA oe (A,k — QgAg)x*— 
+ [Ao(k — 1) — apAs)x*—? 
+ [Ag3(k — 2) — apAgla* 3 +--+ + (AR — ag Ax41) 
= be". 


Equation (d) will be an identity in UA 


(e) —agAy => b, Ay = = oe 
: ao 
Ate — 0945 0) Ap= “= 
0 0) 
26) al = ee 
Qo Ao? 
As(k — 2) — ap4g = 0, A, a 434% = 2) _ _ bh(R — 1)(k — 2) 
ao Ao4 
Ax na ApAK4y = 0, Anat = Ak ae bk! 
ao Age t1 
Substituting (e) in (b), we have 
b k x dk 
f eee atae hha We hee ki 
ee mE ne ere | ao ¥ 0. 
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We shall now prove that the same particular solution results if we 
formally expand 1/(D — ag) in ascending powers of D and then perform 
the necessary differentiations. By Definition 25.2, a particular solution 
of (a) is 


J ] 
(g) Yp = Doma b) = —>—> (be) 
(9 
ao 
J D OE De a i 
= -2142+ 7424 Poa ce 


where the last series was obtained by ordinary division. Note that in 
making this division, zt 7s not necessary to go beyond the D*/ao* term since 
D**1z* = 0. Performing the indicated differentiations, we have 


= k! 
& potato ea GR) acta, 
0 


ao Ao? 


which is the same as (f). In general, it has been proved that if 


(i) P(D)y = (anD" + - +> + 0a,D + ao)y = ae 
then 
] : 
(25.3) Y= pp) (ba) 
l k 
ee (b2") 
Py a1 ee: ee 
> (( 7 ee jee ) 


aa!) (ene i een. 
ao 


where (1 -+ b)D + boD? +++ 4+ b, D*)/ag is the series expansion of the 
inverse operator 1/P(D) obtained by ordinary division. 


If k = 0, then (1) becomes P(D)y = b. Hence, by (253), 


tee 


(2573!) Yp = P(by” ear ag ~ 0. 


0 
Example 25.32. Find a particular solution of 
(a) i — Dye Se 5 


‘ ie 
1 j 1 Ww —=_— == 1) 
Solution. Comparing (a) with (1) above we see that ao 8,0 , 


k = 0. Therefore, by (25.31), 


(b) Yup = g 
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Example 25.33. Find a particular solution of 


(a) dy! — 3y' + 9y = 52’, (4D? — 3D + 9)y = 52°. 


Solution. Here P(D) = 4D? — 3D + 9, a = 9,0 = 5. Hence, by 
(2523); 


1 : 
= (52°) 
3 9 
2 
= 8142-2) gett 9. 


Note that we did not need to go beyond the D? term since D*(x”) = 0. 


2. If Q(x) = bx* and P(D) = a,D" + --- + aD, so that ap = 0, 
then D is a factor of P(D). Therefore, by Theorem 24.46, we can write 
P(D) = D(a,D"~! + ---+ aD + a,), where a, ¥ 0. If both a) = 0 
and a, = 0, then D? is a factor of P(D), so that we can write P(D) = 
De ee... i) eae) Inupencralicte)  beramtactor of P( Dy 
Then P(D)y = bx* can be written as 


(a) P(D)y = D'(a,D°7 +---+a41D+ ay = brome) 
Therefore, by Definition 25.2, 


= ee a ee ee ee k 
(b) yp = Dr(a,D 7-7 + +++ + Qr41D SEG) (bx"), a, # 0. 


We shall now stipulate that the inverse operator in (b) means 


ee ee 
lope ee 0), ar = 0. 


Comment 25.35. Since polynomial operators commute, we could also 
have written, in place of (b) above, 


(257384) Yn — 


> 1 F 

(c) Jae 2 ga aE Opa 
ee , 
a, De es een sea i a, ~ VU. 


In effect we would now be integrating first, see (25.25), and then differ- 
entiating. Although no harm results, following this order may introduce 
terms in the solution y, that are constant multiples of terms in y,. In 
that event, we merely eliminate such terms. As exercises, follow the order 
of procedure given in (c) to find a particular solution of each of the two 
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examples below. In both cases you will obtain a term in y, that is a 
constant multiple of a term in y,.. 


Example 25.36. Find a particular solution of 
(a) = 2S (DP 2D) 9. 


Solution. Here P(D) = D? — 2D = D(D — 2). Therefore by Defi- 
nition 25.2 and (25.34) 


1 1 
(b) Yp = is )|. 
De Gash) Shs = 5 ay — —2, 
1 
(c) pu) 


Substituting (c) in (b), and then applying (25.25) to the result, we obtain 


| 5 
(d) Yp = D i ) = —r. 
Example 25.37. Vind a particular solution of 
(a) gi = gi = a (Ga a D*)y = O07 


Suncom Sine POD D"— D* = D*(D? — 1). Therefore, by 
Definition 25.2 and (25.34), 


1 1 

(b) Yn = Blpo (2x )}. 
By (25.3), with ag = —1,b = 2, 

1 ~~ 2 ] by Bogie 
(c) ari (22°) = =e ae) (22°) ea ey 

== —2(x? + 2). 
Substituting (c) in (b), and then applying (25.25) to the result, we obtain 
5 3 
Pcgmei ay 

(d) Yn = Hi [2 + 2)) = —2 e +3 


3. If Q(x) = be™, then (25.1) becomes P(D)y = be%*. We shall now 
prove that a particular solution of this equation 1s 


1 ae be 4 0. 
(25.4) ¥p = P(D) = P(a) P(a) 


Note that the a in (a) is the same as the exponent a in e%”. 


f — 
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Proof. By (25.1) and (25.11), P(D)y = be” is equivalent to 
(a) (a,D" + a,_yD"~! + -++++ a,D + ag)y = be??. 


Since P(a) ~ 0, (D — a) cannot be a factor of P(D). This means that a 
cannot be a root of the characteristic equation of (a). This in turn implies 
that the complementary function of (a) cannot have a term e%” in it. 
Hence the trial solution y, of (a), by Case 1 of Lesson 21A, is 


(b) Yp = Ae*’. 
Differentiating (b) n times, we obtain 


(c) Yp’ = aAe®™, Vee = one. 
Te — ane ee. ae — qa" Ae. 
The substitution of (b) and (c) in (a) gives 
(d) ana" Ae* + an_ia"— Ae™* + --- + ayade** + apAe*® = be*, 
Ae*(ana”" + anja"! + +--+ aja+ ao) = de®. 


By Definition 24.52, the quantity in parenthesis is P(a). The last equa- 
tion in (d) therefore simplifies to 


(c) Pie Gy oh ee 


Substituting this value of A in (b) gives the expression on the extreme 
right of (25.4). Hence be**/P(a) is a particular solution of PUD yy be = 


Example 25.41. Find a particular solution of 
NE a ae BO — D2 alae ae 


Solution. Here P(D) = D® — D? + D+1. Therefore, by (25.4), 
with 6 = 3,4 = —2, 


1 i ape —2z 
OF an fe 
sian C0) as I i =) a es 
— 3.,—22 
= ~ see A 


4. If Q(x) = b sin ax or b cos ax, no special difficulty arises. For, by 
(18.84) and (18.85), we can change these functions to their exponential 
equivalents and use (25.4). Easier, perhaps, is to apply the method of 
Lesson 21B. We shall use this latter method to solve the following problem. 


Example 25.42. Finda particular solution of 


(a) y” — 3y’ + 2y = 3sin 2 (D*® — 3D + 2)y = 3 sin 2x. 
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Qiz 


Solution. Since e 
particular solution of 


(b) (DF — 3D + 2)y = 3¢2ir 


= costr 4+- asin 2r, the imaginary part of a 


will be a solution of (a). Here P(D) = D? — 3D + 2. Therefore, by 
(26-)) with b = 3,4 = 2 


(c) —_ Ce neal ~ 36° yi oa . (I = 31) 
- P(2i) (21)? — Gi + a —2(1 + 37) (1 — 32) 
3(1 — 32) ovr mn 
( =59 i ert = —5(1 — 32)(cos 2x + 2 sin 2z) 


= —[(cos 2x + 3 sin 2x) + 2(sin 2x — 3 cos 2r)]. 
The imaginary part of (c) 1s 
(d) > = gy(3 cos 2x —sin 22), 
which is a particular solution of (a). 


5. Exponential Shift Theorem for Inverse Operators. 


Theorem 25.5. If P(D)y = ue%, where P(D) 1s a polynomial opera- 
tor of order n and u is a polynomial in x, then 


] ae ar ] 


(25.51) i Peo =e PD +a) u 
Proof. 
(a) aaa canal 


By applying (25.29) to each side of (a), we can write (a) as 


(b) PO) Ee cue) | = e“P(D + a) — u| 


By (24.58), e*P(D + a)ju = P(D)(e%7u). Applying this equality to the 


| : 
; i) ———--—.w playunetite roleoliag we obtain, by (b), 
right side of (b), with P(D +0) u playing 


] 
@ PUD) Faas cue?) | =e (D) |e ew P(D +a) u| : 


By (24.21), we can write (c) as 


(d) PD) | pay 


ar 


l — 
P(D 4 a) ¥ =A); 
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Let y represent the quantity in brackets. Then, by (d) and Comment 25.26, 


az i oe = 
© we lpm PD Fa"; = FOS =o 
from which we deduce, 

az az i 
(f) Yo = FD) (ae) =e POG 


Example 25.52. Find a particular solution of 
(a) yy — Oy = Bye, (D? = 2D — 3)y = 2 


Solution. Here P(D) = D? — 2D — 3. Therefore 
By 


2,2 1 22 Jee 
(b) Yp = ae (x*e™*) = Heap yg ee) | Det. 25.2, 
1 2 


= e SD LD x (25.51), 
2 eae ee 
=o (D +2)? — AD TD) — 32 Def. 24.52, 
— oe pe cep a? Theorems 24.46 
and 24.33, 
e2t 1 2 
ep be 
3 (1 3 3 
e* oars 
er ts GO seh (25.3), 
‘ er" : 
ae (x” + 4a + 4A) Def. 24.13 
and (24.11) 


6. Formula (25.4) can be used only if P(a) ~ 0. What if P(a) = 0? 
If P(a) = 0, then (D — a) is a factor of P(D). Assume (D — a)’ is a 
factor of P(D). Therefore we can write 


P(D) = (D — a)'F(D), F(a) # 0. 


We shall now prove that if P(D) = (D — a)'F(D), where F(a 
~ 0, and 
P(D)y = be, then si 


220). — baie. 


1 az 
(D = a)"F(D) (be ) = riF(a)’ F(a) ~ 0. 
Proof. We stipulate that the inverse operator in (25.6) shall mean 


‘ oar): 


<_ = 


1 
P(D) (be 
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(Remark. As commented in 25.35, no harm results, other than more labor, 
if the order of performing the inverse operations is interchanged. As re- 
marked there, using this inverted order may introduce terms in y, that 
are constant multiples of terms in y,. In that event we merely eliminate 
such terms.) By (25.4), 


1 
(b) F(D) be" = F(a) 


Substituting (b) in (a), we obtain 


1 b az 
= ora lra"| 


By Definition 24.52, if P(D) = (D — a)’, then P(D +a) = (D+a— a)’ 
= D*. In (25.51), let P(D) = (D — a)’ and u = b/F(a). Then (c) is 
equivalent to 


@ “slr 


By (25.25), D~'(b/F(a)] means integrate (b/F(a)] r times, ignoring con- 
stants of integration. The first integration gives bz/F(a), the second 
bx?/2!F(a), the third bz*/3!F(a), and finally the rth integration gives 
bz’ /r!F(a). Hence (d) becomes 
e* bax" 
ie 0 
which is the same as the last expression in (25.6). 
Example 25.61. Finda particular solution of 


zx —— — 22 
(a) y’” — by” + 8y' — 4y = Bere (D? — 5D + 8D — 4)y = 3e™. 


Solution. Here P(D) = D® — 5D? + 8D — 4. Therefore, by Defi- 
nition 25.2, 
] 22 
” ve = prep pep— 4) 


If we now attempted to apply (25.4) to the right side of (b), we would 
find that P(a), which here equals P(2), is zero. Hence we must resort to 
(25.6). Since (D> — 5D? + 8D — 4) = (D- 2)?(D — 1), we have by 


(b), 
jie ES AD 
(c) Yo = (Dp — DD — 1) 


Comparing (c) with (25.6), we see that b= 3, a =2,r= 2, F(D)= 


f 
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D — Isothat F(a) = F(2) = 2 — 1 = 1. Hence by (25.6), (c) becomes 


377677 
(d) Yp = ot 


Comment 25.62. The above solution (d) could also have been found 
by the method of Lesson 21, Case 3. A good way to discover how much 
easier the above method is, is to try to obtain (d) by means of that lesson. 


Remark. As an exercise, show that if in place of (c), we had inverted 
the order of the inverse operators and written 


(e) Yp = sales (3e*)|, 


and solved it by first applying (25.51) and then (25.4), the solution y, 
would have contained additional terms that were constant multiples of 
terms in y,. 


Example 25.63. Find a particular solution of 
(a) y” + 4y' + 4y = 5e7?, 


Solution. Here P(D) = D?+4D+ 4 = (D+ 2)?. Therefore, by 

Definition 25.2, 
1 
b ey 2 —2z 
(b) Ye = D+ a0) (aca). 
If we now attempted to apply (25.4) to the right side of (b), we would 
find P(a) = P(—2) = 0. Hence we must resort to (25.6). Comparing 
(b) with (25.6), we see that a = —2,r = 22D) = 1b. sagblence, 
by (25.6) and (b), 
2,—2z 


5x“e 


i let OG) — 0i@) 0) EG mneretere Fea ae 
Q(x) = Q:(2) + Q(z) + ++++ Qn(x). We showed in comment 24.25, 
that a solution y, of P(D)y = Q(x) is the sum of the respective particular 


solutions of P(D)y = Q,, P(D)y = Qo, «+=, POD Oy, it follows: 
therefore, that if P(D)y = Q, then 


25.7 —— i ()) eS | 


Because of (25.7) and the rules developed in this lesson, we are now in 
a position to solve a linear differential equation 


(25.71) any™ + +--+ ayy’ + ay = Q(z), 
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where Q(x) may contain such terms as b, x*, e%7, sin az, cos az, and com- 
binations of such terms. Here a and b are constants and k is a positive 
integer. 


Example 25.72. ¥ ind the general solution of 
(a) y’ —y= 224+ 32 — 4, (D? — ly = 22 + 32x — 4. 


Solution. Here P(D) = D? — 1. Therefore by Definition 25.2 and 
(25:3) 
1 


© se gra te Y= OP De 4) 


By (25.7), we may apply 1/(D? — 1) = —(1 + D*) to each of the 
terms in Q(r), namely to x°, 3r, —5. Hence, by (b) and (25.7), 


(c) (cee — 4 Or) = —(z? + 9x — 4). 

The complementary function of (a) is 

(d) ‘ja C6 = Comm 

The general solution of (a) is therefore the sum of (c) and (d). 
Example 25.73. Yind the general solution of 


(a) yf" —_ ye We yl’ —y= Ae 3 Ic Ox", 
(Do — D?+D—1)y= Mtge 8" 1. Qa 


Solution. Were P(D) = D* — D? + D — 1. Therefore by (25.7) 


(b) yp = SP ST (4¢73*) a aT =i (2zx*). 
By (25.4) . r te-22 
Opp =e 
id 
a 10 
By (5:3) 
(d) app apy = Ot TE 


= —(2r* + 8x" + 48). 
Therefore, by (b), (¢), and (d), 


—3r 
(e) = (ar ees & is) i 
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The roots of the characteristic equation of (a) are 1,7, —t. Hence 
(f) Ye = ce” + cosinz + C3 cos z. 


The general solution of (a), is therefore the sum of (e) and (f). 


EXERCISE 25 


1. Evaluate (see Comment 25.22). 


(a) (D — 3)—!(z3 + 32 — 5). (b) (D — 1)7!2?. 
(c) (D? — 8D+ 2)-! sin 2z. (d) (D? — 1)7}(2z). 
(e) (4D? — 5D)—}(r2e-*). 


2. Evaluate (see Comment 25.24). 
(a) D-'(2x + 3). (b) D-3z. (c) D“Ga =). (d) D-?(2 sin 2z). 
Find a particular solution of each of the following differential equations 


by means of the inverse operator; use the appropriate method outlined in 
numbers 1 to 7 of Lesson 25B. 


3. y+ 3y’ + 2y = 4. 14. y’ — y = sinz. Hint. See 15. 
4. yi ty ty Se 15. y”’ — y = cos7z. 
5. y”’ — y = 2z. Hint. For 14 and 15, solve 
Om ay a eee— a ye. 
7 y —y = 32?. lon yy) — 3y => 24s sina. 
8. yy’ + y = 22+ Qr 17. y’ + a’y = sinaz. Hint. See 18. 
9. af! a) y”’ = 273, 18. 7 + ay = cos ar. 
a a i 6, Hint. For 17 and 18, solve y” + 
LW. y” + 3y’ + 2Qy = 1267. aye 6 aa 0. 
12, y” + 3y' + 2y = 19, 4y"” — 5y' = xem? 
13. Veale y = Se-22 20 y”’ aL y’ ae y= 377267, 
21. y’’ — 2y'’— 8y = Qzez 
22. y!” + By” + 3y + y = e-2(2 — x?) 
23. y+ 4y = 4rsin 2x. Hint. See 24. 
24. y” + 4y = 42 cos 2. 
Hint. For 23 and 24, solve y’’ + 4y = 4ze2#2, 
25. y"’ — y = 2ez. 
26. 4 / aoe = — Oy 
A ea 4 i 8y/’ = Ae —se2. 
28. y) _ oye os Gy’ a 28y/' =e eo. 
29, y!” — lly” + 39y’ — 45y = e3:, 


30. y’ — 2y’ + y = 7e*, 
31. y” + y’ = sinz. Hint. See 32. 
32. y'’ + y' = cosz. 
Hint. For 31 and 32, solve y/” + »’ = ei 
, y= e, 
33. y!"” — By” + 3y' —y = Qe 


Ow 
pe 
i 
aL 
OQ 
a 
ob 
bo 
© 
ll 
00 
+ 
o> 
® 
4 
+- 
bo 
ee 
2} 
& 


38. Solve Examples 25.36 and 25.37 by following the order suggested in Com- 
ment 25.35. Show that the results differ from the text answers, if they do 
differ, by a term which is a constant multiple of a term in y,. 
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39. Solve Example 25.61, by interchanging the order of the operators in the 
denominator of (c). Show that your answer differs from the text answer by 
a term which is a constant multiple of a term in y¢. 


ANSWERS 25 
1. (a) —zy(9x3 + 92? + 332 — 34). = (b) —(z? + 22 + 2). 


(c) gy cos 2x — wy sin 2x. (d) —2z. (e) - (S12” + 2342 + 266). 
2. (a) 2? + 3z. (b) 24/24. (c) €27/3. (d) —4 sin 2z. 


S. Y= 2. 21 ye = — er. 
3 —z 
ve 2 
Bo” — Or. 22. yp = —gy- (20 — @). 
5. —2z. 23. Y¥p = fi (sin 2x — 2z cos 2z). 
6 eee. 24. 4 = = (2z sin 2x + cos 2z). 
roy s fe 64 
We = se 22 4°2)- Deas mae", 
8. yp = 79/3. 26. yp = —xe~?* 
5 4 
9. yp = —2 (= oP = ey ee a0"). OT xe | 
10. ge = 62". %. vy, = r°e?*/30. 
ll. yp = 2e7. 29. yp = —xe3*/4. 
L's: 9 - 
12. yp = 10 Cau 30. yp = Tre ee 
Mi: yp = ee-™. 31. yp = —4}rsinz. 
14. yp = —} sinc. 32. yp = Er cos z. 
1d Yp = —} cos z. 38. ye = 2° O73. . 
16. yp = po(sin z+ 3 cos Zz). 34. yp =4te7+4(sinz— 3 s az). 
17..y = — — cosaz. 30. yp =x — 3x +s — 2x0 
. 2a 


2 
eee Ry. 
18. yp = = sin az. Guay pe 3 (cos z — sin =). 


19. See l(e). 37. See I(a). 
20. yp = 4e7(3z" — 6z + 4). 


LESSON 26. Solution of a Linear Differential Equation by Means 
of the Partial Fraction Expansion 


of Inverse Operators. 


LESSON 26A. Partial Fraction Expansion Theorem. In algebra, 


an expression of the type 


(a) —ae? S| 


284 OprRATORS AND LaPLAcE TRANSFORMS Chapter 5 


can be simplified by the usual method of finding the least common de- 
nominator. There results 


5z2 — 1 
(b) a 


Conversely, if we start with (b) we can expand it into the partial frac- 
tions (a) by means of the partial fraction expansion theorem of 
algebra. We do this by factoring the denominator of (b), and then deter- 
mining A and B so that 


5z — l A B 
(c) a ea 


Putting the right side of (c) under one common denominator, the equation 
becomes 
(a) Ota a, Ae ee 


22 — 1 zr? — 


Since the denominators on both sides of the equal sign are alike, the A’s 
and B’s must be chosen so that their respective numerators are also alike, 
keg eco Ghat 


(e) (A + B) + (A — B) = 52 — 1. 


Equation (e) will be an identity in x if the coefficients of like powers of x 
on both sides of the identity sign are equal. Hence we must have 
(f) Ae. B 5, 

A—B= -l1. 


Solving ({) simultaneously, we find A = 2 and B = 3. Substituting these 
values in (c) gives us the partial fraction expansion of (b), namely 


) Ss Va 
(e x2 — 1 eee Oe ea 


We thus are able to go from (a) to (b) or from (b) to (a). 


Comment 26.1. _ The general rule for determining the form of each 
numerator in a partial fraction expansion of a quotient P(x)/Q(x), where 


ao is of degree less than Q(x), will be evident from the following example. 
e 


(h) Q(z) = (« + a)(x* + b)(x? + c)%(@ 4+ a), 


and let P(x) be a polynomial of degree less than Q(x). Then the partial 


" 9 3 
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fraction expansion of P(r)/Q(xr) will have the form 


re ot pe Cr +) Wat F Gr+ H 


a) Qn) +a r3 +b pe Ge Oe 
I Vl K 
tr+d' @+ae! Gta 


Note that: 


1. Each numerator is a polynomial of degree one less than the degree of 
the term inside the parenthesis of its denominator. 

2. A term such as (r? + c)? has the exponent two outside the paren- 
thesis. Hence (x + c) appears twice in the denominator, once as 
(x2 +c), the second time as (x? + c)?. 

3. A term such as (xz + d)° has exponent three outside the parenthesis. 
Hence (x + d) appears three times in the denominator, once as(z + 4), 
the second time as (x + d)?, and the third time as (x + d)’. 


Comment 26.11. If the numerator of a fraction is a constant and 
the denominator has distinct zeros, then there is a neat method which 
will quickly give the numerators of a partial fraction expansion. Let 


(a) f(x) = (@ — ri)(@ — 172) ++ @ — Te) @ — To), 
where the zeros 7), 2, °°, Tn are distinct. By (a) 
(b) fey = (re — ri, ar) 0 Sr) = 0 


By comment 26.1, the partial fraction expansion of 1/f(x) will have the 
form 
A Av 
I Ai 4 Be, ee 


(c) f(z) zr—n oss ene wd Je aif tL — te 


Multiply (c) by (t§ — rx). Since by (b), f(re) = 9, there results 
ae Ses) oe... ee 
@ Fei) 1 — 
Let x — ry. The left side of (d) will approach 1/f'(rz) and its right side 
will approach Ax. Hence, 


1 
(e) a f'n) 


Substituting (e) in (¢), we obtain 
| eee 
ene? f(2) ~ Fr ae — 71) ’ f'(re)(e — Te) ¥ a PON e® =a) 
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Example 26.13. Find the partial fraction expansion of 


3 
(a) 22 — 1 
Solution. Comparing (a) with (26.12), we see that f(x) = 77 —1 = 
(ec —1)(e+1). Therefore, ry = 1, ro = —1, f’(e) = 22, f(r) = 
1) 2 (Hence py (20512)F 
3 1 i 
- xian sbe—y- xr 


Example 26.131. Find the partial fraction expansion of 


3 
(m=) 2)G222 aah 


Solution. We can if we wish factor 


+a+1=((2++ty34)(,41—v59)| 


(a) 


and then use (26.12). Or we can use the rules of partial fraction expansion 
given in Comment 26.1. Using this latter method, we have 


3 a 4 Be+C 
(@— 2)(@?+4¢+1) 2r—2' g2?+2r4+1 


(b) 
Az’ + Ar+ A+ Bz? +Cx — 2Bx — 2C 
De ae 


For (b) to be an identity in z, the numerator in the last fraction must 
equal 3. Hence we must choose A, B, C, so that 


(c) (A + Bj? + (A — 2B4+ C)z + (A — 20) $3. 


Equating coefficients of like powers of z on both sides of the identity sign, 
we obtain 


(d) ea) f= 22. = 0. Jas 1 Ee 
Solving (d) simultaneously for A, B, C gives 

(e) Ls B= —3, C= —2., 
Substituting these values in (b), we have 


(f) aoe. 2 3(x + 3) 


== o_o _.. 


if —WDe+2+1 7 Se eae 
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Example 26.132. ind the partial fraction expansion of 


1 
(21 + 1)(x — 1)2 


Solution. Here F(x) = (x + 1)( — 1)? has a repeated root. Hence 
we cannot use (26.12), but must fall back on the rules of partial fraction 
expansion given in Comment 26.1. Therefore, 

1 A B C 
Yo Ges Se 221 2G oe 
Ate aie re Cre De 
G — 1) +1) 


For (b) to be an identity in x, the numerator in the last fraction must 
equal one. Hence we must choose A, B, and C' so that 


(c) A(z — 1)? 4+ Bie? — 1) 4+Ce@4+ 1) =1. 


(a) 


Instead of equating coefficients of like powers of x and then solving for 
A, B, C as we did in the previous example, an alternate simpler method in 
this case, is to let x = 1 in (c). There results 


(d) C—O Oe 
If we let cz = —1 in (c), we obtain 
(ec) ae, Aes 


If we let « = O in (c), we obtain 


(f) A—B+C=1. 
With A = 4, C = }, we find B = —7. Substituting these values in 
(b), we obtain 
1 oe ee ee | 
@ GHep@—-b? +h 4@—1)° 2@— 1) 


Comment 26.14. Analogously it can be shown that: 


I f ° + , 
i ai @, = Pb) 2 then the inverse operator can also be expanded 


into partial fractions just as if it were an ordinary polynomial. 
2. Applying each member of a partial fraction expansion of 1/P(D) to 


Q(r) and adding the results will give the same answer as will applying 


1/P(D) to Q(z). 


3. If P(D) has distinct factors, then it is permissible to take advantage 
of (26.12) to find its partial fraction expansion. 


, a 
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LESSON 26B. First Method of Solving a Linear Equation by 
Means of the Partial Fraction Expansion of Inverse Operators. 
We illustrate the method by means of examples. 


Example 26.15. Find the general solution of 
(a) y’” — 5y” + 8y’ — 4y = 2e**, (D? — 5D? + 8D — 4)y = 2e**. 
Solution. Here 
(b) P(D) = D® — 5D? + 8D — 4 = (D — 2)*%(D — 1). 
Therefore, by Definition 25.2, 


i 


1 . = 
goes) 


() Ye = pe ape + 8D — 
Following the partial fraction expansion method outlined above, we find 


1 1 1 1 
= n=) = er oa 


Hence by (d) and Comment 26.14, (c) can be written as 


(ve = paz) — gig ee + (26). 


<a 
(D — 2)? 


Applying (25.4) to each term on the right of (e), we obtain, with b = 2, 
a = 4, and P(D) equal to the respective denominators, 


PY Dy ah) ii 
f = = re. 
(f) US es D 4 


a ee 2 
ee 5 


which is a particular solution of (a). The roots of the characteristic equa- 
tion of (a) are 2, 2, 1. Hence 


(g) Yo = (Cc; + cox)e?* + cae. 

The general solution of (a) is therefore the sum of (f) and (g). 
Example 26.16. Find a particular solution of 

(a) YY — ye (D2 Ay = Qe 


Solution. Here P(D) = D? — 1. Therefore by Definition 25.2, 


b eee 3x _. ara z 


By Comment 26.14 and (26.12), with f(x) = P(D) = D? — 1, f(x) = 


)y - . in 
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PD). = 2, Sk OE, Pr :) SZ 2, P'S = —2,%eean Tite 
(b) as 
(c) Ye = apy 0) — septs 20) 

2(D — 1) 2(D + 1) 


Applying (25.4) to each term in the right of (c), we obtain 


3 
x e* e3t 


Comment 26.2. If an inverse operator is of the second order and has 
distinct factors, we can generalize its partial fraction expansion. By (26.12), 
i a) == oe? =—«4?, +oQ2 + Rie — @ — 7r1)(2 — ro), then 

] ] 1 it 
(.) = = eo oe mo tO? 
j@ ~@—nG@—m Pere —) * hae — m9) 


where r, and rp are distinct. Here f’(x) = 2x — (rm; + 72). Hence 
og) = 2h, — ee) FP a ST — 2 and f’(r2) = 2r2 — (7, + 72) = 
—r, + ro. Therefore (a) becomes 


] 1 ] 1 1 


OS eS ern en oS Ga) 


Analogously, 
1 ] ] 1 i 


2.2 ee 
21) mo pDom non D-n nm D—% 
oe a 
a (ey) py — lia D— T9 


which may be taken as a formula for the partial fraction expansion of a 
second order inverse operator whose zeros 7 and re are distinct. 


Example 26.22. Find a particular solution of 


(a) yl -+ Qy’ + 2y = 38ze", (D? + 2D + 2)y = 3ze?. 


Solution. ere 


(b) P(D) = (D? + 2D + 2). 


Therefore by Definition 25.2 


1 z 
(c) Yp = D? 42D +2 (Swe ). 


The roots of D? + 2D-+ 2arer = =] is = —1 — 2 Eltuee, 


(d) ry ry =a itob lea 5; 22h 
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Therefore, by (26.21) and Comment 26.14, we can write (c) as 


1 1 . 1 »)| 
(e) = 2) 6) - pe 


Applying (25.51) to each term on the right of (e), we obtain, with u = 3z, 
gy == My 
ee el | 


By (25.3), the series expansions of the inverse operators in (f) are [write 
1/(D +2 —1i) = 1/(22 — 1)(1 + D/(2 — 1))] and then use ordinary 
division| 


D = Vis ae ). 
ol er aay alt ae 3 


Therefore, by (25.3), (f) is equal to 


a D 
Ca a 


D 
=o _ 2 ae 1 | 
BS Oe ae eae 


= sae _ cD) 3,2 Be 
Tr a os) me 
which is a particular solution of (a). 


LESSON 26C. A Second Method of Solving a Linear Equation by 

Means of the Partial Fraction Expansion of Inverse Operators. 
Example 26.3. TY ind a particular solution of 

(a) yo sy 4 2y = sine (D? — 3D + 2)y = sinz. 


Solution. Here 


(b) POD) == 3 
Therefore, by Definition 25.2, 
(c) ie = : 


De — same 3D 0 ns, 


where y, 1s a particular solution of (a). The zeros of D? — 3D + 2 are 
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r, == 2,rg = 1. Hence, 
Tr, ~ra=S=2—l—t1. 


By (26.21) and Comment 26.14, (c) becomes 


1 : 
(d) Vp = Fp sing — ps sinz. 
Let 
(e) iin-— : sinz, Yop = ~——sinz 
P »p — 2 , 2p Peel 8 
Therefore 
(f) Yp = Yip =a Y2p- 


By Definition 25.2, y;, and yo,p are particular solutions respectively of 
(g) (D — 2)y = Sinz, (D — l)y = —sin z. 


A particular solution of cach equation in (g) is respectively 


2sinzx + coszx sin z + cos x 
(h) ‘| as: <i: Yop = EF OSE. 


Substituting these values in (f), we obtain 


(i) Yp = —#sinz — ¢cosx + hsinz + }cosz 
= ;sinz + 74 cos z, 


which is a particular solution of (a). 


Comment 26.31. If we had solved (a) by the method of polynomial 
operators, as outlined in Lesson 24C, we would have written (a) as 


(De— 2)(D — Dy — 2), 


and then, in effect, solved two linear equations in succession. By the above 
method, we solve two linear equations independently. 


EXERCISE 26 


1. Find the partial fraction expansion of each of the following. 


2 3 ) et) 

Oa-1 “@gSaq—n 2c 
or? +1 oo -/ 2 
G=—G YET © @tNE—D 
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Find a particular solution of each of the following equations. Use 
methods of Lessons 26B or C. 


Ww a 9 2z. 9, yf — 3y” + 3y/’ w= y = @, 
2 y ty x ae ae 10. ie a y" ae y! —y= 4e—32 4 Qr4. 
Y : ws wt 3 
4. y’ — 2y’ —3y = 38snz. IlhLy — yy = 22°. 
: : =3cosx. 12. y¥% —y"”+y”" = 6. ; 
Jy + 4y = 20e-*. 13. y) — 38y/"” — by” + 28y’ — 24y = e**. 
= re-?, 14. yl” =. liy’ + 39y/’ — 45y = e3, 
2 6y = at e27, 15. y) + Qy/ + y’ = 2x + sinx-+ cosz. 


ANSWERS 26 
1 i 1 a ee ee 
1.3) ae aro ao le) ea 
3 1 pe! st): 
Oem ocean). @2+3(44 z+1 
1 1 =z —_ 
OC=1 sei SO petra 


2. yp = r? — 2+ te??, 
3. —75(2 cosa + sin x) — 17%5(2 sin z — cos z). 


4.,5. See 3. ; 
5 
x 2 
6. Yp = Be. ll. yp = —2 Ce x? + 3x ‘) 
7. Yp = gg(6xe—* + 5e-*). Dee. 
8. yp = —}e?* — A(62 — 1). 13: yp = wee 30. 
9. 2 e*/6. 14. yp = —2x7e87/4. 


2 
a é 
aa (cos x — sin 2). 


—3r 
Woy, = (= +204 80° 448). 15. Y> 
LESSON 27. The Laplace Transform. Gamma Function. 


LESSON 27A. Improper Integral. Definition of a Laplace Trans- 
form. For a clearer understanding of the material of this lesson, a 
knowledge of the meaning of the improper integral ie f(x) dx is esseritial. 
We shall therefore briefly review this subject for you. 

Let f(x) be a continuous function on the interval I: 0 = tes 
h> 0. If, ash > o, the definite integral ie f(x) dx approaches a finite 


limit K, we say the improper integral fo f(x) dx exists and converges 
to this value K. In that event we write 


oe) h 
(27.1) | f(x) dx = lim i f(z) dx = K. 
0 hoo JO 


If the limit on the right does not exist, we say the improper integral on 
the left diverges and does not exist. 
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Let f(x) be a continuous function on the interval J:0 < x Syl > 0. 
If as h > w and €— 0, the definite integral He f@) dz Sapien tags a 
finite limit L, we say the improper integral iss f(x) dx exists and con- 
verges to this value L. In that event we write 


0 h 
(27.11) [ f(a) de = Tim | eye eal, 


«0 


If the limit on the right side does not exist, we say the improper integral 
on the left diverges and does not exist. 


Example 27.111. Determine whether the followimg integral exists. 


oy 
(a) ‘. oe | dx 
Solution. 
h 
(b) i 4 Pe ee 


As h > ow, log (kh + 1) — w. Hence the improper integral (a) diverges 
and does not exist. 


Example 27.112. Evaluate 


eal 


Solution. 


h 
(b) lim een aay dx = lim (Arc tanh — Arc tan 0) = a 


hoo how 


Hence, by (27.1), the integral (a) exists and converges to a/2. We can 


therefore write . 
! a 
i pei 5 


The following additional information will also be needed. 


5 c€ . 
(27.113) (a) lim =e > 0. 


ro 


(b) lim “= = 0, ifs > 0. 


© Te 0, is > 0. 


(d) lim ze" = 0, 1fs > 0, n real. 


Two 


294 OPERATORS AND LAPLACE TRANSFORMS Chapter 5 


Finally we shall need the following theorem, which we state without 
proof. 


Theorem 27.12. If the improper integral 
27121) i Cait 0) See oo, 
0 


converges for a value of s = So, then rt converges for every s > So. 


The integral (27.121), if it exists, is a function of s. It is called the 
Laplace transform of f(x) and is written as L[f(x)]. Hence the following 
definition: 


Definition 27.13. Let f(x) be defined on the interval J/:0 S x < o. 
Then the Laplace transform of f(x) is defined by 


(27.14) Lif(@)] = F(s) = / ef (x) dz, 

0 
where it is assumed that f(x) is a function for which the integral on the 
right exists for some value of s. 


Example 27.15. Vind the Laplace transform of the function f(z) = 1, 
e210. 


Solution. By (27.14), with f(z) = 1, 


(a) Ct | Cuudr 
0 
h 
= lim e "dx 
0 0 


a ~ if s > 0 [by (27.113) (a)]. 


Example 27.151. Find the Laplace transform of the function a) = as, 
« 2 0, where Z is the function defined by y = x, see (6.15). 


Solution. By (27.14), with f(z) = &, 


le a} 
/ Tem eas 
0 


h 


(a) L{z] = F(s) 


lim ten dx 
0 


how 
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- 
lim |e (= - iN 
h—ve $s g2 0 


—sh =sh 
= lim in ne = - te i 


s? s? 


- =) if s > 0 [by (27.113)(c) and (b)]. 


LESSON 27B. Properties of the Laplace Transform. 


Theorem 27.16. If the Laplace transform of f(x) converges for s > s; 
and the Laplace transform of fo(x) converges for s > 82, then for s greater 
than the larger of 8s, and 89, 


(26.17) Lleyfy + cefe) = cL fi] + coblfel, 


where c, and Co are constants, 1.e., the Laplace transformation 1s a linear 
operator. 


Proof. By (27.14) and the hypothesis:of the theorem, 


(a) eq L{fi) = mh We f(t) ees 2c), 


Call) = caf © a o(z) dr, S Soe 


Hence by Theorem 27.12, both of the above integrals exist for alls > sy 
and sj. Therefore for s > s; and S89, 


ive} 


(b) eyL{ fi) + coLlfo) = i e "efi (x) dx + [ e **Cofo(x) dx 


= / e"leyf1 + Cofe] dx = Lley fi + cof). 
0 


By repeated application of (27.17), it can be proved that 


at. L g bee stented 
@71") Les, + cof = ¢L[f,) + ceLlfe] + +++ + nb fal. 


We state the following theorem without proof. 


Theorem 27.172. If f(x) and fo(x).are each continuous functions of x 


and f, = fo, then L[fi] = Lfo]. Conversely af L{fil = LIfe], and fi, fz are 


each continuous functions of x, then ti = fe. 


, 
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Definition 27.18. If F is the Laplace transform of a continuous func- 
tion f, 1.e., if 
ee 


then the inverse Laplace transform of F,, written as L~'[F}, is f, i.e., 
io 8) ak 

The inverse Laplace transform, in other words, recovers the continuous 

function f when F is given. 


In Example 27.151 we showed that L[z] = 1/s*. Hence the continuous 


function which is the inverse transform of 1/s? is #, i.e., L~}[1/s?] = @. 


Theorem 27.19. The inverse Laplace transformation is a linear opera- 
LOT, 4.€., 


(27.191) L™ [e\Fy + c2F2) = ce L7"[Fy] + coh [Fo]. 
Proof. Let 


(a) Fp =Hfil, Fe = Lfel, 

where f; and fz are continuous functions. Therefore by Definition 27.18, 
(b) 5) P| 

Bye) 

(c) Leif, + cefe] = ce L{fi] + coL|fel, 

which, by (a), can be written as 

(d) Tie Win Cell veh ies cis. 

By Definition 27.18, we obtain from (d), 

(e) Le, Fi + esFo) = ef; + cof. 


Hence by (b), (e) becomes 
(f) L™[e,F, + coF2] = ey L"'[Fy] + coh [Fo]. 


LESSON 27C. Solution of a Linear Equation with Constant Co- 


efficients by Means of a Laplace Transform. The method we are 
about to describe for solving the linear equation 


(27.2) any™ (x) + any (a) fee ayy'(xz) + acy = f(z), 


Where ao, a), ---, dn are constants and an # 0, is known by the name of 
the Laplace transform method. As the name suggests, it attains its 
objective by transforming one function into another. However, unlike the 
differential operator, the Laplace transform accomplishes the transforma- 


Lesson 27C SOLUTION BY Mbans oF a LAPLACE TRANSFORM 297 


tion by means of the integral in (27.14). We remark that the Laplace 
method has one advantage over the other methods thus far studied for 
solving (27.2): it will immediately give a particular solution of (27.2) 
satisfying given tnitial conditions. 

By multiplying (27.2) by e~*? and integrating the result from zero to 
infinity, we obtain 


(27.21) [ e**lany™ + any”) +--- + ayy’ + agy] dz 


= i €” Je) dz, “semey 
0 


which is equivalent to 


ie ) 


(27.22) anf e y™ dx + | oye cl aubaine: + - 
0 0 


ie <] 


+ of ety’ dx + cof e yar = i e  {(ardr sas, 
0 


By (27.14), we note that each integral in (27.22) is a Laplace transform. 
Hence the equation can be written as 


(27.23) “aaL[y""| + any L{y*—”) + +++ + ay Ly’) 
+ aoLly] = L{f(z)], s > 80. 


Comment 27.24. Equation (27.23) is easily obtained from (27.2). 
Insert an L after each constant coefficient in (27.2) and place brackets 
around y(z), y/(z), -- +, y™ (a) and f(z). 


Our next task is to evaluate L[y™]. By (27.14), 


(27.241) vy ae [ cay at 

If n = 0, (27.241) becomes (remember, » is an order, not an exponent) 
(27 25) ily) = [ eo *y dey os > a8. 

If n = 1, (27.241) becomes 4 

(27.26) be’| = i ¢ - ¥ aa, 5S > §0. 


Integrating (27.26) by parts, we obtain with,u = e7**, dv = y' dz, 


(Qr27) Ly’) = lim [e"y(2)]6 -/- sf ey a: 


= lim [ey (h) y(0)] -+ sf Cie & > Rsp. 


how 
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We now make an additional assumption that y(x), which is the solution 
we seek, is a function such that* 


(27.28) lim e*y(x) = 0, &=0,1,2,---,n—1, 8s > 89. 
xr 


Then (27.27) becomes, with the help of (27.25), 


(27.29) L{y’] = —y(0) + sLly]. 
Ii n= 2, (27.241) becomes 
Ca Ore i Cu ail, Sag 


The integral in (27.3) can be evaluated by two successive integrations by 
parts. However an easier method is to make use of (27.29). If in it we 
replace y by y’, we obtain 


(27.301) Ly ey Osea 
By (27.29), we can write (27.301) as 
(27.31) Ly] = —y'(0) + s(—y(0) + sLly]) 


s*L{y] — [y’(0) + sy(0)}. 


Similarly, by (27.31), 
(27.311) Ly] = s*L[y'] — [y’’(0) + sy’ (0). 
By (27.29), (27.311) becomes 


(27.32) L{y'”’] = s?(—y(0) + sLly]) — [y’(0) + sy’(0)] 
= s*Lly] — [y’"(0) + sy’(0) + s?y(0))]. 


And in general it can be shown that 


(27.33) Ely] = s"L[y] — [y"-P(0) + sy"-?(0) + --- 
+ s*~?y’(0) + s"—1y(0)]. 
Hence, by (27.33), we can now write (27 .23)"as 


(27.4) ans" y] — only (0) + sy 20) + -- 
7 + s"~7y'(0) + s"~1y(0)] 
+ Gn—18"'L[y] — analy? (0) + sy"— 90) 4 + - 
+ s"~#y'(0) + s®—7y(0)] 
+ags*L[y] — asly’(0) + sy(0)] 4 
+a,sL[y] — a,y(0) 
+raoLlly] = Lif(x)] 


*See D. V. Widder, Ad d . 
tion y(x), obtained by angain eS eee (1961), for proof that the solu- 


(27.28). aplace transform method, is a function which satisfies 
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Collecting coefficients of like terms, (27.40) becomes 


(27.41) fans” 4- anys"! + +++ + aos? + ays + aolLly] 
a (ane? =~ an ae - ae = aos oe ay]y (0) 
— [ans"~? + an_ys"~? + +++ + ags + agly’(0) 


i [ans == me) ©) 
— any™—" (0) = L{f(2)]. 


examine (27.41) carefully. L[y] is the Laplace transform of the solution 
y(x) we seek, but which we do not know as yet; y(0), y’(0), ---, y"—(0) 
are constants given by initial conditions; L[f(x)] is the Laplace transform 
of the function f(x) which appears in the given linear equation (27.2). 

Just as there are integral tables, there are tables of Laplace transforms 
which will give L{f(z)]. By Definition 27.13, L[f(x)] is a function of s. 
Now look again at (27.41). By solving it for L[y], the right side of the 
resulting equation will be wholly a function of s. Let us call this function 
G(s). The problem of finding the particular solution y(x) is thus reduced 
to one of hunting in the tables for that continuous function y whose 
Laplace transform is G(s), i-e., Lly] = G(s); y = L7'[G(s)]. In short, 
the Laplace transform method has changed the original differential equa- 
tion involving derivatives, to an algebraic equation involving a function 
of s. 


Note. If the initial conditions give the values of y, y’, y”,°-+, y@7? 


at x = ro ¥ 0, it is always possible to translate the axes by letting 
= 8+ cppsd thay s = Osvliena=— xo. The given differential equation 
ean then be solved in terms of %, and Z replaced afterwards by x — Zo. 


In solving linear equations by the Laplace transform method, we may 
use cither the two equations (27.23) and (27.33), or the equivalent equa- 


tion (27.41). 
Commtiemi 27.42. If f(x) =e0, Vhen by (27714) 


(27.43) (Oe | Car — 0. 
0 
Example 27.431. Use the method of Laplace transforms to solve 
(a) y’ + 2y = 0, 


for which y(0) = 2. 


Solution. Method 1. By use of (27.41). Comparing (a) with (272), 
2. By (27.43), L[0] = 0. Hence (a) 


we sce that nm = 1, a; = 1, 40 = * A 
becomes, with the aid of the given initial condition y(0) = 2 and (27.41), 
) 


(b) (s + 2)L[y) — ()@) = 9. 
y 
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Therefore 
2 
(c) ee ETT 


Referring to a table of Laplace transforms (there is a short one at the end 
of Lesson 27D) we find, see (27.82), 


—22) __ if : —22z) __ 2 : 
(d) te.) = Ame therefore L[2e“"] = GD 
Hence by (c), (d) and Theorem 27.172, 
(e) y = 27%, 


which is the required solution. 


Method 2. By use of (27.23) and (27.83). As noted in comment 27.24, we 
can write (a) as 


(f) Lly’] + 2L(y) = L[0}. 
By (27.33), or directly from (27.29), (f) becomes 
(g) sL{y] — yO) + 2L[y] = LO}. 


Solving (g) for L[y] and noting from (27.43) that L[O] = 0, and from the 
initial conditions that y(0) = 2, we obtain 


2 


(h) Uh = 


? 


which is the same. as (c) above. 

Example 27.44. Use the method of Laplace transforms to solve 
(a) y+ 2y +y = 1, 
for which y(0) = 2, y’(0) = —2. 


Solution. Comparing (a) with (27.2), we see that n = 2, 03, — oe 
a, = 2,@) = 1. Hence by (27.41), (a) can be written as 


(b) (s° + 2s + 1)L[y] — (s + 2)y(0) — yO) = Lf]. 


In Example 27.15, we found that L[1] = 1/s. Substituting this value and 
the initial conditions in (b), and then solving for L[y], we obtain 


28° gets 1 
(c) f(y) = — 2 ee ee 
S(s 4 1)3 ess (s + 1)? 
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Referring to a table of Laplace transforms we find, see (27.8), (27.82) and 
(27.83), 


— 1 <2 ] —z) __ 1 
Ag SOT leas 
Hence by (27.171), 

(¢) Meo ee] = + 


Fs eecee 1)2 
Therefore by (c), (e) and Theorem 27.172, 
(f) ye Sse Seas 


Alternate Method of Solution. As noted in Comment 27.24, we can 
write (a) as 


(g) A 20) eee. 
By (27.33), or directly from (27.31) and (27.29), (g) becomes 
(h) —-s*L[y] — y'(0) — sy(0) — 2y(0) + 2sLly] + Ly] = LU), 
which simplifies to (b) above. 
Example 27.45. Solve 
(a) y!’ + By! + 2y = 12e”, 
for which y(0) = 1; y'(0) = —1. 
Solution. By (27.41), (a) can be written as 
(b) (s? + 38 + 2)Lly] — (s + 3)y) — y'@) = L{12e*7] = 12Lfe 


a2), 


From a table of Laplace transforms, we find [see (27.82)], hes 
1/(s — 2). Substituting this value and the initial conditions in (b), we 
obtain 

2 

s° + 8 a Be ee eee 
(c) Ly) = Bp a(ste—2) s+2 oa 


Referring to a table of Laplace transforms we find, see (27.82), 


ae 1 —Z) __ i DE = 1 y 
(d) i ed eee Lle a Ta Lie a 
Hence by (27.171), 
2x —z 22 3 S32 ao +- 1 3 
(e) Leer sete l= eg efi ee 
Therefore by (c) and (e) 
(f) y= sere — er + es 


“ ———— 
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Alternate Method of Solution. As noted in Comment 27.24, we can 

write (a) as 

(g) Lly’”] + 3L[y’] + 2L[y] = 12L[e?*]. 

By (27.31) and (27.29), (g) becomes 

(h) s*Z{y] — yO) — sy(0) — 3y(0) + 3sL{y] + 2L[y] = 12L{e**), 

which reduces to (b) above. 


LESSON 27D. Construction of a Table of Laplace Transforms. 
In this lesson, we shall find the Laplace transforms of a few simple functions. 


ee) h 
(275) 13) = | Bamelcoke —=— i \btoo | Cm mT 
0 0 


ho 


esi ae i 
AE a a lS epee 


= =, ess Olly (C7 ca) 


ee) h 
CD) VE be line er a alin i 6 eed 
0 0 


hn» 


[If s > 0, then by (27.113), e~**h" > 0 as h > o, and when z = 0, 
each term excepting the last equals zero.] 


(a—s)z jh 
(2io2) Biles | — if ee dx = in e?—)* dx = lim le 
0 0 0 


haw LA — § 


eatin N=, iL Se aa: 
By (18.84) and (27.52), 
(27.53) L{sin az] = L ez 
uD 
i ( eceeae | ) 
2. \s — 1a $+ 1a 


| 
lo 
a 
wm 
[ ww) 
bo 
antsy 
Q 
bh 
> ee 
I 
wm 
te 
+la 
Q 
vw 
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Many theorems exist which will aid in the computations of the Laplace 
transforms of more complicated functions. Unfortunately we cannot enter 
into a detailed study of them. However, to show you the power of these 
theorems, we shall state below a relatively simple one, and use it to find 
the Laplace transforms of functions which otherwise would be more difh- 
cult to obtain. 


Theorem 27.6. If 


(27.61) F(s) = L{f(z)| = ih e“*f(x) dz, s > 80, 
then . 
(2732 # @. = —Gef(@) = =| er jada, Be> fo, 


F''(s) = Lz*f(z)]| = [ ea f(x) dz, 8 > So, 


F&™(s) = (—1)"L[z"f(@)] = ei) e**x"f(z) dz, s > So. 


Note. Each Laplace transform in (27.62) can be obtained by differ- 
entiating the previous function of s with respect to s. The theorem in 
effect states that if F(s) = L{f(x)], then one can find the Laplace trans- 
form of xf(z) by differentiating —F(s); of x*f(x) by differentiating F(s) 
twice, etc. 


Example 27.63. Compute 


(a) 1. L{xsinaz], 2. L{z? sin az]. 


Solution. By (27.53) 


‘ a 
(b) L{sin ax) = 2+ 0 = F(s). 
Hence by (b) and Theorem 21 ©, 

2as 
(c) Liveimes| = —F'(s)= tt ate’ 
and 
2a(3s? — a”) 

(d) L{x? sin az] = F'(s) = 2p aa 


Another theorem, called the Faltung theorem, which is helpful in 
evaluating integrals and one which we shall prove, is the following. 


Theorem 27.7. If 
(27.71) F(s) = L{f(x)] and G(s) = Lig(z)], 


P 
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then 
Cia) | f f(x — t)g(t) a = 1| [ f(Hg(x — &) a 
= L{f(zx)]- L{g(x)] = F(s) - G(s). 


Proof. Let u= x -—t. Therefore with x constant, du = —dt; 
u = 0 when t = z, and u = xz when?t = 0. Making these substitutions 
in the first integral in (27.72), it becomes 


(27.73) ae — f(u)g(x — u) au = z| | seat — u) aul. 


In the second integral of (27.73), replace the dummy variable of integra- 
tion u by ¢. The result is the second integral in (27.72). Hence we have 


proved the first equality in (27.72). 
i rr || f(x — t)g(t) a dx. 
x=0 t=0 


z=0 | t=0 | 


In Fig. 27.741, the shaded part indicates the region in the (z,t) plane 
over which the integrations on the 
right of (27.74) take place. The first 
integration from t = 0 to ¢ = z will 
give the area of the vertical rectangle 
of width dz. The second integration 
from xz = 0 to x = o will give the 
area of the entire shaded region. 

Let us now invert the order of in- 
tegration, i.e., let us integrate first 
over dx and then over dé. A first in- 
tegration, see Fig. 27.741, from x = ¢ 
to x = w, will give the area of the 
horizontal rectangle of width dt. A 
Figure 27.741 second integration from ¢=0 to 


t = « will give the area of the entire 
shaded region. Hence we can write (27.74) as 


(27.75) Al i 7 f(x — tg(t) a = | : / ; ef — Ho az] dt 


— i ¥ g(t) ii ig e "f(x — t) as| at. 


(27.74) L | _ fe — 9 a 
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In the last integral of (27.75), let w = x — t. Thendw = dz (remember 
t is a constant in this integration) f(z — t) = f(w) and e~*? = et, 
Also w = 0 when xz = ¢t, and w — o when x — oo. Making all these 


substitutions in this integral and then changing w, the dummy variable of 
integration, back to r, we obtain 


(27.76) L // Fi — t)g(t) a| = i ’ g(t) i= el em f(a) az| dt 
a | e* g(t) au Cm. fear 
0 0 


= | a1 €2) af oe i(a)ax 
0 0 


= L{g(z)] - LIf(x)). 
By (27.71), the last expression on the right of (27.76) is G(s)F(s). 
Example 27.77. Use Theorem 27.7 to show that 


aby = — att gato 
(a) 1. | @—oa= oP ’ 
a> —lhbS ie .0. 


alb! 
2H (1 — 2)" dt = aa 


Solution. Let 


(b) fq)=2, gf) = 

Then 

(c) (eo jm eae”, 

By (22.72) 

(d) 1| { f(z — tg | = L{f(x)] - Lg()]. 

0 
Substituting (b) and (c) in (d), we obtain 
(e) L | i= t)*t° a| = [(x°)- L(x’). 
0 

From a table of Laplace transforms, we find [see (27.81)] 
a! b! alb! 

(f) bla)" Lie aaa Pas 
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Replacing the right side of (e) by its value in (f), we have by Theorem 


ee 
(g) 


. 2 Nee a!b! a+b+1 
i DRnerS a ey ae : 


Mo prove (a) 2, set z = 1 in (). 


Remark. The functions in (a) are known as beta functions. 


Short Table of Laplace Transforms 


(27.8) 
(27.81) 
(27.82) 


(27.83) 
(27.84) 


(27.85) 


(27.86) 


(27.87) 
(27.88) 
(27.89) 


(27.9) 


k 

k —-» gs>Q0 
s 

A n! 

‘ gn tl! ad hs 

az il 

e€ pS 256 
s—a 

n az n! 

(es he eee 

: a 

sin az ope 
s? -++ a? 

COs az “ 
s? + a? 

5 2as 

x sin ax oa 
(s2 + a2)2 
2 2 
s —a 

XZ COS ax eicaee les 
(s2 + a2)2 

e°” sin bz nage) cet 
(SO Sae e 

e” cos br ce eee 
(3G) 2 02 


if flz — tg) dt | Lif(z)]- Lig(x)] = F(s) G(s) 


LESSON 27E. The Gamma Function. By means of a function 
called the gamma function, it is possible to give meaning to the factorial 
function n!—ordinarily defined only for positive integers—when n is any 
number except a negative integer. Formulas such as (27.81) and (27.83) 
will then have meaning when n = 0 or 4 or —4 or 23, etc. We digress 


2 


momentarily, therefore, to give you those essentials of the gamma func- 
tion which we shall need for our present and future purposes. 
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Definition 27.91. The gamma function of k, written as ['(k), is 
defined by the improper integral 


(27.92) ik — | te dz, WS 0. 
0 
If k = 1, (27.92) becomes 
(27.93) ri) = | e~* dz = lim [—e~*]§ = 1. 
0 how 


Integration of (27.92) by parts gives, with u = e~*, dv = z*~" dz, 


=e we = 
(27.94) r(k) = lim {2 =| +7 i tke* dz, k > 0. 
0 0 


By (27.113), the first term in the right of (27.94) approaches zero as 
h — «, and is zero when z = 0. The second term by (27.92) equals 
T'(k + 1)/k. Substituting these values in (27.94), we obtain 


(27.95) r(k) = Pa: 4+ 1), We> 0. 
Hence by (27.95) 
(27.96) r(k +1) = kI(k), k > 0. 
By (27.93), P(1) = 1. Therefore by (27.96), when 
(27.961) k= 1:72) = 1") = 1 = 1! 
k = 2: 7(3) = 2T(2) = 2-1 — 2) 
k= 3: P(4) = 3F(3) = 3-2: = 3! 
Se ee -l= 4! 
And in general, when k = n, where n is a positive integer, 
(27.97) T(int+1) =n! 
By (27.95) 
r(k + 1) : 
(27.971) Tm) = mer, k x 0. 


In (27.971) replace k by k + 1. There results 


TED) 
(27.972) rk+1) = rer? k # —1. 


Now substitute in (27.971) the value of T(k + 1) as given (27.972). We 


thus obtain 
T(k + 2) -+- 2) . = 
(27.973) r(k) = i(k hE 1) > ee 0) : 


Pal — 


308 OPERATORS AND LAPLACE TRANSFORMS Chapter 5 


If in (27.972) we replace k by k + 1, there results 
DGS 


(27.974) rk + 2) = es k # —2. 
Now substitute (27.974) in (27.973). There results 
Tk + 3) 
k) = > ™:SO'*Fks €:*O, 1, —2. 
See Se sa 
In general it can be shown that 
as r(k + n) 
CU98) 1) — EE) G + 2) ae 
le, Seen Oe 


By (27.971) and (27.98) we can extend the definition of I'(k), which, 
by (27.92), was defined only for k > 0, to include negaiive values of k, 
provided k # 0, —1, —2,---. For example, if k = —3, then by (27.971), 
we can define 


(27.981) Tay rey, 


If, therefore, we know the value of P'(4), we then also know the value of 
I'(— 3). And if we know the value of '(—3), we then also know the value 
of '(—8). For by (27.971), we can define 


(27.982) T(—3) = —2r(—}), ete. 


Tables of values of the gamma function exist just as they do for sin 1 
log x, or e”. From such tables we find, for example, (4) = V/T. Bene 
by (27. 981) and (27.982), 


) = —2/7n. 
) = —3(—2.\/m) = 4/7m, ete. 


By means of the gamma function and its extended definition, we are 
thus able to give meaning to n! when 7 is any number excepting a nega- 


tive integer. For, by (27.97), tables of values of the gamma function, and 
(27.96), 


(27.983) r(— 


(27.984) Ol=1(1) = 1. 
—$)!=1Q@ = Va. 
(—H)! = 1-4) = —2V7r. 
()! = 1) = 4r@) = we 
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ie 27 BOG we Kaw ' 
In Fig. 27.985, we have drawn a graph of the gamma function. 


T(k) 
4 
| 3 
2 
| 
| 
1 
| ingil 
ee. oe 1 2 3 4 } 
== il 
-2 
=3 
-4 


Figure 27.985 


Example 27.986. Compute 


(a) i (comme 
Solution. By (27.14) . 
(b) Lie") = i erN de, 
0 


You will find in a table of integrals, that the value of the improper in- 
tegral on the right of (b) is 1(4)/Vs. By (27.984), (4) = (—#)! = Vo. 


Hence (b) becomes 
(c) ten} = ME. 
/s 
Example 27.987. Compute 
(a) pee), 2 ee 0,2,3,°°° 
By (¢) of Example 27.986 
Lien {= Vr eo ee). 


Solution. 


(b) 
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Therefore by (b) and (27.62) of Theorem 27.6, 


(c) L(x?) = Lx(z—"!”)] = —F'(s) = sai 
iva 55/2, 


Lx?!?] = L27(2~')] = F's) = 


Le = ea 

And in general 
(ste Le (es ey (5) 
3-5). oe ey gent h/2) 


“ey 7/2 
oe 


So Tle 3, 
Example 27.988. Compute 
(a) 1 omm 2 9 
Solution. By (27.14) . 
(b) L{x7 1! 2e%7] = if Cea 


The integral on the right of (b) has the value ['(3)//s — a. By (27.984) 
r(4) = (—4)! = Vm. Hence (b) becomes 


(c) ae 4 = V4 


Additional Table of Laplace Transforms 


If f(z) = Then L[f(z)] = F(s) = 


(27.99) am Ac Va 
v/s 


Grea |) 2°-" LETS Ves ete B 1,2. 
(27.992) | 2” on Vi es 
(7.9937) go 2.7 Vr 
Sy Sa Oh 
(27.994) a es 1 Saeeea 6 eat ee ee 


eS n az n! 
(27.995) wv Eé G_ aaa 9 Ss ll 
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Following exactly the method outlined in Example 27.987, you will find 


o> n—1/2 az 1-3-5---Qn—1 
(27.989) L[x e- | = Laan OP liv = py 
Site ee 
Remark. Wesee, therefore, that with the gamma function, the Laplace 


transforms of 2” and x"e%* as given in (27.81) and (27.83) now also have 
meaning when n > —1. 


EXERCISE 27 


1. Evaluate those of the following improper integrals which converge. 


2 nude i 2edz [ dx 
a —__—_—_-- b ee —d 
te) 0 ve aeeale 1 (b) oer 27)? te) 0 = 
‘ dx 
d ie 
“ (ica 
Find the Laplace transform of each of the functions 2-5. 
& swmhoz,7 2 0. & coshaz,2 2 0. 4. ax-+ 6, zr 2 0. 
i =, One x <1. 
="), ee }. 


With the aid of Theorem 27.6, find the Laplace transform of each of the 
following functions. 


6. zsinh az. 7. x cosh az. 8. zr cos az. 
9. re". 10. x7e°?. i. ce. 


Use the method of Laplace transforms to find a solution of each of the 
following differential equations satisfying the given initial conditions. 


12 y —y = 0, y(0) = ie 

13. y —y =e, yO) = 1 

Im y'ty =e, y(0) = 1 

15. y+ 4y’ + 4y = 0, (0) = 1, y'(0) = 1. 

16: y” — 2y’'+ 5y = 0, yO) = 2 y'(0) = 4. 

17. By" + Sy” + y —y = 0 (0) = 0 2'(0) a1, 7 (0) =) 
iy’ — = 6p et yO) = & y'(0) = 1 


° i 
19. 7” — y’ — 2y = 9sine, y(0) = Ty (0) 
20. y/" — 2y" + y’ = 2e>-+ 2x, y(0) = 0, y’(0) = 0, y(0) = 0. 


ay’ +y+y = 2%, y(0) = 1,y/(0) = 1. 
29. Evaluate each of the following gamma functions. 


(a) T(6). (by & @)- (c) '(—5/2). (d) 1(5/2). (OMe 2): 
93. Evaluate each of the following factorial functions. 
(a) (—#)! — (b) (9)! (c) @! (d) @)! 


24 Verify the correctness of (27.989). Hint. See the solution of Example 27.987. 


y 
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25. In Example 27.986, we used the fact that 


| a ?e-** dy = T(4)/Vs, 8 > 0. 
0 


Prove it. Hint. Make the substitution u = sz. Then use (27.92). 
26. Prove, in general, that 


i Z6 dr: = seam n> —l,s> 0. 
0 


gr tl 


See hint in 25. 


ANSWERS 27 
1. (a) Diverges. (yr 1. (c) Diverges. (d) 4. 


a S a + 0s 
i arr ace tP 4. 52 16 = 0. 
5 kl — e*) 6 2as r ge 
° 8 : * (s2 — q2)2 * (s2 — q2)2 
. 2 

s —a 1 2 3! 
8. ————— - 9, ————_— - 10. ————., - ; . 

Ceeroy (@— a? Gas "Gas 
12. y = e’. 13. y = (c+ De’. 
14, y = (c+ le-?. 15. 7 = (1 gae- 2. 
16. y = (2 cos 2x + sin 2z)e?. 


2 Ae x Ove eer 
1%. = — ogee gee x 
¥=76° +(3 ae 


18. y= ee + $3e-7 a pre?*. 
19. y = $e?? + de-* — Bsinx + 4 cosz. 
20. y = 2? + 424+4+ (2c? — 4)e7, 


ON yee (ee v3 z+ Bs sin vs ) Bg oe 


2 


22. (a) 5! (b) 6! (ec) —$8V md) Be) ASV. 
23. (a) VT (bt) —8Ve (ec) BV (d) BS. 


Chapter 6 


Problems Leading 


to Linear Differential Equations 
of Order Two 


In this chapter we shall consider the motion of a particle whose equa- 
tion of motion satisfies a differential equation of the form 


9 
ae 


(a) FE 4 or + woke = 100, 


where f(t) is a continuous function of ¢ defined on an interval J, and r 
and wo are positive constants. If f(t) = 0, then (a) simplifies to 


ie G9 pes Freee 
(b) di 4- 2r * + wor = 0. 


If r = 0, then (a) becomes 


2 
(c) “a + wo2t = S(). 


Finally if both r = 0 and f(t) = 0, then (a) becomes 


] dw He wo ct =e 0 
aaa ms 0: = . 

(d) dt2 

In the lessons which follow we shall name and discuss each of these four 


important equations (a), (b), (¢), and (d). 


LESSON 28. Undamped Motion. 


LESSON 228A. Free Undamped Motion, (Simple Harmonic Mo- 
tion.) Many objects have a natural vibratory motion, oscillating back 
313 
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and forth about a fixed point of equilibrium. A particle oscillating in this 
manner in a medium in which the resistance or damping factor is neg- 
ligible is said to execute free undamped motion, more commonly called 
simple harmonic motion. Two examples are a displaced helical spring and 
a pendulum. There are various ways of defining this motion. Ours will 
be the following. 


Definition 28.1. A particle will be said to execute simple harmonic 
motion if its equation of motion satisfies a differential equation of the 
form 

d°x 
(28.11) diz == wok = 0, 
where wo is a positive constant, and x gives the position of the particle as 
a function of the time ¢. 


By the method of Lesson 20D, you can verify that the solution of 
(28.11) is 


(28.12) LT = Cz, COS Wot + Ce SIN wol. 
By (20.57) we can also write the solution (28.12) in the form 


(28.13) z= VC? + Co? sin (wot + 56) = csin (wot + 4), 
or by (20.58) with +6 replacing — 6, in the form 


(28.14) z= VC? + Co? cos (Wolf + 5) = COS (wot + 4). 
Hence an equivalent definition of simple harmonic motion is the following. 


Definition 28.141. Simple harmonic motion is the motion of a 
particle whose position x as a function of the time ¢ is given by any of the 
equations (28.12), (28.13), (28.14). 


Example 28.15. A particle moving on a straight line is attracted to 
the origin by a force F. If the force of attraction is proportional to the 
distance x of the particle from the origin, show that the particle will 
execute simple harmonic motion. Describe the motion. 


Solution. By hypothesis 


(a) F = —ker 


} 


where k > 0 is a proportionality constant. The negative sign is necessary 
because when the particle is at P,, see Fig. 28.16, x is positive and F 
acts in a negative direction; when it is at P.2, x is negative and F acts in 
a positive direction. F and a, therefore, always have opposite signs. 
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Hence by (16.1) with s replaced by x, (a) becomes 


d?x d? k 
b — ——S cc! = aes 
wi 7¢*> ai? se di? m™” 


= [¢ las 0 Py Cc 


Figure 28.16 


Since k and m are positive constants, we may in (b) replace k/m by a 
new constant wo?. The differential equation of motion (b) is then 


£ 
(c) dz ai wo x = 0, 
which is the same as (28.11). By Definition 28.1, therefore, the particle 


executes simple harmonic motion. 
Description of the Motion. The solution of (c), by (28.13), is 


(d) x = csin (wol + 4). 
Differentiation of (d) gives 
(e) a = vp = Cu COS (wol + 4), 


where v is the velocity of the particle. Since the value of the sine of an 
angle lies between —1 and 1, we see from (d) that |x| S$ |c]. Hence the 
particle can never go beyond the points c and —c, Fig. 28.16. These 
points are thus the maximum displacements of the particle from the 
origin 0. When |z| = |e|, we have, by (d), |sin (wot + 5)| = 1, which 
implies that cos (wot + 6) = 9. Therefore, when |x| = |e] the velocity », 
by (e), is zero. We have thus shown that the velocity of the particle at 
the end points +£¢, is zero. 

When x = 0, ie., when the particle is at the origin, then, by (d), 
sin (wot + 6) = 0, from which it. follows that |cos (wof + 6)| = 1. Since 
the value of the cosine of an angle lies between —1 and 1, we see, by (e), 
that the particle reaches its maximum speed |v| = lewol, when it is at 
the origin. For values of x between 0 and |e], you can verify, by means 
of (d) and (c), that the speed of the particle will be between 0 and its 
maximum value [cwo!; its speed increasing as the particle goes from 7 
where ifs speed is zero, to the origin, where its speed is maximum. After 
its speed decreases until its velocity is again zero at 
1 now move in the other direction—remember the 
origin never ceases to act on the par- 


crossing the origm, 
—c. The particle wil 
force which is directed toward the 


“ —a—=&« 
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ticle—its speed increasing until it reaches its maximum speed at 0, and 
then decreasing until it is zero again at c. The particle thus oscillates back 
and forth, moving in an endless cycle from c to —c toc. 


Example 28.17. A particle P moves on the circumference of a circle 
of radius c with angular velocity wo radians per second. Call Q the point 
of projection of P on a diameter of the circle. Show that the point Q 
executes simple harmonic motion. 


Solution. See Fig. 28.18. Let 


Po(xo,yo) be the position of the particle at time ¢ = 0, 

P(z,y) be the position of the particle at any later time ¢, 

5 be the central angle formed by a diameter, taken to be the z axis, 
and the radius OP 9. 


Eas) 


Po(Xo, Yo) 


O(0,0) Q(x,0) Qo(x0,0) x axis 


Figure 28.18 


In time ¢ the central angle through which the particle has rotated is wof. 
(For example if w) = 2 radians/sec, then in 3 second, P has swept out a 
central angle equal to 1 radian; at the end of 2 seconds the central angle 
swept out is + radians; at the end of ¢ seconds, the central angle swept 
out is 2¢ radians.) The projections on the diameter of the positions of the 
particle at ¢ = O and ¢ = ¢, are respectively, Qo(xo,0) and Q(z,0). It is 
evident from Fig. 28.18 that 


(28.2) P= OOS a! Sa 


an equation which expresses the position of the particle’s projection Q on 
a diameter, as a function of the time ¢. A comparison of (28.2) with (28.14) 
shows that they are alike. Hence the point Q executes simple harmonic 
motion. 

The alternate form (28.13) may be obtained by measuring the initial 
angle 6 from the y axis instead of from the x axis, lig. 28.22. From the 
figure we see that 


(28.21) 2 ¢ C05 @ + 6+ =) = —csin (wot + 54) 
= C'sin (wot + 6). 


- 9 oe 
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Q(x,0) Qol(Xo, 0) O(0,0) 


Figure 28.22 


Comment 28.23. Description of the Motion. As P moves once 
around the circle, its projection Q (Fig. 28.18) moves to one extremity of 
the diameter, changes direction and goes to the other extremity, changes 
direction again and returns to its original position headed in the same 
starting direction. Note the similarity of Q's motion to the motion of the 
particle in Example 28.15. 


LESSON 28B. Definitions in Connection with Simple Harmonic 
Motion. For convenience, we recopy the three solutions of (28.11). 
Each, by Definition 28.141, is the equation of motion of a particle exe- 
cuting simple harmonic motion. 


(28.24) XZ = C) COS Wol + C2 SIN Wol. 
Sac) x = csin (wot + 4). 
(28.26) x = ccos (wot + 4). 


If you will refer to Figs. 28.16 and 28.18, and reread the “description of 
the motion” paragraphs of Example 28.15 and Comment 28.23, the 
definitions which follow will be more meaningful to you. 


Definition 28.3. The center 0 of the line segment on which the par- 


ticle moves back and forth 1s called the equilibrium position of the 


particle’s motion. 
Definition 28.31. The absolute value of the constant c in (28.25) and 
in (28.26) is called the amplitude of the motion, It is the farthest dis- 


placement of the particle from its equilibrium position. 


GComrnane 99.82. By (28.13), [cl =e V/cm cy2. If therefore the solu- 


tion of (28.11) is written in the form (28.24), then the amplitude of the 


motion is \/¢)2 “+ €2?. 


“a 
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Definition 28.33. The constant 6 in (28.25) and in (28.26) is called 
the phase or the phase angle of x. [Note that when ¢ = 0 in (28.26), 
xz = ccos 6, and from Fig. 28.18, we observe that ccos 6 is the initial 
position (29,0) of the particle’s projection.] 


If, in (28.26), ¢ = 0, 2/wo, 477/wo, +++ , 2n7/wo, n an integer, then for 
each t, x = ccos 6. This means that in time 27/wo, the particle has 
made one complete revolution around the circle and is back at its starting 
position, headed in the same starting direction. Or equivalently, the par- 
ticle has made one complete oscillation along a diameter or a line segment 
and is back at its starting position headed in the same starting direction. 
Hence the following definition. 


Definition 28.34. The constant 


(28.35) [ey 


where wo is the constant in (28.24), (28.25), and (28.26), is called the 
period of the motion. It is the time it takes the particle to make one 
complete oscillation about its equilibrium position. If the constant wo is 
the angular velocity of a particle moving on the circumference of a circle, 
then the period is the time required for the particle to make one com- 
plete revolution or equivalently the time it takes the particle’s projection 
on the diameter to make one complete oscillation about the center of the 
circle. 

lor example, if a particle makes two complete revolutions, or equiva- 
lently two complete oscillations, in one second, i.e., if wo = 47 rad/sec, 
then its period by (28.35) is 4 second; if it makes 3 of a revolution or of a 
complete oscillation in one second, 1.e., if w) = 7/2 rad/sec, then its period 
is 4 seconds. Note that the reciprocal of 7' gives the number of complete 
revolutions or oscillations made by the particle in one second. For example 
when the period 7’, which is the time required to make one complete 
revolution or oscillation, is 4, the particle makes two complete oscilla- 
tions in one second; when the period 7’ = 4, the particle makes 3 of a 
complete oscillation in one second. Hence the following definition. 


Definition 28.36. The constant 


i w 
2BroT eg) 
( ) 4 L | 25, 
is called the natural (undamped) frequency of the motion. It gives 
the number of complete revolutions or cycles made by the particle in a 


unit of time, or equivalently it gives the number of complete oscillations 
made by the particle on a line segment in a unit of time. 
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An alternative definition of natural undamped frequency that is often 
used is the following. 


Definition 28.38. The constant wo in (28.24) to (28.26), (which can 
be thought of as the angular velocity of a particle moving on the circum- 
ference of a circle) is also called the natural (undamped) frequeney 
of the motion. 


Comment 28.39. We shall use vy when we wish to express the fre- 
quency of the motion in cycles per unit of time and use wo when we wish 
to express it in radians per unit of time. In the example after Definition 
28.34 where wo = 4m rad/sec, the frequency v, by (28.37), is thus 2 
cycles/sec; the frequency wo is 47 radians/sec. 


Comment 28.4. A Summary. The differential equation of motion of 
a particle executing simple harmonic motion has the form 
d?x 


Ae + Wor = (0; 


Its solutions may be written in any of the following forms. 


XL = C1 COS Wot + C2 SIN wo, 
xz = cos (wol + 4), 
x = csin (wot + 4). 


They are the equations of motion of a particle executing simple harmonic 
motion. The motion can be looked at as the motion of the projection on a 
diameter, of a particle moving with angular velocity wo on the circum- 
ference of a circle of radius c. Or it may be looked at as the motion of a 
particle attracted to an origin by a foree which is proportional to the dis- 
tance of the particle from the origin. The particle moves back and forth 
forever across its equilibrium position. The farthest position reached by 
the particle from its equilibrium position is given by c. . Its speed ati c 
and —c is zero; at the origin its speed ts greatest. The time required to 


make a complete oscillation ts 7 = 27 /wo; the number of complete oscilla- 


é ne - 
tions in a unit of time is 1/7. 


Example 28.5. A particle executes simple harmonic motion. The 
quency of the motion is 4 rad/sec. If the object 


natural (undamped) fre 
! ith a velocity of 4 ft/sec, find: 


starts from the equilibrium position w 


The equation of motion of the object. 


] 

2. The amplitude of the motion. 

3. The phase angle. 

4. The period of the motion. 

5. The frequency of the motion in cycles per second. 


SS 


320 ProspuemMs Leapinc To Linear Equations oF OrDER Two Chapter 6 


Solution. Since the particle executes simple harmonic motion, its 
equation of motion, by (28.26), is 


(a) x = COS (wof + 4), yp = — = —woC sin (Wot + 4). 


The frequency of 4 rad/sec implies, by Definition 28.38, wo = 4. Hence 
(a) becomes 


(b) x = ccos (4 + 34), vp = —4csin (4t + 6). 


The initial conditions are £ = 0, x = 0, v = 4. Substituting these values 
in the two equations in (b), we obtain 


(c) Oe cos, 4 = —4esin 6. 


Since the amplitude c ~ 0, we find from the first equation in (c), 6 = 
+7/2. With this value of 6, the second equation in (c) givesc = ¥1. 
Hence the equation of motion (b) becomes 


(d) COs (4: -- *) or x = —cos (4: a z) 


which is the answer to 1. The answers to the remaining questions are: 


2. Amplitude of the motion, by Definition 28.31, = 1 foot. 
. The phase angle, by Definition 28.33, = —7/2 radians. 
The period of the motion, by Definition 28.34, = 7/2 seconds. 


. The frequency of the motion in cycles per second, by Definition 
28.36, equals 2/7 cps. 


Cr oo 


Example 28.51. A particle executes simple harmonic motion. The 
amplitude and period of the motion are 6 feet and m/4 seconds respec- 
tively. lind the velocity of the particle as it crosses the point z = —3 feet. 


Solution. Since the particle executes simple harmonic motion, its 
equation of motion, by (28.26), is 


(a) X = CCOS (wot + 54). 


The amplitude of 6 feet implies, by Definition 28.31, that c = 6 (or —6). 
The period of 1/4 seconds implies, by Definition 28.34, that 


2a Ae 
(b) On. ee Og =o. 


Hence the equation of motion (a) becomes, using c = 6, 


(c) P= Gene an), = — Agni ts) 
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When x = —3, we find from the first equation in (c), 

(d) eos (St + 6) = —i, Si + 6 =9120° or 280°, 
and from the seeond equation in (c) 

(e) t= : = —4§ sin (120° or 240°) 


= —48(44\3) = 24/3 ft/sec. 


The plus sign is to be used if the body is moving in the positive direction, 
the minus sign if the body is moving in the negative direction. 


EXERCISE 28A AND B 


1. Verify the accuracy of each of the solutions of (28.11) as given in (28.12), 
(28.13), and (28.14). 

2. If a ball were dropped in a hole bored through the center of the earth, it 
would be attracted toward the center with a force directly proportional to 
the distance of the body from the center. Find: (a) the equation of motion, 
(b) the amplitude of the motion, (c) the period, and (d) the frequency of the 
motion. Nore. This problem was originally included in Exercise 16A, 40. 

3. A particle executes simple harmonic motion. Its period is 2m sec. If the 
particle starts from the position z = —4 ft with a velocity of 4 ft/sec, find: 
(a) the equation of motion, (b) the amplitude of the motion, (¢) the frequency 
of the motion, (d) the phase angle, and (¢) the time when the particle first 
crosses the equilibrium position. 

4. A particle executes simple harmonic motion. At ¢ = 0, its velocity Is zero 
and it is 5 ft from the equilibrium position. Att = 4, its velocity is again 0 
and its position is again 5 ft. 

(a) Find its position and velocity as functions of time. 
(b) Find its frequency and amplitude. 
(c) When and with what velocity does it first cross the equilibrium position? 


5. A particle executes simple harmonic motion. At the end of cach } see, it 


passes through the equilibrium position with a velocity of +8 ft/sec. 


(a) Find its equation of motion. 
(b) Find the period, frequency and amplitude of the motion. 


6. A particle executes simple harmonic motion. Its amplitude is 10 ft and its 


frequency 2 cps. 


(n) Find its equation of motion. . 
(b) With what velocity does it pass the 5-ft mark? 


executes simple harmonic motion. Its period is am sec and its 


7. A particle ; ae. 
0, when it crosses the point r = 4), IS Ee). Find rts equa- 


velocity at ¢ = 


tion of motion. 
8. A particle executes simple harmome motion. Its frequency is 3 eps. At 


t = | sec, it is 3 ft from the equilibrium position and moving with a velocity 


of 6 ft/sec. Finds its equation of motion. . . 7 
9, A particle erecutes simple harmonic motion. When it is 2 ft from its equilib- 


rium position, its velocity is 6 ft/see; when it is 3 ft, its velocity is 4 ft/sec. 
Find the period of its motion, also its frequency. 


, 
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10. 


ll. 


12. 


13. 


14. 


15. 


16. 


Wits 


18. 


A particle moves on the circumference of a circle of radius 6 ft with angular 
velocity 7/3 rad/sec. Att = 0, it makes a central angle of 150° with a fixed 
diameter, taken as the z axis. 


(a) Find the equation of motion of its projection on the diameter. 

(b) With what velocity does its projection cross the center of the circle? 
(c) What are its period, amplitude, frequency, phase angle? 

(d) Where on the diameter is the particle’s projection at t = 0? 


A particle moves on the circumference of a circle of radius 4 ft. Its projection 
on a diameter, taken as the z axis, has a period of 2sec. Atz = 4, its velocity 
is zero. Find the equation of motion of the projection. 

A particle weighing 8 lb moves on a straight line. It is attracted to the origin 
by a force F that is proportional to the particle’s distance from the origin. If 
this force is 6 lb at a distance of —2 ft, find the natural frequency of the 
system. 

A particle of mass m moving in a straight line is repelled from the origin 0 
by a force F. If the force is proportional to the distance of the particle from 
0, find the position of the particle as a function of time. Note. The particle 
no longer executes simple harmonic motion. 

If at ¢ = O the velocity of the particle of problem 13 is zero and it is 10 ft 
from the origin, find the position and velocity of the particle as functions of 
time. 

At t = 0 the velocity of the particle of problem 13 is —aVk ft/sec and it 
is a feet from the origin. If the repelling force has the value kz, find the 
position of the particle as a function of time. Show that if m < 1, the 
particle will never reach the origin; that if m = 1, the particle will approach 
the origin but never reach it. 

A particle executes simple harmonic motion. At ¢ = 0, it is —5 ft from its 
equilibrium position, its velocity is 6 ft/sec and its acceleration is 10 ft/sec?. 
Find its equation of motion and its amplitude. 

Let |c| be the amplitude of a particle executing simple harmonic motion. We 
proved in the text, see description of the motion, Example 28.15, that the 


particle has zero speed at the points +c and maximum speed at the equilib- 
rium position x = 0. 


(a) Prove that the particle has maximum acceleration at x = +c and has 
zero acceleration at x = 0. Hint. Take the second derivative of the 
equation of motion (28.25). 

(b) What is the magnitude of the maximum velocity and of the maximum 
acceleration? 

(c) If v, is the maximum velocity and a, is the maximum acceleration of a 


peicotale eli that its period is T = 27v,,/am and its amplitude is 
A, = Ue Ga. 


Two points A and B on the surface of the earth are connected by a friction- 
less, straight tube. A particle placed at A is attracted toward the center of 


the earth with a force directly proportional to the distance of the particle 
from the center. 


(a) Show that the particle executes simple harmonic motion inside the tube. 
Hint. Take the origin at the center of the tube and let x be the distance 
of the particle from the center at any time t. Call } the distance of the 
center of the tube from the center of the earth and R the radius of the 
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earth. Take a diameter of the earth parallel to the tube as a polar axis 
and let (r,@) be the polar coordinates of the particle at any time t. Then 
show that the component of force moving the particle is F cos @ and 
that cos6 = x/r. Initial conditions are t = 0, 2 = VR2 — 62, 
da/di. = 0. 

Show that the equation of motion is 


z=VR2 — b2 cosVk/mt, 


where k is a proportionality constant and m is the mass of the particle. 

(c) Show that for a given mass, the time to get from A to B is the same for 
any two points A and B on the surface of the earth. Hint. Show that 
the period of the motion is a constant. 


(b 


~—— 


ANSWERS 28A AND B 


. (a) x = (4000)(5280) cos (1/812) in ft. (b) 4000 mi. (c) 85 min. 


(d) 0.7 oscillation/hr. 


(ay & = 4\/2 sin (: ~- 7) : (b) 4/2 ft. (c) 1 rad/sec or (4) cps. 


(d) —x/4. (e) 2/4 sec. 


4. (a) r = 5cos (Smt); v = —40z sin (8z¢). (b) 82 rad/sec, 5 ft. 

(c) jg sec, —407 ft/sec. 
So waz = i sin a t}- (b) $ sec, 42/3 rad/sec, or % cps, 6/7 ft. 

us — 

6. (a) z = 10 sin (41 + 4). (b) +207+/3 ft/sec. 
7.2 = V2)2 + a2v,2/4 sin (2t/a + 8), where sind = 21/V 21? + a2n12/4. 
8.2 = 9+ 1/r2 sin (Gat + 6), Where 6 = Arcsin (37/V 9x? + 1). 
9. msec, 2 rad/sec or 1/7 cps. 
10. (a) z = 6 cos (mt/3 + 57/6). (b) +27 ft/sec. 


. (b) v = ¢wo, 


(c) 6sec, 6 ft, 4 cps, 57/6 rad. (d) —3V3 ft from center. 


cyeviimt 4- coe V/™*), where k is a proportionality constant. 


r= 

. VT2 rad/sec or /3/m cps. 
r 
x 


5 5(eveime ae envkim ty, vy = 5V/k/m (evk/mt — envkimty 


Sat 
2= sla — JSmyem 4. (1 + mae 4, 


c= 3/2 sin V/2 t — 5 cos V2 t;.V43 fiti. 


a = cwo2, where cis the amphitude and wo is the frequency of 
the motion in radians per unit of time. 


LESSON 28C. Examples of Particles Executing Simple Harmonic 


Motion. Harmonic Oscillators. 


with simple 


A dynamical system which vibrates 
harmonic motion is called a harmonic oscillator. Below we 


give two examples of harmonic oscillators. 


a 
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Example A. The Motion of a Particle Attached to an Elastic 
Helical Spring. Hooke’s Law. The unstretched natural length of an 
elastic helical spring is lo feet, Fig. 28.6(a). A weight w pounds is attached 
to it and brought to rest, Fig. 28(b). Because of the stretch due to the 


+= @] y= 0 
Equilibrium 
position of the 
| ro, spring 


(a) (0) (c) 


Figure 28.6 


attached weight, a force or tension is created in the spring which tries to 
restore the spring to its original unstretched, natural length. By Hooke’s 
law, this upward force of the spring is proportional to the distance 1, 
by which the spring has been stretched. Hence, 


(28.61) The upward force of the spring = &l, 


where k > 0 is a proportionality constant, called the spring constant 
or the stiffness coefficient of the spring. The downward force acting on 
the spring is the weight w pounds that is attached to it. If the spring 
is on the surface of the earth, then w = mg, where m is the mass in slugs 
of the attached weight and g is the acceleration due to the gravitational force 
of the earth in feet per second per second. Since the spring is in equilib- 
rium, the upward force must equal the downward force. Hence by (28.61) 


(28.62) kl = mg. 


Let y = 0 be the equilibrium position of the spring with the weight w 
pounds attached to it. If the spring with this weight attached is now 
stretched an additional distance y, Fig. 28.6(c), then the following forces 
will be acting on the spring. 
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1. An upward force due to the tension of the spring which, by Hooke’s 
law, is now k(/ + y). 

2, A downward force due to the weight w pounds attached to the spring 
which is equal to mg. 


By Newton’s second law of motion, the net force acting on a system is 
equal to the mass of the system times its acceleration. Hence, with the 
positive direction taken as downward, 


2 
(28.621) mod = wg — kl + 4) = wig — ki — ky. 


By (28.62), (28.621) simplifies to 


d’y =k 
(28.63) me ee ge 


which is the differential equation of motion of an elastic helical spring. 
Since it has the same form as (28.11), we now know that a displaced 
helical spring with weight attached and with no resistance will execute 
simple harmonic motion about the equilibrium position y = 0. The 
solution of (28.63) is 


(28.64) y= ccos(Vk/mt+ 6) or y=csin(Vk/mt + 5). 


Example 28.65. A 5-pound body attached to an elastic helical spring 
stretches it 4 inches. After it comes to rest, it is stretched an additional 
6 inches and released. J’ind its equation of motion, period, frequency, and 
amplitude. Take the second for a unit of time. 


Solution. Since 5 pounds stretches the spring 4 inches = 4 foot, we 
have by (28.62), with mg = 5,/ = Z, 


(a) -= D5 a 15, 


which gives the stiffness coefficient of the spring. With De a2 the mass 
m of the attached body is #. Therefore the differential equation of 


motion, by (28.63), is 


2 
5 ae dy a 0. 


Its solution, by (28.64), or by solving it independently, ts 


dy a. 
(c) y = c cos (/96 t + 4), om —/96 c sin (V96 t + 4). 


The initial conditions are t = 0, y = 3, » = dy/dt = 0. Inserting these 


, 
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values in both equations of (c), we obtain 


(d) 


= £€C0S 6; 
= —/96csin 6. 


Oo Ne 


Since c, the amplitude, cannot equal 0, the second equation in (d) implies 
6 = 0. With this value of 6, the first equation in (d) gives c = 4. Sub- 
stituting these values in the first equation of (c), we find for the equation 
of motion 


(e) yy =) $005 / 96 f. 


The period of the motion, by Definition 28.34, is therefore 27/./96 
seconds; the frequency, by Definition 28.36, is \/96/27 eps, or by Defini- 
tion 28.38, \/96 rad/sec; the amplitude, by Definition 28.31, is 3 foot. 


Example 28.66. A body attached to an elastic helical spring executes 
simple harmonic motion. The natural (undamped) frequency of the mo- 
tion 1s 2 cps and its amplitude is 1 foot. I'ind the velocity of the body as 
it passes the point y = # foot. 


Solution. Since the body attached to the helical spring is executing 
simple harmonic motion, its equation of motion by (28.64) is 


(a) y = ccos(Vk/mt + 3). 


The amplitude of 1 foot implies, by Definition 28.31, that c = 1. The 
frequency of 2 cps implies, by Definition 28:36, that 2 = \/k/m/27, or 
Vk/m = 47. Substituting these values in (a) it becomes 


(b) . y = cos (4n¢t + 4), = at = —4m7sin (47t + 6). 


When y = 3, we obtain from the first equation in (b) 


(c) + = cos (4mt + 6), aoe 0 — 00 00. 
Hence, by (c), when y = 3, 
(d) sin (4at + 6) = + ee 


Substituting (d) in the second equation of (b), we obtain 


(e) y= We 42/3 7, 


which is the velocity of the body as it passes the point y = 3. The plus 
sign is to be used if the body is moving downward; the minus sign if it is 
moving upward. 
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Example B. The Motion of a Simple Pendulum. A displaced 
simple pendulum of length J, with weight w= mg attached (Fig. 28.7) 
will execute an oscillatory motion. If the angle of swing is very small, 
then as we shall show, the motion will closely approximate a simple har- 
monic motion. 


The effective foree F which moves the pendulum is the component of the 
weight acting in a direction tangent to the are of swing. From lig. 28.7, 


@ is positive if the weight w is 
to the right of O; negative 
if to the left of O. 

w =d6/dt is positive if the weight 
w moves counterclockwise; 
negative if it moves clockwise. 

F is positive if it acts in a direction 
to move the pendulum 

w =mg counterclockwise; negative 

if the direction is clockwise. 


Note that when @ is positive, 
F is negative; when @ is 
negative, F is positive. 


mg sin @ 


Figure 28.7 


we sce that the value of this component is mg sin 6, where @ is the angle 
of swing and m and g have their usual meanings. (The tension in the 
string and the component of the weight m the direction of the string do 
not affect the motion.) Therefore by Newton’s second law 

dv 


(28.71) = mo = —mg sin 8, > oe sin @. 


The distance s over which the weight moves along the arc Is 
_ ds 108, 
(28.72) s = 10, therefore au 
Since v = ds/dt, we obtain from the second equation in (28.72), 
do | dy _ 8. 
(28.73) Uy = La 5 dt = Palio 
Substituting in (28.71) the value of dv/di as given in (28.73), we have 


) a8 + gsin 6 = 0. 
(28.74) dt2 g 
ave the form: (28.11) of simple harmonic 


q ‘on (28.74) does not as yet h ; 2 
mera! aleulus that sm @ = @ — 93/31 + 


motion. However, we know from the ¢ 


7 
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g°/5! — -»+. We may therefore write (28.74) as 
d’¢@ go> g@° = 


Hence, for a pendulum swinging through a small angle, it is not unreason- 
able to assume that the error made in linearizing the equation by dropping 
terms in 6° and higher powers of @ will also be small. Hence (28.75) 
becomes 

2 2 
(28.76) jn + 99 = 0, ee 


But this last equation is now the differential equation of a particle exe- 
cuting simple harmonic motion. The solution of (28.76) is 


(28.77) 6= ccos(Vg/lt + 4), 
where c is the amplitude of @ in radians. 


Example 28.771. A simple pendulum whose length is 5 ft swings with 
an amplitude of j> radian. I'ind the period of the pendulum and its 


velocity as it crosses the equilibrium position, i.e., the position when 
6 = 0. 


Solution. The given amplitude of ~5 radian implies that ¢ = jy in 
(28.77). Therefore, with 1 = 5 and g = 32, (28.77) becomes 


(a) 6 = 75 cos (V 32/5 t + 4), 


dé even 
FG = ~toV 32/5 sin (V/32/5 t + 8). 


The period of the pendulum, by Definition 28.34, is 


(b) T = 2rvV/5/32 = = /10 sec. 
When 6 = 0, we have by (a), 

(c) 0 = cos (V32/5 t + 34), 
which implies that 

(d) sin (V32/5¢+ 6) = +1. 


Substituting (d) in the second equation of (a), there results 

(e) a = +75V32/5 = +:2/10. 

By the first equation in (28.73) and (e), we obtain with 1 = 5, 
(f) v= 5(+%V10) = 42/10 ft/sec, 
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which is the velocity of the pendulum as it crosses the central position. 
The plus sign is to be used if the weight is moving counterclockwise; the 
minus sign if it is moving clockwise. 


= CO No me 


10. 


. A heavy rubber band of na 


EXERCISE 28C 


; Verify the accuracy of the solution of (28.63) as given in (28.64). 
. Verify the accuracy of the solution of (28.76) as given in (28.77). 
» Solve (28.63) for y as a function of tif att = 0, y = yo, v = vo. 


Rm mw fag? . 
. Show that the sum 5 Y + —(—} , where y is the solution of (28.63) as 


2 \dt 
given in (28.64), is a constant. Notre. The first term gives the potential 
energy of a mass attached to a helical spring displaced a distance y from 
its equilibrium position. The second term gives its kinetic energy. Since 
the sum of the two energies is a constant, a mass oscillating on a helical 
spring with simple harmonic motion satisfies the law of the conservation 
of energy. 


. Prove the law of the conservation of energy for the undamped helical spring 


(see problem 4) by multiplying (28.63) by dy/dt and then integrating the 
resulting equation with respect to t. For hint, see answer. 


. A 12-lb body attached to a helical spring stretches it 6 in. After it comes 


to rest, it is stretched an additional 4 in. and released. Find the equation of 
motion of the body; also the period, frequency, and amplitude of the motion. 
With what velocity will it cross the equilibrium position? 


. A 10-lb body stretches a spring 3 in. After it comes to rest, it is stretched an 


additional 6 in. and released. 


(a) Find the position and velocity of the body at the end of 1 sec. 

(b) When and with what velocity will the object first pass the equilibrium 
position? 

(c) What is the velocity of the body when it is —3 in. from equilibrium? 

(d) When will its velocity be 2 ft/see and where will it be at that instant? 

(ec) What are the period, frequency, and amplitude of the motion? 


. A spring is stretched 8 in. by a 16-Ib weight. The weight is then removed 


and a 24-Ib weight attached. After the system is brought to rest, the spring 
is stretched an additional 10 in. and released with a downward velocity of 


6 ft/sec. 

(a) Find the equation of motion, period, frequency, amplitude and phase 
angle. . . 

(b) Answer the same questions if the weight were given an upward velocity 
of 6 ft/sec instead of a downward one. 


tural length /o is stretched 2 ft when a weight W 
equation of motion and the maximum stretch of 


is attached to it. Find the 
eight is given a downward velocity of 6 ft/sec. 


the band, if at the point /o the w 
Assume the rubber band obeys Hooke S law. . ; 
The spring constant of a helical spring is 27. When a weight of 96 Ib is at- 


tached, it vibrates with an amplitude of 3/2 ft. 


(a) What are its period and frequency? 


(b) With what velocity does it pass the point y = —I ft? 


Pl 
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ll. 


12; 


13. 


14. 


A piece of steel wire is stretched 8 in. when a 128-lb weight is attached to it. 
After it is brought to rest, it is displaced from its equilibrium position. Find 
the frequency of its motion. Assume the wire obeys Hooke’s law. 

A helical spring is stretched 2 in. when a 5-lb weight is attached to it. If the 
5-lb weight is removed and a weight of W |b attached, the spring oscillates 
with a frequency of 6 cps. Find the weight VW’. 

When two springs, suspended parallel to each other, are connected by a bar 
at their bottom, they act as if they were one spring. The spring constant of 
the system is then equal to the sum of the spring constant of each spring. 
Assume a weight of 8 Ib will stretch one spring 2 in. and the other spring 3 in. 


(a) What is the spring constant of each spring? 

(b) If the two springs are suspended parallel to each other and connected 
by a bar at their bottom, what is the spring constant of the system? 

(c) If a weight of 8 lb is attached to the system, brought to rest, and then 
released after being displaced 6 in., find the amplitude, period, and 
frequency of the motion. 


When two springs are connected in series, i.e., when one spring is attached 
to the end of the other, the spring constant k of the system is given by the 
formula 


k ky | ke 


where k; and kg are the respective spring constants of each spring. Assume 
the springs of problem 13 are attached in series. 


(a) What is the spring constant of the system? 

(b) If a weight of 8 lb is attached to the bottom spring, brought to rest, 
displaced 6 in, and then released, find the amplitude, period, and fre- 
quency of the motion. 


The solutions to problems 15-17 will be facilitated if reference is made 


to the solution given in problem 3. 


15 


16. 


A spring is stretched / ft by a weight IV and brought to rest. It is then given 
a downward velocity of vo ft/sec. 


(a) Find the lowest point reached by the weight and the elapsed time. 
(b) Find the amplitude, frequency, and period of the motion. 


A spring is stretched J ft by a weight W and brought to rest. It is then 
stretched an additional a ft and given a downward velocity vo. 


(a) Find the amplitude, frequency, and period of the motion. 


(b) Answer the same questions if the initial velocity is vo upward instead of 
downward. 


. A helical spring has a period of 4 sec when a 16-lb weight is attached. If 


the 16-lb Weight is removed and a weight IV attached, the spring oscillates 
with a period of 3 sec. Find the weight W., 


In problems 18-28, it is assumed that 6, the angle a pendulum makes 


with the vertical, 1.c., the angle the pendulum makes with its equilibrium 
position, is sufficiently small so that equations (28.76) and (28.77) are 
applicable. Remember that in these problems angular velocity w = d6/dt, 
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and linear velocity v = 1 d6/dt = lw, where Lis the length of the pendulum 
from point of support to the center of mass of the bob. For positive and 
negative directions, see lig. 28.7. 


18. 


WW. 


au. 


a. 


22. 


23. 


24. 


28. 


29. 


. A clock pendulum is regul 


_ It is desired that 


. The amplitude of a penduluin 1s 0.05 radi. 


A stmple pendulum of length / ft is given an angular velocity of wo rad/sec 
from the position 6 = @o. 


(a) Find the position of the bob of the pendulum as a function of time. 

(b) Find amplitude, period, frequency, and phase angle. 

(c) With what velocity, angular and linear, does the pendulum cross the 
equilibrium position? 


A simple pendulum of length / ft is released from the position @ = 60. 


(a) Find the position of the pendulum as a function of time. 

(b) Find amplitude, period, and frequency. Compare results with problem 18. 

(c) With what velocity, angular and linear, does the pendulum cross the 
equilibrium position? 


A simple pendulum of length 2 ft is released from the position @ = js rad 
at time 1 = 0. 


(a) Find the value of @ when t = 7/16. 
(b) When and with what velocity, angular and hnear, does the pendulum 


cross the equilibrium position? 


A simple pendulum of length 6 in. is given an angular velocity of magnitude 
1 rad/sec toward the vertical from the position 6 = jyzrad. Find the equa- 
tion of motion, amplitude, period, frequency, and phase angle. ffint. At 
{ = 0,w = —4rad/sec. 

A simple pendulum of length 2 ft is given an angular velocity of 4 rad/sec 
toward the vertical from the position @ = —jg rad. Find the equation of 
motion and the amplitude. 

Solve problem 22, if the pendulum is given an angular velocity of 4 rad/sec 
away from the vertical from the position @ = yo rad. 

A simple pendulum of length / ft is started by giving it an angular velocity 
of wo rad;sec from its equilibrium position. 


(a) Find the equation of motion. . 
(b) Find the value of @ and the time when the pendulum reaches its maximum 


displacement. 
ated so that 1 see elapses cach time it passes its 
equilibrium position. (Its period is therefore 2 sec.) What is the length of 


the pendulum? ; eae - 
a clock pendulum cross its equilibrium position each 


second and have an amplitude of Ts rad. \ hat should its angular velocity 
be as it crosses the equilibrrum position? Hint. The length of the pendulum 
has already been found in 25, the equation of motion m problem 24. 

What fraction of its period has 
0.025 rad? For hint, see answer. . 
a length of Gin, Each time it crosses the equiibnum 
position, it makes a tick. How many ticks will it make tn | hr? . 
Jn the pendulum example in the text and in the problems above, the weight 
of the wire supporting the mass was considered negligible and therefore ig- 
nored, If, however, this weight is not negligible, then, instead of (28.71), 

. ) is 


7 


elapsed when @ = 
A clock pendulum lias 
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the differential equation of motion of the pendulum and bob is 


(28.772) I a = —(mg sin 6)l, 

where J is the moment of inertia* of the pendulum and bob about an axis 
which passes through the point of suspension and is perpendicular to the 
plane of rotation of the pendulum; m is the mass of pendulum and bob; 
Lis the length of the pendulum from the point of support to the center of 
gravity of pendulum and bob. [For the case of a pendulum of negligible 
mass, the moment of inertia J of a particle of mass m attached at a distance 
l from the axis of rotation is ml?. Substitution of this value of I in (28.772) 
will yield (28.74).] 

With the aid of (28.772), find the equation of motion and the period of a 
pendulum consisting of a uniform rod of length / and swinging through a 
small angle. Hint. The moment of inertia J of a uniform rod of length 
and mass m about an axis through one end is given by 


1 

n 25 

linn > bz," Ar; = i b2° dx = ~ with 6 = m/l. 
no Ty 0 


Since the rod is uniform, its mass may be considered as concentrated at its 
center, 1.¢e., its center of gravity is at its geometric center. 


In problems 30-34, we no longer assume that the angle of swing is 
small. Hence we cannot, in (28.74), replace sin @ by 8. 


30. Solve (28.74) for d@/dt with the initial conditions t = 0, 0 = 05, w = 0. 
Hint. Multiply the equation by 2d@/dt and then make use of the identity 


; ie 6\ de _ a (de\” 
dt2) dt dt \at/ — 
Answer is 
(28.78) w = d6/dt = +V/2g9/lV/cos 6 — cos 8. 


31. By integrating (28.78), remember the initial condition is ¢ = 0, 8 = 4, 
show that 


(28.79) (6) = +/1/2g (s ——_— 
TSE 


Since at t = 0,6 = 60, w = 0, one-half of a period elapses when @ = — 40. 
Use this fact, (28.79), and the fact that cos u is an even function, 1.e., 
cos (—u) = cos u, to show that the period T of the pendulum is given by 


(28.791) . 2 Ae _ a 
=0, 


cos u —-cos i err 


T 


wiv ft 
cos u — cos Go 


*For definition of moment of inertia, see Lesson 30M-B. 
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In (28.791), replace cos u by its equal 1 — 2 sin , cos 8) by its equal 


p & 
z 
60 


1 — 2 sin? - Show that the resulting equation is 


8 
(28.7911) i x7; [ : = | 
0 /sin? (69/2) — sin? (u/2) 


Finally in (28.7911), make the substitutions 


(28.7912) sin 5 
Show that when u = 0,¢ = 0; when wu = 60,¢@ = 7/2 and that (28.7911) 
therefore becomes 


5 RO 2 ; 
sin ~ sin ¢, 3 cos : ae = sin - cos ¢ dd. 


7/2 
d 
(28.7913) T = ili | eo at 

0 V/1 — k2sin? ¢ 2 


The integral in (28.7913) is known as the complete elliptic integral of the 
first kind. It cannot be expressed in terms of elementary functions, but 
it can be evaluated* by writing the integrand as a power series 


(28.7914) (1 — B’ sin?) ~"? = 1+ $k? sin? 6 + a Ct soe 


Substituting the above series in (28.7913) and carrying out the integration, 
we obtain, since, when 7 is an even positive integer, 


y f1-BY 
(28.7915) T = TAL "i a) [Ae 


which gives the actual period of a pendulum, 
Bae (28877), tlie period of a pendulum, approximated by replacing sin @ 


by 6, is 


l 
(28.7916) T= orale 


Assume the initial displacement of a pendulum at ¢ = 0, is @0 = 4°, Then 
by (28.7913), k = sin 2° = 0.0349 and k2 = 0.00122. Hence by (28.7915), 


the more exact period of the pendulum 1s 


0.00122 . 9(0.00122)° 
(28.7917) T (exact) = an/l/9 ( + += + a ) 


2nv/l/y (1.000305) sec, 
and by (28.7916) the approximate period is 


lI 


(28.7918) T (approx.) = onVl/g sec. 


*A table of values of this integ 
of sin x; see, for example, Pierce's 


y 


ral can be found, just as one can find a table of values 
Tables. 
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By (28.7917) and (28.7918), we see, therefore, that 
(28.7919) T (exact) = 1.000305T (approx.). 


Suppose now, we design a clock with pendulum of sufficient length | so 
that its period, using the approximation formula (28.7918) is 2 sec, and its 
amplitude is 4°. Therefore, by (28.7919), 1ts more exact period is 2.00061 sec. 
This means that in each 2 sec the clock is incorrect by 0.00061 sec, its second 
hand has moved 2 sec whereas it should have moved 2.00061 sec; the clock 
is thus too slow by this much. Calculate the error in the clock at the end 
of each 24 hr. Ans. 26sec slow. 

32. Solve (28.74) for d@/dt with the initial conditions ¢ = 0, @ = 0, w = wo. 
See hint in 30. Answer is 
2 
(28.792) @ = Bie — 29 (1 — cos @) = Ape fh — Be (1 — cos a. 
dt l lwo? 


33. In (28.792), make the substitution 


4g 28 

28.793 jaw ee ee 

( ) Teoo? and sin 5 4(1 — cos 6). 
Show that at time ¢, remember att = 0, 8 = 0, 


) 


6 6/2 
(28.7931) 4(6) = aa i ee a, Oe 
0 worl — k2 sin? (u/2) wolo WV/1 — k2 sin? 


The integral in (28.7931) is called an incomplete elliptic integral of the 
first kind. 


34. In the text, we derived the differential equation for a pendulum of negligible 
weight swinging along the arc of a circle. The resulting equation (28.74) was 
not simple harmonic. Assume now that the end of the pendulum moves 
along a curve which is given by the parametric equations 


(a) x a(26) + asin 26, 
y = a — acos 26, 


where aisa positive constant and @ is the inclination of the tangent to the 
curve at a point P, Fig. 28.794. Hence, the differential equation of motion 


of the pendulum is 
m a = j 
a) = ~ mg sin g. 


Replacing v by its equal ds/dt, we obtain 


(b) d’s ; 
de > —9 sin 0, 


ba ae ae distance along the curve measured from the lowest position 0. 
ee a ee Bull the distance s along an arc of the curve (a) from its 
a a Iss = dasin 8. Solve for sin @ and substitute this value in (b). 

ow that the resulting equation is now simple harmonic. Solve for s as a 


function of ¢, find the peri : 
ee: ) period of th 
Herod ie constant. € motion and establish the fact that the 
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The parametric equations (a) above are the equations of an inverted 
evcloid traced by a point on a circle of radius a. (When a circle rolls along 
a straight line, the curve traced by a point P on its circumference, is called 
a eycloid.) In (a) above, 26 is the central angle made by lines drawn from 
the center of the circle, one vertical, the other to P. It can then be proved 
thet the inclination of the tangent to the cycloid at P is @. If, therefore, 
you can devise a pendulum whose bob will move along the path of an in- 
verted cycloid, the pendulum will swing in simple harmonic motion regard- 
less of the angle of swing, and its period will be independent of its amplitude. 


~__ ) x=a(20)+a sin 20 
y=a-acos 26 


s=4a sin = 


mg sin 0=F 


Figure 28.794 


Archimedes’ principle states that a body partially or totally sub- 
merged in a liquid is buoyed up by a force equal to the weight of the 
liquid displaced. T°or example, if a 5-pound body floats on water, then 
the weight of the water displaced ts 5 pounds, iver 


V (in ft? of water displaced) X 62.5 (weight of a ft* of water) = 5. 


The fact that the body is resting or floating on water mnplies that the 
downward force due to the weight W = mg of the body must be the 
same as the upward buoyant force of the water, namely the weight of 
water displaced. | 

Call y = 0 the equilibrium position of the lower end of a body when it 
is floating in a liquid. If the body is now depressed a distance y from its 
equilibrium position, an additional upward force will act on the body due 
to the additional liquid displaced. If the body’s cross-sectional area is A, 
then the volume of additional liquid displaced is Ay and the weight of 
this additional liquid displaced is (A y)p, where p is the weight per unit 
liquid. Since this additional upward force is the net force 


volume of the : 
we have, by Newton’s second law of mo- 


acting on the depressed body, 
tion, with positive direction downward, 


17 
(28.795) m 2 = —pAy. 


? 
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A floating body, therefore, when depressed from its equilibrium position 
executes simple harmonic motion. 


With the aid of (28.795), solve the following problems: 


35. A body of mass m has cross-sectional area A sq ft. It is depressed yo {ft from 
its equilibrium position in a liquid whose weight per ft? is p and released. 
(a) Show that its equation of motion is 


(28.796) y = yocosV pA/mt, 


where y is the distance of the body from equilibrium. Hin. At i= 0, 
y = yo,v = 0. (b) If the body is a right circular cylinder with vertical axis 
and radius 7, show that its period is 


y) 
(28.797) if See o = 
rN p 


36. A cylindrical buoy of radius 2 ft and weighing 64 lb floats in water with its 
axis vertical. It is depressed 4 ft and released. 


(a) Find its equation of motion, amplitude, and period. 
(b) How far below the water line is the equilibrium position. 


37. A cubic block of wood weighing 96 lb has cross-sectional area 4 ft. It is de- 
pressed slightly in a liquid which weighs 50 lb/cu ft and released. What is 
its period of oscillation? 

38. A cylindrical buoy of radius 1 ft floats in water with its axis vertical. Its 
period, when depressed and released, is 4sec. What is its weight? 

39. A cubical block of wood is 2 ft on a side. When depressed and released in 
water, it oscillates with a period of 1 sec. What is the specific gravity of the 
wood? Hint. Use (28.796) to find the mass m of the cubical block. Then 
find its weight per cubic foot. Then compare this figure with the weight of a 
cubic foot of water. 

40. When a cylinder with vertical axis is depressed and then released in water, 
it vibrates with a period To sec. When water is replaced by another liquid, 
it vibrates with a period of 2T9 sec. Find the weight of the liquid per cubic 
foot. Hint. Use (28.797) to find p. 

4}. A body whose cross-sectional area is A, displaces, when in equilibrium, J ft 
of a liquid. The body is then depressed and released. Show that its differen- 
tial equation of motion is 


di 
dt2 pe 


where y is the distance of the body from equilibrium at time t. Hint. In 
equilibrium, the weight of the body equals the weight of the water displaced. 
The weight of displaced water is (Al)p. Therefore Alp = mg. Solve for p 
and substitute in (28.795). 

42. Solve (28.798). What is the period of vibration? 

43. A cylinder with vertical axes vibrates in water with a period of 2 sec. How 
far from the surface is its equilibrium position? Hint. Make use of the 
solution of (28.798) as found in problem 42. 

44. A spherical body of radius r is in equilibrium when half of it is submerged in 
a liquid. It is given a displacement and released. Find its differential equa- 
tion of motion and, if the displacement is small in comparison with the 
radius r. also find its approximate period. For hints see answer. 


(28.798) 
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14. 


WW. 


18. 


19; 


ANSWERS 28C 


y = vo m/ksin (Wk/m t) + yo cos (Vk/m £) 
= \/yo? + (m/k)vo? sin (Vk/mt 4+ 4), 
where 6 = Arcsin = 


Vyo2 + (m/k)to? 


. To integrate the first term make the substitution u = dy/dt, du = 


(d?y/dt?) dt. 


.y = scos&t, r/4 sec, 8 rad/sec, or 4/7 eps, 4 ft, + ft/sec. 
. (a) 0.16 ft, —5.37 ft/sec. (b) V2m/32 sec, —5.66 ft/sec, 


(c) +2\/6 ft/sec, (d) 0.31 sec, —0.47 ft, 
(ce) V2n/8 sec, 8V2 rad/sec, 4 ft. 


5 wel 
. @ y= 3v2 sin (4\/2 t) + cos (4/20) = sin (4\/2 £ + 0.67), 
6 6/2 
rV/3 oe 
A sec, 4,/2 rad/sec, V131/6\/2 ft, 0.67 rad. 
(b)y = — se sin (4\/2 Dae ® cos (4\/2 t); remaining answers are the 


same as in (a). 


.y = Bsin 4¢ — 2 cos 4t. Amplitude is 5/2 ft. Maximum stretch is 9/2 ft. 
. (a) 2/3 sec, 3 rad/sec or 3/27 cps. (b) +35 ft/sec. 
. 4/3 rad/sec. 


. (a) 48 and 32. (b) SO. (e) dt, Vioem/Z0mec, 4/5/m eps. 


(a) 19.2. (b) 4 ft, 24/V/76.8 see, 76.8/27 eps. 
= Tv 
@ y Sov n/ke= vor/l/g ft, 6 = = m/k = 3 V l/g see. 


(b) vow 1/9 ft, Vk/m = VJ/G/l rad/sec, om /1/9 sec. 
(a) A, sence lno2/g, period and frequency are the same as in 15. 
(b) Same answers as in (a). 
9 lb. 
(a) 8 = OocosV afte wy\/l/gsin Joht= \/002 + (i/g)wo2 sin (V g/t t+ 8), 
where 6 = Arcsin (0o/¥ Oo? 4 (alec). 
(by VO? A Wa ao? ft, 2xV/7/g see, (1/2")/9/l eps. 
& is given in (a). , : 
(c) wo = +/(g/1)00" + wo? rad/sec, v = + lg8y? + [2 wo? ft/sec. 
(1) 0 = 09 cos VQ/Lt 
se/ije ig. 27 tae: 
(b) Aw Oo rad, T Iarv/l/g sec, ¥ = g/l eps. 


fy My ay Ad 
(c) wo*™ + Ow g/l rad/sec, pm +00v gl ft/sec. 
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20. (a) 6 = /2/24 rad. (b) t = $(2n+ 1)a,n = 0,1,-°:, +44 rad/sec, 
4 ofa 
21. 6 = zy cos 8 — pg sin 8t = 89/80 sin (8t — 4.15), 89/80 ft, 1/4 sec, 
4/1 ioe 4.15 rad. 
22. @ = —j5cos 4t+ sin 4t, A = V41/40 ft. 


23. 6 = pscos4t+ dsin4t, A = V41/40 ft. 

24. (a) 6 = woV l/gsin (VQg/lt). (b) 6 = woV l/g rad, t = (2/2)V1/g sec. 

25meee ett 26. 0.21 rad/sec. 

27. T/6. Hint. In the solution given in problem 18, 69 = 0.05 and take wo = 0. 
Find ¢ when @ = 0.025. 

28. 9167. = 

29. 6 = c, cos V 3g/2lt + cosin V 3g/2lt, T = 2arvV 2l/3¢g sec. 


S45 = ci sin ((/2)V/ 9/a + co cos @/2)V g/am = a/g. 

36. (a) y = 4cos (5\V/5rt), A = Fit, T = 2Vw/5sec.  (b) 0.08 ft. 

37. 0.77 sec. 38. 2546 lb. 39. 0.405. 40. One-fourth the weight of 
water. 

42. y = ccosVg/lt, T = 2rvV/1/q sec. 

43. g/n? ft = 34 ft approx. 

44, Let y be the displaced distance of the sphere from equilibrium. The buoyant 
force of the liquid, therefore, is equal to the weight of liquid displaced, i.e., 
it is the weight of a volume of liquid equal to one-half the volume of the 
sphere minus the volume of a segment of a sphere of height r — y. The 
volume of a segment of a sphere is (rh?/3)(3r — h), where r is the radius 
of the sphere and h is the height of the segment. And since the body is in 
equilibrium when only one-half of it is submerged, the weight of the liquid 
per unit volume must be 2p, where p is the weight per unit volume of the 
sphere. The differential equation motion is 


deat a() 
at2 2 i r 


If thé displacement y is small in comparison with 7, then it is reasonable to 
assume that the error made in linearizing the equation by dropping (y/r)? 
will also be small. The approximate period is therefore T = Qnrv/ 2r/39. 


LESSON 28D. Forced Undamped Motion. The motion of a particle 
of mass m that satisfies a differential equation of the form 


(28.8) m= —= as Mw y= =o), ct ug wn y = = 40) 

where f(t) is a ae function attached to the system and wo is defined 
in 28.38, is called forced undamped motion, in contrast to the free un- 
damped motion (i.e., simple harmonic motion) when f(t) = 0. Let us 


assume that the forcing function f(t) = mF sin (wt + B) where F is a con- 
stant. ‘Then (28.8) becomes 


2 
(28.81) To + wo%y = Fsin (wt + 8). 
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If we set the left side of (28.81) equal to zero, and solve the resulting 
homogenous equation, we obtain the complementary function 


(28.82) Ye = Csi aige =|); 


A particular solution y, of (28.81) will then depend on the relative 
values of the natural (undamped) frequency wo of the system and the 
impressed frequency w of the forcing function mF sin (wt + B). We 
shall treat each of the two possibilities in the two cases below. 


Case 1. w ¥ wo. If w wo, then a particular solution of (28.81) is 


7 


if 
(28.83) Yo = eae sin (wt a GB). 


Wo 


Hence, by (28.82) and (28.83), the general solution of (28.81) is 
. F 
(28.84) y=csm (Wot + 5) se yee sin (wt + B). 


The motion of the system is now the sum of two separate and distinct 
motions, each of which is simple harmonic. The displacement or depar- 
ture of the particle from its equilibrium position is therefore the sum of 
two separate (harmonic) displacements with respective amplitudes of c 
and F/(wo2 — w?). The maximum value of the displacement or depar- 
ture, however, cannot exceed |c] + |F/(wo? — w)|. Since all these letters 
denote constants, the displacement or departure has finite magnitude. A 
motion it which the displacement or departure of a particle from its 
equilibrium position remains finite with {ime 1s called a gtaihe motion. 
If, however, @o and w are nearly alike, then (wo9° — @ ) will be small, 
and since this term appears in the denominator of (28.84), the departure 
article from equilibrium will be large, i.c., the 


or displacement of the p 
: ill be big, and if sufficiently large, a breakdown 


vibrations of the system w 


of the system may result. ey ~) 
The behavior of the particle’s motion 1s agam influenced by two mo- 


juencies, the natural (undamped) frequency Wo 
If wo/w is a rational number, say 3, then 
hree revolutions while the motion due to 
yp is making only one. Therefore, during the hima interval a @e 
period of one revolution due to the yp motion), the motion of t We Sy stem 
ever, at the end of this time interval, the position of 
and yp motions will again be its starting one, 
‘ts erratic behavior. The motion of the 
ance somewhat like that shown in lig. 


tions with different frec 
and the forcing frequency ©. 
the motion due to ye will make t 


will be erratic. How 
the particle due to the Ye 
and the system will again repeat 
system will thus have anu appear 


“ 
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28.85. If, however, wo/w is an irrational number, then the motion will 
not have a repetitive pattern. 


Figure 28.85 


Case 2. w= wo. If w = wo, the differential equation of motion 
(28.81) becomes 
d°y 2 : 
(28.9) wie ae Wo Y = F sin (wot ae B). 
Now, however, a term in the y, part of the solution as given in (28.82), 
agrees, except for phase and constant coefficient, with the function on the 
right of (28.9). Hence the trial function y,, by Lesson 21A, Case 2, must 
be of the form 


(28.91) Yp = Altsin (wot + 8) + Bt cos (wot + 8). 


Following the method described in Lesson 214A, Case 2, we find 


F 
(28.92) i, = = mee (wof + 8). 


Hence the general solution of (28.9), by (28.82) and (28.92), is 


(28.93) y = csin (wot + 6) — 7 Ecos (wot + 8B). 
0 


The maximum departure or displacement of the motion is le| + 


Ae 


2wo 

The presence of the variable ¢ in the second term implies that the depar- 
ture or displacement due to this part of the motion increases with time, 
see lig. 28.94. A motion in which the departure or displacement increases 
beyond all bounds as time passes is called an unstable motion. In such 
cases, a mechanical breakdown of the system is bound to occur. This 
condition, where w, the frequency of the forcing function, equals wo, the 


y 7 
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natural (undamped) frequency of the system, is known as undamped 
resonance, and wo is called the undamped resonant frequency. 


poe TS 
He = Qwo ¢ cos (wot + B) 


Va 
= | PP 
pia 
oo 


| 
Figure 28.94 


Comment 28.941. In engineering circles, the function f(t) of (28.8) is 
referred to as the input of the system, the solution y() of (28.8) as the 
output of the system. 


Example 28.95. The differential equation of motion of a system is 
(a) y’ + 4y = cos 21. 


Find its equation of motion. Is the motion stable or unstable? What is 
the undamped resonant frequency - 

Solution. Setting the left side of (a) equal to zero, and solving, we 
obtain the complementary function 
(b) /. = aie Cl Peay: 
Since the right side of (a) agrees, except fur phase, with the complementary 
function (b), the trial function yp, by Lesson 21A, Case 2, must be of the 
form 
(c) gg = Bi im 2 Bt cos 2t. 


Following the method outlined in this lesson, we find 
(d) yp = Peein 26. 

Hence the general solution of (a) 1s 

(e) y = cos (2b-F 5) + 9 sin 20. 


the amplitude of the second term imphes 


The presence of the factor {/4in seco) 
ith time. The motion 1s therefore un- 


that the displacement increases W 


? 
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stable. A comparison of (a) with (b) also shows that the condition of 
undamped resonance is present since the frequency of the forcing function 
and the natural (undamped) frequency of the system are both 2 radians 
per unit of time. Hence the undamped resonant frequency is 2 rad/unit 
Ot time: 


Example 28.951. The differential equation of motion of a system is 
(a) y"’ + dy = 6sin i. 
Find its equation of motion. Is the motion stable or unstable? 


Solution. The gencral solution of (a), by any method you wish to 
use, 18 


(b) y = ccos (2i + 6) + 2sin 1. 


The maximum displacement is |c| + 2, a finite quantity. Hence the motion 
is stable. 


Example 28.96. A 16-lb weight stretches a spring 6 in. A forcing 
function f(t) = 10 sin 2¢ is attached to the system. I*ind the equation 
of motion. What is the maximum displacement of the weight? Is the 
motion stable or unstable? What frequency of the forcing function would 
produce resonance? 


Solution Because of the presence of the forcing function, (28.63) 
must be modified to read 


(a) mod + by = NO Siriege. 

Here mg = = 16, m = 3$ = §. Since 16 pounds stretches the spring 6 
inches, we have, by (28.62), 

(b) Sh TG. 2: 

Hence (a) becomes 

(c) 5 a + 32y = 10sin 2, es +- 64y = 20 sin 21. 

The general solution of (c) is 

(d) y = ccos (8t + 6) + 4sin Qt. 


Its maximum displacement is |c| + 4, a finite quantity. Therefore the 
motion is stable. To produce resonance, the frequency of the forcing 
function would have to be 8 rad/unit of time. 
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hw = 


‘4. 


5 


EXERCISE 28D 


; Verify the accuracy of the solution of (28.81) as given in (28.84). 
>. erify the aecuraey of the particular solution of (28.9) as given in (28.92). 
. (a) Solve (28.81) with w # wo and initial conditions ¢t = 0, y = yo, 


= Wo. Use for the y, solution the form y, = ¢1 sin wot + c2 cos wot. 

(b) Write the solution if 8 = 0. 

lin (28.81), replace sin (wt + 8) by cos wt. Solve the equation, with w # wo, 
and initial conditions t = 0, y = yo, v = vo. 

Solve (28.9) with 8 = 0 and initial conditions £ = 0, y = yo, v = vo. 


When a forcing function f(t) is attached to a helical spring, the differ- 
ential equation of motion, as given in (28.63), must be modified to read 


(28.961) m dy + ky = f(t). 


dt? 


Use this equation to solve the helical spring problems below. Take positive 
direction downward. 


6. 


1 


10. 


I]. 


Le. 


_ Answer the same questions as in problem 8, if at ¢ 


A 4-lb body stretches a helical spring 1 in. A forcing function f(é) = 
1 sin 84/6 tis attached to the system. Find the equation of motion. Is the 
motion stable or unstable? What is the undamped resonant frequency? 


. A 16-lb body stretches a helical spring 4in. <A forcing function f(t) = 


sin 4\/6 tis attached to the system. After it is brought to rest, it is displaced 

6 in. and given a downward velocity of 4 ft/sec. Find the equation of motion 

of the body. Is the motion stable or unstable? What is the undamped 

resonant frequency? //int. Att = Oy =3,v = 4. 

An 8-lb body stretches a helical spring 2 ft. After it is brought to rest, a 

forcing function f(t) = sin 6¢ is attached to the system causing it to vibrate. 

Find: 

(a) Distance and velocity as functions of time (int. At t = 0, y = 0, 
yp =0). 

(b) The natural frequeney of the system. 

(c) The forcing frequency. 

(d) The maximum possible displacement or departure of the body from its 
equilibrium posttion. 

(ec) Whether the motion is stable or unstable. 

= 0, the body is held at 

rest 4 ft below the equilibrium position and then given a velocity of —3 ft/sec. 

In addition, write the complementary function in the form y- = € cos (kt+ 6). 

Solve (28.8) if f() = Mt where / is a constant. Is the motion stable or 

unstable? 


A particle weighing 16 Ib and moving on a horizontal line, is attracted to an 


origin 0 by # force which is proportional to its distance from 0. When the 
particle is at rz = —2, this foree is 9 1b. In addition, a forcing function f(t) = 
sin 3¢ is impressed on the system. Ifatt = 0, 2 = 2, v= 0, find (a) the 
equation of motion of the particle and (b) the resonant frequency of the 
system. - 

In problem I}, change sin 3t to cos 2t. Find: (a) the equation of motion, 
(b) the natural frequency of the system, (¢) the foremmg frequency, and 
(d) the maximum possible displacement of the particle from 0. 


, 
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13. 


14. 


15. 


16. 


A body attached to a helical spring oscillates with a period of 7/8 sec. A 
forcing function attached to the system produces resonance. What is the 
frequency of the forcing function? 

A mass m is attached to a helical spring whose spring constant is k. At 
t = 0, it is brought to rest and a constant forcing function f(t) = 1/b1b 
is impressed on the system. After b sec, the force is removed. 


(a) Find the position y of the mass as a function of time. Hint. First solve 
with f(t) = 1/b. Find y(b) and y’(b). Now solve the equation with 
f(t) = 0 and initial conditions t = 6b, y = y(b), dy/dt = y'(b). 


Remark. After the input or forcing function 1/b is removed, note that it 
still is possible to have an output y(t). Note, too, that if bis small, say 1/50, 
then f(t) = 50 1b, but that it acts for only 1/50 sec. It is as if the mass were 
given a sudden blow by a force that was immediately removed. Finally note 
that the output or response function y(t) is continuous fort 2 0, even though 
the input or forcing function f(t) is discontinuous. The latter can be written 
as 


f(t) = 46 
0 


If b = 0, f(t) does not exist. In engineering circles, however, the fictitious 
forcing function f(t) which results when 6 = 0, is called a unit impulse; 
in physics it is called a Dirac 6-function. 


(b) Show that as 6 —> 0, the solution y(t)—let us call it yo(t)—approaches 
yo(t) = (1/k)Vk/m sin Vk/m t. 


Hint. Use the fact that lim (sin 6/8) = 1. Now prove that yo(t) satis- 
60 


fies the equation m(d2y/dt2) ++ ky = 0 with initial conditions ¢ = 0, 
y = 0, dy/dt = 1/m. The function yo(t) is called the impulsive re- 
sponse or the response of the system to a unit impulse. 


A 16-lb weight stretches a spring 8 ft. At ¢ = 0, it is brought to rest and a 
forcing function f(t), defined by 


fe 
e, 0 S221), 
fi) = 
0, ¢>1 
is impressed on the system. Find the equation of motion. (See hint in 14.) 


A forcing function which has a different formula for a different time 
interval is called an intermittent force. 


(a) Show that the solution of 


Py 
et wo-y = F sin (wt), w ¥ wo, 


with initial conditions t = 0, y = 0, dy/dt = 0, is 
F 


(28.97) y = ——, (sin wt — = sin wot 
= ee 
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(b) Show that if w = wo + €, where € > 0 is assumed to be small, then 
the solution (28.97) becomes 


F F 
28.971 SO ——————— } 9 ey oe ee 
( 71) y ucts oie [sin wot sin (wo + €)t] + Bap dlls sin wot. 
(c) Using the identity sin A — sin B = 2 cos a 5 Z sin a 5 se show 


that if we ignore the last term on the right of (28.971)—we shall refer 
to it again later—(28.971) can be written as 


(28.972) yu - = i= E cos (« + ‘asin lt 
2 (eo + a, € 2 2 


(d) As we pointed out in this lesson of the text, the phenomenon of un- 
damped resonance occurs when w = wo. The amplitude of the motion 
then increases with time so that an unstable motion results. In this 
problem, we have taken w = wo + ¢¢ ~ 0,sothatw ~ wo. However, 
as € — 0, w approaches the resonant frequency wo. We now make the 
assumption that ¢, although not zero, is very small in comparison with 
wo. Hence we commit a relatively small error if in (28.972) we replace 
wo + €/2 by wo. Show that then (28.972) becomes 


Pi a 
(28.973) 7 (- —— sin r cos wol. 


(c) We can get an idea of the appearance of the graph of the motion given 
by (28.973), if we look at the function defined by it, as a harmonic 
motion cos wolf with a time varying amplitude 


(28.974) pe < 


Equation (28.974) itself defines a simple harmonic motion whose period 
is 4a/e. Since ¢ is assumed small, the period of A is large. This means 
that the amplitude of (28.973) is varying slowly. It ts, therefore, called 
appropriately a slowly varying amplitude, and the function cos wot 1s 
said to be amplitude modulated. The graph of A ts given by the 
broken lines in Fig. 28.9709. 


. 3 
eWo 
0 
a aa . 
ew ON 7 a9 I bs et e (es 
“tp Ne a= — —— sin cos Mt ~ 
ew 


Figure 28.975 
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By (28.973), show that for each value of ¢ such that coswot = ¥1, 
y(t) = +(F/ewo) sin (ef/2). Hence show that the graph of the solution 
y(t) will touch the upper part of the dotted curve in Fig. 28.975, for each 
value of ¢ such that cos wof = —1 and touch the lower part of the 
dotted curve for each value of t such that cos wof = 1. 
(f) Show that y@) = 0 when 


T Sar on (2n + 1)7 
SS SS Se ee 
2wo 2090 2wg9 2W0 


and that the period of cos wot is therefore 27/wo. Since wo is much 
greater than ¢, this period 27/wo is much smaller than the period 47/e 
of the slowly varying amplitude 4 of (28.974), whose graph is represented 
by the dotted lines in Fig. 28.975. Show, therefore, that the graph of 
y(t) will thus resemble the solid lines shown in Fig. 28.975. 


The variations in the amplitude of y(£) are known as beats. When 
the amplitude is largest, the sound is loudest. This phenomenon of beats 
ean be heard when two tuning forks with almost but not identical fre- 
quencies are set into vibration simultaneously. Note that the last term 
in (28.971), which was omitted in arriving at (28.973), represents a simple 
harmonic motion. It does not affect the phenomenon of beats. 


Remark 1. Each musical note in an instrument has a definite frequency 
associated with it. When a standard note and its corresponding musical 
note are sounded at the same time, beats will result if their frequencies differ 
slightly, i.c., if they are not in tune. When the musical note of the instrument 
is adjusted so that beats disappear, the musical note is then in tune with the 
standard note. Can you see how this result can be used to tune an instru- 
ment? 

Remark 2. We assumed in this problem w = wo-+ e. Therefore, as 
« — 0, w — wo, the natural frequency of the system. Hence the undamped 
resonant case discussed in the text is the limit of the undamped modulated 
vibrations discussed in this problem. 


ANSWERS 28D 


1 Fw cos : F si 
3, (4) y = — (« —_— fees) sin wot ++ (ve — 7) cos wot 
(69) Se We 


wor — w2 02 


aa ee sin (wt + £). 


Wo* 
1 Fw PF 
b Youo— (, — i ee =, . 
tb) y ca. ee eee ee + Yo COs wot + a 
v0 ' F PR 
4. y = — sin wol yo — ———— ] cos ——_—_- 
y a Oo (ve oS =| cos wot ae =_ cos wt. 
F + 2wovo . ae 
ape a POO og 
2wo? DG 


V6 


On = esi Ger 6) — a 


t cos (S\/6 t). Unstable. wo = 8/6 rad/sec. 
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1 168 /6 
—— " ; 6 
y a6 sin 4\/6 ¢ + bcos 4\/6 — ay feos dV 6 t. 
Unstable. wo = 46 rad/sec. 
8. i” y = 5(3 sin 4¢ — 2sin 6f), v = (cos 4t — cos 64). 
(b) wo = 4 radfsec. (c) w = 6 rad/sec. (d) 4 ft. (ec) Stable. 


>? 


9. (a) y = —eysin 4é+ 4 cos 4t — f sin 6t 
= 4.03 sin (4¢ + 56) — dsin 6f, where 6 = aw — Arcsi 
sin 6, = x — Aresin ia 
r = —16.1 cos (4¢-+ 56) — Bcos &. i 


(b), (c), (e) same as in 8. (d) 4.03 + & = 4.28 ft. 
10. y = ci cos wolf + c2 sin wol + Ft/w?. Unstable. 


LM. (a) r = $sin 3t-+ 2 cos 3f — 4 cos di. (b) wor] emad/sce: 
12. (a) 7 2 cos 2i + $ cos 3i. (b) 3 rad/sec. (c) 2 rad/sec. 
(d) 5 Tr 8 eas 


13.. 16 rad/‘sec. 


l 
14. bb (i — cosa/k/ mm), 0 = t=O; 


y(t) ot [ceeiy/ k/m @ — 0) — cosv k/in tj 


II 


ee b 
bh sin lv k/m ( -— D] sin Vk/m ; ) b> bs: 


v 


. ae . 

15: =. RI BOE et O Sele 
y(t) = ; : 
y(t 4(2e sin 2 + e cos 2 — 1) sin 2¢ 


4(2e cos 2 — esin2 — 2) @@5 21 t > I. 


ale 


LESSON 29. Damped Motion. 


In the previous lesson, we ignored the important factor of resistance or 
In this lesson we shall discuss the more realistic motion of a 
4 resistance or damping force. We shall assume, 
that the resisting force is proportional to the 
ntly it will not be. In such cases more 
scope of this text, will be needed to 


damping. 
particle that Is subject to 
for illustrative purposes, 
first power of the velocity. I’reque 
complicated methods, beyond the 
solve the resulting differential equation. 


LESSON 29A. Free Damped Motion. (Damped Harmonic Motion). 


A particle will be said to execute free damped mo- 


Definition 29.1. 
mped harmonic motion, if its equation 


tion, more commonly called da 


of motion satisfies a differential equation of the form 


De son iy 2 j 4 
(29.11) om dt | Qmr dl - mw Y 0, mE +. 2 a 


[ 
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where the coefficient 2mr > 0 is called the coefficient of resistance of 
the system. As before wo is the natural (undamped) frequency of the 
system and m is the mass of the particle. 


The characteristic equation of (29.11) is m? + 2rm + wo? = 0, whose 
roots are 


(29.12) a ee 


The solution of (29.11) will thus depend on the character of the roots of 
(29.12), i.e., whether they are real, imaginary, or multiple. We shall con- 
sider each case separately. 


Case 1. r? > wo’. If 7? > wo”, the roots in (29.12) are real and 
unequal. Hence the solution of (29.11) is 


(29.13) y st Rey So ae ale yh ee 
Since both exponents in (29.13) are negative quantities (verify it) we can 
write (29.13) as 


(29.14) y= Cie ere Ae pe. 


If c; # 0, co # 0, and c,, co have the same sign, then because e? > 0 
for all z, there is no value of ¢ for which y = 0. Hence, in this case, the 
graph of (29.14) cannot cross the ¢ axis. If, however, c; ¥ 0, c2 ¥ 0, and 
C1, C2 have opposite signs, then setting y = 0 in (29.14) and solving it for 
¢ will determine the ¢ intercepts of its graph. Therefore setting y = 0 in 
(29.14), we obtain 


(29.15) es ee: 


(A — B)t = log je) 


C1 
1 —Co2 
———= 
A =— Bb log ( Cj ) 
From (29.15), we deduce that there can be only one value of ¢ for which 
oe 0. We have thus shown that the curve representing the motion 
given by (29.14) can cross the ¢ axis once at most. Purtitcimey (27,13), 


y > 0ast— «. [Remember A and B in (29.14) are negative. | 
Differentiation of (29.14) gives 


di 
(29.16) = = tle hehe Bee, <n 


Since this equation has the same form as (29.14), it, too, can have, at 
most, only one value of ¢ for which dy/dt = 0. Hence the curve deter- 
mined by (29.14) can have at most only one maximun) or minimum point. 
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The motion is therefore nonoscillatory and dies out with time. In Fig. 
29.17 we have drawn graphs of a few possible motions. 


(0,c; + C9) 


(0, Cy ar Co) 
Figure 29.17 


Comment 29.18. In this case, where r? > wo’, the resisting or damp- 
ing force represented by r overpowers the restoring force represented by 
wo and hence prevents oscillations. The system is called overdamped. 


Example 29.19. A helical spring is stretched 32 inches by an object 
weighing 2 pounds, and brought to rest. It is then given an additional 
pull of 1 ft and released. If the spring is immersed in a medium whose 
coefficient of resistance is 14, find the equation of motion of the object. 
Assume the resisting force is proportional to the first power of the ve- 
locity. Also draw a rough graph of the motion. 


Solution. Because of the presence of a resisting factor, whose coeffh- 
cient of resistance is 4, the differential equation of motion (28.63) for the 
helical spring must be changed to read 

d’y ’ 1 dy 
(a) eg oa 
In this example, since 2 pounds stretches the spring 32 inches = § feet, 
we have, by (28.62), 


(b) 8k = 2, k= }. 

The mass m of the object is #& = j. Hence (a) becomes 
fo) Gy. oW ape 

@ petspe” gettin 

whose general solution is 

(d) y = ce + coe 8, y! = —2c\e"* — 6c2e 


The initial conditions are é = Oy = 1, dyae=— 0. Substituting these 


values in (c), we obtain 
(e) l= ¢ “8 CQ, 
0 = —2C) = 6co. 
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The solution of (e) is c) = $, ¢2 = —4. Hence (d) becomes 
(f) y= Re?! _— Ze 8 y’ oe So alls 22 OF 
Setting y = 0 in (f), we find t= —Zlog3 = —0.27. Setting y’ = 0, 


we find t = 0 and by the first equation in (f), y = 1 when t = 0. Hence 
the curve has a maximum at t= 0, y= 1. Setting y’”’ = 0, we find 
the curve has an inflection point at t= ;log3 = 0.27, y = 0.77. A 
rough graph of the motion is given in Fig. 29.191. The motion is non- 
oscillatory. The maximum displacement occurs at ¢ = 0, i1.e., at the 
beginning of its motion; the displacement then gradually dies out. 


Figure 29.191 


Case 2. r? = wo’. If r? = wo?, the roots of (29.12) are —r twice. 
Hence the solution of (29.11), by Lesson 20C, is 


(29.2) y = cye "+ cote 


/ —rt = = 
y’ = —reje™ + coe"! — -reote—". 


} 


Since r > 0, by (27.113), both e~" and te-"* + Oast > o. Andas inthe 
previous case, there is only one value of t at most for which y and y’ = 0. 
Therefore as in the previous case, the motion is nonoscillatory, and dies 


out with time. The graphs of some of its possible motions are similar to 
those shown in Fig. 29.17. 


Comment 29.21. In this case, where r = wo, the resisting or damp- 
ing force represented by r is just as strong as the restoring force repre- 


sented by wo and hence prevents oscillations. For this reason the system 
is said to be critically damped. 


2 : 6 é 
Case 3. r < wo. If r? < wo’, the roots in (29.12) are imaginary and 
can be written as 


(29.3) m= —r + tV wo? — r?., 
The solution of (29.11), by Lesson 20D, is therefore 
(29.31) y = ce" sin (Vw? — r2¢4 6). 
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Beeause of the sine term in the solution, the motion is oscillatory. 
The damped amplitude of the motion is ce~"! and since r > 0, this 
factor decreases as ¢ increases and approaches zero as ¢ approaches o. 
Hence with time, the particle vibrates with smaller and smaller oscilla- 
tions about its equilibrium position. 

Each function defined in (29.31) is not periodic since its values do not 
repeat. However, because the motion is oscillatory, we say the function 
is damped periodic and define its damped period to be the time it 
takes the particle, starting at the equilibrium position, to make one com- 
plete oscillation. Hence its damped period is said to be 


2.90R2 ‘= ——__—— 
(29982) 7 ae 

The damped frequency of the motion is qo? — r? radians per unit 
of time, or \/wo2 — 72/27 cycles per unit of time. 

The exponential term ¢— is ealled appropriately the damping factor. 
Since this factor decreases with time, the motion eventually dies down. 
When ¢ = 1/r, the damping factor is 1/e. The time it takes the damping 
factor to reach this value I/c is called the time constant. Hence the 
time constant 7 = 1/r. 

A graph of the function defined by (29.31) is given in lig. 29.33. It is 
an oscillatory motion whose amplitude decreases wrth time. 


y 


y= leo” | 


== Fim 0: 
y=ce M sin (¥wo —r’ t+) 


(0,¢ sin 0) 


Damped period 


Se la" 


Figure 29.33 


2 2 pilin: 

Gomimnene 29.84. In this case, where r2 < wy’, the damping force 
represented by r is weaker than the restoring force represented by wo 
and thus eamnol prevent oscillations. For this reason the system 1s called 


underdamped. 


is 
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Example 29.35. If the coefficient of resistance in example 29.19 is 
2 instead of 3, find: 


1. The equation of motion of the system. 
2. The damping factor. 

3. The damped amplitude of the motion. 
4. The damped period of the motion. 

5. The damped frequency of the motion. 
6. The time constant. 


Solution. The differential equation of motion (c) in example 29.19 
now becomes 


Its solution is 

(b) jc inl 

Differentiation of (b) gives 

(c) y = —dsce *’ sin (\/3 i + 6) =2e/3 e *” cost/3 te 8). 


The initial conditions are £ = 0, y = 1, y’ = 0. Substituting these values 
in (b) and (c), we obtain 


(d) 1 Vesino, 
= —8c sin 6 + 3c cos 6. 


Substituting in the second equation of (d), the value of ¢ as given in the 
first equation, we obtain 


(e) ; 0= —3+4 V3 cot 4, io = eee 
V/3 
_a us ee ea 
=. or 5° SU a 


Hence, by the first equation in (d), choosing sin 6 = 5, we have, 
(f) Ca 


The equation of motion (b) therefore becomes 


(g) y = 2e—** sin (v3 + *) ) 


which is the answer to 1. The answers to the remaining questions follow. 
2. The damping factor is e~%*. 
3. The damped amplitude of the motion is 2e72! feet. 
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m Wh — 


ql 


nN 


va 


4. The damped period of the motion is 27/\/3 seconds. 


=. was ee: 3 
5. The damped frequency of the motion is \/3 rad/sec = > CPS: 


6. The Time constant ir "Tec. 


EX@SRCISE 29% 


. Verify the accuracy of the solution of (29.11) with r? > wo”, as given in 
(29.13). 


. Verify that each of the exponents in (29.13) is a negative quantity. 

. Verify the accuracy of the solution (d) of Example 29.19. 

. Verify the accuracy of the solution of (29.11) with r? = wo’, as given in 
(29.2) 

. Verify the accuracy of the solution of (29.11) with r? < wo’, as given in 
(28.31). 


. Verify the accuracy of the solution (b) of Example 29.35. 
. Show that the system whose differential equation is 


d*y Qo we 
ae a se ee 


is: (a) overdamped and the motion not oscillatory if a* > b?, (b) critically 
damped and the motion not oscillatory if a2 = b?, (c) underdamped and 
the motion oscillatory if a? < 067. 
8. (a) Solve the differential equation 


(29.36) 


9, With the help of the answers t 


(b) 


(c) 


d’y 
dt? 


Note that here b is not squared as in 7. 

Show that the motion of the system 1s stable only ifa > Oand b > 0. 
(For definitions of stable and unstable, see Lesson 28D). Hint. Show 
that if a > 0, 0 > 0, each independent solution of (29.36) approaches 
gcro ast — ©. Henee the distance y from equilibrium approaches zero. 
Consider each other possibility a > 9, D <g0: a = Ome [0 a < 0 
b < 0, and show that in cach case y > © ast— ©. 

Show that if a < 0,b > Oand a2 < b, the motion, although unstable, 
is oscillatory; ifa > 0,6 < 0, or ih.@ <0, "0 20, or ii 0% > Y, 
and in each case a? > 6, the motion, although unstable, 1s not oscillatory. 


gE up = 0: 
at 


o problems 7 and 8, determine, without solving, 


whether the motion of the systen, whose differential equation 1s: 


oy TY - Bayo @) hae Baye 0 
(b) + 3 oF + 2y = 0. (f) “f - ooh 4. 5y = 0. 
(c) 4 + 2 = | Sy = 0. (s) id 6 ’ b 6y = 0. 
(dt) dy = t dy = 0 
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10. 


IDE 


12. 


is stable or unstable; oscillatory or not oscillatory. Also determine whether 
the system is mndexlanped, critically damped, or overdamped. Check your 
answer by solving each equation. Draw a rough graph of cach motion. 


A particle moves on a ae line according to the law 


dx 
es res 


where r is a constant and z is the displacement of the particle from its equilib- 
rium position. 


(a) For what values of r will the motion be stable; unstable; oscillatory; not 
oscillatory. For what values of r will the sy stem be underdamped: eriti- 
cally damped; overdamped. 

(b) a. your answers by solving the equation with r = 3,7 = l,r = 2, 

= ei = —l. 

(c) For what value of r will the motion be oscillatory and have a damped 
period equal to 37? 

(d) Is there a value of r that will make the damped period less than 27? 


A particle moves on a straight line in accordance with the law 


ae Bree = 10) 


we Oe — 0,0 = 12 ite. 


(a) Solve the equation for z as a function of f. 

(b) What is the damping factor, the damped amplitude, the damped period, 
the damped frequency, the time constant? 

(c) Find the time required for the damped amplitude—and hence also for 
the damping factor—to decrease by 50 percent. Hint. The damped 
amplitude is 4eg einen t= 0, 4e-*" = 4. Yous wamtet southat 
de-<! = 2. 

(d) What percentage of its original value has the damping factor, and there- 

- fore the damped amplitude, after one half period has elapsed? Hint. 
The damped period is 27/3. Evaluate e724 when t = 7/3. What is 
the damped amplitude at that instant? 

(e) Where is the particle and with what velocity is it moving when ¢ = 
7/6 sec? 

(f) Draw a rough graph of the curve. 


A particle moves in a straight line in accordance with the law 


3 aan 10 + 16x = 


Att = 0,4 = Wiityes=— ite cc. 


(a) Find the equation of motion. 

(b) Is the motion oscillatory ? 

(c) What is the maximum value of x? When does z attain this maximum 
value? 

(d) Draw a rough graph of the curve. Does the curve cross the ¢ axis for 
i> 0: 
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13. 


14. 


A particle is executing damped harmonic motion. In 10 sec, the damping 
factor has decreased by 80 percent. Its damped period is 2 sec. Find the 
differential equation of motion. 

A particle of mass m moves in a straight line. It is attracted toward the 
origin by a force equal to & times its distance from the origin. The resistance 
is 2R times the velocity. Find the maximum value of m so that the motion 
will not be oscillatory. 


. A particle moves in a straight line m accordance with the law 


a1 


dx 


Att = 0, the particle is at x = 2 ft and moving to the left with a velocity 
of 10 ftysee. 

(a) When will the particle change direction and go to the right? 

(b) Will it ever change direction again? 


When the damping or resisting factor of a system is not negligible, the 
differential equation (28.63) for the helical spring must be modified to read, 
with downward direction positive, 


d° d 
(29.37) veg = + ky = 0, 


1%, 


18. 


T9. 


1 — 
n dt2 


where we have assumed that the force of resistance is proportional to the 
first power of the velocity and r > 0 is the coefficient of resistance of the 
system. Note that here 7 replaces Bonmof (29011). 


Use (29.37) to solve the following problems, G2"). 


16. 


A weight of 16 Ib stretches a helical spring 12 ft. The coefficient of resistance 

of the spring is 2. After it is brought to rest, it is given & velocity of 12 ft/sec. 

(x) Find the equation of motion. Draw a rough graph of the motion. 

(b) Find damping factor, damped amplitude, damped period, damped 
frequency, time constant. . ~~ 

(c) When will the weight stop for the first time and change direction? How 
far from equilibrium will it then be? Ca. . 

(d) When will it stop for the second time? How far from equilibrium will 
it We? 

(c) hn a formula which will give the times when the weight crosses the 
equilibrium position and for the times of its successive stops. 


A 16-lb weight stretches a spring 6 in. “The cocfhicient of resistance is Sa Atter 
the spring 1s brought to rest, it is stretched an additional 3 in. and released. 
Find the equation of motion. Draw a rough graph of the motion. . 

In problem 17, change the coefficient of resistance to 10. Find the equation 


of motion. Draw a rough graph of the motion. a 
(a) Solve (29.37) fr? < 4km and the initial conditions are t = 0, y = yo, 


a= 0. 

ae 
b) What is the damped period of the motion! . 
“ When will the damping factor, and therefore the damped amphtude, be 


its mitial valuc’ ‘at. ‘The damping factor is e7"/?", 

vercént of its initial value? Hint. Is o7 
a ~— (. the damping factor is en-rt/2m = |} = 100 percent. Therefore 
want / ak that ee" = p/100. Hence —rt/2m = log (p/100), t = 


~(2m'r) log (p/100). 


y 
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(d) Call the time obtained in (c) to sec. Therefore the damping factor at the 
end of to sec is e~7'0/?" and this damping factor, and therefore also the 
damped amplitude, is p percent of its value att = 0. Show that at the 
end of every period of to sec, the new damping factor is p percent of its 
value at the beginning of the period. Hint. Show that e~"totto/2m = 
p?/104, i.e., show that it is p?/104 of the original damped period and 
hence is p percent of the damped period at the end of to sec. Or you can 
let e—"o/2e= 100 pereent. Then mantey such that e—/°™ = 7/100: 
Find ¢; = —(2m/r) log p/100 as in (ce). 

(e) When t = 7, the damped period of the motion, the damping factor is 
e~T/2m_ Tt has a definite value, say g percent of the value of the damping 
factor att = 0. Show that at the end of each period of 7' sec, the damp- 
ing factor, and therefore the damped amplitude, is g percent of the damp- 
ing factor at the beginning of the period. Hint. See (d) above. This 
constant percentage, therefore, gives the percentage decrease in the 
displacement of a particle from equilibrium at the end of a period as 
compared with its displacement at the beginning of a period. Hence, the 
damped amplitude at the end of a period of T sec = q percent of the 
damped amplitude at the beginning of that period. Therefore, 


(29.38) 


oe (Poe amplitude at tle beginning of a period of T sec 
z Damped amplitude at the end of that period 
= log (100/q) = a constant D. 


The constant D is called the logarithmic decrement. It is, as equa- 
tion (29.38) shows, the constant positive difference between the 
logarithm of the damped amplitude at the beginning of a period of T 
sec and the logarithm of the damped amplitude at the end of that period. 

(f) Find the logarithmic decrement of this problem. Hint. In (29.38) sub- 
stitute the damped amplitude when ¢ =. 0 and when ¢t = 7 as found 
Iny(a): 

(g) When will the body first reach the equilibrium position? 


20. A 20-lb weight stretches a spring 3 in. After it comes to rest, it is given an 
additional stretch of 2m. and released. The internal resistance of the spring 
is negligible but the resistance due to the air is 1/50 of its velocity. 


(a) Find the equation of motion and draw a rough graph of its motion. 

(b) Find the damped amplitude, damping factor, damped period, damped 
frequency, time constant. 

(c) When will the damping factor have deereased by 50 percent? 

(d) Over what time intervals will the damping factor at the end of an inter- 
val be 50 percent of its value at the beginning of the interval? 

(c) What percentage of its original value does the damping factor have, and 
therefore also the amplitude, at the end of a period? Note by (e) of 
problem 19 that the damping factor at the end of any period is this same 
percentage of the damping factor at the beginning of that period. 

(f) Find the logarithmic decrement. 

(g) When does the particle first cross the equilibrium position? 


21. The oscillatory motion of a spring 1s given by 


2 
d'y dy 
de + 24a, + by = 0, cen 
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It is observed that the damping factor has decreased by 80 percent in 10 sec 
and that its damped period 1s 2 sec. Find the values of a and b. 

22. The natural frequency of a spring is 1 eps. After the spring is immersed in a 
resisting medium, its frequency is reduced to 2 eps. 


(a) What ts the damping factor? 
(b) What ts the differential equation of motion? 


23. In problem 21, find a and b if the period of the motion is 2 sec and the loga- 
rithmic decrement is 4. 

24. The differential equation of motion of a body attached to a helical spring is 
given by (29.37). 


(a) Solve the equation if its mass m = r?/4k and att = 0, y = yo,» = vo. 

(b) Is the motion oscillatory or not oscillatory? 

(c) When will it reach its maximum displacement from equilibrium? 

(d) Show that from its maximum displacement it will move toward the 
equilibrium position but never reach it. Hint. Show that y — 0 as 
t — « [see (27.113)]. 

(ec) Show that if rro = —2kyo, the body will never change its direction but 
will move continually toward the equilibrium position. 


25. The differential equation of motion of a body attached to a helical spring is 
given by (29.37). 


(a) Solve the equation if r? > 4km and att = 0,y = 0,0 = vo. 
(b) Is the motion oscillatory or not oscillatory? 
(c) Show that the solution can also be written in the form 


2mvo orden \/r2 — 4km 


sinh 


a 
/r2 — Akm zm 


Hint. See (18.9). wave 
(d) When will the body reach its maximum displacement from equilibrium? 


(c) Show that from its maximuin displacement, 1t will move toward the 
equilibrium position but never reach it. 


We have included below only a few pendulum problems because of the similar- 
ity in form of the pendulum equation and the helical spring equation—compare 
(29.37) with (29.381) below. The same questions asked for the spring could be 
asked for the pendulum. All one need do to obtain a solution for the pendulum 
is to replace & in the previous answers by mg/l and y by 0. Remember, linear 
velocity » = Ld@/dt = lw, where is angular velocity. 


26. A simple pendulum of length /, with weight mg attached, swings ina medium 
which offers a resisting force proportional to the first power of the linear 
velocity. Show that the differential equation of motion is 


d’6 ine? ig 0 
(29.381) a" hMa 1 


where 7 is the coefficient of resistance of the system. /Hznt. Adjust (28.71) 
to take into account. the resisting force, and remember linear velocity 


dé 


= 0, 
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Zi. 


28. 


29. 


30. 


10. 


ll. 


(a) Show that the pendulum in problem 26 is overdamped and the motion 
not oscillatory if r2/4m? > g/l; critically damped and the motion not 
oscillatory if r?/4m? = g/l; underdamped and the motion oscillatory 
tl 7) ee 0 

(b) Solve (29.381) if at? = 0,0 = 0,a = woand7-4m =< 9/1. 


A weight of 2 lb is attached to a pendulum 16 ft long. Find the smallest 
positive value of the coefficient of resistance r for which the pendulum will not 
oscillate. 

A weight of 4 lb is attached to a pendulum swinging in a medium which 
offers a resistance of one-eighth of the linear velocity. It 1s desired that the 
period of the pendulum be 27. How long must the pendulum be? 

(a) Solve (29.381) if the pendulum is released from the position @ = 69. 

Assume oscillatory motion. 
(b) When will the pendulum first reach the equilibrium position? 


ANSWERS 29A 


Cie ee ae Cs Va2— re, b2 x a2, 


= 
; = (c; + cot)e—*, b? = a?, 

y = e*(e, cos Vb? — a2 t+ cosin Vb2 — a? t), a? < b?. 
y = cel a+ va?) ¢ ee. b < a2, 
=) ea 

y= e=atecos </5 —a + essin VEE at), a" < 


. (a) Unstable, not oscillatory, overdamped, y = c1e2! + coe~*. 


(b) Unstable, not oscillatory, overdamped, y = ce?! + ceet. 

(c) Stable, oscillatory, underdamped, y = ce! sin (2¢-+ 64). 

(d) Stable, not sgalletone critically damped, y = cie—?! + cote*¢. 

(ec) Unstable, not oscillatory, overdamped, y = ae 2+2V2)t 1 eoe(—2—V2)e, 
(f) Unstable, oscillatory, underdamped, y = ce! cos (2t + 4). 

(g) Stable, not oscillatory, overdamped, y = ce(~3+V¥3)! + cge(-3— V3)4, 


(a) Stable only if r 2 0; underdamped and oscillatory if 0 < r < 1; 
critically damped and not oscillatory if r = 1; overdamped and not 
oscillatory if r > 1; unstable and oscillatory if —1 < r < 0; unstable 
and not oscillatory if; <= —1. 

(b) y = ce—/* sin (\/3 t/2 + 8), 

y = (er + este, 
y= cre 2 van He cge(—2- VIE 

y= ce" simi ot 2) 

y = (crt cote! 

(Fe Sey oy (d) No. 


(Aye = Se-= ines, (b) e774, de—2! ft, 24/3 sec, 3 rad/sec or 3/27 cps, 
3 see. (c) ¢ = $ log 2 see = 0.35 sec. (d) 12.3 percent, 0.49 ft. 
(ce) 1.4 ft, —2.8 ft/see. 


» (a) x = 2e72# — e—8t, (b) No. (c)e= L1Stt = 0.1 2teec: 


(dl) No. 


d*) 
oo iiape 4 9so6y = 0. 4 Rk /P 


dt? 


() 0.223 sec, “(bei or 


¢ ( Pel 
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16. (a) v = 3e7"! sin 44. (b) @-*!, 8¢-2! ft, m/2.see, 4 rad/sec, 4 sec. 
(c) O.277 see, 1.54 ft. (d) 0.277 + w/4 sec, —0.32 ft. 
(ec) nwf4 Bec; 0.257 + hw/4 sec, ne = 0,1,2,---. 


17. y = e824. 24). 18. y = fe74! — dye) 6r, 
akm —rtl2 Vdkm — r? 
Lo. (aby = 8 a us ril 2m ( ; 
ied Ge ne Nakm — r2 ° = on t+ 6 


where 6 = Arc tan (—r/\/4km — r2). 
(b) T = 4am/ y 4km — 72 see. 


(f) log decrement = 2ar/\/4km — r?, 
(g) ¢ = m(a — 26)/V/dkm — 7? sec. 
BOA) y = 2e—9-9 Gheus (S\/2 t+ 6), approximately, where tan 6 = —0.0014, 
6 = —0.0014 radian, 7 Zz 
(b) Fe—9-O8G ft, ¢—9-0161 ¢./2/8 see, S\/2 rad/sec, or 4\/2/m cps, 624 sec. 
(c) and (d) 43.3 sec. (ce) 99 percent. (f) 0.009. (g) 0.14 see. 
2he a= 0.16, 6 =o O'S96. 
28s (a) ete", (b) y + 9.37y' + 39.5y = 0. 
os @~= 0.1,b = O68. 


ys —2kilr 
24. (a) y = vo + (vo = aul) ( hou 


(b) Not oscillatory. (c) t = vor?/2k(rvo + 2kyo) sec. 


= MUO ae i eee oe —iVv r?—Akm/ 2m) 
per (8) y = — c € —e 


Vr2 — 4tkim 
(b) Not oscillatory 
/r2 — dkm \/r2 — 4km 


. 
(d) tanh a = {= é ’ 
: 2m xi iat \/r2 — Akm 
— ¢ ] —————_—_————_— + 
\/r2 — Akm r 


a ee Jo re 
27. (b) 6 = 2wom — os, — t 


4m2g — lr? ‘ Lo Am?” 


er = aa Ib-sec /ft. 29.8 =SaGit. 
Ne? 
30. In answers to 19(a) and (g), replace k by mg/l and y by @. 


LESSON 29B. Forced Motion with Damping. The motion of a 
particle that. satisfies the differential equation 


d’y ody a 
(29.4) me -+ 2mr a + Wey = /, 


cy. on @ ak 
dt? a 2 dt 4 i Wo Y m S(O," 


Imr is the coeflicient of resistance of the system, wo 1s 


where, as before, | 
) frequency of the system, mis the mass of the 


the natural (undamped 


a 
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particle and f(t) is a forcing function attached to the system, is called 
forced damped motion in contrast to the free damped motion (Le., 
damped harmonic motion) when f(t) = 0. In engineering circles, f(t) 1s 
called the input of the system and the solution y(¢) of (29.4) the output 
of the system. Let us assume the forcing function f(t) = mF sin (wt + 8) 
where F is a constant. Then (29.4) becomes 

2 
(29.41) oy + 2r dy + wo’y = Fsin (wt + 8). 

dt? dt 

The different possible complementary functions y< obtained by setting 
the left side of (29.41) equal to zero and solving it will be the same as 
those given in the three cases of Lesson 29A. The trial solution yp for all 
such solutions y, 1S 


(29.42) Yp = Asin (wt + B) + Bos (wt + 8). 
Following the method outlined in Lesson 21A, we find that 


Ga — ae 
[(wo2 — w?)? + (2rw)?] ° 
— F(2rw) 
[(wo? — w?)? + (2rw)?] 


(29.43) = 


Let (see Fig. 29.44), 


Figure 29.44 


Pe 2 
(29.45) Ce a 
Raye WA) ene 


2rw 


V (wo? — w?)? 4- (rw)? 


Substituting these values in (29.43) and the resulting expressions for A 
and B in (29.42), we obtain 


Sie — 


ieee ei. 
V (wo? — w?)? + (2rw)? 


X [cos a sin (wt + B)-— sin a cos (wt + 8)]. 


(29.46) oo 
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Hence the general solution of (29.41) is 


PF 


ear), £2. fe 
V(wo? — 08)? + Gra)? 


sin (wi + B — a), 


where y- is any one of the functions given in Lesson 29A. As we saw there, 
the motion due to the y, part of the solution (29.47), in all cases, whether 
oscillatory or nonoscillatory, dies out with time. For this reason this part 
of the motion has been called appropriately the transient motion. The 
equation of motion (29.47) is thus a complicated one only for the time in 
which the transient motion is effective. Thereafter the motion will be 
due entirely to the y, part of the solution as given by the second term on 
the right of (29.47). This part of the motion has therefore been appro- 
priately named the steady state motion. 


Comment 29.48. In many physical problems, the transient motion is 
the least important part of the motion. However, there are cases where it 
is of major importance. 


By (29.41) and (29.47), we see that the steady state motion has the 
same frequency as the forcing function f(t), namely w rad/sec, but 1s out 
of phase with it and that the amplitude of the steady state motion is 


PF 


sf A = — 
nt. (oot = w)? + Ora)? 


If w = wo [the condition for (undamped) resonance], the amplitude re- 
duces to the interesting form 
F 


If w * wo, then by differentiating (29.5) with respect to and setting 
the resulting expression for dA /dw equal to zero, we obtain 


(29.52) 2(wo? — w*)(—2w) + Sr2w = 0, 


from which we find 
Gee) a? Sey? — 2, Ge Ve Gye or 


Henee if a resisting force is present, and if », the frequency of the forcing 
function, is not equal to wo, the natural (undamped) frequency of a sys- 
tem, then, for fixed /’, the amplitude A of the steady state motion will 
be a maximum if w has the value given in (29.53). A forcing function f(t), 
having this frequency @, is then said to be in resonance with the system. 
Substituting this value of w in (29.5), we find that the maximum aimpli- 


tude ts 
F 
Qs A z= = — " : 
ares a Nant = 


i 
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Assume now that 27, the coefficient of resistance of a system per unit 
mass, is small. Hence we commit a small error if we omit the r? term 
in (29.531). We thus obtain 

PF 
(29.532) Amax © =——? 


2rwo 


the same amplitude obtained in (29.51) when w = wo. Further, we 
showed in Lesson 29A, Case 3, that the natural (damped) frequency of a 
system is \/wo2 — r2, which, for small 7, is close to the resonant fre- 
quency ~/wo? — 2r?, i.e., it is close to the frequency which will produce 
the maximum amplitude. 


We infer from all the above remarks that if a resisting force is present 
and w, the frequency of the forcing function f(t), equals wo, the natural 
(undamped) frequency of a system, or is close to \/wo? — r?, the natural 
(damped) frequency of the system, then the amplitude of the system is inversely 
proportional to the damping or resisting factor 2r. Hence if 2r is small, 
A will be large, and tremendous vibrations may be produced. That is 
why soldiers crossing a bridge may be ordered to break step (although 
the chances are that this precaution is unnecessary), for it is feared that 
if the frequency which they create with their footbeat is the same as the 
natural (undamped) frequency of the bridge, or near its damped frequency, 
and if in addition the internal resistance of the bridge is small, the vibra- 
tions may become so large as to cause a breakage. The walls of Jericho, 
so some assert, came tumbling down because the sound the trumpeteers 
made with their trumpets caused a wave motion whose frequency equaled 
the natural (undamped) frequency of the walls. Students at Cornell 
University used to find it amusing either to create a wave motion in the 
old suspension bridge over the gorge or to get it to swing violently from 
side to side. They would march across it in a straight line with a rhythmic 
beat or walk with a sailor’s gait, first emphasizing one side, then the other. 
To timid souls, however, it was never very amusing—terrifying would be 
2 more descriptive word. On such occasions, it was impossible to walk 
across the bridge with an even step or in a straight line, depending on 
whether the bridge was waving or swinging. 


We cite two more examples of this phenomenon and ones which you 
can easily experience or may have already experienced. 

1. A swing, with a child seated on it, when displaced from its equi- 
librium position, will move back and forth across the equilibrium position 
with a natural (damped) frequency. If you now apply a force to the 
swing with a frequency close to this natural (damped) frequency, then for 
a fixed F and small r, the maximum amplitude will equal, approximately, 
F’/2rwo. Hence, if r is small, the amplitude of swing will be large. If you 
want a still larger amplitude, you must increase F’. 


Lesson 29B Forcep Morion wirn DAMPING 363 


2. When you jump off a diving board, the end of the board will vibrate 
about its equilibrium position with a natural (damped) frequency. If 
instead of jumping off, you now jump up and down above the end of the 
board with a frequeney near this natural (damped) frequency, you will 
be able to make the magnitude of the oscillation large. If r is small, the 
maxunum amplitude, for a given F, will equal, approximately, F'/2rw. 


The ratio 


Amplitude of yp 


2 5 —— 
(29.54) M F Jeno? 


) 

where F and wo” are given in (29.41), is called the magnification ratio 
of the system or the amplification ratio of the system. By (29.54) 
and (29.47), this magnification ratio 1s 


2 
(29.55) Mo= —— - o ____ 
V (wo? — w?)? + (Bra)? 


1 

one 2 2 

(69) ie (69) 

PG ce 

\ WO Wo WO 
Since wy is fixed, the amplification ratio of a system depends on the fre- 
quency w of the forcing function f(t) and the coefficient of resistance per 
unit mass 27. In practical applications where w is also fixed, the resistance 
2r is made large if one wishes the magnifying response to be small as, for 
example, in vibrations of machinery and in shock absorbers; the resistance 
2r is made small, if one wishes the response to be large, as, for example, 


in a radio receiver. 


If in (29.55), we let 


es ae 
(29.56) ge ae and Yi a: 
the equation becomes 
] 
29.561 M = 
ra VS = BP)? + 4? 


ey ; es ae . } } “aia r 1) l 
The quantity pw, by (29.56), 1s thus the ratio of the impressed or 1; put 
frequency w to the natural (undamped) frequency wo. The quantity 
may be looked at as measuring the amount of damping present for a 
fixed wy. For each fixed value of vy, M is a function of pw. Hence it 1s ae 
sible to draw a graph of the magnification M for each such fixed value 


of vw. lor example, if Vv 1S A the i, by (29.561 5 
i ( ) 4 
29. 2 l ] -u ; [ar 


f 
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If y = 0, which implies by (29.56) that 7 = 0, then, by (29.561), 
* 
1 — yp? 
By (29.563), we see that as »— 1, which implies by (29.56) that 


wW—-> wo, M— ow. 


(29.563) M(ph) = 


Example 29.564. <A forcing function f(t) = 3% cos 2¢ is applied to the 
motion given in Example 29.19. Find the steady state motion and the 
amplification ratio of the system. Is resonance possible? 


Solution. With f(t) = %cos 2t, the differential equation of motion 
(c) in Example 29.19 becomes 


a ci ee es 
d*y , ody 
(b) a2 + 8 qj + ly = 40 cos 20. 


A particular solution of (b) is 
(c) eo 2 SI 2 COs), 


which is the steady state motion. By Comment 28.32, the amplitude of 
the motion defined by, (c) is 1/22 + 12 = \/5. Comparing (b) with 
(Qos wescee that —9l2ae—— 3.7 = J. Therefore by (29.54), 
the magnification ratio of the system is 

VE WEN 


(d) a 40/12. 10 


And since wo? = 12 < 2r? = 32, resonance is not possible. See (29.53). 


Comment 29.6. For easy reference, we have listed in the table on 
page 365 the different differential equations discussed thus far in this 
chapter, and the pertinent information related to each. 


EXERCISE 29B 


1. Verify the values of A and B as given in (29.43). 
2. Verify the solution (29.46). 
3. Verify (29.53). 
4. Verify the accuracy of the solution (c) of Example 29.564. 
5. For what value of w will the magnification ratio as given in (29.55) be a 
maximum? Find this maximum value. 
6. A particle moves according to the law 
qd” d 
= = + 9y = 5sin 2 
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Bes Be 
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—~ “uoTyOw 
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ne) ea 


0M > 4 
(@ +7 24 — 20M A) us 39 = °A 
0m = J - jo ala = ft 
Om <4 1(,00— ae + 
(z Om— Pe id ac 
m = 0M 
0mz, 
‘(g + 70m) at a oa ht 


— 20 
m xé 0m (G+ 10) ws EP 


+ da0qe udalz se? = fi 
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10. 


(a) Find the steady state motion; also the amplitude, period, and frequency 
of the steady state motion. 

(b) What is the magnification ratio of the system? 

(c) What frequency of the forcing function will produce resonance? 


. A particle moves aes to the law 


ce oe amr © — a mwo” 7 — oe 
(a) Find the equation of motion if v = mF cos wt. Assume r?2 < wo”. 
(b) What is the transient motion; the steady state motion? 

(c) What is the amplification ratio of the system? 


. A particle moves in accordance with the law 


d'y dy = 

We qe aa l6y = f(é). 

(a) What frequency of the function f(t) will make the period of the steady 
state motion 7/3? 

(b) What frequency of the function f(t) will produce resonance? 


. A particle moves according to the law 


(a) Solve for y as a function of ¢. 
(b) What is the input; the output? 
(c) Describe the motion. 


In Exercise 29A, 8, we “a you Be show that the motion of a particle whose 
differential equation is — — 2a a by = 0, is stable only if a > 0, 


b > 0. Since the addition to the equation of a function f(t) does not affect 
the complementary function y., it follows that a > 0, b > 0 is also a 
necessary condition for the stability of the motion of a particle whose 
differential equation is 


Th + 2a + by = H0. 


Prove that it is not a sufficient condition by solving the equation 


dy 


qh 5 H+ by = 12 


and then showing that the solution y(t) ~ © ast > ©. 


When the damping or resisting factor of a system is not negligible and 


a forcing function f(t) is attached to it, the differential equation (28.63) 
for the helical spring must be modified to read [See also (29.37).] 


(29.7) Yt HS by = 50, 


moe 
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where r is the coefficient of resistance of the system. Use (29.7) to solve 
the next two problems. 


11. 


12. 


13. 


14. 


15. 


A 16-lb weight stretches a spring 1 ft. The spring is immersed in a medium 
whose coefficient of resistance is 4. After the spring is brought to rest, a 
forcing function 10 sin 2t is applied to the system. 


(a) Find the equation of motion. 

(b) What is the transient motion; the steady state motion? 

(c) Find the amplitude, period, and frequency of the steady state motion. 
(d) What is the magnification ratio of the system? 


A 16-lb weight stretches a spring 6 in. Its coefficient of resistance is 2. The 
16-Ib weight is removed, replaced by a 64-lb weight and brought to rest. 
At ¢ = 0, a forcing function 8 cos 4t is applied to the system. Find the 
steady state motion and the amplification ratio of the system. 

In (29.4), let 


f(t) = m(Ai sin wit + Ae sin wel + +--+ A, sin wyl), 


so that n different oscillations are impressed on the system. 


(a) Find the steady state motion. Hint. Use the superposition principle, 
sce Comment 24.25; also Exercise 19,6. 

(b) What is the magnification ratio due to the input mA, sin wit, to 
mAg sin wat,-:+, tomA, Sin Wal? A glance at the denominator of each 
magnification ratio term will show that those terms with frequencies 
close to wo will be magnified to a much larger extent than those with 
frequencies farther away. A system of this kind thus acts as a filter. 
It responds to those vibrations with frequencies near wo and ignores 
those vibrations with frequencies not near wo. 


In Exercise 28D, 14, we introduced the discontinuous unit impulse function 


° 
A 
IIA 
= 


f= 


Oo tle 


~ 


Solve the equation 


d’y dy 
aa == 0, {(l), 
dt? i y fv 


d initial conditions 
f sa function of t, where f(t) is the above function an 
am - 0,y = 0,y' = 9. Hint. First solve with f() = 1/b. Find y(b) and 
y'(b). Then solve the equation with f(t) = 0 and initial conditions ¢ = b, 
y = y(b), dy/dt = y'(b). 
Solve problem 14 if 


€ 
1G = 
(ert le 


Hint. Sce suggestions given 1 14. 


Pi 
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10. 


ll. 


2: 


13. 


I4. 


. (a) w = 6. (b) w = V8. 


ANSWERS 29B 


w = Vwo2 — 2r2, the same value of w that makes the amplitude a maxi- 
mum, see (29.53); Af(w) = 1/2rVwo2 — 72. 


Sy 
aye sin (28 — a), wherea = Arc tan %, 
Ds 


5/41, 1, 2 rad/sec. (b) 1/41. (c) /7. 


. (a) y = ce’ cos wo? — r2t-+ 6) + oe ONE Be > with 


(wo? — 0)? (Bra)? 


r? < wo”? and a@ given by (29.45). (b) First term on right of (a); second 
term on right of (a). (c) Same as (29.55). 


t 


oa Ciene + coe — ae (sin 2t + 3 cos 2¢). 


(b) e~‘ sin 2t; solution y(t) as given in (a). 

(c) Each term in y(t) approaches zero as t > ©. The complementary 
function is not oscillatory; the particular solution, however, is damped 
oscillatory since y > Oast > ~, 


y = cye~7! + coe—3t + ef 4 w& ast > ~, 
andy 
€ ; 
Gy = are (sin 4t + 8 cos 4t) + j4(7 sin 2 — 4 cos 2t). 


(b) First term in (a); second term in (a). (c) </65/13, m sec, 1/7 eps. 
(d) 865/65. 


Yp = sin 4; 4. 
ues Ay sin (wit — ay) in An Sin (Wnt — an) 
V (wo? — w12)2 + (2rw1)2 V (wo? — Wn?)? + (2rwn)? 
where a;, 7 = 1,-++, n, is defined as in (29.45). 
ae 2 
Ca eS eee Oh, ee ee ee 
Vv (wo? a w}2)2 ol (2rw})? V (wo? = Wn?) -- (2rwn)? 
1 ae 
3b [l—e (sint+ cost], OS tb. 
y = Smee a 
oe [{e (sin 6 + cos b) — 1} sine 
-f- {e°(cos b —sinb) — 1} cosé], t > b. 
e (1 —cost), 0S ¢5 1. 
Y= Se [sin lant — come 1) cos ¢] 


J=e (cos (t — 1) — costae ee 
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LESSON 30. Electric Circuits. Analog Computation. 


By Newton's laws of motion we were able to set up a relationship among 
active forces in a mechanical system. Analogous laws, known as Kirch- 
hoff’s (1824-1887) laws, make it likewise possible for us to set up a rela- 
tionship among those forces which supply and use energy in an electrical 
system. In Lesson 30A below, we state one of these laws and apply it to 
a simple electric circuit. 


LESSON 30A. Simple Electric Circuit. In the simple electric circuit 
which we have diagrammed in Fig. 30.1, the source of energy in the cir- 
cuit is marked EF. It may be a cell, battery, or generator. It supplies the 
energy in the form of an electrical flow of charged particles. The velocity 
of the particles is called a current. However, the energy source will 
produce this flow only when the key at A is moved to B. The circuit is 
then said to be closed. The electromotive 

force of the battery or other source of y 


energy, usually written as emf, is defined B R 

as numerically equal to the energy sup- 

plied by the battery or source when one L 
unit charge is carried around the complete C 


circuit. For example, if three units of 
energy are supplied by a source when one 
unit charge is carried around the complete Figure 30.1 
circuit, then its emf 1s three units. There 
are, for the electrical system, as i the mechanical one, different systems of 
units in use. Im the one we shall adopt, the unit of emf is called a volt. 
The other three elements in the circuit labeled F, 4, and C are users of 
energy. In nontechnical terms, this means that a certain amount of energy 
is needed to move the electrical flow of charged particles across these 
barriers. We express the energy each uses by giving the voltage drop 
across 1t.* 

From the physicist, we learn that: 


(30.11) — the voltage drop across 4 resistor (Fe in figure) = fe, 


; a dt 
the voltage drop across an inductor (L in figure) = L ie 


1 
the voltage drop across a capacitor (C in figure) = 4 9, 


oss each Clement Is easily measured by ineans of an instrument 
d do is to connect one wire of the voltmeter to one side 
her side, and then read how far a pomter moves. 


*The voltage drop acr 
called a voltmeter. All one nee 
of the element, another wire to the ot 


i 
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provided: 


the resistance F of the resistor is measured in ohms, 

the coefficient of inductance L of the inductor is measured in 
henrys, 

the capacitance C of the capacitor is measured in farads, 

the charge gq in the circuit is measured in coulombs, 

the current 7 in the circuit, which is defined to be the rate of change 
of the charge q, or the velocity of q, 1.e., 


. ag 
(3OR2) es 
is measured in amperes. 


The resistor, as the name implies, resists the flow of the charged par- 
ticles, and thus energy is needed to move the particles across it. The 
inductor’s job is to keep the rate of flow of the charged particles as near 
constant as possible. It thus opposes an increase or a decrease in the 
current. The capacitor stores charged particles and thus interrupts the 
electrical flow. When the accumulated charges become too numerous for 
its capacity, the charged particles leap across the gap (that is when the 
spark occurs) and the particles then continue their course in the circuit. 


Kirchhoff’s second law states that the sum of the voltage drops in a 
closed circuit is equal to the electromotive force of the source of energy 
E(t). Hence, by (30.11), 


av A 
(30313) Ri+La+ aq = H(). 
By (30.12), we can write (30.13) as 
d*q dg al 


which is the differential equation of motion of the charge q in the circuit 
as a function of the time ¢. 


To find the current 7 in the circuit as a function of the time ¢, we can 
either solve (30.14) for g and take its derivative, or we can differentiate 
(30.13) to obtain, with the help of (30.12), the differential equation 


d7i i ee: 


and then solve (30.15) for 7. 
Assume 


(30.16) E(t) = F sin (wt + £8); therefore £ BW) = Fw cos (wi + 8). 
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Then (30.15) becomes 


a dt 7 

(30.17) LEA + RE + Fi = Focos (wt + 8), 
ee geri Fw 

ae we eR CORE 


Its solution, by any method you wish to use, is, assuming the roots of the 
characteristic equation are imaginary, 


V2 teCe 


Paria —(R/2L)t —: 
(90.18) i= Ae sin Ca t+ i) 


a 


ee ex! sin (wt + 8) + (1 — CLw”) cos (wt + |. 
_ (RoC)? + (1 — CLw*)? 


eee 
—— 1p 


Let (Fig. 30.211) 


2 
(30.19) sm. — pees, | a 
/(RwC)2 + (1 — CLw?)? 
RwC 
0 ——————————— 


(RwC)? + (1 — CLw?)? 

Then the 7, part of (30.18) can be written as 
Fal 
————— 

/(RaC)? + (1 — CLw?)? 

x {sin (wt + 8) cos « + cos (wt + 8) sin a] 

- Fo 

vy (Reo)? + (1 = Clee)? 

Hence the solution (30.18) becomes 


VCE — eC 
(30.21) t= ie sin (ace + s) 


(30.2) 


[sin (wt + 6 + a)]. 


{¢-—____ 


Fowl 


eS (Ole pean a) 
J/(RwC)? + (1h — CLw?)* 


—_—_—————____— —— 


The current in the circuit, therefore consists of two parts, a damped 


i 3 ion and a simple harmonic 
harmonic motion due to the 7, part of the solutio | ‘ 


yd 
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motion due to the 7, part. As in the mechanical case, the presence of the 
damping factor e—‘“'?”* causes the current due to the 7, part of the solu- 
tion to die out in time. [If we had assumed real roots of the characteristic 
equation of (80.17), instead of im- 
aginary ones, the current due to the 
7, part of the solution would still die 
out in time. See the solutions for 
each of the different cases in the cor- 
responding mechanical case, Lesson 


Rac 29A.] The 2, part of the solution is 
therefore called appropriately the 
Figure 30.211 transient current. The current 


equation (30.21) will thus be a com- 
plicated one only for the time in which the transient current is effective. 
Thereafter the current will be determined entirely by the 2, part of the 
solution. The 7, current has therefore been named, aiso appropriately, 
the steady state current. 


Comment 30.212. As in the mechanical case, the function E(t) of 
d 
(30.14) or 7 E(t) of (30.15) is called the input of the system; the solution 
of each equation the output of the respective system. 


By (30.21) and (30.16), we see that the steady state current has the 
same frequency as that of the energy source F(t), namely w rad/sec, but 
is out of phase with it. 

The amplitude of the steady state current is, is (30.21), 


FoC = PF 
Ver a — Close a ; i 2 
R? + (Ge ae Lw) 
wC 


The denominator of the last expression in (30.22) is called the im- 
pedance Z of the circuit. When its value is a minimum, the amplitude 
Aisamaximum. To find the value of w that will make Z a minimum, for 
fixed #, C, and L, we differentiate the impedance equation 


(30.22) A= 


(30.23) Gs wees (= — Lw)* 


with respect to w and set dZ/dw equal to zero. The result is [square Z in 
(30.23) and then differentiate with respect to w] 


(30.24) Nee (4, a Le) (- a5 = a 
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from which we obtain 


(30.25) oe, w= VJI1/CL. 


For this value of w, the impedance Z of the current will be a minimum, 

the amplitude 4A will be a maximum, and as in the mechanical system, we 

say the electromotive force is in resonance with the circuit. 
Substituting in the first equation of (30.22), this resonant value of 


w? = 1/CL as given in (30.25), we obtain for the maximum value of the 
amplitude, 
(30.26) 2 = i, 

R 


From (30.26) we observe that when resonance occurs, the maximum value 
of the amplitude A is inversely proportional to the resistance /?. Henee 
when F is small, the maximum value of A is large, and when Ze is large, 
the maximum amplitude is small. The condition of resonance therefore 1s 
alwavs dangerous unless the resistance R is sufficiently large to prevent a 
breakdown of the cireuit. And if R = 0, a breakdown ts bound to oecur. 

If we fix F, R, L, and w, then by (30.22), the amplitude A of the steady 
state current is a function of the capacitance C. If C — 0, A = 0) and 
if C is adjusted so that /1/CL is equal to the frequency w of H(t), then 
A will be largest. Hence by adjusting C, we can make the amplitude of 
the steady state current small or large. In a public address system when 
we want a large amplification ratio [this means, by (29.54), that we want 
the amplitude A of y, to be relatively large], or In a home radio set when 
we want a lower amplification ratio, we adjust the capacitance C accord- 


ingly by turning a dial. 


Example 30.27. A ‘apacitor whose capacitance is 2/1010 farad, an 
‘nductor whose coefficient of mductance is gly henry, and a resistor whose 
resistance is 1 ohm are connected in series. If at ¢ = 0, 2 = 0 and the 
charge on the capacitor 1s 1 coulomb, find the charge and the current m 
the circuit duc to the discharge of the capacitor when ¢ = 0.01 second. 


Solution. Here LW) = 0, C= io b= dy and R= 1. Hence 


(30.14) becomes 


1 d°q er 2 dq, of 14 10,100g = 0. 
ane to 505y = 0, Ga 1 20 GF 10,1009 


Its solution 1s 


oof, sit LOOL -} cz COs 1000). 


. 


(1) q 
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Therefore 


Q 


(c) —— = = —10e~!°'(c, sin 100¢ + cz cos 1002) 
-b e—'°*(100c, cos 100 — 100c2 sin 1008). 


The initial conditions are t = 0, g = 1,7 = O. Substituting these values 
in (b) and (c), we obtain 


(d) ] = C2, 
0 = —10co + 100c,, ¢, = 0.1. 


In (b) and (c) replace c, and cg by these values. Then when ¢ = 0.01 
there results 


(e) q(0.01) = e~° (0.1 sin 1 + cos 1) = 0.57 coulomb, 


(0.01) = —10e—°'(0.1 sin 1 + cos 1) + e~°!(10 cos 1 — 100 sin 1) 
= —/76.9 amperes. 


The negative current indicates that the condenser is discharging, 1.e., 
the charged particles are moving in a direction opposite to the one in 
which they moved when the capacitor was being charged. 


Example 30.3. To the circuit of the previous problem is added a 
source of energy whose electromotive force # = 50 sin 120t. Change the 
capacitance of the capacitor to 2 X 107° farad. At ¢ = 0 seconds, the 
switch is closed. If at that instant there is no charge on the capacitor and 
no current in the circuit, find: 


1. The equation of motion of the steady state current after the switch 
is closed. 


2. The amplitude of the steady state current. 

3. The frequency of the steady state current. 

4. The value of the capacitance which will make the amplitude of the 
steady state current a maximum. 


d d 
Solution. Here er M(t) = i (50 sin 1204) = 6000 cos 120¢. Using the 


figures for Land F& as given in Example 30.27 and of C as given above, 
the differential equation of motion (30.15) becomes 


iar? ie 
(a) 30 de re i eg 10 = 6000 cos 1208, 


Go 
qt 20 t+ 10*7 = 120,000 cos 120¢. 


Its steady state solution is 


(b) = 11.5 sin 120 — 21 cos 1208. 
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By Comment 28.32, the amplitude of the steady state current 1s 
(c) A = /11.5? + 212 = 23.9. 


The frequency w of the steady state current is 120 rad/sec, the same as 
the frequency of the source of energy E(). 

By (30.25), the amplitude of the steady state current will be a maximum 
if C has a value such that \/1/CL = a, i.e., when 


pee eee 
ie 1202 720 


(d) C= 
LESSON 30B. Analog Computation. We recopy below the differen- 
tial equation of motion (28.63) of a mechanical system with the coefficient 
of resistance and forcing function terms added, and the differential equa- 
tions (30.14) and (30.15) of an electrical system. 


ay, we, 7. 4 ee 
(30.4) mt + ers oa ky = FF simol 

d°q dq ,1 _,, 

a” oie we 


When placed underneath each other in this manner, the similarity in 
form of the two systems is striking. It should be evident to you that if 
in an electric circuit, Fig. 30.43(a), we insert a resistor R = r, an inductor 
L = m, a capacitor C = 1/k, and a source of energy iE = F sin wt (or 


k=spring constant 


| Forcing function 
= F sin (wt) 


Dashpot whose 
| | coefficient of 
resistance is r 
(a) (5) 
Figure 30.43 


—Fw cos wt), the solution 4 of (30.41) [or 7 of (30.42)] will be the same 
as the solution y of (30.4). By solving, tlie electrical system, it is then 
possible to determine the motion of a corresponding mechanical system, 
such as tlie one pictured in Fig. 30.13(b). Since it is usually less expensive 


/ 
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and easier to set up a simple electric circuit than it is to construct a me- 
chanical system, the importance of this fortunate coincidence should be 
evident to you. This method, which is now well developed, of computing 
the motion of a mechanical system from a simple electric circuit is known 
as analog computation. 

However, because of the current accessibility to high-speed digital 
computers, the most accurate and least expensive method at present of 
computing the motion of a mechanical system is to use such a computer. 


EXERCISE 30 


1. Verify the accuracy of the solution of (30.17) as given in (30.18). 
2. Verify the accuracy of the solution (b) of Example 30.27. 
3. Verify the accuracy of the solution (b) of Example 30.3. 


In the problems below, it is assumed, when not explicitly stated, that 
the coefficient of inductance L of the inductor is measured in henrys, the 
resistance F of the resistor is measured in ohms, the capacitance C of the 
capacitor is measured in farads, the charge g is in coulombs, the current 7 
is in amperes and the emf of the source of energy is in volts. 


4, If the emf i.e., if the source of energy, is missing from the circuit, then the 
differential equations (30.14) and (30.15) become respectively 


d°q dq , 1 
a’ di 1. 
(30.51) Tg ea O- 


(a) What is the natural (undamped) frequency of vibrations of current and 
charge? Hint. Set R = 0. 

(b) For what values or R will the charge and current subside to zero without 
oscillating; for what values of R will they oscillate before subsiding to 
zero? 

(c) Find the general solutions for g and 7 as functions of time if R2 = AL/C. 
To what mechanical case is this situation comparable? 

(d) Find q and 7 as functions of time ifat¢ = 0,q¢ = goandt = 0. Assume 
eC. 


5. For a certain LRC electric circuit, L = 3,C = ghy. 


(a) For what values of R will the current subside to zero without oscillating 
after the emf is removed from the circuit; for what value of R will it 
subside to zero with oscillations? 

(b) What is the natural (undamped) frequency of the system? 


6. A capacitor whose capacitance is 10~° farad, an inductor whose coefficient 
of inductance is 10 henrys, and a resistor whose resistance is 3 ohms are 
connected in series. At ¢ = 0, 7 = 0 and the charge on the capacitor is 
0.5 coulomb. Find the charge and current in the circuit as functions of time 
due to the discharge of the capacitor. 
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~ 
i. 


If a resistance is missing from the circuit, then by (30.14) 


(30.52) pee SS. 


10. 


Equation (30.52) is the differential equation of the harmonic oscillator for 

the electric current and corresponds to the forced undamped motion of the 

mechanical system, see Lesson 28D. 

(a) Solve for g and 7 as functions of time if F(t) = O andi = 0, g = Qo, 

; = 0. What is the natural (undamped) frequency of the system? 

(b) Solve for g and 7 as functions of time if E(t) = a constant emf EY and 
t= 0,¢ = 0,2 = 0. 

(c) Solve for g and 7 as functions of time if H(t) = Hsin wt and t = Q, 
g = 0,7 = O (two cases). What value of w will produce (undamped) 
resonance? 


(a) Find g and 7 as functions of time if in (30.52) Cr 10- ee — aie 
E(t) = 100, and at ¢ = 0,9 = Ue — 
(b) What is the natural (undamped) frequency of the system? 
(c) What is the value of the current when ¢ = 0.02 sec? 
. (a) Find q and 7 as functions of time fain (062) C = 10). =e 


E(t) = 100 sin 50¢ and att = 0,¢ = OF a. 
(b) What is the value of the current when ¢ = 0.02 se? 
(c) What is the maximum value of the current? 
(d) What is the natural (undamped) frequency of the system? 
If the capacitance is missing from the circuit, then by (30.13), 


dt ; ; 
(30.53) L ec Re= Oe 


Te 


is. 


14. 


(a) Find 7 as a function of tif M(t) isa constant emf and att = 0,7 = 0. 
What is the transient current, the steady state current? 

(b) Find 2 asa function of (if F(@) = sin wtandatt = 0, 1 = 0. Whatis 
the transient current, the steady state current? 

Find i as a function of ¢ if in (30.53) Hh = 20 =. OAPI 


(a) E(t) = 10, (b) H(t) = 100 sin 508. 


An inductor of L henries, 4 resistor of F olims, and a capacitor of C farads 

are connected m series to a battery whose emf ts / volts. 

(a) Find qg and 7 as functions of time. Assume I? < 4L/C. 

(b) What is the frequency of the transient charge and current? 

(c) Is there a steady state charge, a steady state current? 

; ; ee dq dq 1 > 

Hint. By (30.14), the differential equation is L ae + R i 1 G q= E. 

(a) Find q and 7 as functions of time if in (30.14) and (30.15), ‘io *) woes 
Ce 10 = 90; and at ¢ = 0, when the switch is elosed, ¢ 
i = 0. . | 

(b) What is the frequency of the transient charge and current? 

(c) What 1s the steady state charge? ; 

(a) Find the steady state current if, in (30.15), Lo=gq, 2 = 9, C = 
4% 1074, dk /dt = 200 cos 100t, and if at ¢ = 0, when the switel 1s 
closed, q = 0,7 = 9. 


| 
ee 
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16. 


(b) What is the amplitude and frequency of the steady state current? 

(c) For what value of the capacitance will the amplitude be a maximum? 

(d) What should the frequency of the input E(t) be in order that it be in 
resonance with the system? 

(e) What is the maximum value of the amplitude for this resonant fre- 
quency? 

(f) What is the impedance of the system? 


. Find the steady state charge and the steady state current if, in (30.14) 


and (30.15), 2 = =s5, & = 20,C = 10" & — 100 ces 2007. In zegard 
to the steady state current, answer all questions (b) to (f) of 14. 
Pies Oels re1et 


E(t) = Ey, sin wit + Ee sin wet + +++ + Ez sin wal, 


so that n different frequencies are impressed on an electric system. 
(a) Show that the steady state current is 


E\aC : 
(30.54) 9 ty = ae EE in (wt + a) + 
\/(Rw)C)2 + (1 — CLw;*)2 
fee ee ee 
(Rw,C)? + (1 — CLw,?)? 
where a;, 1 = 1, +++, 7, is defined as in (30.19). Hint. Use the super- 


position principle, see Comment 24.25; also Exercise 19,6. 
(b) Show that the amplitude of the steady state current due to the input 
Dye sin wyl is 
A, = ne, : 
2 I 
oe a : Len) 

We proved in the text that A, will be largest when 1/1/CL is equal to 
the frequency wz. Hence by adjusting C until /1/CL = w,, we can make 
the amplitude of the response or output due to the input ££; sin wyt 
larger than the amplitudes due to the other inputs. The electrical system 
will thus act as a filter, responding to those inputs whose frequencies 
are near /1/CL and ignoring those inputs whose frequencies are farther 
away. If the inputs, for example, are coming from different radio stations 
which are broadcasting at different frequencies, you tune your radio to 
one of them by turning a dial and adjusting the capacitance until the 
amplitude of the output is greatest for that station’s input. The ampli- 
tude A, also has /;, in the numerator. Hence for good reception from 
station k, you would want its /, to be larger, i.c., more powerful, than 
the £ of other stations and the frequencies of the other stations to be 
not too close to w,. Compare this problem with Exercise 29B, 13. 


ANSWERS 30 


4, (a) «/1/CL rad/sec. (b) No oscillations if R? 2 4L/C, oscillations if 


Boe /C: (c) y = e—®#/2L(C) + Cot), critically damped case. Norte. 
Here y = q ort. 
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ig 2 
(a) =2 OT las a _ R 
la, — CR ° Sion ae” 


4] 
6 = -Arc tan 
\ 


a —1;% = dq/dt. 


5. (a) R 2 40, no oscillations; R < 40 oscillations. (b) 40 rad/sec. 
6. ¢ = 5 cd sin (100¢ + 8) approximately, where 6 = Are tan (2000/3) ap- 
proximately; 1 = —gye73/2° sin (100¢ + 6) + 50e—#"/2° cos (100¢ + 4). 
1. @ @ = @ comy 1/CLizi = — on sini x/ WOOL 1/ Cie rad/sem 
VCL 
(b) ¢g = CE(1 — cosy/1/CL 1), i = dq/dt. 
Crs . 
(c) g = 1 cme (sin wt — w/CLsinV1/CL 1), w # 1/VCL; 
1 = dgq/dt, 
me. ] og ers ] 
qi em —— 1 — = VC/L ios L oe lin Ci; 
Pe NET, 2 VJCL d 


10. 


]1. 
12. 


13. 


14. 


1 = dq/dli;w = 1/\/CL rad/see. 


. (a) g = pC — cos 1008), ¢ = sin 1008. (b) 100 rad/sec. 


(c) 0.909 amp. 


. (a) g = Ps(sin 50¢ — 3 sin 1000); 2 = 2(cos 50t — cos 1008). 


(b) 1(0.02) = 0.638 amp. (c) max |i] = Samp. (d) 100 rad/sec. 


oe eee Le i 
= ] — 4 = — — Ad = —- 
(a) i= = ( dy ve R ° i =F 
i Es] 
(b) ,1= Ree Liw (a ein wl — Law cos wt -+- Lwe ey 
‘ ” ELw Pgs 
1 RR? + 12w? 
ip : 
ioe Re Pw? (R sin wl — Lw cos wt). 


(a) c= $(1 — 720%). (b) i = 29(4 sin 50t — cos 50t + e7°9%), 
(a) gq = get EC, where 9- is the same as 2, in (30.18), 


.. a 
(ib lt 


dt 

(b) \/4CL — R2C?/4rCL eps. 

(c) qe, SMC. “Tiere is no steady state current. In taking the derivative of q, 
the constant /C vanishes. 

(a) ¢= — 10-8e—2-54(0.125 sin 99.97t -+ 5 cos 99.97t) -+ 0.005, 
1 = dq/dt = 0.500e~2-°! sin 99.971. 

(b) 99.97/27 = 15.9 cps. 

(¢) 0.005. For a short time the charge on the capacitor will oscillate about 
this figure and approach this figure as f > 

(a) i, ™ ge(sin 1008 -+ 4 cos 1008). (b) geV17, 100/27 eps. 

Gow WX TOT? Samia: (d) 10075 rad/sce. (ec) 2/5 amp. 

(f) 54/17 ohms. 
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15. (a) ¢@ = 5 X 10~4{sin 200¢ + 2 cos 2002), 7, = cos 200 — 2 sim2000. 
(Db) 4/5, 200/27 eps. (cy) ox m0. (d) 200V/5. (romp. 
Ge 


LESSON 30M. 


MISCELLANEOUS TYPES OF PROBLEMS LEADING TO 
LINEAR EQUATIONS OF THE SECOND ORDER 


A. Problems Involving a Centrifugal Force. When a _ body is 
whirled in a circle at the end of string, a force, directed toward the center 
of the circle, must be exerted to prevent the body from flying off; the 
faster the rotation, the more powerful the force. Since this force is di- 
rected toward the center of the path, it has been called the centripetal 
force or central force. And since the body remains in its path, there 
must be an outward force in the opposite direction equal to the central 
force. This force is called the centrifugal force. It has been proved 
that the centripetal force required to hold a mass m in a circular path of 
radius 7, moving with a linear velocity v is 

2 
(30.6) CF. ==. 
Hence this formula must also give the centrifugal force of the mass m. 
The linear velocity v of the particle is » = r d0/dt, where @ is the central 
angle measured in radians through which the particle is rotated. Substi- 
tuting this value of v in (30.6), we obtain 


2 
(30.61) Cr = m(, ey) = mrw”, 


‘ 
where w is the angular velocity of the particle. 


With the help of (30.61), solve the following problems. 


]. A smooth straight tube rotates in a vertical plane about its mid-point with 
constant angular velocity w. A particle of mass m inside the tube is free to 
slide without friction. 


(a) Find the differential equation of motion of the particle. Hint. There 
are two forces acting on the particle at time ¢, see Fig. 30.62. 

(b) Solve the equation with ¢ = 0, 7r = ro, dr/dt = vo. 

(c) From the introductory remarks, it is elear that if the particle is too far 
from 0 or if dr/dt is too great, the particle will fly off from an end of the 
tube; for certain values of r and dr/dé, it will not. Find values of the 
initial conditions ro and vo = dr/dt so that the particle will execute 
stmple harmonie motion. Write the resulting equation of motion for 
these values. Can you identify it?) Draw the figure. 


2. Solve problem 1, if the tube rotates in a horizontal plane about a vertical 
axis. Assume att = 0,r = O and dr/dét = vo. 
3. Solve problem 1, if at £ = Opr = 0, @/dt = 0. 
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C.F.=mrw? 


6 =0 at t=0 


Figure 30.62 


B. Rolling Bodies. Newton’s first law of motion states that a body 
at rest or moving with uniform velocity will remain in the respective 
state of rest or motion unless a force acts on it. We say the body has 
inertia, i.c., it resists having its status changed. Similarly, a body at 
rest or rotating about an axis with a constant angular velocity will re- 
main in the respective state of rest or rotation, unless a torque or a 
moment of force acts on it; for definition of torque, see (30.63) below. 
In this case we say the body has rotational inertia, also called moment 
of inertia. By definition, the moment of inertia / of a particle is 


(30.621) IT = mx’, 


where mis the mass of the particle located x units from the axis of rotation. 
In the calculus, you were taught how to calculate the moment of inertia of 
different bodies. lor example, for a solid cylinder of radius r and mass m 
° ° ° ° ° . ° oy # 
rotating about an axis coinciding with the axis of the cylinder, J = mr°/2. 
It is as if the entire mass of the cylinder were concentrated at a distance 


r?/2 units from the axis. 
We define the torque or moment of force Las follows, see lig. 30.631. 


(30.63) L = x times the component of the force FP acting at 
right angles to the line joining the axis of rota- 
tion-and the point 2? where F is being applied; 
+ is the distance between the axis and 2, 


O x iP 


a7 Component of F at 


iF right angles to OP 
Axis of rotation 


1 to plane of paper 


Figure 30.631 


382 PrositemMs Leapine TO LINEAR EquaTIONS oF ORDER Two Chapter 6 


Finally, it has been proved that corresponding to the law F = mass X 
acceleration governing the linear motion of a body, the law governing the 
rotational motion of a body is given by 


2 
(30.64) L= la=I=3;=I=>) 


where «@ is the angular acceleration of the body, w is its angular velocity, 
and @ is the central angle through which the body has rotated from 6 = 0. 

With the help of equations (30.621) to (30.64), solve the following 
problems. 


4, A cord is wound a few turns around a solid cylindrical spool of mass m and 
radius r. One end of the cord is attached to the ceiling. See Fig. 30.65. At 
t = 0, the spool, which is being held against the ceiling with axis horizontal, 
is released. 


Cord 
attached 
iene A 


=) 


i y axis 


mg 


Figure 30.65 


(a) If gravity is the only acting force, find the differential equation of motion 
of the spool. Hint. By Newton’s law, mass X acceleration of body must 
equal the net force acting on the body. These forces are F and mg as 
shown in Fig. 30.65. By (30.63), (30.64) and the fact that I = mr?/2 
for a solid cylinder rotating about its axis, we have 

Dame 
mr a6 

F — = — —_—- 
r To 2 a 
When the cylinder has rolled through a central angle @ so that the point 
of the spool initially at A is now at B, the distance y from the ceiling is 76. 

Therefore, 
2 2 2 2 
jaa a ae Se 

dt2 dt2 dt2 e 

Hence F = (m/2)(d?y/dt?). 

(b) Solve the differential equation for y as a function of t. Remember at 
t=0,y = 0, dy/dt = 0. 

5. Answer questions (a) and (b) of problem 4 if there is a resisting force due to 

friction and air of (m/80)(dy/dt). (c) What is the limiting velocity? 
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6. At = 0, a solid cylinder of radius r and mass m is placed at the top of an 
incline and released, Fig. 30.66. Assume it rolls without shpping and that a 
frictional force F acts to oppose the motion. 


Figure 30.66 


(a) Find the differential equation of motion. Hint. The only difference 
between this problem and 4 is that mg is replaced by mg sin a. 
(b) Solve the differential equation. Remember att = 0,0 = 0, ds/dt = 0. 


C. Twisting Bodies. When a spring is stretched, a force results, 
proportional to the amount of stretch, that tries to restore the spring to 
its original natural length. Similarly, when a hanging wire is twisted by 
rotating a bob about it as an axis, where the bob is rigidly attached to it 
at one end, a torque or moment of force results that tries to restore the 
wire to its original position. This torque L is, in many cases, proportional 
to the angle @ through which the bob is turned. By (30.64), therefore, 

2 
(30.67) I om = —k6, 


where k is called the torsional stiffmess constant. The negative sign 
is necessary, because when 4 is turning clockwise, the torque acts counter- 
clockwise; hence torque and @ have opposite signs. 


7. (a) Solve (30.67) for 6 as a function of time if the torque is equal in mag- 


nitude to the angle 0, i.c., & = 1. _ 
(b) If the bob returns to its equilibrium position at the end of each $ second, 
find the moment of inertia of the bob with respect to the wire as an axis. 


Assume the mass of the wire is negligible. 
D. Bending of Beams. We consider a beam with the following 
properties. 


1. It is relatively long in comparison with its width and thickness. 


2. Every cross section 1s uniform. | | 
3 The center of gravity of each cross section lies on a straight line, called 


the axis of the beam. It is the line joining (0,0) to (L,0) in Tig. 30.7. 


f 
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If a beam merely rests on supports at its two ends, it is called a simple 
beam and it is said to be simply supported at the ends. If a beam is 
supported only at one end, as for example, when it 1s embedded in masonry 
at one end and hangs freely at the other end, it is called a cantilever beam. 

In Fig. 30.7, we have drawn a simple beam of length Z ft with rectangu- 
lar cross sections whose centers of gravity lie in the geometrical center of 


ee 4 |b A foe 


(6,0) peek ) SOLE | 
LLL NONE eg (EO) 


ame 


Figure 30.7 


the rectangle. (However, beams may have other shaped cross sections, as 
long as all cross sections are uniform and the center of gravity of each lies 
on a straight line.) We may look on such a beam as composed of fibers 
parallel to the axis of the beam, each of whose length is L ft. When a 
load is distributed along a simple beam, a sag develops so that the fibers 
on one side of the beam are compressed and fibers on the other side are 


Figure 30.71 


stretched, Fig. 30.71. It follows, therefore, that somewhere between the 
two sides, a neutral surface exists that is neither stretched nor com- 
pressed (shaded area in Vig. 30.71), i.e., it retains its original length L. 
The intersection of this neutral surface with a vertical plane through the 
axis of the beam is called the elastic curve of the beam. It is the curve 
joining (0,0) to (Z,0) in Fig. 30.71. 

It has been proved in mechanics that 


(30.72) we es. 
R 
where: 


M(x) is the bending moment at any cross section A, x units 
from one end of the beam. The bending moment at A is 
defined as the algebraic sum of all the moments of force 
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acting on only one side of A about an axis through the 
center of the cross section A, marked CD in the figure. 
(l-or definition of a moment of foree, see (30.63) above.) 

Tis the moment of inertia of the cross section A about its 
center axis CD (for definition of moment of inertia, see 
(30.621) above). 

R is the radius of curvature of the clastic curve of the beam. 

FE is a proportionality constant, called Young’s modulus or 
modulus of elasticity. It is dependent only on the material 
of which the beam is made. 


The radius of curvature is given by the formula 
R= [1 + (y)*}2/y" 


Its substitution in (30.72) gives 


(30.73) M(x) = Ely") + (y’)?) 3? 
ly || See eee 


Since the bending is usually slight, y’ is very small. Hence it is not unrea- 
sonable to assume that we commit a small error if in (30.73) we neglect 
(y’)? and higher powers of y’. Equation (30.73) thus stniphhes to 


(30.74) Mix) = L1y’, 
which is the differential equation of the elastic curve of the beam. 
We shall arbitrarily assume that an upward force gives a positive moment 
and that a downward force gives a negative moment. 
With the help of (30.74), solve the following problems. 
8. A horizontal beam of length 2 ft is simply supported at its ends. The 
weight of the beam is evenly distributed and equals w Ib/ft. 


(a) Find the equation of the elastic curve. //int. See Pig. 30.75. The total 
weight of the beam is 2Lw Ib. Therefore the upward force at each end 


Lw 


(L,0) 


P(x,0) (21,0) 


DAL = ay 


Va -x)u 


Figure 30.75 


Since the beam is uniform, we can consider the weight of the 
A . . . 

to: (2,0) as concentrated at its mid-pomt (x/2, 0). 
it this mid-point is war Ib. The bending 


is Lw Ib. 
beam from (0,0) 
Hence the downward foree ¢ 


f 
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(b) 
(c) 


moment Af(x) at P is therefore—remember the bending moment is the 
algebraic sum of all moments of force acting on one side of the cross 
section A whose axis goes through P— 
2 
wx 


M(x) = (Lw)x — (wz) (G) = Lux — 


Substitute this value of Af(zx) in (30.74) and solve. The initial conditions 
arex = 0,y = O0;2 = L, y’ = 0. (Note there is also a third initial 
condition z = 2L, y = 0. However, the three are not mutually inde- 
pendent. Use of any two of the three will result in a solution which 
satisfies the third condition. Verify this statement.) 

What is the maximum sag? Hint. The maximum sag occurs when 
oa BS 

Show that the same bending moment at P results, if the forces to the 
right of P were used. Hint. The bending moment at P due to the forces 
on the right is 


M(x) = Lw(2L — x) — [(2L — z)v ie oa 3) : 


Simplify the right side. 


9. A horizontal beam of length 2 ft is simply supported at its ends and carries 
a weight W lb at its center. If the weight of the beam is negligible compared 
to W, find the equation of the elastic curve and the sag at the center. See 
Fig. 30.76. Two cases must be considered. 


ae 


Ae 
2 


|= 


(L,0) _ P(x,0) 


(2L,0) (0,0) (2L,0) 


Figure 30.76 


Case 1. If P is to the left of the mid-point, the only active force to the left 


of Pis W/2. Hence the bending moment at P is 


W 
(a) M(x) = 3 which can be written as 3WL — 3W(L — xz), OS 2 < L. 


Case 2. If P is to the right of the mid-point, then the active forces to the left 


of P are W/2 upward and WW downward. Hence the bending moment 
at P is 


W 


(bya) = me W(a2 — L) which can be written as 4WL-+ 4W(L — 2), 


basa 2. 


Cases 1 and 2 can therefore be treated as one if we write 


(c) 


where it is understood that the minus sign is to be used when 0 S 


M(x) = $WL = 4W(L — 2), 


<a dy 


a 
and the plus sign when L < xz S 21. Whenz = JL, (a), (b), and (c) are 
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10. 


lI. 


12. 


the same. Hence the solution obtained by using (c) is also valid when z = L. 
Initial conditions are r = 0, y = 0; x = 2L, y = 0. (A third initial 
condition r = L, y’ = 0 is not independent of the other two. Verify that 
it satisfies the derivative of the solution.) 

Solve problem 9, if the weight of the beam is not negligible and is w lb/ft. 
Hint. Follow all the instructions given in 8 and 9. As in 9 there will be two 
cases, one when P is to left of center, the other when P is to right of center. 
The bending moment at P due to the forces to the left of P are 


W wx" 
(wr + id — = 


wha — duc? — 4W(L — 2) +4WL, OS 2 <L, 
if P is to left of the center, and 
(w+ m) — we! W(z — L) 

a 2 
whe — dwr? + AW(L — 2) + SWL, L <2 S OL, 
if P is to right of the center. 


Br) 


M(x) 


When x = L, both bending moments are the same. Thus both cases can 
be combined if you take 


M(x) = wha — 4wx? F AW(L — x) + BIL, 


where it is understood that the minus sign is to be used when 0 S xz < L 
and the plus sign when L < xz S 2L. 
A horizontal beam of length 30 ft is simply supported at its ends and carries 
a weight of 360 lb at its center. If the weight of the beam is negligible, find 
the equation of the elastic curve for each half beam. What is its sag? Solve 
independently. Check your results with solutions given in problem 9. 
A simply supported horizontal beam of length 21 carries a weight W |b 
attached to it at a distance 2/3 from one end. Assume the weight of the 
beam is negligible. Find the equation of the clastic curve. Hint. The end 
of the beam closer to the weight now supports 2H’/3 Ib; the other end sup- 
ports only W/3 Ib. Two cases will be needed as in 9 and 10, one iimrom8 to 
the left of HW’, the other if P is to the right of W. The bending moment at P 
using forces to the left of P are 
j 2L 

M (zx) -7 0Sn<5 

if P is to the left of W, and 


, Dols 2L 


if P is to the right of W’. 


) 


Tnitial conditions are x = 0, y = 0; 2 = 2L, y = 0. Note also, since the 
elastic curve is continuous at z = 2/3 and has a tangent there, that when 
t = 21/3, the value of y and the value of the derivative y neh each Pe the 
two curves must be the same. These conditions are known respectively as 


the condition of continuity of the curve and the condition of continuity 


/ 
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13. 


14. 


15. 


16. 


of the slope. You will need to use these facts in order to evaluate some of 
the constants of integration. 


A horizontal beam of length 2 ft and of uniform weight w lb/ft is embedded 
in conercte at both ends. Find the equation of the elastic curve and the 
maximum sag. Take the origin at one end of the beam. Here in addition to 
the usual moments found in problem 8, there is an additional moment of 
force at each end acting to keep the beam horizontal, i.e., the masonry at 
each end prevents the beam in its immediate neighborhood from sagging. 
Call this unknown moment of force Jf. The initial conditions are x = 0, 
y = Os O, Ve 0: fey ne Oe ee, =a). 
There are five sets of initial conditions. Use of three, say the first three, will 
enable you to evaluate J/ and the constants of integration. Verify that the 
resulting equation satisfies the other two initial conditions. 


Solve problem 13, if the beam also supports a weight IV at its center. Hint. 
Here, in addition to the usual moments found in problem 10, there is a mo- 
ment Jf at each end. As in problem 10, there are two cases to be considered, 
one when P is to the left of center, the other when P is to the right of center. 
It will be easicr to treat each case separately instead of combining them as 
we cid in 9. tind 10. “Initial conditions ire 7 —"0, 7 — 0; = = 0, 7 =e0: 
c= Ly =O 2% = 2g =O 2 = Wy = 0. Notenemtie commition 
x = L,y’ = 0, applies to cach case, since the curve is continuous atz = L. 
There is one more condition than you need. However, it is not independent 
of the others. Verify that the one you omit satisfies the solution. 


(0,0) x (x,0) 2L-x (21,0) 


Figure 30.77 


A cantilever beam of length 27 and of uniform weight w lb/ft is embedded in 
concrete at one end. Find the equation of its elastic curve and the maximum 
deflection. See Fig. 30.77. In this case, it will be easier to consider moments 
of force to the right of P. Since the beam is uniform, there is a downward 
force at the center of PQ. And since this is the only acting force to the 
right of P, the bending moment at P is 


M(x) = —w(2L — x) @ a at 


w 
; = = om (21 Ft zr)”, 
Substitute this value in (30.74). Initial conditions are xr = 0,y = 0;2 = 0, 
y = 0. 
A cantilever beam of length 22 and of negligible weight supports a load of 
Wb at its center. 


(a) Find the equation of its clastic curve, the deflection at its center, and its 
maxunum deflection. faint. See Fig. 30.78. There are two cases to be 
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considered. Take moments to right of P. Initial conditions are zx = 0, 
v=0;7 =0,y' = 0. When P is to the right of center, there are no 
forces to the right of P. Hence the bending moment AM/(z) = 0 at P. 
You will also need to use the fact that when z = L, the solution y and 
the slope y’ for the case 0 S x < L must agree respectively with the 
solution y and the slope y’ for the case L < x S 2b. 


(0.0)  (x.0) (L.0) (2L.0) (0,0) (1,0) (x,0) (21,0) 


| I 
i” 


Figure 30.78 


(b) Find the maximum deflection and the equation of the elastic curve rf the 
weight HW were placed at the end of the beam. Hint. Here there is only 
one case to consider, namely, P to the left of W. The only force to the 
right of P contributing to the bending moment M(x) at Pis the weight W. 


17. Solve problem 16(a) if the weight of the beam is not negligible and is w lb/ft. 
Hiint. There will be two cases as in 16. The bending moment at P will be 
the sum of the bending moments given in 15 and 16. And remember when 
x = L, the solution y and the slope y must agree for the two cases. 


18. A horizontal beam of length 21 ts embedded in conerete at one end and is 
simply supported at the other end with both ends at the same level. A weight 
W is suspended at its mid-point and the beam itself weighs w lb/ft. Find the 
equation of the clastic curve. Take the origin at the embedded end. fant. 
We need two cases, Case 1 when P is to the left of the mid-pomt; Case 2 
when P is to the right of the mid-point. See Fig. 30.79. Take moments to 
the right of P. Call F the unknown upward force at (2L,0). Initial condi- 
tions are zr = 0, y = O; zr = 0, y' = 0; e = 2h, y = 0. And remember, 


when z = L, the solution y and the slope y’ must agree for both cases. 
a = M=F(2L-x 
2L-x M= F(2L - x) a. ( ) 
2 2 


(0,0) (L,0) —_(x,0) 


(0,0) __(@,0)_ (2,9) a 


Figure 30.79 


19. Aspring board, fixed at one end only, may be considered as a grou beam. 
It is desired that its maximum deflection he 1 ft when a 240-lb man steps on 
the end. If the board is 20 ft long and weighs 5 lb/ft; find the value of the 
constant #7. dint. The formula for maximum deflection 1s the sum of the 
maximum deflections given in 15 and 16(b). And remember in these formulas 


L is one-half the length of the board. 


/ 
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ANSWERS 30M. 


2 
dr 2 : 
1. (a) m 5 = mrw — mg sin wt. 


dt 
on as a Quo ro g le a te g 
(b) r = Ome (2a) ——z 7 T 5g sin ot 
20WY9 —g . GG. 

= ro cosh wt + =e sinh wt + 5,2 Sin wt. 

(c) ro = 0, v0 = £. Resulting equation is 
w 
= oo eae ee 
a Dee sin wt D2 sin 6. 


In polar coordinates it is the equation of a circle with center at (g/4w*, 4/2) 
and radius g/4w?. 


2r= = Cue) 
Sb = aa Qisinat 6 rien 
d?y dy 
4, (a) m qe 7 ee EE, aa = 9. (b) y = gt eB. 
3dy, 1 dy 
Na a yy a 
(b) y = 9600g(e—“*7° — 1) + 80gt, v = —80ge~"12° + 809. — (c) 80g. 
d’s ; m d’s 3 d’s . 
6. (a) maz = mgsina — F, ES aa 3 ge = 9 sina. 


(b) s = (gsina)t?/3. 
7. (a) @ = cicos(\/1/It+6.  (b) I = 1/(642°). 
8. (2) Ely = i Ain 8 ee = Oe 
(b) sag = 5wL* /24ET ft. 
. 
5 (BLa" + (3) —6L see 0 


9. Ely = 35 <2 2L, 
ro 3r,), 0 21. 
Wa 


Sage Ws JOET ft. 


10. HIy = sum of the results obtained in 8 and 9; sag = sum of the results 
obtained in 8 and 9. 


ll. Ely = 30x(x? — 675), OS x S 15, 
= 30zx(x? — 675) + 60115 — z)8, 15S x S 30; 
sag = 202,500/FT ft. 


12. 


13. 


14. 


Lesson 30M—Answers 
“ Wer 2 2 
Ely = ra (9x — 20L i 0 < x Ss Pi oy BS 
Ws 4 ; = ay 21 

Ely = — (9x° — 2 — ——], —Srs 

y 3, OL") G 3 g 2 tS OL. 

wx" 
Ely’ = M+ Lwe —- >» M = —L?w/3; 
2 

: ae OT — 2) _ =” a eee 
Ely = mr (4Lz x 41°) 54 2 (2L pales 

sag = wl" /24EI fits 

WL 

Moment Jf = —Awl? — - : 


15. 


16. 


17. 


“ 2 
Ely" = (w+): Bee = Mm vee: 


ie jel 4 yee WY ono 2 ee 
riy = 7A (4Lz 2 4L"x")-4 oA (25 ale), OSS: 
: 2 
pry’ = (w+ t)2- we -p4+m, Lex, 
w 3 4 22 yi es 3 
=a wee = iG) Sere 
Ely 54 (Abe x 4L'x’) + 5; (22 (Ge ) 5) eral | 


sag = (whi + WL*)/24E1. 
Ely = a io — a Om 2 


4 


= = (8La° — “Ga,” — 2’). 


Maximum deflection = QwL*/EI. 


Il 


Me 
(a) Ely ~ ee ah = (| 


‘ 
z G—3is), (ee & CL; 


I 


) 
Ely = = (C= 30), Tage SL. 


39] 


oL, 


Deflection at mid-point WL3/3 £7; maximum deflection 5WL3/6£T. 


(b) Ely = us (x® — 6Lz”), maximum deflection 8WL°/3EI. 


A W 3 2 2 
Ely = = (gia — 24172? — 2!) + = (2 —3lr), OS rs L, 


Ely = 


= oe —tiee = 2 + = df) — 3172), Ins rea 2h 
24 


Deflection at midpoint: (17wL4 + SWL3)/2447; deflection at end point: 


(12wL4 + SW L*)/6i1. 


i 
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Ely" = — = = CL rena). 
Ely = 7 (10La® — 12172" — 22 S45 = (i — 18L2”), 
0S a= 1 
Ely" = == CL — 2 2 rer =a. 


Ely = ¥ one! = 10 ee 


V 
ar a5 CG? Sa SOR ob es Ib 
19. 740,000. 


Chapter ¢ 


Systems of Differential Equations. 
Linearization of First Order Systems 


LESSON 31. Solution of a System of Differential Equations, 


LESSON 31A. Meaning of a Solution of a System of Differential 
Equations. In algebra it is frequently necessary to solve a system of 
simultaneous equations of the type 


(Gales + 3y = 5, (b) 2? — pyi= 2, (c) x + 3y — 22 = 15, 
x— y = 15; xcty? = 5; r—-ytz2=7, 


30 + 2y — z= 12. 


Similarly, it is frequently necessary to solve a system of differential equa- 
tions of the type 


dx 2 dy a ss 
(d) ae a YR ale 2% — 3y = 3b, 
daa dy dy a 
ge eas “* 


where x and y are dependent variables and ¢ is an independent variable. 
In Lessons 33 and 34, we discuss and solve numerous physical problems 
which give rise to such systems. 

A solution of an algebraic system of two equations is a pair of values of x 
and y such that this pair satisfies both equations. For example, xr = 10, 
y = —5 isa solution of (a), since this pair of values satisfies both equa- 
tions. Analogously we say that the pair of functions x(é), y(t), each de- 
fned on a common interval J, is a solution of the system (d), if this pair 
satisfies both equations identically on I, i.e., if in each equation of (d) an 
identity results when - is replaced by x(), y by y(@, and their respective 


ame ; ion 
derivatives by 2’/(0), y/(O), ete. . 
The extension of the meaning of a solution of a system of three or more 


equations should be apparent. 


/ 
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LESSON 31B. Definition and Solution of a System of First Order 
Equations. 


Definition 31.1. The pair of equations 


ia dy _ 
(31.11) di a Fue). ‘dt = Sola), 


where f,; and fo are functions of z, y, ¢, defined on a common set S, is called 
a system of two first order equations. A solution of (31.11) will 
then be a pair of functions x(é), y(t), each defined on a common interval J 
contained in S, satisfying both equations of (31.11) identically. 


A generalization of this type of system is given in the following definition. 


Definition 31.12. The system of n equations 


di 
(31.13) —- — fi¥1,Y2, oa; Ure) 
di 
a a foQ1,Y2, a) Oa). 
di 
oa = fn(YsYe, ahaa) Yan), 
where fi, ---, fn are each functions of ¥1, yo,--*, Yn, t, defined on a com- 


mon set S, is called a system of n first order equations. 


Definition 31.14, A solution of the system (31.13) is a set of func- 
tions y(t), ye(t),---, Yyn(t), each defined on a common interval I con- 
tained in S, satisfying all equations of (31.13) identically. 


Comment 31.141. In Lesson 62, you will find a criterion, Theorem 
62.12, which gives a sufficient condition for the existence and uniqueness 
of a solution of the system (31.13) satisfying the n initial conditions, 


(31.15) yr(to) = 41, yo(to) = @e,°-+, Yn(to) = an. 


Comment 31.16. In Lesson 62B, we show how a nonlinear differen- 
tial equation of order greater than one can be reduced to a system of first 
order equations. If, therefore, we can devise methods for finding solutions 
of the system (31.13), then theoretically any nonlinear differential equation 
can be solved. In Lesson 34, in fact, we solve certain special types of second 
order nonlinear differential equations by reducing them to a system of 
two first order equations. 


Comment 31.17. Solutions of systems of first order equations will 
not in general be expressible explicitly or implicitly in terms of elementary 
functions. Only a few very special first order systems will have such solu- 
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tions. Even this simple looking pair of first order equations, 


dx? dy _ 


ee Mes ee ee 


cannot be solved in terms of elementary functions. In later lessons, we 
shall show you how a pair of first order equations may sometimes be 
solved by means of series methods, numerical methods, and by a method 
known as Picard’s method of successive approximations. We wish to im- 
press on you that the examples of first order systems which we have solved 
below are of a very special kind, arttficially designed to enable us to ob- 
tain solutions in terms of elementary functions. 


Example 31.18. Solve the first order system 


dx _ ot dy _ y 
fo — ee a ee 


(Note that each equation is of the separable type.) 
Solution. From the first equation, we obtain 


x? 4? 


(b) Ty ai) a ae tia BE C1, 


and from the second, provided y # 0, 


i se 
(c) logy = — 7 + Co’, y = coe", 


The pair of functions defined by (b) and (c) is a solution of the system (a). 
Example 31.19. Solve the first order system 


dx Ho 


Parts , : 
(a) te & ; = 0 


(Note that the first equation has no z or y in it.) 


Solution. Solving the first equation in (a), we obtain 
(b) r= e+e. 
Substituting (b) in the second equation of (a), there results 


ies ef! + Qeye™! + cr” 
‘lls t 


dy 
(c) at 


which is a first order linear equation in y. Its solution, by any method 


Fr 
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you wish to choose, is 


(dia. — [ce 4) Oe;e idee ce. 4c es cp, 
y = (det! + eye”? + c17t + ce)t*, t ¥ 0. 


Your can verify that the pair of functions defined by (b) and (d) satisfies 
both equations of (a) and is, therefore, a solution of the system. 


LESSON 31C. Definition and Solution of a System of Linear 
First Order Equations. A special type of first order system is one in 
which the functions f;(7,y,t) and fo(x,y,t) of (31.11) are linear in x and y. 
This means that each equation of the system has the form 


(31.2) & = fie + ndy + bl, 


oy = fo(t)x + go(t)y + holt). 


A pair of equations of this type is called a system of two linear first 
order equations.. Note that x and y both have the exponent one, but 
that no such restriction is placed on the independent variable ¢. A general- 
ization of this type of system is given in the following definition. 


Definition 31.21. The system of n equations 


(31.22) fF = firOyr + fietye +--+ + fin(t)yn + Q1(8), 


a foily1 + foalt)ye +-+- + fonyn + Qe(8), 


ees ee ee a ek ie hey cen ele Ne, V's) Oke ei) we) as” ta fen en ee 6a) | eaten esr en) 6’ 


ai = fay Se Froye fee) t jo ag, au Q,,(t). 


is called a system of n linear first order equations. 


Comment 31.23. In Lesson 62C you will find a criterion, Theorem 
62.3, which gives a sufficient condition for the existence and uniqueness of a 
solution of the system (31.22) satisfying the initial conditions, 


(31.24) Yio) sae Yo(to) = a2,++-, Yn(to) = Gn. 


Comment 31.24. No standard method is known of finding a solution 
in terms of elementary functions, if one exists, of a general linear first order 
system (31.22). If, however, all coefficients tied — Al eee 
1, +--+, , are constants, then standard methods of solution are available. 
These methods are discussed in Lesson 31D, where the system (31.22) 
with constant coefficients, is included in the larger class of systems of 
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linear equations with constant coefficients of order greater than or equal 
to one. In the examples solved below, where the coefficients are not con- 
stants, we again Impress upon you the fact that they have been artificially 
selected to yield clementary functions for solutions. 


Example 31.25. Solve the lmear first order system 


ada dy _ 


2yt + 2. 
(Note that the first equation has no y in it.) 


Solution. The first equation in (a) is the separable type discussed in 
Lesson 6C. By the method outlined there, we obtain the general solution 


(b) ae cel. 

Substituting (b) in the second equation of (a), there results 
d = 

(c) = ee cre v, 


which is a first order equation, linear in y. Its solution, by the method of 
Lesson 11B, is 


(d) ae = cxf ec’ dt = —cye ‘+ cg, 
= e" (G5 = cc). 


You can verify that the pair of functions defined by (b) and (d) satisfies 
both equations of (a) and is therefore a solution of the system (a). 


Example 31.26. Solve the linear first order system 


dx at dW ao we 
(a) a ad f 


Solution. The solution of the first equation is 
(b) r= et t+cy. 
Substituting (b) in the second equation of (a), there results 


eon 
t 


) 


fg te at ae ei 


ew. y — 
(c) an ; ao 


The solution of (c), by the method of Lesson 11B, is 


(d) y= fe 4e;)dt, y= (be +e + co. 


The pair of functions defined by (b) and (d) is a solution of the system(a). 


f 
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LESSON 31D. Solution of a System of Linear Equations with 
Constant Coefficients by the Use of Operators. Nondegenerate 
Case. The pair of equations 


(31.3) fi(D)z + 9i(D)y = hid), 

fo(D)x-+ ge(D)y = helt), 
where D is the operator d/dt and the coefficients of x and y are polynomial 
operators as defined in Lesson 24A, is called a system of two linear 


differential equations. A generalization of this type of system is given 
in the following definition. 


Definition 31.31. The system of equations 


(31:32) Pii(Dy Pays == i — 1), 
Pos(D)y. + Poa(D)ye +--+ + Pan(D)yn = halt), 
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where D is the operator d/dt and the coefficients of y1, yo, °° +, Yn are poly- 
nomial operators, is called a system of n linear differential equations. 


Definition 31.321. A solution of the linear system (31.32) is a set of 
functions y;(t), yo(t),:-:, yr(t), each defined on a common interval J, 
satisfying all equations of the system (31.32) identically; the solution is a 
general one if, in addition, the set of functions y;(¢), --- , yn(t) contains the 
correct number of arbitrary constants; see Theorem 31.33 below. 


Examples of systems of linear equations are 


(a) QD 3)a-- (OD ly =e 
(D — lha + BD + 1l)y = sint; 
(b) (D? + 3D —lety=6+?, 
(Oe ee ee) 
(c) (3D? + 1l)a+ Dy — (D+ 1)z2= ? +2, 


Oe Gee hy Oe See 2 
Dee Dy ae 


Systems of linear equations with constant coefficients lend themselves 
readily to solutions by means of operators and, if ft 2 0, by Laplace trans- 
forms. Although we shall confine our attention primarily to a system of 
two linear equations and touch briefly on a system of three linear equations, 
the extension of the method of solution to a larger system of linear differen- 
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tial equations with constant coefficients will be made apparent. In this 
lesson we shall solve a linear system by the use of operators; in Lesson 31H 
by means of the Laplace transform. 

Since polynomial operators with constant coefficients obey all the rules 
of algebra summarized in 24.523, the method we shall be able to use for 
solving a system (31.32) will be similar to that used in solving an algebraic 
system of simultaneous equations. There are, however, two important 
differences between the two systems. 


1. The operator symbol D does not represent a numerical quantity such 
as 2, \/3, ete. It represents a differential operator, operating on a 
function. Hence the order in which operators are written is important. 

2. Solutions of algebraic systems do not usually have arbitrary constants; 
general solutions of systems of linear differential equations usually do. 
By Definition 31.321, a general solution, in addition to satisfying the 
system, must contain the correct number of such constants. The 
relevant theorem needed in this connection for the two equation 
system (31.3) is the following. 


Theorem 31.33. The number of arbitrary constants in the general solu- 
tion x(t), y(t) of the linear system (31.3) 1s equal to the order of 


(31.34) fi(D)g2(D) — gi(D)f2(D), 
provided f;(D)g2(D) — gi(D)fo(D) # 0. 
The proof of the thecrem has been deferred to Lesson 311. 


Comment 31.341. If the difference in (31.34) is zero, the system is 
called degenerate. We shall discuss the degenerate case in Lesson 311’. 


Comment 31.35. The quantity a,b, — aby, Gliese ak Gra 
are constants, appears so frequently in mathematical literature that it 
has been given a special name. It is called a determinant.* <A de- 
terminant is also usually written as 


ay bo 


b, be 


a, a2 
by be 


Since (31.34) has the same form as a determinant, we shall also refer to it 


hence, = aybe —= agbj. 


) 


as a determinant, and write 


(DD) gi(P) 
. = fi(D)g2(D) — 9:(D)f2(D). 
fo(D) g2(P) 
SS 

‘The solution of the pair of equations ayz + byy = cy, Qor + bey = co is x = 
(crbe — c2bs)/aib2 azbi), y = (a@ic2 — a2¢1)/(aib2 — a2b;). Note that the 

tity (a;b2 — @2b1) appears in the denominator of both equations and thus de- 

sapere whether a solution exists; see Lesson 63A. Hence the name determinant. 


y 


(31.36) 
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Observe that the members of the left side of (31.36) are the coefficients 
of (31.3) written in the same relative position in which they appear there 
and that each term on the right side is a cross product of these coefficients 
in a definite order with a minus sign between them. We shall therefore 
refer to (31.36) as the determinant of the system (31.3). Using this 
terminology, we can say, by Comment 31.341, that the system (31.3) is 
degenerate if its determinant (31.36) is zero. 


For the remainder of this Lesson 31D, we consider only nondegenerate 
systems. 


The usual procedure followed to solve the algebraic system 


(a) 2a -+- 3y = 7, 
3a — 247 = 4, 


is to multiply the first by 3, the second by —2, and then add the two. In 
this way we eliminate z, thus obtaining 


l3y = 18, y = 1. 


To find x, we can again start with (a) and eliminate y, or we can substitute 
y = 1 in either of the two equations. By either method, we find x = 2. 
This pair of values x = 2, y = 1 satisfies both equations and is therefore 
a solution of (a). 

We follow an identical procedure in solving the system (31.3). Multiply- 
ing the first by fo(D), the second by —f,(D) and adding the two resulting 
equations will eliminate z and yield a linear differential equation in y 
which can be solved by previous methods. Substituting this value of y 
in either of the two given equations will enable us to find z(t). [Or we can 
eliminate y in the given equations and solve for z(t).| The unfortunate 
feature of this standard method is that in multiplying each equation by a 
polynomial operator, we usually raise the order of the given equations and 
thus introduce superfluous constants in the pair of functions z(t), y(t). 
It then becomes necessary, if the pair is to be a general solution of (31.3), 
to determine how these constants are related: usually a tedious task. We 
shall show by examples how to eliminate such superfluous constants and 
thus obtain the general solution of (31.3). Later we shall describe a method 
which will immediately give the correct number of constants in the pair 
of functions z(é), y(t), and hence will immediately yield a general solution 
of (31.3)—see Lesson 31E. 


Example 31.361. Solve the system 


dx dy Gj 
(a) oy ee — 1 
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Solution. In operator notation, with D = d/dt, we can write (a) as 


(b) Cpe been 
a Dy =t — 1. 


Following the procedure outlined above, we multiply the first equation 
by D, the second by (D + 4) and add the two. There results 


(c) (3D? + 38D)z = DO) + (D+ 4)(t — 1) = 4t — 3. 

The general solution of (c), by any of the previous methods discussed, is 
(d) x(t) = cy + coe ' + 3t? — Xe. 

Substituting (d) in the second equation of (b), we obtain 

(e) D(c, + coe! + 3? — Ht) — Dy =t — 1, 

which simplifies to 

(f) Dy = —cge7* + > — = 

Integration of (f) gives its general solution, 

() ye) = one! + — tt es, 


By Comment 31.35, the determinant of (b) is (2D — 1)(—D) — 
D(D + 4) = —3D2 — 3D which is of order two. Hence, by Theorem 
31.33, the general solution of (b) must contain only two arbitrary con- 
stants. But the pair of functions x(t), y(¢) as given in (d) and (g) respec- 
tively has three. To find a relationship among the three constants, we use 
the fact, see Definition 31.321, that the solution of a system of equations 
is a set of functions which satisfies each equation of the system identically. 
Since y(t) was obtained by substituting x(¢) in the second equation of (b), 
we know that the pair of functions a(t), y(t) will satisfy this equation 
identically. Hence we substitute (d) and (g) in the first equation. Making 


these substitutions, there results 


. 
(h) op —iNle-tee 40 — + D+4) (ex 4 Eset es) =. 


Performing the indicated operations in (h), we obtain 
"| early 
(i) —6 — c, -+- 4c3 = i, 4c3 = C) -+ . C3 = 4 


(cy + 7)/4, (h) will be an identity in ¢. Substituting this 


Hence if cz = 
obtain the corrected function 


value in (g), we 


t° f Cy + i) 
i ae ett N+ 
(j) y(t) = C2€ +- 6 3! ae 4 


/ rr t™~—“ 
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The pair of functions x(¢), y(t) defined by (d) and (j) now contains the 
correct number of two arbitrary constants. You can verify that this pair 
of functions satisfies both equations of (a) and is, therefore, by Definition 
31.321, its general solution. 


Example 31.37. Solve the a 
dx 
(a) H+ Biy=o, 


dx dy _ 
251 tet 27, 2y = t 
Solution. In operator notation, we can write (a) as 
(b) (Dee Oey 0. 
(2D + 2) + (2D — 2)y = 1. 


Multiplying the first equation in (b) by (2D + 2), the second by 
—(D — 1) and adding the two, there results 


(c) [(2D+ 2) + 1) — (D =Nied 22 )t 
S07 — ar 


ol aie 
De UG) Se ec 


Substituting this value of y(¢) in the first equation of (b), we obtain 


(d) Geet eye ee alo 
which simplifies to the first order linear equation 


nae | 
(e) Oi ae ae 


The general solution of (e) is 


aan Ole 


2 
(f) ot) = a+ eter t excl. 


The determinant of (b), by Comment 31.35, is (D — 1)(2D — 2) — 
(D+ 1)(2D + 2) = —8D which is of order one. Hence by Theorem 
31.33, the pair of functions z(t), y(t) as given in (f) and (c) respectively 
should have only one arbitrary constant. But the pair has two. To find 
the relationship between the constants we proceed as we did in the pre- 
vious example. Substituting (f) and (c) in the second equation of (b) (we 
have already used the first), there results 


(g) 2D +|4 SPS ca eae ae 1) ea eee 


Lesson 31D SOLUTION OF A LINEAR SYSTEM BY OPERATORS 403 


which simplifies to 
lt 
(h) 2|¢ > eae = t, coe’ = 0. 


Equation (h) will be an identity in ¢ only if co = 0. Substituting this 
value in (f) we obtain the corrected function 


(i) Oe oe. 
16 ca Ge 

The pair of functions z(t), y(t) defined in (i) and (c) respectively is, by 
Definition 31.321, the general solution of (a). 

Example 31.38. Solve the system 
(a) (D+ 3)2 + (D+ lhy = &, 

(D + 1)z + (D — ljy = 8. 
Solution. Multiplying the first by —(D — 1), the second by (D + 1) 


and adding the two, we obtain 
(b) [—(D? + 2D — 3) + (D?+2D+)}¢e =1+4, 
fo — Wee x(t) = 4(é + 1). 


Substituting this value of x(t) in the first equation of (a), there results 


(c) w+a(t+t)+@o+M=e (D+ ly =e —1— #. 
The general solution of (c) by any method you wish to choose 1s 
t 
in € 
(d) yW) =e +5 — 4-2 


The determinant of (a) is (D + 3)(D — Ne (D + 1)? = —4 which 
is of order zero. Hence, by Theorem 31.33, the pair of functions x(t), y(t) 
should have no arbitrary constant. But the pair as given In (b) and (d) 
has one. We know the pair satisfies the first equation of (a) identically, 
e used it to find y(t). We therefore substitute x(é) and y(t) in the 


since W 
second equation of (a). There results 
t 

ti 290. Leap 

(e) w+ (t+) +o -vlaet+§ 3 i) t, 
t t 1 
| - ome = a 
ety Pe eg Pe pee 


which simplifies to 


(f) 


? iI —————— 


404 Systems. LINEARIZATION OF First ORDER SYSTEMS Chapter 7 


Hence (f) will be an identity in ¢, only if c; = 0. Substituting c; = 0 
in (d) gives the corrected function 


(g) WO = aaa! 


By Definition 31.321, the pair of functions x(t), y(t) defined by (b) and (g) 
is the general solution of (a). 


Example 31.39. Solve the system 
d?x 


(a) a +4 0, 
dx 


Solution. In operator notation we can write (a) as 


(b) (a oe oe, 
(—4D)x + (D* + 2)y = 0. 


I 


Multiply the first equation by (4D), the second by (D? — 4) and add the 
two. There results 


(cy De 2) a 0, i ye 
The general solution of (c) is 

(d) io). = e1e*?! > agen’?! + ¢3 cos ot + Carsiect, 
Substituting (d) in the second equation of (b) gives 

(e) —4Dx + cer"! -- Denes = — 4c3 cos 2t — 4c4 sin 2¢ 


i 2c1e¥?! aL Qeoe~ V2! + 2¢3 cos 2i + 2c, sin 2t = 0, 
v2e — ee 


Dx = ce 


2) = oe ce¥?! v2 


ae eet — $c3 sin 2¢ + $c4 cos 2t + cs. 


— 4$c3 cos 2t — 4c, sin 2t, 


The determinant of (b), by Comment 31.35, is (D? — 4)(D? + 2) — 
D(—4D) which is of order four. Hence by Theorem 31.33, the pair of 
functions x(t), y(t) should have four arbitrary constants. But the pair as 
given in (d) and (e) has five. You can verify that the substitution of x(t), 
y(t) in the first equation of (b)—we have already used the second—will 
be an identity if cs = 0. Hence this pair of functions, with cs = 0, is the 
general solution of (a). 
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LESSON 31E. An Equivalent Triangular System. The standard 
method outlined above for solving the system (31.3) can be tedious and time 
consuming, if by its use the pair of functions thus obtained has more than 
the required number of constants. A method therefore which would im- 
mediately give the correct number of constants in the pair of functions 
should indeed be welcomed. We shall now develop such a method. 

For convenience we recopy the system (31.3), 


(31.4) Fi (D)x + gi(D)y = id), 

fo(D)x + g2(D)y = holt). 
From it, we obtain a new system in the following manner. We retain etther 
one of the equations in (31.4). Let us say we retain the first. The second is 
then changed as follows. Multiply the one retained, here the first, by any 
arbitrary operator k(D) and add it to the second. The new system thus 
becomes 


(31.41) fi(D)z + gi(D)y = hy(t), 
(f1(D)k(D) + fo(D)lx + (gi(D)k(D) + go(D)ly = k(D)hi() + held). 


The new system (31.41) is equivalent to the first system (31.4) in the sense 
that a pair of functions z(t), y(t) which satisfies the first system will also 
satisfy the second system, and conversely, a solution of the system (31.41) 
will satisfy the system (31.4). 

By Comment 31.35, the determinant of (31.4) is 


(31.42) fig2 — gfe, 
and the determinant of (31.41) Is 


(31.43) figik + fige — figik — foo: = fige — gifs. 


Hence we see that the determinants of both systems are the same. There- 
fore the order of the determinant of our original system (31.4) must be 
the same as the order of the determinant of the equivalent system (31.41). 

Let us assume momentarily—we shall show you later how to do it— 
that by always retaining one equation in a system and changing the other 
in the manner described above, we can obtain a new system, equivalent to 


(31.4), in the form 
(31.44) Fy(D)x = II,(0), 
Fo(D)x + Go(D)y = Holt). 
Hence the determinant of the system (31.44) is the same as the deter- 
minant of the system (31.4) and the orders of their determinants are also 


the same. 


* 
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We call such an equivalent system, i.e., one in which a coefficient of x or 
of y is zero, an equivalent triangular system. But now note. If we 
solve the system (31.44) for x, using the first equation in (31.44), its gen- 
eral solution x(t) will have as many arbitrary constants as the order of 
F,(D). Substituting this solution in the second equation of (31.44) will 
result in a linear equation in y whose order is equal to that of G2(D). 
Hence, in solving this equation for y, we shall introduce additional con- 
stants equal to the order of G2(D). Therefore the total number of arbi- 
trary constants in the pair of functions z(t), y(t) of (31.44), if solved first 
for x and then for y, will equal the sum of the orders of F\(D) and G2(D). 
But, by Comment 31.35, the determinant of (31.44) is F;(D)G2(D) whose 
order is exactly the sum of the orders of fF; and G2. (Remember in multi- 
plying differential operators, the orders are added just as if they were 
exponents, for example D?D? = D°.) We have thus shown that for the 
system (31.44) the pair of functions x(t), y(t), if the system is solved first 
for v(t) and then for y(t), will contain the correct number of constants 
(since the pair satisfies each equation identically), and that this number 
equals the order of the determinant of (31.44). But the order of the deter- 
minant of (31.44) is the same as the order of the determinant of the original 
system (31.4) from which it came. We have therefore not only proved 
that a solution of (31.44) will also be a solution of (31.4) and contain the 
correct number of arbitrary constants, but have at the same time proved 
Theorem 31.33. 


If the original system is already in the special form 


(31.45) (a) fi(D)x = hy(t), - 
g2(D)y = hat), 
or in the triangular form 
(31.45) (b) fice == Ny os 
fo(D)x + g2o(D)y = held), 
then the pair of functions z(t), y(t) obtained by solving the system will 
contain the correct number of constants. In solving (b), it is essential to 


obtain x(t) first and then y(¢). If you solve first for y by eliminating x, 
superfluous constants may be introduced. 


Example 31.46. Solve the system 
(a) (D+ I)x =], 
D*y = ezt 


Solution. The general solution of the first equation in (a), by the 
method of Lesson 11B, is 


(b) x(t) = t—1+ ce. 


Lesson 31E AN EQUIVALENT TRIANGULAR SYSTEM 407 


The general solution of the second equation in (a) is 
(c) y(t) = de” + cot + cs. 


You can verify, by Theorem 31.33, that the pair of functions in (b) and 
(c) has the correct number of three constants and is therefore the gencral 
solution of (a). 


Example 31.47. Solve the system 
(a) (3D? + 3D)x =o. 
(P— le 


Solution. The general solution of the first equation in (a), by any 
of the previous methods discussed, is 


(b) a(t) = cy + coe! + 3t? — Ft. 
Hence 
(ec) (D — Ne = —ege' +t — Fy — ce = He 


= —Z — c, — 2ege' + Att — Bt. 
Substituting (c) in the second equation of (a), there results 
(d) Dep 2 — cy — 20 ne 
Integrating (d) twice, we obtain the general solution 


if Cc 9 fe: 
(c) y(t) = C4 + C3l — (; a 1) + an  — St* — 2eoe~™. 


The pair of functions defined in (b) and (ce) is the general solution of (a). 
You ean verify, by Theorem 31.33, that this pair of functions contains the 


correct number of four arbitrary constants. 


Before proceeding to the general system, we consider one more special 


type, namely one in which a coefficient of x or y is a constant. Hence the 


system is of the form 
(31.48) {Oo =r hy Sehy(e), 
fo(D)x + go(D)y = helt). 
ase it will be possible to obtain an equivalent triangular system in 
the following procedure. Retain the equation which contains the 


(31.48) it is the first—and change the second by 
—g2(D)/k and adding it to the second. 


In this ¢ 
one step by 
constant coefficient —in 
multiplying the first by 


Example 31.49. Solve the system 


(a) (3D — ps + 4y = 1, 
pe — DP] Tt — I. 


EEO 
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Solution. Following the procedure outlined above we copy the first 
equation, and obtain a second equation by multiplying the first by D/4 
and adding it to the second. We thus obtain the equivalent triangular 
system 


(b) (3D — l)x + 4y 


t, 


4(3D? + 3D)z 2 @+t-1=t-3% 


I 


The general solution of the second equation in (b), by any of the methods 
previously discussed, is 


(c) a(t) = c, + coe? + Bt? — tt. 
Substituting this value of xz. in the first equation in (b), we obtain 
(d) (3D — 1)(c1 + coe + Ht? — H) + 4y = 1, 
which simplifies to 

Cage = Ree es 
(e) Lari 


The determinant of (a), by (31.36), is 
(3D — 1)(—D) — 4D = —3D? — 3D, 

whose order is two. Note that the pair of functions z(t), y(t) contains the 
correct number of two constants and is therefore the general solution of (a). 

Example 31.5. Solve the system 
(a) (D + 4)z + Dy = 1, 

(D — 2)xr+y = t’ 
Solution. We copy the second equation and obtain a new first equation 


by multiplying the second by —D and adding it to the first. We thus 
obtain the equivalent triangular system 


(b) (—D? + 3D+ 4)z = —2t+1, 
(D— 2r+y = ?#. 


The general solution of the first equation in (b) by any of the methods 
previously discussed is 


= t 
(c) x(t) = cye*! + coe! — 5+ 2 
Substituting (c) in the second equation of (b) gives 
(d) Oe) (cre + cge* — 5+ 2) +y=?, 


y(t) = —2eje=2Qegeueee  — Z. 
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The determinant of (a) is (D + 4) — D(D — 2) = —D?+ 3D +4, 
which is of order two. Note that the pair of functions x(é), y(t) contains 
the correct number of two constants, and is therefore the general solution 
of (@). 


Example 31.51. Solve the system 
(a) (D+ laty=e, 
(Doel Jee ieee. 
Solution. We copy the first equation, and change the second by multi- 


plying the first by —(D — 1) and adding it to the second equation. We 
thus obtain the equivalent system 


(b) (D+ l)he+y =e, 
2x = —(D— le +t=1, r) = 5 


Substituting in the first equation of (b), the value of z as found in the 
second equation, there results 


be 
2 


bol — 


(c) (Dept tyee FO=e= 


The determinant of (a), by (31.36), is (D + 1)(D — De 
De — ies  — ee which is of order zero. Note that the pair 
of functions z(t), y(t) contains this correct number of zero constants, and 
is therefore the general solution of (a). 


We shall now show you a method by which you can reduce a general 


system to an equivalent triangular one. We demonstrate the method by 
an example. Consider the system 


Gie2) (O° =e ae 1)z + (D4 + 3D? + ly = 0, 
(D — 2)x + (D*? — 3)y = 0 


Of the four polynomial operators in (31.52), concentrate on the one of 
lowest order. In the above example it is D — 2. Retain the equation in 
which it appears, multiply the equation by —D? and add it to the first. 


The resulting equivalent system is 
(D? + 2D tale (eR rea een 
(D — 2)z + (D? — 39 = 0. 
Note that by this process, we were able to reduce the order of the co- 


effigient of x in the first’ equation from three to two. The polynomial 


operator of lowest order in this new system is again (D — 2). We threre- 


y 


410 Systems. LINEARIZATION OF First ORDER SYSTEMS Chapter 7 


fore again retain the equation in which it appears, multiply it by —D 
and add it to the first. We thus obtain the equivalent system 


(4D + 1)e + (—D°+ 6D? + 3D + l)y = 0, 
(D — 2)x + (D? — 3)y = 0. 


Note that the order of the coefficient of x in the first equation has been 
reduced from two to one. There are now two polynomial operators with 
the same lowest order. We can retain either one. Because the coefficient 
of D in (D — 2) is one, it will be found easier to retain this equation. 
Multiply it by —4 and add it to the first equation. We thus obtain the 
equivalent system 


9x + (—D® — 4D° + 6D? + 3D + 13)y = 0, 

(D — 2)x + (OP 3)y — 0. 
The system is now of the form (31.48). Therefore, retaining the first equa- 
tion, multiplying it by —(D — 2)/9 and adding it to the second will 

finally give the equivalent triangular system 
07 == (=D? 4D" = GD S80) = 13) 0, 

Di = 
9 


[(* + 4D? — 6p? — sp — 1 2 +p? sly =o. 


In the manner described above, it is always possible to reduce the order 
of the coefficient of one polynomial operator in the system to zero. When 
that point has been reached, the system will be in the form (31.48). One 
more step will then give the required equivalent triangular system. 


Comment 31.53. Use of the above method will always enable you to 
obtain an equivalent triangular system. Use of a little ingenuity may at 
times enable you to obtain it sooner. For example, if the given system is, 
or if in the course of your work, it becomes, 


D x + (D? — 2)y = e’, 
—2D*x + (D+ 3)y = 4t4+ 2, 
then retaining the first, multiplying it by two and adding it to the second 


will give you an equivalent triangular system immediately, even though 
D? is not the polynomial operator of lowest order. 


Example 31.531. Solve the system 


(a) (D+ le+ (D+ ly = 1, 
D*x — Die 
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Solution. Were there are three polynomial operators of the same 
lowest order. It will be found easiest to retain the second and change the 
first by adding the two equations. There results the equivalent system 


(b) (D?+D+)e+ y=t, 
D?x — Dy =t—1. 
The system is now of the form (31.48). We therefore copy the first equa- 


tion and change the second by multiplying the first by D and adding it to 
the second. We thus obtain the equivalent triangular system 


(c) (D?+ D+ 1))¢+y =, 
(CD? Ea = {, 
A general solution of the second equation is 
2 
(d) x(t) = C1 + cnr -b cate‘ + 5 — 2. 


Substituting this value of z(¢) in the first equation of (c), we obtain 
(e) yi) = t= (D? + D+ 1) (« + ee! + cate" ae - 21) 
=t{— (cae — Qese—' + egte' + 1 — coe + ee 
— oo ae +¢—2+0¢,+ Crem “+b Gale + — 2) ) 
yt) = — E 4+ coe! + c3(—e7! + te’) me — 2i — i} 


The determinant of (a), by (31.36), 16 (DF 1)( =D) De (D4 
which is of order three. Note that our pair of functions x(¢), y(t) contains 
the correct number of three constants, and is therefore the general solution 


of fa). 
Example 31.54. Solve the system 


(o (2D — )x+ (D+ 4)y = 1, 
Oi Dy ele 


Solution. Here all four polynomial operators in (a) are of the same 
order one. We can therefore retain either equation of (a). It will, however, 
be found easier to retain the second and change the first by adding the 


second to it. We thus obtain the equivalent system 


(b) Qa la + 4y = i, 
De Dy i =i. 
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The system is now of the form (31.48). We therefore retain the first equation 
and change the second by multiplying the first by D/4 and adding it to 
the second. There results the equivalent triangular system 
(c) (3D —lz+4yp=% 

(3D? + 3D)x = 4t — 3. 


The general solution of the second equation in (c) is 


(d) a(t) = c; + coe! + 24? — 42. 
Substituting this value of x in the first equation of (c), we obtain 
(e) (3D — 1)(c, + ege* + 24? — Zt) —t = —4y, 
which simplifies to 

_ =t fe -, 4 Cima 
(f) UE) = Cee es | oe 


The pair of functions (d) and (f) are the same as those obtained in Ex- 
ample 31.361 by using the standard method of elimination. Note how much 
easier the above method is. Note too that we obtained the correct number 
of two constants immediately. 


Example 31.55. Solve the system 
(a) (D — l)e + (D+ ljy = 0, 
(D + le + (D — Ny = 5. 
Solution. We retain the first equation and change the second by multi- 


plying the first by —1 and adding it to the second. We thus obtain the 
equivalent system 


(b) . (D—1)ex+ (D+ Dy = 
i Ei 


Retain the second equation and change the first by multiplying the second 
by (D+ 1)/2 and adding to the first. There results the equivalent 
triangular system 

D 
(c) 2Dx ad Se = 4 9, 


Qe — y= 5. 


Integrating the first equation in (c), we obtain 


fies pee 
(d) z= 3 tat 2c, wf) = 7gtgte 
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Substituting (d) in the second equation of (c), we obtain 


wee ee me 


These are the same functions obtained in Example 31.37. Note how much 
easier the above method is over the previous one. Note, too, that we ob- 
tained the correct number of one constant immediately. 


Example 31.56. Solve the system 


(a) (D + 3)a + (D+ lhy = @, 
(D+ 1)a+ (D— ljyy=t. 


Solution. We retain the second equation and change the first by multi- 
plying the second by —1 and adding it to the first. We thus obtain the 
equivalent system 


(b) 22 + 2y = e’ —t, 
(D+ 1)e+(D— lhy=t. 
Retain the first equation and change the second by multiplying the first by 
—(D — 1)/2 and adding it to the second. There results the equivalent 
triangular system 
(c) Dy Oy eae |, 
2x = $e — aia 1) od aa, 1), 


From the second equation of (c), we obtain 
(a) x(t) = 4( + 1). 
Subtracting the second equation in (c) from the first, we obtain 


t 
oye ae i os 
(e) 5 2 AS 


These are the same functions x(t), y(t) obtained in Example 31.38. Note 


that by this method we obtained the correct number of zero constants 


immediately. 


LESSON 31F. Degenerate Case. f,(D)g2(D) — gi(D) f(D) = 9. An 
algebraic system of equations may be degenerate. In such cases the system 
will have no solutions or infinitely many solutions. lor example, the 


systems 
(a) 2x + 38y = 5, (b) 22 + 3y = 5, 
or + 8y = 73 da Ge 4 


/ 
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have no solutions. On the other hand, each of the systems 


(c) 2x + 3y = 5, (d) 22 4 37 = 0) 
Ax + Oy = 10; 4x + Oy = 0, 


has infinitely many solutions. Note that in all four examples, the deter- 
minant formed by the coefficients of x and y is zero. Note also that there 
are no solutions, when in trying to eliminate x or y, the right side does not 
also reduce to zero. There are infinitely many solutions when the right 
side reduces to zero. 

Similarly, we call the system of linear differential equations (31.4) de- 
generate whenever its determinant 


fi(D) gi (D) 
fo(D) g2(D) 
is zero. As in the algebraic system, there will be no solutions if, in trying 


to climinate x or y, the right side of the system is not zere; there will be 
infinitely many if the right side is zero. 


= fi(D)g2(D) — gi(P)fo(D) 


Example 31.6. Show that the system 


(a) Dz — Dy = 1, 
ee 


is degenerate. lind the number of solutions it has. 


Solution. By (31.36), the determinant of (a) is —D? — (—D?) = 0. 
Hence the system is degenerate. Since the right side does not reduce to 
zero when we eliminate z or y, it has no solutions. This example corresponds 
to (a) at the bottom of page 413. 


Example 31.61. Show that the system 


(a) JD Sb) — 1p 
4Dx — 4Dy = 4t, 


is degenerate. I*ind the number of solutions it has. 


Solution. The determinant of (a) is —4D? — (—4D*) = 0. Hence 
the system is degenerate. Its right side, however, reduces to zero when 


we eliminate x or y. In this case there are infinitely many solutions of the 
2 


t ’ 

system. I*or example, the pair, x = 5 +c, y = 5cisa solution; the pair 
t ie . 

2: Sie + Ci, 7 = 5 as + cg is a solution. [In either equation, define 

z(t) arbitrarily, and solve for y(t). This pair of functions will also satisfy 

the other equation.] This example corresponds to (c) at top of page. 
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Example 31.7. Show that the system 


(a) (D+ lat (D+ ly = 
(De Sala(Oe)) aee 


is degenerate. Find its solutions. 


| 
Ss 


Solution. The determinant of (a) is 
(b) D+1 D+4+1 
D-1 D-—-1 


=D 0 ae 1D — eet 


Hence the system (a) is degenerate. By (24.21), we can write (a) as 


(c) (D+ 1)@+y) = 0, 
(D — 1)\(a+ y) = 0. 
Let u=x-+y. Therefore (c) becomes (D + 1)u = 0, and (D — 1l)u = 0. 


The solution of the first equation is w = c,e ‘; the solution of the second 
equation is u = cze’. Hence the solution of the system (c) is 


(d) 2 Uo ce and t+y= Gee” 


However, if c, # 0 and cz # 0, then the pair of solutions of (d) is in- 
consistent, i.e., there are no functions 2(¢) and y(t) that will satisfy them 
simultaneously. If however, ¢, = c2 = 0, then the infinitely many func- 
tions, such that 


(e) aty=0 or zt) = =) 
will satisfy the system (c). 
LESSON 31G. Systems of Three Linear Equations. We discuss 
briefly the system of three linear equations: 
(31.71) fi(D)z + gi(D)y + hi(D)z = ke (), 
fo(D)z + go(D)y + ha(D)z = k2(t), 
fg(D)x + g3(D)y + h3(D)z = k(t). 
Its determinant 1s defined as 


(31.72) f\(D) gi(D) h(D) 
fo(D) 92(D) he(D)| = figehs + fogahi + fagihe — figahe 
AOD), oO) as ve 
The method of finding a general solution of the system (31.71) follows 


ne rules outlined previously in solving a two-equation system. The 


he sal . i i 
te of constants in the general solution of (31.71), i.e., in the set of 
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functions x(t), y(t), z(t) satisfying (31.71), as in the case of a two-equation 
system, must equal the order of the determinant (31.72), provided this 
determinant is not zero. 

The usual standard method for solving the system (31.71) is to eliminate 
one of the variables, say z, in the same manner we eliminate this variable 
in an algebraic system of three equations. The system (31.71) can thus 
be reduced to the system 


(31.73) F,(D)xz + G\(D)y = h(?), 
F.(D)xz + Ge(D)y = le(t). 


Finally by eliminating, in the usual manner, one variable from the system 
(31.73), say y, we obtain the single linear equation 


(31.74) F(D)x = k(t), 


which we can solve for x. Substituting this value of x in either equation of 
(31.73) will enable us to solve for y. Substituting both values x and y 
in any one of the equations in (31.71) will enable us to solve for z. Since 
in this process, we usually must multiply by an operator in order to effect 
the desired eliminations, the number of constants in the set of functions 
x(t), y(t), 2(¢) will generally be more than required. We then have to go 
through the tedious process of finding what relationship exists among the 
constants by substituting the three functions x(t), y(t), 2(¢) in either of the 
two equations of (31.71) which were not used to find z(t). Since the three 
functions must satisfy each equation in (31.71) identically, we can thus 
determine from the equation a relationship among the constants, just as 
we did in the two-equation system. 

Fortunately it is always possible, in exactly the same manner described 
for the.two-equation system, to reduce the system (31.71) to an equivalent 
triangular system of the form 


(oer) F,(D)z = when(t), 
F2(D)z + Ge(D)y = ke(t), 
F3(D)x + G@3(D)y + H3(D)(z) = ka(t). 

If solutions are then obtained in the order x(t), y(t), z(t) starting with the 


first equation in (31.75), this set of functions will contain the correct 
number of constants required in the general solution of the system (31.71). 


Example 31.76. Reduce the following system to an equivalent tri- 
angular one and determine the number of arbitrary constants needed in the 
general solution. 


(a) (Det a y— z=1, 
—¢ + (2D-+ l)y - 2z; ale 
22 + 6y + Dz = 0. 
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Solution. Here we can retain any one of the three equations. We 
decide to retarn the first equation and change the second equation by multi- 
plying the first one by 2 and adding it to the second. We change the third 
equation by multiplying the first by D and adding it to the third. There 
results the equivalent system 


(b) (D— 2a = @ =i 
CD beer CD “34 2 ore 
(D? —2D+4+ 2)e+ (D+ 6)y = 1. 


We retain the first and third equations and change the second by multiplying 
the third by —2 and adding it to the second. We thus obtain the equiva- 
lent system 


(c) GD 2) eae y—z=1, 
(—2D? + 6D — 9)x — 9y = 2 — 1, 
(D? — 2D + 2)z + (D + 6)y = i, 


We retain the first and second equations and change the third by multiplying 
the second by (D + 6)/9 and adding it to the third. We thus finally obtain 


the equivalent triangular system 


(d) (D—2)a+ y-2z2=4, 
(—2D? + 6D — 9)x — 9y = 2t — l, 
(—2D? +37 0D —26)e a2? + 5, 


Solving the third equation for x will give three constants. Substituting this 
value of x in the second equation will give an equation in y of order zero. 
Hence the solution y(t) will contain no new constants. Substituting the 
solutions x(t), y(¢) in the first equation will give an equation in 2 that is 
also of order zero and hence the solution z(t) will not contain any new 
We will thus have three arbitrary constants in the set of func- 
tions x(t), y(é), z(t). The determinant of (a), by (31.72), is also of order 
three, and hence only three constants are needed in the general solution 
of (a). We see, therefore, that by using this method the set of functions 
obtained will contam the correct number of constants. 


constants. 


ard method of solution to systems of linear 
equations of order higher than three should now be apparent to you. To 
determine the number of arbitrary constants in the general pon you 
will need to know the order of the determinant of the system. For this 


‘nformation we refer you to any book on determinants and matrices. If, 
yrmé : : ‘ , ‘ 
ce by first reducing 1t to an equivalent tri- 


The extension of the stand 


we \ “ec { system 
ho 4’ wer, rou solv C he ia ; 


f —_—_~~-~— 
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LESSON 31H. Solution of a System of Linear Differential Equa- 
tions with Constant Coefficients by Means of Laplace Transforms. 
A system of linear differential equations with constant coefficients can 
also be solved by means of Laplace transforms. Unlike the operational 
method, however, the Laplace transform method can be used only if initial 
conditions are given and the interval over which the solutions are valid is 
0 St < om». On the other hand, the Laplace method has an advantage 
over the preceding operational one in that it will immediately yield a 
particular solution satisfying given initial conditions without the necessity 
of evaluating arbitrary constants. 

Although we have confined our attention to a system of two differential 
equations with two dependent variables, the extension of the method to 
a larger system will be apparent. 


Example 31.8. Solve the system 
2 
(a) Bi mee ey 


2 
CT aa 


for which 2(0) => 0,2:0) = 1,70) = —1@) == 


Solution. In Laplace notation, we can write (a) as—see Comment 
27.24— 


(b) Lix"(t)] — 4L[x(t)] + Lly’())] = 9, 
—4L[zx'(t)) + Lly’()] + 2L[y()] = 0. 
By (27.33), or directly from (27.29) and (27.31), (b) becomes 
(c) s*Z{x(t)] — 2'(0) — sx(0) — 4L [2] + sLly()] — (0) = 0, 
—4sL{x(t)] + 42(0) + s*L[y(é)] — y’(0) — sy(0) + 2L{y(é)] = 0. 

Inserting the initial conditions in (c) and simplifying the resulting equa- 
tions, we obtain 
(d) (s? — iia] + sL[y] = 1—1=0, 

—4sL[xz] + (s? + 2)L[y] = 2 — s. 
Just as with operators, we now solve (d) as if they were ordinary algebraic 
expressions in L[x] and Lly]. Multiply the first equation in’ (d) by 4s, 
the second by s? — 4, and add the two. The result is 
(e) (st + 2s? — 8)L[y] = —s? + 2s? + 4s — 8. 
Hence 
(f) Ly) = ~S b2s 4s — 8 _ 1 1+v2 SMe, 

(s2 + 4)(s2 — 2) Ole y/2 5 ee s?+4 
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Referring to a table of Laplace transforms, we find that 


(g) (1 + deny — LE V2, 
, | eee 4/2 

ne v2,  1-ve2 1— v2 

( 5) ia, ay 


L[—8 cos 2t] = L{8 sin 2t] = 8 


eo me 

s2 + 22’ Soe 
Therefore, by (f) and (g), 

(h) y(t) = (1 + V2)e7 A +(1— J2)e¥?! — 8 cos 2t + 8 sin 2). 


Again as with operators, two methods are available for finding z(é). 
We can start with (d) again and eliminate y(t) or we can substitute (f) 
in either equation of (d) and solve for L[x(t)]. Using this latter method, 
we obtain by (f) and the first equation in (d) 


Pe ae ee 
(1) (s? — 4)L[z] + s Gee ee — (0 
s(s — 2)°(s + 2) s(s — 2) 


() Lel= Grane De TDe-D @+Oe—D 
ae = 2+ V2 - (s+) ]. 
-2| - ve a2 ee 


Referring to a table of Laplace transforms, we find that 


(k) = ue — /2ye¥2! + (2 + V2)e7¥?* — 4 cos 2¢ — 4 sin 24] 
equals the expression on the extreme right of (j). Therefore, by (j) and (k), 


(1) x(t) = = (2 — V/2)eV%! + (2 + V2)e7¥?! — 4 cos 2 — 4 sin 24]. 


Example 31.81. Solve the system (see Example 31.5) 


d 
ax 
= 9 mle 3 = {”, 
dt nara 


for which 1(0) = 2 and 0) = — 


Solution. In Laplace notation (a) can be written as 


(b) L{.e’] + 4b[2] + ig) = [Al; 


Lx’) — 2042] + Ly) = Lie. 
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By (27.33) or directly from (27.29), (b) becomes 
(c) sL[z@)] = 20) -F 4 Oer silt) = 20) atl), 


sL{x(é)] — 2(0) — 2L[x) + Lly®] = Lit). 
Referring to a table of Laplace transforms, we find that 
= ——— 
(d) 1 2 Ze 3 


Substituting these values and the initial conditions in (c), and simplifying 
the resulting equations, we obtain 


© (s+ 4)L{e()] + sLfy()] = = +1, 


(s — 2)L{e()] + Ly) = 5 +2. 


Multiplying the second equation in (e) by —s and adding it to the first, 
there results 


(f) (s+ 4)L(x) + (<8? + 28)L(e) == +1— 4 — 2s. 
Solving (f) for L[x(t)] gives 


(g) L{x(t)] = 28° — s?7 —s4+2 (s+ 1)(28” — 3s + 2) 


s2(s? — 38s — 4) —s 2(s — 4)(s + 1) 

_ 2s! —3s+2_ 5 1 | ie 

— -g2(s — 4) Bs 2 B(s — 4) 
Referring to a table of Laplace transforms, we find that 

2 | eee Se a 

th) Lg|= 2) L| 5] = 282’ Le jects 
Hence, 
, © care.) Seams beeege 
0) 1/3 st ietia 2 ae aoe 
Therefore by (g) and (i) 
: , eo ae eee 


To find y(t), we substitute (g) in either equation of (e). You can verify that 


(k) y(t) =? —t+ 5 — tpe* 


Nore. These are the same results you would have obtained if you had 
inserted the initial conditions in (c) and (d} of Example 31.5 where we 
solved this same problem by means of operators. Verify it. 
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EXERCISE 31 


Solve each of the following systems of equations. 
— 2 dy 
” dt dt 
dx —) dy 
2. TST = —_—_— = 
dx 2 dy > D 
at a 
de W 
a dt 
a es 
' a dt t 
dx 
” 
dx 3) Gj 
2 ne cried eg! 2 fe 
7 3x + 2e Tear ai 3y sin 2, 
dz, wy 
” ae 
9. 3 4 32+ re eee ey 2 


a] 


d*x ; dx _ 
10. oo 4y = 3sint, = oe! = 20st, 


te ee Oe ee 
16. tty ae ae a 
Verify that each of the following systems 17-20 is degenerate 
(D= d/dt). Find solutions if they exist. 


17. Dr + 2Dy = &, 
Dr + 2Dy = t. 


18. Dr — Dy = ¢; 
8Dx — 3Dy = 3e'. 


19, (D2 — 1)e + (DB Ly = 0. 
(D2 4+ 4ye+ (D2 + 4)y = 9. 


‘fi —————————x 
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20. (D — 2)2-+ (D — 2)y = 
(D=-3)2 42 (D7 3)y — 

21. Reduce the following pe to an equivalent triangular one. How many 
arbitrary constants should the general solution contain? 


CD) bee 3y — z2=1, 
ta De yal 2 
Qe + 39y + (D — 4)z = 0. 
22. Solve each of the following systems of equations. 
(a) (D — 1)z = 0, 
tere) — one = 0) 
—xz-+ y+ (D — 2)z = 0. 
(RCD De = 
32 4 20D {= iy =a 
2y + (2D — 3)z = 0. 
(c) (D nd 2)x = 0, 
See ape FE 2) = 0, 
—2y + (D — 3)z = 0. 
(d) Dz — yt2z=0, 
= ee) aed 
—az+ (D — 1)z = 0. 


Solve each of the following systems of equations by the method of the 
Laplace transform. 


dx 
ORs dt —= y — i 
dy 


dix 
24, a =e, 


d 
4a el reg = 3, 2x(0) = 1, ¥0) = — 
dx , dy 
25, te — Ay = 1, 
d 
z+ — 3y = 1, 2(0) = 2, y(0) = — 
dx dy 
26. ‘dt2 eo} dt = 1 = t 
d dy 
— 9 = 44 2, 20) —0 ee oe 
dt dt 
ANSWERS 31 
lat =t+e, y = coe. 
2.2 = —8e"' +1, y = Ze7' — cy + coe’. 
3. 27) = =F — ci), y = coe. 
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*%o= Pte, y = 3 +t? + 84+ co, 
z = + Bt3 4- (6c) + 4)? + (cr + 4e2)t + cz. 
Br =ete, y = te + ce, + cot—!. 
6. x = cre’ — X(sint+ cost), y = ¢ —1+ coe! 
% z= (2+ ciewn y= sane ee ~ (Oe + 3c)t + 2t-+ ce). 
Oo @ = cytes coe', H — cite’ (ci + coe’. 
9, r = cye/3 + coe" — 6, y = —2c,e/8 — coe—"3 + de! + 9t-4 9. 
10. zx = sint+ c, sin 2t + co cos 2t, 
y = 4cost — 2c; cos 2t + 2co sin 2t-+ cze' + oge'. 
ll. & = cysint + co cost +-cge' + cae~, 
y= (c, — 2Q@p) simaet + (2ea-- sep) cos 1 —wdege’- cae 1-2 {-2. 
12. 2 = cye'+ coe~' + Zte' +1, y = t— 2 — (+ er)e! — 3c2e' — Ble’. 
13. 2 = cye'+ cosiné + cz cost — ps(3 cos 2t + 4 sin 22), 
y = cye'+ (co — cz) sint + (co + cg) cost — x4g(2 cos 2¢ + sin 2t). 
14. 2 = cye7! + coe!/* + Qe! + 2t, 
2 
= —ae'+ > ae 2e' + 5 — t+ c3. 
13. 2 = 5ee72', y = —3ce—*!. 
6.2=t?+:7i-—1, y = —-1. 
17. No solutions. 
18. Infinitely many. Define z(t) arbitrarily and solve for y(é). 
19. Infinitely many; z(t) = —y(t). 


ae: 


. No solutions. 
. One such equivalent triangular system is 


(D — 2)x+ jy —z =, 
(2D — 5)x+ (D+ 9)y — ee 
(D? — 12D + 25)z = —l0t — 2. 
General solution should contain three arbitrary constants. 
3 C) 2 3 
(a) 2 = c1e, eT z= ¢3¢° ——-@ — coe 
= = 3c Po ee ‘ 

are ”, — a oe : ——_ elt am a cgehll?, 
(c) x = 4c10%, y = 8cie*+ deze", 2 = Oe epee ye 


(dina, oc + coe’, y = —C1 +- (cot + es)e', 2 = —e1 + (cat — c2 4+ es)e’. 


.2 = Re'+ te", y= Be — eo ae 


23 
24. 2 = Ise!’ — Zp-/3 — Gt, y = —19e!/3 + Axe—"/3 + 91+ 9 + Hel. 
7 28 2t 2, 3t 1 yg I me ee 
= 12 t 
6. x = 4 _— se a 26 2 
i O Ne t i. 1 
y = —-—e€ aad 3 i 2€ - 9 a 
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LESSON 32. Linearization of First Order Systems. 


Let the x and y components of the velocity of a particle be given by 
dx dy _ 
(32.1) qa ley, Ga = 9am), 


where the functions f(z,y) and g(z,y) are assumed to have continuous 
partial derivatives for all (z,y). This system of two first order equations 
may, in many problems, be difficult to solve. What we do in such cases 
is to find the first three terms of the Taylor series expansion of f(x,y) and 
g(x,y), and then eliminate the parameter ¢ between them. The Taylor 
series expansions of these functions about the point (0,0) are, see Lesson 38, 


(32.11) = = f(x,y) = do + at + Gey + a3x” | Gqay = asy” q-+2:, 


= = g(x,y) = bo + dit + boy + bax” + dary + bsy® + >>. 
Using only the first three terms in each expansion, and dividing the second 
by the first, we obtain 


dy bo + bia + doy | 
on dx ag + ayx + any 


The solution of this equation will give what is called a first approximation 
to the path of the particle.* The equation (32.12) is now of the type with 
linear coefficients discussed in Lesson 8. As commented in 8.26, the result- 
ing implicit solution of (32.12) will frequently be so complicated as to be 
of little practical use in determining the path of the particle. We shall 
now shew how important information as to the character of the particle’s 
motion can often be obtained more easily from the differential equation 
(32.12) itself than from its complicated implicit solution. 

In Lesson 8B, we showed how by a translation of axes, it is always possi- 
ble to transform a differential equation of the form (32.12) with linear 
coefficients (assuming these represent nonparallel lines) to one of the form 
(a,% + b,G) dx + (a2% + b2¥) dy = O with homogeneous coefficients. All 
we need do is to translate the origin to the point of intersection of the two 
nonparallel lines represented by these linear coefficients. Hence we shall 
assume in what follows that this shift of origin has been made. We there- 
fore need consider only equations of the form 


dy _ ax + biy are 


a dx agx + boy’ a2” be 


and dex + boy ¥ 0. 


*It is possible for the first approximation to be very wide of the actual path of the 
particle because the omitted terms are relevant and important. 
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To save writing, we define 


(2.1%) D = aybo — by,az. 
Note that D is the determinant 

a, ob, 

ao be 


whose elements are the coefficients of x and y in (32.13). 

We consider separately each of the cases resulting from different values 
of a;, a2, bi, be. In all cases, dy/dx is meaningless at the origin (0,0). 
Hence, in all cases, no solution will lie on this point. However, every other 
point in the plane is an ordinary point, including points in a neighborhood 
of the origin, no matter how small. Hence, by Definition 5.41, the origin 1s, 
in all cases, a singular point. For convenience, however, we shall say 
“solutions through the origin.” This expression is to be interpreted to mean 
solutions through points in a neighborhood of the origin, but not through the 
origin uself. 


Case 1. a, = bo = O and b; = ag. In this case (32.13) simplifies to 
dy y 
whose solutions are 


(32al'6) y= eee 2 eee) 


It is a family of straight lines through the origin (0,0). Thus for this 
special case, the family of integral curves of (32.13) is easily drawn. 


Caec 2. b, = —aye. In this case, (32.13) becomes 


dy _ Q\x — Gy 


(3217) a ee 
Its solution by the method of Lesson 7B, is 
(32.18) a,x? — 2aery — bot 


Sinee), — Ga, we obtain by (32.14), 


(32.181) D = aybz + a2’, 
which is also the discriminant of the quadratic equation (32.18). 


Fron analytic geometry we know the following. 


1 MD < Ownd c 0, (32.18) is a family of ellipses with center at the 
ignite = 6, only the point (0,0) satisies the equation. But the 


A 
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point (0,0) is excluded since, by (32.17), dy/dx is meaningless there. 
Hence the family of integral curves of (32.13) will resemble those 
shown in Fig. 32.19(a). 


Figure 32.19 


2. If D > Oandc # 0, (32.18) is a family of hyperbolas with center at 
the origin; if c = 0, (82.18) degenerates into two straight lines through 
the origin which are the asymptotes of the family of hyperbolas. Hence 
the family of integral curves of (32.13) will resemble those shown in 
Fig. 32.19(b). 


Tor this special Case 2, therefore, the family of integral curves of 
(32.13) can also be easily drawn. 


Case 3. General case, aybp ¥ ab, with no other restrictions placed on 
@1, Qo, bi, be. Let P(x,y) be a point on an integral curve of (32.13), 


Figure 32.2 
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Fig. 32.2(a). The slope of the tangent line CP to the curve is therefore y’. 
Assume this line does not go through the origin O. Draw OB parallel to 
CP. Its slope is also y’. From Fig. 32.2(a), we see that (tan £AOB = 
y’ = AB/x; therefore AB = zy’) 


(32.21) OC = AP — AB=y— zy’. 


If therefore OC lies above the z axis, then y — zy’ > 0. Further we know 
from the calculus that if y’” > 0 at a point P of a curve, then the curve 
in a neighborhood of P is concave upward and a tangent at P hes below 
the curve. We have thus proved that if at a point P(a,y) on an integral 
curve, y’’ > 0 and y — zy’ > 9, then the tangent line at P separates 
curve and origin in a neighborhood of P. 

A similar conclusion can be proved if y” < 0 and y — ry’ < 0, see 
Fig. 32.2(b). 

If, however, y and y — ty’ have different signs at P(x,y), then origin 
and an integral curve near P will lie on the same side of the tangent line 
at P. For example, in Fig. 32.2(a), draw at P an integral curve which is 
concave downward so that y” < 0. 

By differentiation of our original differential equation (32.13), we obtain 
after simplification, 


MW ab mm aby eis in 
(e222) Yee eae GG — 21 )- 


By (32.13), the denominator of the fraction in (32.22) is not equal to zero. 
Hence it is always positive since it is squared. Its numerator by (32.14) 
is D. If therefore 


(329221) D> 0.) nd = ty’) have the same sign, 
D <0 77 andi ty’) have opposite signs. 


Because of (32.221) and the remarks after (32.21), we can now assert 
the following. 


Conimient,32.23. If y — cy’ ~ 0,ic., if the tangent line at a point 
P of an integral curve of (32.13) does not go through the origin, and if 
D of (32.14) > 9, then curve and origin, in a neighborhood of P, are 
the tangent at P; if D < 0, then curve and origin, in a 


separated by ; 
P, lie on the same side of the tangent at P. 


neighborhood of 


If the tangent at a point P of an integral curve of (32.13) goes through 
the origin, then it is evident from I'ig. 32.2(a) or (b), that OC = jee 
therefore by (82.21), that y — xy’ = 0. This means that if (32.13) has 
rectilinear solutions (i.e., straight line solutions) through the origin, these 
solutions must satisfy the equation y — zy’ = 0. Vor example, the straight 
line solutions through the origin which we found in Case 1, namely y = cz, 


Sees —— = —_— = an 
satisfy this requirement. For then y = ¢ and y xy = Cx zc = 0. 


y, 
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The question we now ask is the following. Are there, for the general 
case, rectilinear solutions of (32.13) which go through the origin? The 
answer is: all those solutions which satisfy the equation y — zy’ = 0. 
From (32.13) we find, after simplification, 


boy” + (a2 — di)ey — ax” 


(32.231) y— zy’ = ae 


Hence the locus of those points (x,y) which will make the numerator of 
(32.231) zero will make y — xy’ = 0. Such loci will then be rectilinear 
solutions of (32.13). To find them, we set 


(32.24) boy? + (ag — bi)zy — ax? = 0. 

Let us call A the discriminant of (32.24). Then 

(32.25) A = (az — bi)? + 4a,b2 = ao? — 2aeb, + d,? + 404d, 
= do” + 2aod, + b,7 — 4aobd, + 4a)b2 

(a2 + b1)? + 4(a,b2 — agby). 

By (32.14), we can write (32.25) as 

(32.26) A = (a2 + b,)? + 4D. 


From algebra, we know that if 


(62-20) (a) A > O, then (32.24) will have two real, distinct factors, say 
(az + by)(cx + dy) = 0, 
0, then (32.24) will have one real repeated factor, 


I 


(b) A 
(c) A < 0, then (32.24) has only imaginary factors. 


In case (a), there will thus be two rectilinear integral curves of (32.13) 
through the origin. These two lines will separate the plane into four regions 
in which all other integral curves of (32.13), for which y — xy’ ¥ 0, will 
he. 

In case (b), there will be only one rectilinear integral curve through the 
origin. This line will divide the plane into two regions in which all other 
integral curves of (32.13), for which y — zy’ ¥ 0, will lie. 

In case (c), there will be no real rectilinear solution of (32.13). 


By (32.26), we note further that when D > 0, Ais also > 0. But when 
D < 0, 4 may take on any of the three values in (32.27). We have then 
four possibilities to consider in the general Case 3: one when D > 0; 
three when D < 0. 


Case 3-1. D of (82.14) > 0, [and therefore A of (82.26) > O]. (Nore. 
If D > Oand also b} = —a@g, then the special Case 2 applies; see 2 after 
(32.181) of that case.] lor this Case 3-1 we know from the remarks above, 
that (32.13) has two rectilinear solutions, each of which is a factor of 
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(32.24). All points on these two lines will make y — zy’ = 0. All other 
integral curves for which y — xy’ # 0, will lic in the four regions made by 
the two rectilinear solutions. And since D > 0, we know by Comment 
32.23, that a tangent line drawn at any point of an integral curve will sepa- 
rate curve and origin. The integral curves will thus have the gencral 
appearance of those shown in Fig. 32.281. The rectilinear solutions are 
asymptotes of the integral curves. The origin itself, however, is a singular 
point. The curves, while not hyperbolas, will have their general appear- 
ance. 


Example 32.28. Discuss, without solving the equation, the character 
of the solutions of 


4x — y 

' — e 

(a) y 20 ee 
Solution. Comparing (a) with (32.13), we see that a, = 4,6, = —1, 


a= "ob 1 By G24), D— 4 oe Hence this Case 3-1 
applies. There should therefore be, and as we shall now show, there are 
two factors of (32.24) each of which is a rectilinear solution of (a). Sub- 
stituting in (32.24) the above values of a1, Qa, by, be, we obtain 


(b) y? + 3cy — 40? = 0, (y+ 4z)(y — 2) = 0. 
Hence the two rectilinear solutions of (a) are 


(c) y + 4x = 0, y—x= 0. 


PA(0,0) X 


Figure 32.281 
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[Verify that the functions defined in (c) are solutions of (a).] They are 
shown in heavy lines in Fig. 32.281. Note that a tangent drawn at a point 
of a nonrectilinear integral curve separates curve and origin. 


Case 3-2. D of (32.14) < 0. [Note. If D < 0 and also b} = —azg, 
then the special Case 2 applies; see 1 after (32.181) of that case.] For this 
Case 3-2, as remarked earlier, A of (32.26) may take on any of the three 
values in (32.27). We shall therefore need to consider each of these three 
possibilities separately. Before doing so, however, it will be necessary for 
us to have additional information. We therefore digress momentarily in 
order to obtain this information. 

The family of solutions of (32.13) has slope y’. Let y,;’ be the slope of 
an isogonal trajectory family which cuts this given family in a positive a, 
measured counter clockwise from y’ to y,’, Fig. 32.3. 


y' =slope of given family 


y; =slope of isogonal 
trajectory family 


Figure 32.3 


By a formula in analytic geometry, therefore, 
1 ee 
32.0) tana = ———— - 
( ) “TA yyy! 
Solving (32.31) for y’, we obtain 


fares yy" — vider 


Replacing y’ in (32.32) by its value as given in (32.13), there results 
Yi — tone 8 a by 

1+ (tana)y;’ aer + bey 

The solution of (32.33) for yy’ is 


,. (Gotan a “oye (Op tan a0) )y 
~ (@g — a, tan a)z + (bo — 6b, tan ay’ 


which has the same form as (32.13). We have thus proved that the differ- 
ential equation of a family of isogonal trajectories, making an <a@ with 
the given family of solutions of (32.13), has the same form as (32.13). 


(32.33) 
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The determinant D;, whose elements are the coefficients of x and y in 
(32.24), is 


(32.35) 


Dr = (aq tan a + a,)(bo — b; tana) — (be tan a + bi)(a2g — a tan a) 
= (abo — aob,)(tan?a + 1) = D(tan?a +1) = D sec? a, 


where D is given by (32.14). Since sec? a > 0, we see from (32.35) that 
D,; and D have the same sign. 

By Case 2, the family of solutions of (32.34), which remember is an 
isogonal family of trajectories of the family of solutions of (32.13), will be 
ellipses or hyperbolas with center at the origin if 


(32.36) bo tana + b; = —(a2q — a, tana), 
| eal 

= mer 
(G2) tan a = es 


They are, by Case 2, ellipses if D; < 0 or equivalently, as noted above, 
i) 


Comment 32.371. We have thus proved that if D < 0 and a is an 
angle which satisfies (32.37), then the family of isogonal trajectories which 
cuts the family of integral curves of (32.13) in this angle a, measured from 
the integral family counterclockwise to the isogonal trajectory family, is 
a family of ellipses with center at the origin. If a # 0, each integral curve 
will therefore approach the origin in one direction and recede infinitely in 
the other direction. The origin itself is a singular pomt. Ifo = 0, then the 
isogonal trajectory family coincides with the integral family and the 
integral family is thus also a family of ellipses as in Case 2. [Note that if 
a = 0, then tan a = 0 and by (32.37), ag = —b, as in Case 2.] 


We are now ready to examine each of the three possibilities under 
Case 3-2. 


Case 3-2(a). D of (82.14) < 0 and A of (32.26) > 0. In this case, 
there will be, by (32.27)(a), two rectilinear solutions of (32.13) through the 
origin. These lines will separate the plane into four regions. For a non- 
rectilinear integral curve of (32.13), we now know the following facts. 


1. It cannot cross either of the rectilinear solutions. 

2, By Comment 32.23, origin and integral curve, in a neighborhood of a 
point ? on it, lie on the same side of the tangent at a. 

3 Ifaisan angle which satisfies (32.37), then the family of isogonal tra- 


jectories cutting the integral family of (32.13) in this angle a, measured 


y, 
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from the integral family counterclockwise to the isogonal trajectory 
family, is a family of ellipses, with center at the origin, satisfying (32.34). 


In addition, it has been proved 
that 


4. An integral curve will approach 
the origin in a direction tangent 
to one of the rectilinear solu- 
tions; see Exercise 32,12. 

5. A radius vector to a point P 
moving along an integral curve 
away from the origin will ap- 
proach coincidence with the sec- 
ond rectilinear solution. 


(0,0) 


Figure 32.38 


The graphs of the integral curves will therefore resemble those shown in 
Fig. 32.38. The two heavy lines are the rectilinear solutions. 


Example 32.39. Discuss, without solving, the character of the solu- 
tions of 
a ia 20 + 4y_ 


L— Y 


Solution. Comparing (a) with (32.13), we see that a; = 2, b; = 4, 
a= of =1. BY@2.14), Db — —2= "br Oand by (32226) 
A= (1+ 4)? +4D = 25 —24=1>0. Hence this Case 3-2(a) 
applies. Since A > 0, there should be, and as we shall now show, there 
are two rectilinear solutions of (a), each of which is a factor of (32.24). 
Substituting in (32.24) the values of a), bi, G2, be, we obtain 


(b) y? + 32y + 22? = 0, (y + 2x)\(y +2) = 0. 


Each of the lines y + 24 = Oand y + x = Oare solutions of (a). (Verify 
it.) They are shown in heavy lines in Fig. 32.391. All other integral 
curves must lie inside the four regions formed by these two lines. 

From (32.37), we find tana = 5/3, so that a is approximately 59°. 
With this value of tan a, (32.34) becomes 


reo Ge ae ee Bey 
(hae aS Sy) Si aay a — ey 


which has, as it should, the same form as (32.17). Hence by (32.18), its 
solution is 


(c) liz? + 1l4zry + 23y? = ce. 


Y1 
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A rotation of the axes through an angle of approximately 65°18’ will 
eliminate the zy term and (c) will become, approximately, 


(d) Pi + 85° = '¢. 


which represents, as it also should, a family of ellipses. Some of these 
ellipses are shown in Fig. 32.391. Each nonrectilinear integral curve of 


Figure 32.391 


(a) will cut this family at the constant angle a = 59°, measured counter- 
clockwise from the integral curve to the ellipse. We have shown a part of 
one such integral curve in the figure. 


Case 3-2(b). D of (32.14) < 0 and A of (32.26) = 0. In this case, 
there will be, by 32.27(b), only one rectilinear integral curve through the 
origin. This hne will separate the plane into two regions. The same com- 
ments we made in the previous lesson in regard to a nonrectilinear integral 
curve will apply here. These are: 


1. It cannot cross the rectilinear solution. 

2. By Comment 32.23, the origin and each integral curve in a neighbor- 
hood of a point P on it, ie on the same side of the tangent at P. 

3 If a is an angle which satisfes (32.37), then the family of isogonal 
trajectories cutting the given family of solutions of (32.13) in this angle 
a, measured from the integral family counterclockwise to the trajectory 
family, is a family of ellipses, with center at the origin, satisfying 
(32.34). 

4. An integral curve will approach the origin in a direction tangent to the 
rectilinear solution; see [exercise 32,13. 

5, A radius vector drawn to a pomt P moving along the integral curve 
away from the origin will approach coincidence with the rectilinear 


solution. 
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The graphs of the integral curves will thus resemble those shown in 
Fig. 32.4. 


Figure 32.4 


Example 32.41. Discuss, without solving, the character of the solu- 
tions of 


ee Saale 
(a) a 
Solution. Comparing (a) with (32.13), we see that a; = 1, by = 3, 
ag = l, bo le By GZ.14), D=-1-—-3 <0. By (32226) —— 


(4)? + 4(—4) = 0. Hence this Case 3-2(b) applies. There should be, 
and as we shall now show, there is, only one rectilinear solution of (a). 
Substituting in (32.24) the values of ay, d2, bi, be give above, we obtain 


(b) 0 20) oe 0a) — 0: 


Hence the line y = —z is the only rectilinear solution of (a). We have 
left it to you as an exercise, to find the trajectory family of ellipses as we 
did in Example 32.39, and the angle a of (32.37) which each integral curve 
makes with these ellipses. Draw some of these ellipses and an integral 
curve. Its graph should resemble a curve of Fig. 32.4. 


Case 3-2(c). D of (82.14) < 0, A of (82.26) < 0. In this case by 
(32.27) (c), there are no rectilinear solutions of (32.13). And if ais an angle 
satisfying (32.37), then by Comment 32.371, the family of isogonal trajec- 
tories which cuts the given family of solutions of (32.13) in this angle « 
measured from the integral family counterclockwise to the trajectory family, 
is a family of ellipses with center at the origin. If therefore a = 0, the 
family of solutions of the original equation (32.13) coincides with the tra- 
jectory family and thus are also ellipses with center at the origin. Hence 
if a = O, every integral curve encircles the origin. 

If, however, a ¥ O, then each integral curve of (32.13) will cut the isog- 
onal trajectory family of ellipses, which are integral curves of (32.34), in 
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this constant angle a. We shall now prove for this Case 3-2(c), that when 
a ~ QO, an integral curve will also encircle the origin. 
The equation of the family of straight lines through the origin is 


(a) 7, =a iy =n: 


Replacing m in the second equation of (a) by its value y/z obtained 
from the first equation, we have 


Let 6 be the angle of intersection of a line of (a) and an integral curve of 
(32.13), measured from the integral curve to the line, Fig. 32.42. Then, 
by a formula in analytic geometry, 


b 25 
y _ ax + Oy (4) + @ — oy b— a 


(es en, je ee 
al y Gan -- bay 2 
Lees eee, 6, (4) + (a1 + be) 2+ a 


By (b) we can write (c) as 


bom” + (a2 — bi)m — ay 


ch a bym? + (a, + b2)m + ag 


Figure 32.42 


An integral curve of (32.13), therefore, cuts each line of (a) at the angle 6 
given by (ie itor each line of (a), there is a distinct m and therefore by 
(d), a definite angle 6.) The numerator of (d) is 


(e) bom? + (az — bi)m — ay. 
Its discriminant is 


(f) 


which is exactly the s 
Since by our assumption 


(a2 mae b,)? + 4aybo, 


ame as the discriminant A of (32.24) [see (32.25)]. 
for this Case 3-2(c), A < 0, it follows that the 


A ee 
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expression in (f) is less than zero. Hence, as noted in (32.27)(c), there are 
no real values of m which will make (e) zero. Since (e) is the numerator 
of (d), this means that the angle @ in (d) is never equal to zero. An integral 
curve of (32.13), since it cuts every 
straight line through the origin at 
an angle 6 ~ O, must therefore en- 
circle the origin. 
Hence in both cases, « = 0 and 
a =~ 0, an integral curve of (32.13) 
will go completely around the origin. 
In the first case, it will enclose the 
origin in the form of an ellipse as in 
Fig. 32.19(a); in the second case in 


(a) (b) the form of spirals as shown in Fig. 
32.43(a) and (b). In both cases the 
Figure 32.43 origin is a Singular point. 


Example 32.44, Discuss, without solving, the character of the solu- 
tions of 
dy _ 2x —ytl 
(a) dx te 


(Notr. This equation was solved in Example 8.25. Its implicit solution 
can be found there.) 


Solution. A translation of the axes so that the origin is at (—4, 4), 
see Example 8.25, transforms (a) to the form 


Cte ct tae 
UB) : dx x+y 
Comparing (b) with (32.13), we see that a, = —2, b; = 1, ag = 1, 


Doe — 1: Yourcanwvermly thameo or (214) < Osancd A of (32:26) <0. 
Hence this Case 3-2(c) applies. By (32.37) 


© tana = —%,a = —33°41’. 
With this value of tan a, (382.34) becomes 


ee a i Se 


d — 
. ae (Peel we —e + by 


Its solution by (32.18) is 


(e) Sa? — Qay + 5y? = c. 
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You can verify that (e) has, as it should, only imaginary factors. A rota- 
tion of the axes through an angle 
of approximately 73°10’ will trans- 
form (e) to 


(f) 4.722 + 8.39? = c, 


which represents a family of ellipses. 
A few of these ellipses are shown m 
Fig. 32.45. Each integral curve must 
cut each ellipse at the constant angle 
—33°41’, measured from integral 
curve to ellipse. We have also shown 
in this figure part of one such inte- 
gral curve. 


Figure 32.45 


Comment 32.46. Position of the Particle as a Function of Time. 
In the above discussions of the path of a particle, we eliminated the im- 
portant element of time. Hence, although we have shown the general 
appearance of the path, in the absence of an equation connecting the posi- 
tion of the particle with time, we cannot know where the particle is at any 
instant. To obtain this information, we must change equation (32.13) 
back to the system from which it came, namely 


d 
(32.47) a age thy, P= ae + by, 


and then solve it by the methods of Lesson 31E. In operator notation, we 
ean write (32.47) as 
(32.48) (D — az)x — boy = 0, 
=a + (D bay )aee 0. 
Following the method outlined in Lesson 311, we retain the first equation 


and change the second by multiplying the first by (D — b;)/b2 and adding 
it to the second. There results the equivalent triangular system 


(32.49) (D —aaje — boy — 0; 
[? = bi)(D = a2) _ as nt 
2 


The second equation in (32.49) reduces to 


(32.5) [D2 — (az + b1)D + aebi — ayba|e = 0. 


The characteristic equation of (32.5) is 


m2 — (@2 + bi)m + dob, — a,;bo = 0, 
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whose roots are 


SG ee 
(32.52) = Boe 
= a2 ae by = (ae ae nes + 4aybe 
m2>= SS : 
Hence the solution of (32.5) is 
(62753) = ce"! ee 


where m, and mz have the values given in (32.52). Note that the char- 

acter of the roots m, and mg, and therefore the solution x, depends on 

whether the discriminant (ag — b,)* + 4a bg is positive, zero, or negative. 
Substituting this value of x in the first equation in (32.48), we obtain 


(32.54) bey = (D — ag)(cye™!* + cge™?') 
smn cre een aceel? = ageqe?™ —wageye™ 


+. ¢9(me — ay)e 


my, mot 


=> ci(m, —=3 ao)e 
Hence 
(32.55) = * [cr(m — age’ + co(me — ag)e™'). 

2 

By Theorem 31.33, the pair of functions x(t), y(t) as given in (32.53) and 
(32.55), have the correct number of two arbitrary constants. The value of 
the constants c; and cg will depend on the position of the particle att = 0. 
The solutions x(t), y(t) of (32.53) and (32.55) will then give the position of 
the particle at later times ¢, see, for example, ixercise 32,11. 


EXERCISE 32 


Discuss without solving the character of the solution of each of the fol- 
lowing differential equations. (I°irst determine to which of the different 
cases each belongs.) Draw rectilinear solutions where these exist. Draw 
a rough graph of an integral curve. 


"dx «r—1 “dx Qe+y 
9 4y _ = — 38y a 2a 
“dx 38a+y "dr arty 
dy eo a 
3. = ——_—_ Neg 
ay 3 07 iS ay) 
dy eps Ty dj = —¥% 
A ee a eee Qe. ee 
dx 2 dx oa 
5 Wy ey 10 os 


de 3+ y i: Gee 
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11. Assume the original system from which the equation of problem 4 above 


came is 
dx dy 
=o se 
dt x + y; dx zt ++ Y) 


and that the initial conditions are z(0) = 1, y(0) = 2. Find the parametric 
equations of the path and the values of z and y when é = 1. 

12. Prove statement 4 of Case 3-2(a). Hint. Follow the proof given in 
Case 3-2(c). 

13. Prove statement 4 of Case 3-2(b). Hint. Follow the proof given in 
Case 3-2(c). 


ANSWERS 32 


l. Geee 1. 2. Case 2; family of hyperbolas. 

3. Case 2; family of ellipses. 4. Case 3-l; y = 42, y = —2. 

5. Gase 3-2(a);y = 0.732, y = —2.73x. 

Ge OtwerS-leey = 1.82, y = —2.3x. 

7. Case 3-2(c). 8. Case 3-2(b); y = 2. 9. Case 2; family of ellipses. 


10. Case 2; family of hyperbolas. 
11. x(t) = 2e73! + Be, y(t) = —ZeF* + 1267! gy = 4.45, y = 17.71. 


Chapter $ 


Problems Giving Rise to Systems 
of Equations. Special Types of Second 
Order Linear and Nonlinear Equations 
Solvable by Reduction to Systems 


LESSON 33. Mechanical, Biological, Electrical Problems 
Giving Rise to Systems of Equations. 


LESSON 33A. A Mechanical Problem—Coupled Springs. Two 
masses m, and me rest on a frictionless, horizontal table. They are con- 
nected to each other and to two fixed supports by three unstretched 
springs S;, Se, S3 with respective spring constants k,, ke, k3, Fig. 33.1(a). 


(a) 4 
ky kg 
O, = equilibrium O, = equilibrium 
: position of m, | position of m, 
| 
| | 
| | 
| 
(b) + 


Figure 33.1 


[lor the meaning of a spring constant, see (28.61).] The masses can be 
displaced from their equilibrium position by holding, for example, my, 
moving ma to the right and then releasing both. Figures 33.1(a) and (b) 
show the position of the two masses before and after a displacement. We 
wish to find the equation of motion of each mass. 

440 
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Denote by O, the position of m, and by Og the position of m2, when 
the system is at rest. Let x, be the displacement of m, from its equi- 
librium or rest position O,, and x2 the displacement of m2 from its equi- 
librium position Og, at time ¢. Hence when my, is at 2; and mz is at Xo, 
Fig. 33.1(b), spring S; has been clongated a distance x, from its equi- 
librium position and spring Sg has been clongated a distance rg — 21 
from its equilibrium position. For example, if 2; = 1 foot and a2 = 3 feet, 
then spring Sz has been clongated only 4% foot, i.c., a distance x2 — 21. 
Therefore the restoring forces acting on m,, with the positive direction to 
the right, are two in number. 


1. A spring force due to S; acting to the left. By Hooke’s law, which 
you will find in Example A of Lesson 28C, this force is —Ay2). 

9. A spring force due to S2 acting to the right. By Hooke’s law, this 
foree is ko(x2 — 21). (Remember the spring S> wants to restore itself 
to its original size and will therefore pull on m), to the right and on 


ma to the left.) 


Hence the differential equation of motion of m, is 


d?x ee ee 
@3.11) mia = —kyxy + ko(t2 — %4). 


A similar analysis shows that the restoring forces acting on mg are 
two in number. 
1. A spring force due to S» acting to the left. By Hooke’s law, this force 
iss (@2 — 11). 
2. A spring force due to S3 acting to the left. Remember S3 has been 
squeezed a distance x» and it wants to restore itself to its original size. 
Therefore, by Hooke’s law, this force is —h3.te. 


Hence the differential equation of motion of mg 1s 


ie 
(oo) me 3 = —ko(re — 11) — K3Xe. 


, of the system of linear differential equations (33.11) and 


The solution , . 
e the equations of motion x(t) and xo(t) of the coupled 


(33.111) will viv equation 
springs diagrammed in Ig. ale | Pee 

If, in addition to the spring hoe a forcing function /y(¢) 1s attached 
to m, and a forcing function /2(t) Is attached to my as shown in Ig. 


23 121, then the pair of equations (33.11) and (33.111) becomes 


2. 
(33.12) ca aa Km 4 ket Ree ne) 


Oa. , 
Mle oa + Kegce + heo(Xo na “25)) awl o(t). 
dt? 


Je —SS ss 
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my, Mo 


Fas. jaar 


Si 


O,; O, 


Figure 33.12] 


And if we assume that because of friction or because the system is 


: ‘ 3 : ‘ ax, ; 

immersed in a medium, there is a damping force r; a acting on m, and 
dx 

a damping force re nt acting on m2 then the system (33.12) becomes 


a”: 
(33.122) on ao a] ae ot +4 kyr, + ko(z1 — re) = Fi (0), 


d7x5 


d 
M2 oe as k3tq + ke(re — 21) = Fo(t). 


If all spring constants have the same value k, then (33.122) simplifies 
to the linear system 


d” d 

(3ou3)) my = + Ty ae a 2kx a hag = F,(¢), 
qd? d 

Mo = a eer ae + 2krg — kr, = Fo(t). 


In operator notation, we can write (33.13) as 
(33.14) (m,D? + r,D + 2k)x4 = kxe => F(t), 
—ka, + (m_D? + reD + 2k)x9 F(t). 


We can eliminate x2 by multiplying the first equation of (33.14) by 
(m2D? + r2D + 2k), the second by k and adding the two. We thus 
obtain 


(33.15) {m,m2D* SIMU 2 = mar 1)D°* = [ney any + m2))]D? 
+ [2k(r, +72)|D + 3k7}a, = (moD? + r2D + 2k) F(t) + kF2(8), 


an equation which is now linear in 2;. Its general solution can be ob- 
tained by the usual methods outlined in previous lessons. When x; has 
been determined, the general solution for x2 can be obtained from the 
first equation in (33.14). Note that the general solution of (33.15) for 
x,(t) will contain four constants. Substituting this value of 2,(t) in the 
first equation of (33.14) and solving it for xe(t) will add no new constants. 
By Theorem 31.33, the correct number of constants required in the gen- 
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eral solution of the system (33.15) is four. Hence the pair of functions 
+ (t), 2(t) will contain the correct number of constants. 


Comment 33.16. The characteristic equation of the left side of 
(33.15) set equal to zero is of the fourth degree. Hence, as we remarked 
in Comment 18.26, these roots may not be easy to find, especially if they 
are imaginary. Remember these roots are needed in order to write the 
complementary function y, of the general solution of (33.15). If however 
m, = mo, i.e., if both masses are the same, andr; = 72, then the elimina- 
tion of re in (33.14) will result in 


(33.17) [(m,D? + 11D + 2k)? — kx, 
= (m,D? + 71D + 2k)Fy(t) + kF (0). 


But now if we set the left side equal to zero, its characteristic equation is 
(mym? + rym + 2k)?—k? = 0 which factors into 


(33.18) (mim? + rym + k)(mym? + rym + 3k) = 0. 


Its roots can thus be readily obtained by setting each factor equal to zero. 


Comment 33.19. If the forcing functions F(t) and F2(¢) are iden- 
tically zero and if r; 2 0,72 2 0, then as we showed in Lessons 28A 
and 29A, the motion of the system is stable. If the forcing functions are 
not identically zero, then the motion is much more complicated and a 
breakdown of the system may occur if the phenomenon of resonance is 
present, see Exercise 33A,1(b). (If you have forgotten the meaning of 
resonance, reread Lessons 28D and 29B.) 


EXERCISE 33A 


1. (a) Solve the system (33.13) if m: = me = m; 7) = r2 = 0; rio) = 
Fo(t) = 9. 

(b) The system in (a) has two frequencies. These are called normal 
frequencies. (In simple harmonic motion, a system had only one 
natural frequency.) Find the normal frequencies of (a). Resonance 
occurs if a forcing function, impressed on the system, has either of 
these normal frequencies. 

(c) Find the solution if at £ = 0, me is held fixed and mj, is moved to the 
right A units and released. Hint. Initial conditions are = 0,271 = A, 
to = 0, dxi/dt = 0, dx2/dt = 0. 

9. (a) Solve the system given by equations (33.11) and (33.111) if mi: = 1, 
mo = 2,k) = 1, ke = 2,k3 = 3. 
(b) What are its normal frequencies? 


3. If you write the system of problem 1 (a) in operator notation, you will obtain 
() (mD*® + 2k)r1 — kx2 = 9, —kzxr, + (mD* + 2k)re = 0. 


Since each differential equation of the system is linear, it is reasonable to 
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(b) 


(@ 


(d) 


~] 


assume that its solutions will have the form 
ty = ces co soe. 
Show that the substitution of (b) in (a) yields the svstem 
(mw? + 2k)c, — keg = 0, —ke,; + (mw? + 2k)co = 0. 


Note that (c) is obtainable from (a) by replacing D by w, x1 by c1, ze by ce. 
The system (c) will have nontrivial solutions for c1 and ce (i.e., solutions 
other than cy = 0, co = 0) only if the determinant 


mo Qk Hs 
—k mw + 2k 


see Theorem 63.42. Expand the determinant and solve the resulting equa- 
tion, called the characteristic equation, for w. Note that the imaginary 
part of the solution for w is the same as the normal frequencies found in 
l(b). You will have thus proved that the imaginary part of the solution 
of w, where w is obtained by the process outlined above, will give the normal 
frequencies of the system. 


— 0, 


. Use the method outlined in problem 3 to find the normal frequencies of the 


system of problem 2. What is the determinant? Compare with answer to 
2(b). 


. (a) Show that when 2; = ze, the system of coupled springs solved in 


problem 1(a) has only the one normal frequency Vk/m rad/unit time; 
that when z1 = —ve2, it has only the one normal frequency V3k/m 
rad/unit time. 

(b) Show that if the initial conditions are so chosen that cz = ca = 0 in 
the answer to problem 1(a), then 21 = x2 and the system will vibrate 
with only the one normal frequency Vk/m; if chosen so that cy = 
co = 0, then x} = —ZzZe2 and the system will vibrate with only the one 
normal frequency V3k/m. 

(c) Let y; = 21 + x2 and ye = 21 — xe. Show that the solution of 1(a) 
becomes respectively 


C, sin Vk/mt+ Co cos Vk/m i. 
y2 C3 sin V 3k/mt + C4 cos V 3k/m t. 


Note that each equation has only one normal frequency. The first 
equation (where y; = 21 + 22) corresponds to a motion where the two 
masses move in coordination to the left and to the right with the same 
amplitude; the second equation (where y; = x1 — 22) corresponds to a 
motion where the two masses move in opposite directions with the same 
amplitude. These new coordinates y; and y2 which replace 2; and zz 
are called normal coordinates. They are useful in simplifying certain 
problems in the theory of vibrations. 


Y1 


. (a) Solvetthe sxstem (3.13) 119] ="eae"— 2,8 = 32771 = to = 0 and 


P(t) = Pott) = ees t. 
(b) In (a), replace /’;(t) and Fo(t) by 4 cos wt. What values of w will produce 
resonance? 


. Two masses m, and mg are connected by two springs S; and Sg with respec- 


tive spring constants k; and ke as shown in Fig. 33.191. After the system is 
brought to rest, the masses are displaced from their equilibrium position. 
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a1: 


(a) 01 


Assume no damping forces and no forcing functions. 

(a) Find the differential equations of motion of the system. 

(b) Find the equations of motion of the system if k} = ke = k and m, = 
mo = mM. 

(c) What are the normal frequencies of the 


system? 
Sy k, 


. Find the normal frequencies of the system 


of problem 7 by means of the method out- x,=0, equilibrium 
lined in problem 3. What is the determi- ie position of m, 
nant? Compare with answer to 7(c). 


. (a) Use the method outlined in problem 3 *? ko 
to find the normal frequencies of the x5 =0, equilibrium 
system shown in Fig. 33.191, i.e., with Oe position of m, 
m, ~ mgand k; # ke. See problem 7. 
(b) Write the normal frequencies if m,; = Figure 33.191 
m2 = mM. 


. Solve the system of Fig. 33.191 if ki = 1, ke = 2,m) = 1, me = 2, and if, 


after the system is’ brought to rest, the mass mz is held fixed, the mass m; 
is displaced A units downward and both masses released. Hint. Att = 0, 
a =eh, a =O, dx;/dt = 0, dze/dt = 0. 

In the system illustrated in Fig. 33.191, assume that the mass m is damped 
by a shock absorber whose coefficient of resistance is r and that a forcing 
function F = Fosin wt is attached to m). (a) Show that the differential 
equations of motion are 


(m, D2 + rD + ky + ke)t1 — kexe = Fosin ot, 
—kox, + (m2D? + ke)ze = 0. 


Hint. See answer to problem 7(a). Modify it to include the damping factor 
and the forcing function. (b) By eliminating ze, show that 


(m1 D2 + rD + ki + ke)(m2D? + ke) — ke*)z1 = Fo(ke — mew?) sin at. 


Remark. The general solution of this last equation for x; will, as usual, be 
the sum of a complementary function 21, and a particular solution 21>. It 
can be shown that the motion due to the x), part of the solution is a transient 
one and subsides with time. If, therefore, ke and m2 are so chosen that 
ko = maw”, then the right side of the equation is zero. Hence x1p = 0, and the 
motion due to the z1p part of the solution is also zero. This means that if 
ko = mow”, the mass m1 will in time approach a position zx; and remain 
there. Hence, the mass m; will not vibrate. This result has practical use 


when it is necessary that the vibrations of an instrument be negligible. 


ANSWERS 33A 
c, sin Vk/mt + 2 cosVk/mt + cz sin V 3k/m t 


+ c4 COs 3k/m t, 


mnt GUST V C/o a2 cos Vk/mt — c3sinV 3k/mt 


“me 
— c4 cos V 3k/m t. 


(b) V/k/m rad/unit time; V 3k/m rad/unit time. 


446 Prospiems: SysreMs. SPECIAL 2ND ORDER EQUATIONS Chapter 8 


10. 


mo + 2k  —k | 
—k mo +k 
. (a) | mw” + ky + ke —ke 
—ke mow” + ke 


(c) z1 = = (cos Vk/mt + cos V 3k/mt), 
xo = ‘ (cosVk/mt — cos V 3k/m t). 


. (a) 21 = c1 cos (1.31 t+ 61) + c2 cos (V4.19 t + 82), 


zo = 3[{1.69c, cos (\/1.31 t + 61) — 1.19ce2 cos (\/4.19 t + 69). 
(b) 4/1.31 rad/unit time, \/4.19 rad/unit time. 
wo +3 —2 | 
ees 
(a) 21 = c, sin 4t+ co cos 4t + cg sin4dV3t+ c4cos4V3t+ 3% cost, 


to = c sin 4t-+ ce cos 4t — cg sin4dW3t — cacos4V3t+ x% cost. 
(b) w = 4rad/unit time and w = 4\/3 rad/unit time. 


d 
(a) my “es = —k x, + ko(x2 — 2), 
a 
me “3 = —ko(re — 2}). 
(bh) =e sim +/0.38k/m t + co cos -V0.38k/m t + c3 sin V2.62k/m t 
+ c¢4 cos V 2.62k/m t. 


ro = 1.62c; sinry/0.38k/m t + 1.62ce cos V 0.38k/m t 
— 0.62c3 sin / 2.62k/m t — 0.62c4 sin V 2.62k/m t. 
(c) w@ = V0.38k/mand w = V 2.62k/m. 


1 (k i he 
w= 1(Htby He) y(t, f) _ Akike 
2 mY m2 2 my me mime 


(b) o = af Ba tie VE ta? 


2m 


1b fo— vous. 0rvoue (OE) 


2 Ma AG) oo (EEA). 


2 


x1 = A(0.211 cos 0.518¢ + 0.789 cos 1.932¢), 
z2 = A(0.289 cos 0.518t — 0.289 cos 1.932¢). 
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LESSON 33B. A Biological Problem. There is a constant struggle 
for survival among different species. One species survives by eating 
members of another species; a second by preventing itself from being 
eaten. Certain birds live on fish. When, for example, there is an abundant 
supply of fish, the population of this bird species flourishes and grows. 
When these birds become too numerous and consume too many fish, thus 
reducing the fish population, then their own bird population begins to 
diminish. As the number of birds decreases, the fish population increases. 
And as the fish population increases, the bird population starts increasing, 
etc., in an endless cycle of periodic increases and decreases in the respective 
populations of the two species. 

Problems concerning the rise and fall of the populations of interacting 
species have been studied extensively by biologists and mathematicians. 
The theoretical mathematical results which we shall develop in this lesson 
agree fairly accurately with actual population trends of certain interacting 
species. * 

We shall consider the problem of determining the populations of two 
interacting species: a parasitic species P which hatches its eggs in a host 
species H. Unfortunately for the H species, the deposit of an egg in a 
member of H causes this member’s death. For each 100 of population: 


Let H, denote the number of births per year of the H species, 
Ha denote the number of deaths per year of the H species, if no P 
species were present, 1.e., Ha denotes F’s natural death rate, 
P, denote the number of natural deaths per year of the P species. 


We now make the following assumptions: 


1. That J/,, fa, and Pg are constants. Hence if at time ¢, x 1s the popu- 
lation of the // species, y the population of the P species, then in time At 


(a) Hy 7 _ At is the approximate number of births of the host 7, 


100 
(b) —Ha _"_ At is the approximate number of natural deaths of the 
100 
host H, 
(c) —Pa _Y_ at is the approximate number of natural deaths of the 


parasite P. 

9 That the number of eggs per year deposited by the ? species result- 
ing in the death of the H species 1s proportional to the probability that 
the members of the two species meet. Since this probability depends on 
the product ry of the two populations, we assume that in time Af, 


(d) 


*y A. Kostitzin, Mat 
Vito Volterra, Les Asso 
Hermann & Co. (1935). 


—hkxryAt 


‘ematical Biology, London, G. G. Harrap & Co. Ltd. (1939); 
ciations Biologiques au Point de Vue Mathématique, Paris, 
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is the approximate number of deaths of the host H due to the presence of 
the parasite P, where k is a proportionality constant. Hence, also, since 
each such death of H implies the laying of an egg by P, 


(e) krydt 


is the approximate number of births of P. 
Therefore in time At, the approximate changes in the H and P species 
are respectively 


x x 
(33.192) Ar = Hy 799 At == Ha 70 At = kayAt, 
= -_ y 
Ay kay A Pa 100 At. 


In the first equation of (33.192), let h = (H, — Ha)/100, assumed >0, 
i.e., h is the net natural annual percentage increase of the population of H. 
In the second equation of (33.192), let p = Pa/100, i.e., p is the natural 
annual percentage death rate of P. Then (33.192) simplifies to 


(33.2) Ax = hzAt — kzxyAt, 
Ay = kryAt — pyAt. 


Note that we have used the words “approximate changes” in connec- 
tion with the system (33.2). It is conceivable that in some time intervals 
At, no births or deaths take place; in 

other time intervals, one or more births 

or deaths occur. A graph of the popula- 

Fi 7 tion of a species as a function of time is 
therefore not a continuous curve. It will 

show sudden jumps or drops as in Fig. 

33.21. However, if the population is 

Time large, it is convenient to assume that 

there is a continuous curve which will ap- 

Figure 33.21 proximate the population trend. Further, 


one need not stretch one’s credulity too 
far to believe that the system of equations 


dx 
dt 


dy _ = 
Ge Mt — PY 


Population 


(33.22) = hz — ky, 


which result, when in (33.2), we divide each equation by At and let At > 0, 


will give good approximations for large populations and long periods of 
time. 
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The equations in (33.22) form a system of two nonlinear first-order 
equations which cannot be solved by the methods thus far discussed. In 
later chapters we shall describe other methods by which an approximate 
solution of the system (33.22) may be obtained, if the numerical values 
of h, k, and p are known, see Exercise 39,9. 

It is possible, however, to solve the system (33.22) as an implicit func- 
tion of x, if we divide the second equation by the first. Making this 
division, we obtain 


dy _ y(kx — p) (} =) = («-2) 
(33.23) i re , Ky) alike . dz. 


Integration of the second equation in (33.23) gives 
(33.24) log y* — ky = kx — log x? — loge, 


from which we obtain 


(23125)e log ey’=” = wychuks, cy*r? = eF%** cyte *¥ = 


—p kz 


€ 
If at t = 0, the population of the host species is £9 and the population 
of the parasitic species 1s Yo, then the last equation in (33.25) becomes 
(33.26) c= tor ig ee ee, 
which is the value of the arbitrary constant in the solution. 

As we have frequently mentioned, implicit solutions are usually of little 
value. Here it would be difficult indeed to plot a graph of (33.25) showing 
the population y as a function of z. 


Although we cannot at this stage solve the system (33.22) for x and y 
as functions of time, nevertheless certam important useful information 
can be obtained from it. Suppose, for example, that at a certain moment 
of time, the populations of our two interacting species are 


R 
I 
es 
I 
2] > 


(33.27) 


Then by (33.22) dy/di = 0 and dr/dt = 0. Since the rate of change of 
the two populations at that moment is zero, there are no increases or 


decreases. Let us call these populations the equilibrium populations of x 


and ¥ respectively. Let 


= Pax 2 


where X and Y represent. the respective deviations of the equilibrium 
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populations of x and y. Substituting (33.28) in (33.22), we obtain 


(33.29) (B+ x) =4(2 +x) ~E(2+x) (2+ r), 


dh ae h cngeel 2 
ale Ym (E taal =) ale) 


These equations simplify to 


(33.291) se = Sy ice ae Sr ee 


If we assume that the deviations X and Y are small, we may, without 
serious error, discard the XY terms in (33.291). These equations then 
become 


(33.292) gx 


dY 
“dt aa ==pY, 


a= hX. 
But now we recognize that the system of equations is exactly the same 
as those discussed in Lesson 32 under the heading “Linearization of First 
Order Systems.” Dividing the second equation in (33.292) by the first, 
we have 

dY hx 

(33.293) a ae 


Its solution, obtained by solving it directly, or by recognizing that this 
differential equation comes under Case 2 of Lesson 32 where its solution 
is given in (32.18), is 


(33.294) hX? 4+ pY? =e. 


Both p and h are positive quantities. (Remember h is the net natural 
percentage increase of the host popu- 
lation, assumed >0, and p is the natu- 
ral percentage death rate of the para- 
site population.) If therefore h = p, 
(33.294) is the equation of a family 
of circles; if h ¥ p, it is a family of 
ellipses. We have thus shown that if 
the populations of two interacting 
species remain stationary over long 
Figure 33.295 periods of time, as they do in many 
cases, then the graph of their popu- 

lation deviations from equilibrium is a circle or an ellipse, Fig. 33.295. 
Note how the mathematical equation (33.294) supports our opening 
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remarks. When the deviation X of the host species equals \/c/h and is 
thus largest, the deviation Y of the parasite species is zero, i.e., the para- 
site population is normal. But now there are more hosts available in 
which the parasites can lay their eggs. The population of the parasite 
species thus begins to increase, while that of the host species decreases. 
But as the parasites get too humerous, they kill more hosts, until the 
parasite deviation is maximum and the host deviation is zero. When this 
point is reached, there are relatively so many parasites around, that they 
begin killing off some of the host’s normal population. As the host’s 
population decreases below normal, the parasitic population, because there 
are now insufficient hosts, must also decrease, until finally a point is 
reached when its deviation is zero and the host’s deviation has its largest 
negative value —+/c/h. The host’s population is now too low to support 
a normal parasitic population. The parasitic deviation therefore begins 
to decrease below zero, thus allowing the host’s deviation to increase, etc., 
in an endless cycle of periodic increases and decreases. 


LESSON 33C. An Electrical Problem. More Complex Circuits. 
In Lesson 30, we discussed a simple electric circuit in which the charged 
particles moved in one path. A circuit in which the charged particles can 
move in different paths will, as we shall show below, give rise to a system 
of differential equations. To enable us to write differential equations with 
correct signs, we shall adopt the following convention. If a branch of the 
circuit contains a source of energy £, we shall indicate by an arrowhead 
that the direction of the current is from the side which we label +, to the 
side which we label —. In every other branch of the circuit, we put in 
arrowheads arbitrarily. It is only essential that the arrowheads remain 
fixed in a problem. 
Example 33.3. Set up a ; R G) an R, 

system of differential equa- 
tions for the current in the 
electric circuit shown in Fig. 


S331. 
Solution. By Kirch- 


hoff’s first law, the alge- i C (2) - 
braic sum of the currents at 
any junction point is zero. Figure 33.31 


If we call the current whose 
arrowhead 1s directed toward a junction point positive and the current 


whose arrowhead is directed away from a junction point negative, then at 
the junction point marked 1 in Fig. 33.31, 


(a) 1— 1; — to = 0, 1 = 11 + 18: 
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And at junction point 2, 
(b) (eae 0), t= 11 + to. 
Applying Kirchhoff’s second law to the left circuit, we obtain 


(c) Hii ay Gp a 


ad = = Et). 

If no source of energy is present in a closed circuit, then his second law 
states that the algebraic sum of the voltage drops is zero. Applying this 
law to the right circuit, we obtain 


dig 


ai = 0. 


: il 
(d) Ry, a0 ge Ib 
] 


Differentiating (c) and (d) and replacing 7(= dq/dt), wherever it appears 
by its value in (a), we have 


aa dt2 diy, diz A j : _ ah 
(e) 2 dt2 a r(& sts 2) ae a (1 aah 12) =a dt 2 
d? 12 “ dt, = aly ca 
ee ee ae te 


The linear system (e) can be solved for 2; and 72 by the method of Lesson 
31D or Ik. The current 2 will then be the sum of these two currents. 


Comment 33.311. We obtained two equations in the above problem 
by using the left and right circuits shown in Fig. 33.31. It is possible to 
obtain additional equations by using other circuits. Each of these, how- 
ever, will not be independent of the two obtained in (c) and (d). For 
example, we could, if we had wished, taken the circuit going completely 
around the border and have thus obtained 


t 
Ri + Rr + a a+taq= #. 


This equation, however, is the sum of (c) and (d). 


Example 33.32. Set up a system of differential equations for the cur- 
rents in the electric circuit shown in Fig. 33.33. 


Solution. By Wirchhoff’s first law, the algebraic sum of the currents 
at any junction point is zero. Hence at the junction points correspondingly 
marked in Fig. 33.33, we have 


(a) Ct, = ee ty = 11 — 19; 
Or Os — Se 1) te 
Qo ots + ae — 1p 0 16° 1s. 
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At junction point @, 74 + 73; — 1, = 0. And we see from the sums of @, 
@), and @), that this condition is satisfied. 


Figure 33.33 


Applying Kirchhoff’s second law to the upper left, the upper right and 
the lower circuit respectively, we obtain the linear system 


é I I I 
(b) Bae Nam campestris 


il 
Ly + Rote == ees — — = 0, 


1 ; dt 
— G9 — Reis + Laat + Rests = 0. 
Differentiating (b) and replacing d/dt by D and dq,/dt by tp, there results 
; dK 
(c) RD, a oe a +e ais +f aire 


: : iL 
LoD7tg + ReDig + RsDis — ee = 0, 


yt = a pene Re = 0. 


Substituting in (c) the values of 74, 25, 7g aS given in (a), we obtain 
lL aia lee ee 
(d) (mo+d+e+a)8-a* C3 @’ 
— ig + (EoD bios (ea) 4 a.) 2 = Reig 

4 


LN: 
= wl 410 R5Dt2 + (a + RsD + R3D -f z) ve = 0. 
Ce 6 


The system (d) can be solved for 21, 72, and 73 by the method of Lesson 


SiGe 


I 
l= 
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Comment 33.34. As remarked in Comment 33.311, other equations 
in addition to those found in (b) can be obtained by considering different 
circuits. These, however, will not be independent of those in (b). For 
example, we could have taken the circuit going completely around the 
border. This equation, however, can be obtained from (b). Verify it. 
Can you find other possible circuits? 


EXERCISE 33C 


1. A transformer consists of a primary coil and a secondary coil. The primary 
coil has an emf of E(t) volts, a resistance of R; ohms, and an inductance of 
Ly henrys. The secondary coil has a resistance of R2 ohms and an inductance 
of Le henrys. Let 71 and 72 be the respective currents in each coil. It has 
been shown that the differential 4 for the currents in the coils are 


_ 


(33.4) aly Fett ap ué — = E(é), 


ee 


where J/ is a constant called the mutual inductance. 

(a) Solve the system (33.4) if E(t) = Oand Af? < LiLo. 

(b) Show that the exponents a and b, as given in the answer section, are 
negative quantities and therefore that both 71 and 72 approach zero as 
ee ai SH 

(c) Solve the system (33.4) if E(t) is a constant Ep and M? < LyL2. Show 
that as t — 0, the current 2; of the primary coil approaches the steady 
state current Fo/R, and the current 22 of the secondary coil approaches 
zerow@is | > ©, 

2. (a) Set up a system of differential equations He the current in the electric 
circuit shown in Fig. 33.41. 


Figure 33.41 


(b) Solve the system with initial conditions t = 0, 7 = O when the switch 
is closed, and show that the circuit is equivalent to one in which the 
resistors R,, Re are replaced by one resistor R, whose coefficient of re- 
sistance is given by 


1 1 1 Ri Re 
ead ae | ee a 
R Ri + Ro Jae 1 
Remark. If more resistors R3, ---,°R, were inserted in the circuit of 


Fig. 33.41, parallel to Ri and Re, it follows from (b) that this circuit is 
equivalent to one in which the resistors Ri, Ro,---, Rn» are replaced by 
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one resistor R whose coefficient of resistance is given by 


1 1 } 1 

R Ry al Re ity 

3. (a) Set up a system of differential equations for the charges in the electric 
circuit shown in Fig. 33.42. 

(b) Solve the system for g and 7 as functions of time with initial conditions 

{ = 0,91 = g2 = O when the switch is closed, and show that the circuit 
is equivalent to one in which the capacitors Cy, C2 are replaced by one 
capacitor whose capacitance is given by C = Ci + Ca. 


1 Shc 


Figure 33.42 


Remark. If more capacitors C3, ---, C, were inserted in the circuit of 
Fie. 33142, parallel to C, and Co, it follows from (b) that this circuit is 
equivalent to one in which the capacitors CT, C2, -++, C,-are replated by 
one capacitor whose capacitance is given by C = C) “is Cot---+C,. 


In the problems below, set up a system of differential equations for the 
current in each of the circuits diagrammed. Solve as many as you wish. 


4, See Fig. 33.43. Att = 0,7 = 0,¢ = gi = q2 = 0. 


ad i io 
ry 
E,=50 = qi C,=107‘ Cy,=3 107 
Ls 
C=2-107' e 


Figure 33.43 


5. In problem 4, replace Eo = 50 by E(t) = 100 sin 60t. 
6. See Fig. 33.44. Att = On 1 = 0,¢ = ge = 0. 


50 cos 100¢ 


Figure 33.44 
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7. See Fig. 33.45. Att = 0,2 = 0, ¢2 = 0. 


B)(~) imi, +i, 


G2 
Cy 
Figure 33.45 


8. See Fig. 33.46. Initial conditions aret = 0,7 = 0, q1 = ge = 0. 


i=iytle 


9. See Fig. 33.47. 


C3 


Figure 33.47 


10. See Fig. 33.48. 


i=1,-Io 


Figure 33.48 
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ll. See Fig. 33.49. 


Figure 33.49 


ANSWERS 33C 


: be 
l. (a) 41 = cje'+ coe, where 


_ —(L2Rit+ Like) + V eli + £1 Re)? — 48) Ro(hile — M?) 


me CM is — Ki 
— (Lehi + Li Re) + V Ue Ri — £1 Re)? + 4M2R) Re 
~ RiLs =" Ml2) 
— vik [(LaLe — M?)(acye** + bege”’) + Le Ri(cie’’ + coe”’)). 
4 2 


(c) 11 = ce + coe’ + (Eo/R1); te is the same as in 1(a). 


%. (a) (LD + Rijti + LDi2 = Eo, Rit; — Rote = 0. 


Eun oe = aot = Re) HL — ete LU +82) 
ie 
Eo SRL 
= — (1 — : 
i 


3. (a) (ep aig x) ql te RDqe2 = E, CG gi — Cs | 0. 
(5) gp CiEo(i te 2 gome Corot — cs 


oo yp G1 Aga _ Bo junc, +e2) _, Bo ,—ure 
i SeH ee 


et, a SS Sen meee 
4. ear C Ko, Co G2 Ci q1 , ea 2 


ae i eae , 

Dy + Die + — iit = (ii + te) = 0, 
Ci C 

] 


ere 
eo ce ee 


Ce 
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d 
5. In 4 replace Eo by 100 sin 60¢. Therefore AY E(t) 


«(rot iv +A)at(av+d)e 
G G 
pos (ze ait x) a) 


ae 
aks, e+ i, = 


1 HB, 
Ri + LS ba Aout = E(t), 
:* if a 
lg Saal G2 = 0. 


The three equations are not independent. 
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5000 sin 1008, 


Chapter 8 


= 6000 cos 608. 


The third can be obtained by 


subtracting the second from the first. To solve the system, it is easier to 


use the first and third equations. 


At junction point G): 15 + 7g — i7 — ig 


0. 


diy il 
: — eae — wi 
8. Ly, — 7 op C ql 0 2t2 +o ae 0. 
2 
dq 1 dq2 1 
gy = By, Se ae. 
Ly 72 =z Gq, ut 0 fe, =P CG, 2 0 
Qik. (: cos ! ) ees AEE sin : 
qa = Ci£o\1 — ee pecan) 
arn Re VOL 
; Ci\Eo 1 P Eo a t 
V1 sie 6 
a came. Ver 12 / COU 
= Cy eoAl walt Oe aaa = Bo Roce 
Re 
dt 1 ‘ 
My pps es = E(t), 
9. Ly a” G4 qa + Hew (t) 
diz ; 1 
oo q2+ Le —7-+ Rsts — G a4 = 9, 
es C4 
es: 
as a R3iz +o pe Reig — Rots = 0. 
: . ‘a : ; a : ie : ; 
Substitute 7, = er and 14 = 11 — 12,15 = 12 — 13,16 = 11 — 13. 
diy, , @ir @i2 1, .._ d 
10. fi = a ae 72 72 + & (t13 — 12) = ‘7 E(t), Rit: + Rete 
11. Junction point @: 7) — i5 — 12 = 0, 1t5 = 21 — ite. 
Junction point @): i2 — ig — 13 = 0, ti6 = t2 — 73. 
Junction point @): 73 + 17 — 714 = 0, t7 = 14 — 13. 
Junction point G): 74+ tg — 74] = 0, tg = 11 — ta. 


0, which satisfies the four 
equations above. Set up, in the usual manner, the differential equation for 
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each circuit marked J, I], IIJ, and IV in diagram. For I, it is 
: 1 dig 
Reta, -+ G, 95 + lg a E(t). 


Although there are other choices of circuits, their equations will not be in- 
dependent of the chosen four. 


LESSON 34. Plane Motions Giving Rise to Systems of Equations. 


In Lesson 16, we discussed the motion of a particle constrained to move 
along a straight line. In this lesson, we consider the motion of a particle 
free to move in a plane. 


LESSON 34A. Derivation of Velocity and Acceleration Formulas. 
If a particle is free to move in a plane, then a change in the direction of 
its velocity will be equally as important as a change in the magnitude of 
its velocity. As mentioned in Lesson 16C, quantities in which both mag- 
nitude and direction play.a role are called vectors. 

Since Newton’s second law of motion is also applicable to particles 
which move in a plane, we have, by (16.1), 
(34.1) P= =o 

dt 

Remark. A dot over a variable means its derivative with respect to 
time; two dots over the variable means its second derivative with respect 
to time. Hence = dx/dt, ¢ = d?x/dt?, i = dv/dt, ete. 


The mass 7m is not a vector quantity. We therefore see, by (34.1), that 
the acceleration of a particle acted on by a force, not only has magnitude 
F/m, but also has the same direction 
as F’. 

In Fig. 34.11, the vector F repre- F 
sents the magnitude and direction of 
a force F. It is convenient to break 
up this vector force into two compo- 


Fy =F sin 0 


nents, one, Fz, to represent that part A 
¢ the force which accelerates the 0 - 
o 5 : F,=F cos 6 
particle in the x direction, the other, 
F,, to represent that part of the force Figure 34.11 


which accelerates the particle in the 
y direction. If the inclination of the force F is 6, we see from lig. 34.11, 


that, 
(34.12) F,= Fcos@, Fy, = Fsin@. 


Since F, = mass times az, the acceleration of a particle in the x direction 
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and F, = mass times a,, the acceleration of a particle in the y direction, 
we obtain from (34.12), the system of equations 


d*x 

(34.13) F cos @ = ie = 1ldz — am mi, 
2 

Fond — i 7 mod = my. 


In a similar manner we can break up any vector quantity into its x and y 
components. In Fig. (34.14) we have shown, for example, the x and y 
components of a velocity vector v. 


Vv 


a 


O 


Gee 
U,=u cos = FT =X 


Figure 34.14 


For certain problems, it is often convenient to use polar coordinates 
instead of rectangular coordinates. The vector quantity is then broken up 
into two components: one along the radial r direction, the other in a 
direction perpendicular to it. In Fig. 34.15, we have broken up the vector 
v into these two components v, and vs». 


x=rcos @ 


Figure 34.15 


Let (x,y) be the coordinates of a point P in a rectangular system and 
(r,@) its coordinates in a polar system, Fig. 34.15. Then we see from 
the figure, that 


(34.16) Car COn 0, Ui cibaun 
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Differentiation of (34.16) gives 


= ax dr .. pe 
(34.17) a = cos OG — rsin Oa» 
ays Sa dé 

i= sin 6 7 + 7 cos 6 


A second differentiation gives 


d*x d*r . dr dé d6\? ia 
(34.18) a — cos 0% — asin 0%  — + cos 0(Z) —rsin da» 


d*y  . ,d’r dr dé d6\? d*6 
= sin ot + 2.008 0% © — + sin o (4) +r cos 675° 


dt? dt? 
These formulas, (34.17) and (34.18), are valid for every value of 8. Hence 
they must hold in particular when @ = 0. But when @ = 0,2 — = and 
the direction perpendicular to 7 is the y direction. Hence the components 
of velocity and acceleration in a radial direction and in a direction per- 
pendicular to it are 


nat dx »* dy - d?x _ dy 
(34.19) a 1 Oe ae” Co ae 


Substituting the first two equations of (34.19) in (34.17), the second two 
in (34.18), we obtain with 6 = 0, 


res pe, Oe 
(34.2) oe Da Nia 
ee (28)" a 2 
(34.21) a 1) and at =F — 76°, 
dr do _ d’0 . 
ap = 2 tag = DFO + 1. 


Formulas (34.2) and (34.21) give respectively the components of the 
velocity and acceleration vectors of a particle along the radial axis and 
in a direction perpendicular to it, at the point P where the curve crosses 
the x axis. Since the z axis can be chosen in any direction, these equations 
are valid for every point P of the particle’s path. 


EXERCISE 34A 
1. In Fig. 34.22, we have shown the z and y components of a velocity vector v 


as well as its components in a radial direction and in a direction perpendicular 
to it. With the aid of this diagram, prove (34.2). Hint. First show that 


y x 
(a) i a vy = 5 = sina. 
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Then show that 


(b) vy = vcos (a — #) = vcosacos@-+ vsinasin 8, 
dx dy . 
= a C08 9 + Gy sin 8. 


In (b), replace dx/dt and dy/dt by their values as given in (34.17). 


(0,0) x 
Figure 34.22 
Similarly, show that 
(c) ve = vsin (a — 6) = vsinacos@ — vcosasin# 


dy dx . 
ape — Gi Sin? 


In (c), replace dy/dt and dz/dt by their values as given in (34.17). 


Figure 34.23 


2. In Fig. 34.23, we have shown the x and y components of an acceleration vec- 
tor a as well as its components in a radial direction and in a direction per- 
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pendicular to it. With the aid of this diagram, prove (34.21). Hunt. First 
show that 


(a) a ds aco ay asi 
‘ := >a = Sa, ~~ = = asina 
at? - at2 
Then show that 
(b) a, = acos (a — 6) = acosacos @+ asinasin 8 
2 2 
dx dy 
= —~ cos@ — sin @ 
dt? is at? 


In (b), replace d?x/dt? and d?y/dt? by their values as given in (34.18). 
Similarly, show that 


(c) ag = asin (a — 0) = asinacos @ — acosasin@ 
2 2 
da az. 
= Sr 00s 8 — Ge sind. 


In (c) replace d2y/dt? and d?x/dt? by their values as given in (34.18). 

3. A particle of mass m is attracted to a fixed point O by a force F. The particle 
moves in a plane with a constant speed but not in a straight line. Show that 
the particle moves in a circle with center at O. Hrnt. The component a; of 
the acceleration vector a in a direction tangent to the path of the particle 
measures the change in the speed of the particle. Since this speed is con- 
stant, a, = 0. Hence the acceleration acts only in a direction perpendicular 
to the path of the particle. And since / and a are in the same direction, F 
and the constant speed vo are perpendicular to each other. ‘Then show 
dy/dx = — x/y. 


LESSON 34B. The Plane Motion of a Projectile. 


Example 34.3. A particle of mass m is projected from the earth with 
a velocity vo at an angle a with the horizontal. The only force acting on 
it is that of gravity. Assuming a level terrain, find: 


The equation of the particle’s path. 

_ Its horizontal range. 

The maximum height it will reach. 

The value of a for which the range will be a maximum. 
When the particle will reach the ground. 


ee 2 


Solution. Refer to Fig. 34.31. We take the z and y axes in a plane 
which is perpendicular to the ground, and which contains the given 
velocity vector vo. The z axis is, as usual, perpendicular to both x and y 
axes. Since by assumption the only active force F is that of gravity, the 
components of F in the x, y, 2 directions are respectively F, = 0, Fy = 
ing, F, = 0. Tena 


(a) mi = 0, my = —ng, mz — 0. 
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Integration of (a) gives 
(b) i, = — a = a ee. 


Since the velocity vector vo lies in the zy plane, it follows that at ¢ = 0, 
i.e., at the moment of projection, see Fig. 34.31, 


(c) J, = Up COSC, Uy = Vosm @, t= UF 


where a is the angle which vo makes with the horizontal x axis. Sub- 
stituting these values in (b), we find 


(d) C) = v9 cos a, Co = vosina, eg 0. 

Hence (b) becomes 

(e) i = T— Vo Cosa, 7, — = gee, Ue — 2 — 0 
Integration of (e) gives 

(f) 2 = (vo cosa)t + ca, Vig aye + (vo sin a)t + cs, 2 — oF 


If we now choose our origin at the point where the particle is projected, 
then att = 0,2 = 0, y = 0, z = O. Substituting these values in (f), we 


f+ 
+ 


Uo Sin @ 


Ug COS & 


Figure 34.31 


find cg = 0,cs5 = 0,cg = 0. The parametric equations of the path of the 


particle are therefore 
2 


(g) x = (vo cos a), y = (vp Sin a)t — a a (l). 
Since z = 0, it follows that a projectile subject only to a gravitational force 
moves 7n a plane containing the vector vo. 

To find the equation of the path in rectangular coordinates, we eliminate 
t by solving the first equation in (g) for ¢ and substituting this value in 
the second equation. There results 


(h) y = (tan a)z — (2 sec” “) x? 


209? 
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which is the equation of a parabola through the origin. Since the coefh- 
cient of x? is negative, the curve is concave downward. 

The horizontal range of the projectile, i.c., the distance from the origin 
to the point where the particle strikes the ground, is obtained by setting 
y = 0 in (h), for when y = 0 the particle is at ground level. Equation 
(h) then becomes, if a ¥ 7/2, 


2 


2 
: 3 4 8 vo 9 
1 0 = Gara)z — = = x= —(2sinac 
(i) (sin a) ee ; (2 sin a COs @), 
2 
z= sin 2a, 
g 


which gives the horizontal range of the particle. 
The maximum height is reached when y’ = 0. Therefore, differentiat- 
ing (h) with respect to x and setting y’ = 0, we obtain 


2 
g sec a 
Vo? 


(j) 0 siege — z= “1 sin a cos a. 


When z has the value in (j), y by (h) has the value 


2 

vo .. 2 UOL 2 2 Vo 
k = —-sin*a — —sin°@ = > 
(k) y ; Dg Dg 


sin” a, 
which gives the maximum height reached by the particle. 

The range will be a maximum when, in (i), @ is so chosen that z is a 
maximum. Hence differentiating the last equation in (i) with respect to 
a, and setting dr/da = 0, we have 


(1) 0 = — cos 2a, a= tT: 


The range therefore will be a maximum if the projectile is fired at an angle 
of 45°. By (i), this maximum range is v0" /9- | 
The particle will reach the ground when y = 0. Setting y = 0 in (g), 
we obtain 
gt” 


(m) (vo sin a)t — oe 0, t= = sin a, 


which is the time it takes the particle to reach the ground. 


EXERCISE 34B 
In problems 1-14, assume the air resistance is negligible. 


1. A projectile is fired from the earth with a velocity of 1600 ft/sec at an angle 
of 45°. Find the equation of motion, the maximum height reached and the 
range of the projectile. 
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2. Start with the equation of motion (h) of Example 34.3. 
(a) Show that the coordinates of the vertex of the parabola are 


Bog 2 . 2 
(" sin a cosa@ vo sin 2) 
SSS ——— * 

g 29 


(b) Show that the distance of the vertex to the focus is vo? cos? a/2g, and 
therefore that the equation of the directrix is y = vo?/2g. Note that the 
equation has no @ in it. Hence the parabolic orbits of all projectiles 
fired with a given velocity have the same directrix regardless of the 
angle at which they are fired. 

(c) Finally show that this constant height of the directrix above the hori- 
zontal is the distance a projectile reaches when fired straight up with an 
initial velocity of vo ft/sec. 


If you have succeeded in answering the above questions, you have proved 
that every parabolic orbit of a projectile fired with the same velocity vo 
has the same constant directrix whose height is the distance the projectile 
would reach if fired vertically. 

3. We showed in Example 34.3 that if a projectile is fired at an angle of 45°, 
its range will be a maximum and will equal vg?/g. An artillery piece, whose 
muzzle velocity is vo ft/sec, is located at a distance D < vy2/g from an ob- 
ject at the same level as itself. Show that there are two angles at which the 
artillery piece can be fired and hit the object—one as much greater than 
45° as the other is less. Find these angles. Hint. In (h) of Example 34.3, 
you want @ such that when y = 0, x = D. Make use of the identity 
2 sina cosa = sin 2a = cos (2a ae 

4. The muzzle velocity of an artillery piece is 800 ft/sec. Assuming a level 
terrain, answer the following questions. 

(a) An object is 3.8 mi away. Can it be hit? 

(b) An object is 15,000 ft away. At what angles must the artillery piece be 
fired in order to hit the object? 

(c) What is the maximum height reached by the shell of (b)? 

(d) When did the shell reach the object? 

(e) If a mountain of height 6000 ft is 4000 ft from the artillery piece, is it 
still possible to hit the object? 

5. A projectile, fired with a velocity of 96 ft/sec, reaches its maximum height 
in 2 sec. Assume a level terrain. 


(a) Find the angle of projection of the particle. Hint. ai = didi - There- 
dx dx/dt 

fore dy/dx = O if dy/dt = 0. 

(b) Find the maximum height reached by the particle. 

(c) What is the range of the projectile from the point fired? 

6. A projectile is fired from a height of yo ft above a level terrain, with a velocity 

of vo ft/sec and at an angle a with the horizontal. Find: 

(a) The equation of the particle’s path. 

(b) Its horizontal range—take the x axis on ground level. 

(c) Its maximum height. 

(d) When it will reach the ground. 

(e) At what angle and with what velocity it will strike the ground. (Hint. 
If @is the angle, tan 6 = (dy/dt)/(dz/dt) and |v| = V (dx/dt)2+ (dy/dt)2). 

(f) The value of a that will make the range a maximum. 


Les 


10. 


AA. 


12. 


13. 
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. A projectile is fired from a height of 50 ft above a level terrain with a velocity 


of 64 ft/sec at an angle of 45°. Answer the questions asked for in 6, with 
the exception of (f). In regard to (f), find the angle of projection that will 
make the horizontal range a maximum and the value of tlis maximum range. 


. The maximum range of a projectile when fired on a level terrain is 1000 ft. 


(a) What is its muzzle velocity? 

(b) What is the maximum horizontal distance it can travel if the projectile 
is fired from a 40-ft-high platform? Hint. First find the firing angle for 
maximum horizontal range, see problem 6. 


. The maximum distance a boy can throw a ball on level ground is 100 ft. 


Neglecting the height of the boy, find 

(a) The velocity with which the ball leaves his hand, 

(b) The maximum horizontal distance he can throw the ball if he stands on 
a roof which is 40 ft above the ground. Hint. First find the throwing 
angle for maximum horizontal range, see problem 6. 

Two athletes, one 64 ft tall, the other 53 ft tall, can each put a shot with the 

same velocity of 36 ft/sec. At what angle should the shot leave each athlete’s 

hand in order to get the maximum horizontal range? Assume the shot 
leaves from heights of 6 ft and 5 ft respectively. How much farther will the 
taller athlete’s throw go? 

Answer the questions in problem 6, excepting (f), if a = 0, i.e., if the pro- 

jectile is fired horizontally from a distance yo ft above the horizontal. 

A projectile is fired with a velocity vo at an angle a with the horizontal. The 

terrain makes an angle @ with the horizontal. 

(a) Find the range of the projectile. Hunt. Call R the range of the projectile. 
Then the projectile will hit the terrain when t = RceosB and y = 
Rsin B. Substitute in (h) of Example 34.3. 

(b) Find the value of a which will make the range a maximum. Hint. Make 
use of double angle formulas. 

(c) What is the maximum range? 

In problem 3, we gave two angles at which a projectile could be fired in 

order to hit an object located within range and on the same level as the firing 

weapon. 

(a) Solve this same problem if the object to be hit is on the top of a hill 
whose angle of inclination is 8 and whose distance D from the firing point 
‘s less than or equal to the range vo?/g(1 + sin 8), as given in (c) of 
problem 12. Hint. Call (X,Y) the coordinates of the object. Then 
D = VxX2-+ Y2, sinB = Y/D, cosB = X/D. Replace R by D in 
answer to 12(a). Solve fora. Use the fact that 


cos A sin B = 3{sin(A + B) — sin (A — B)) 
and 


sin (2a — 8) = cos (2a — 8 — 5): 


Show, by means of the solution found in (a), that it is possible to hit an 
object only if its X and Y coordinates satisfy the inequality 


(Tes ee © £80 /c. 


_Hint. Use the fact—see answer to (a)—that 


(b 


~~ 


(gX?2 + Yvo?)/(vo2V X2 + ¥2) 
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must be $1. Note that if Y = 0, so that object is on a level terrain, 
X S v07/g as we saw previously. 


14. A man is hunting with a gun whose muzzle velocity is 224 ft/sec. He aims 
for a bird on the top of a tree 150 ft high and 1500 ft away. Is the bird in 
danger of being hit? 


In problems 1-14, we ignored air resistance. In the problems below, we 
shall assume the projectile is fired from the earth and is subject not only 
to a gravitational force but also to an air resistance which is proportional 
to the first power of the velocity. We shall also assume that the force of 
the air resistance acts in a direction opposite to that of the velocity, 1.e., 
that it acts along a tangent to the projectile’s path and in a direction to 
oppose the motion. Call A the proportionality factor of the air resistance. 


15. A projectile is fired on a level terrain at an angle a with the horizontal and 
with a velocity of vo ft/sec. 

(a) Find the parametric equations of the particle’s path. Hint. Modify 
equation (a) of Example 34.3 to take into account the components of 
the force of the air resistance in the xz and y directions. 

(b) What is the maximum height reached by the particle? Hint. Set 
dy _ dy/dt 
dx dx/dt 


16. A projectile is fired in a horizontal direction with a velocity of vo ft/sec 
from a height of yo ft. Find the parametric equations of its path. 

17. An anti-aircraft gun fires a shell almost vertically with an initial velocity of 
vo ft/sec. The horizontal component of the air resistance is therefore negligi- 
ble. Assume the gun makes an angle @ with the horizontal, and the vertical 
component of resistance is R dy/dt. 

(a) Find the parametric equations of the path of the shell. 

(b) Assume the shell weighs 60 1b, the muzzle velocity is 2000 ft/sec, the 
angle of elevation is 80°, and the vertical component of the air resistance 
is 1/20 dy/dt. Find the parametric equations of the shell’s path, the maxi- 
mum height attained by it, and the time required to reach this maximum 
height. 


equal to zero. 


ANSWERS 34B 


l. y = x — 2x7/80,000, 20,000 ft, 80,000 ft. 
is 1 Dg 
35. a = 7 Be eles 


4, (a) No. The maximum range is 3.7879 mi. (b) ‘@ + 0.36 ) rad. 


(c) 1693 ft or 8307 ft, approx. (d) 20.6 sec or 45.6 sec, approx. 
(e) Yes. When x = 4000 ft, the height y of the projectile is approximately 
6498 ft, if the larger angle of elevation is used. 


5. (a) a = Are sin (3). (byeye— 64 1t. (Ome — 143 ft, 
2 
gt 


(vo cosa@)t, y = yot+ (vosina)t — — 


6. Gee 


2 
sec a 2 
J x 
2v02 


y = yo (tana)xz — 
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~l 


ll. 


2. 


13. 


14. 
Id 


16. 
a7. 


. @we =60+2— 


(b) Range is given by the positive value of xz for which 


gsec a 2 
x — (tana)z — yo = 0. 


2.2 
ta sin @ 
29 
(d) t = x/(vo cosa), where z is given by (b), 


(c) y = yo 


vtosina — gt 
ee 


(ec) tan 6 
vo cOS &@ 


lv] = v/vo2 — 2vo(sin a)gt + (gt)?, where ¢ is given by (d). 
(f) sina = vo/V2(v02 + gyo). 
2 


x 
<b) t = 168-4 ft. (c) 82 Tt. 


(d)@ =—.3.7 sec. (e)m122°00’, 85:6 {t/see: 
(f) sina = 0.6,a@ = 37°, approx., ale tReepprex. 


. (a) v = 80 /5ft/sec. (b) 1039 ft, approx. (a = 44°, approx.). 
. (a) 40./2 ft/sec. (b) 134 ft (a = 37°, approx.). 
10. 


Use the answer given in 6(f) to find the angle a for each athlete. Then use 
the range equation as given in 6(b). 
2 
gt Cee 
— t = —_—_  ) == —_ ———- Ps 
(a) z = vol, y = Yo— Z'¥ = Y- ae? 


(b) z = vov 2y0/g it. 
(c) y = yo ft. 
(d) t = x/vo, where zis given by (b). 


(c) tan@ = —gt/vo, |v] = Vv0? + (gt)?. 


2v07 cos asin (a — B) 


(a) Range R = wage! A 
2 
wT B : vO 
= — _- M c = °° 
(b) @ ; a. 5 (c) psi range ee 
7 6 Pi am) 
A) a =e = aE Aces) 


No. See 13(b). 


(a) x = = 0 cos a(1 — pone) 


y= FGt yosin a) (1 — 88") — a 


where R is the proportionality factor of the air resistance. 


R 
(b) t = = 1 ee sina) 
mv m9 Rvo 
e. 
= — ——1 }+ — . 
y oe Re os ( ar = sina) 
2 

vO —Rtlm - mg Rim, mg 
Ee ee ) Ae mere i = © ae © 
(a) xz = (v0 cos a)t, y = as in 15(a). 


347.31, y = 118,861(1 — e—9-0267t) _ 1200t, 30,153 ft, 36.4 sec. 
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LESSON 34C. Definition of a Central Force. Properties of the 
Motion of a Particle Subject to a Central Force. Assume a particle 
in motion is attracted to a fixed point O, by a force F. In such cases we 
say the particle moves subject to a central force, and call the fixed 
point O to which the particle is attracted, the center of attraction. 

In Example 28.15, we discussed a special central force problem where 
the particle moved on a line. In the remainder of this lesson we consider 
the motion of a particle subject to a central force where the particle is 
free to move in space. We prove below certain properties which are com- 
mon to the motions of all particles subject to a central force. 


Property A. A Particle in Motion Subject to a Central Force 
Moves in a Plane Which Contains the Fixed Point O. We assume a 
particle, moving in space, is subject to a central force F. Let the fixed 
point O, toward wnich the force is directed, be the origin of a coordinate 
system. Let P(x,y,z) be the rectangular coordinates of the particle, let r 
be the distance of the particle from O at time ¢ and let a, 8, Y be the direc- 
tion angles of the force F, Fig. 34.4. 


Figure 34.4 


The components of F’ in the z,y,z directions are respectively, see Figs. 
34.4(a) and (b), 


Gaal) “2 = F cosa = F=; 0 Poosp= FE, P, = F cos¥ = P=. 
Since F, = mi, Fy = mij, F, = Fz, we obtain, by (34.41), the system 


(34.42) mi=F =, mga PZ, mea P2- 
ip iP r 
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Multiply the first equation in (34.42) by —y, the second by x and add the 
two. There results 


(34.43) mxzy — myti = 0, aij — yi = 0. 


In an analogous manner, we can obtain, respectively, from the second 
and third equations in (34.42), and from its first and third equations, 


(34.44) yz — zy = 0, gn — yor— 0. 


Integrating each of the equations in (34.43) and (34.44) with respect to 
time, we obtain 


(34.45) zy — yt = ¢C), yz — 2 = Cay 2 — x22 = Cz. 


[Verify that the derivative of each equation in (34.45) gives the respective 
equation in (34.43) or (34.44).] We now multiply the first equation in 
(34.45) by z, the second by z, the third by y, and add all three. There 
results 


(34.46) cot + cgy + cz = 9, 


which is the equation of a plane through the origin, 1.e., through the fixed 
point O. 


Property B. A Particle in Motion Subject to a Central Force 
Satisfies the Law of the Conservation of Angular Momentum. We 
assume that a particle in motion is subject to a central force F. By prop- 
erty A, the particle moves in a plane. By the definition of a central force, 
F is always directed toward a fixed point O, which we take as the origin 
of a polar coordinate system. Let P?(r,8) be the coordinates of the par- 
ticle’s position at time ¢. Call /, the component of F acting along the 
radial axis r, and F’s the component of F acting in a direction perpendicular 
to r. Since F always acts toward O along a radius vector, its component 
F, is zero. Therefore, by (3421), 


(a) Fo = mag = m(276 + 76) = 0, 


If we multiply the last equation in (a) by r, it becomes 2r76 + 776 = 0, 
which is equivalent to 


(a ae 
(b) a re 
Integration of (b) gives 


(34.47) rb = h, 
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where h is a constant. By definition, the angular momentum of a 
particle of mass m rotating about an axis perpendicular to the plane of 
its motion is mr7@, where r is the distance of the particle from the axis 
of rotation and 6 is its angular velocity about this axis. We see, therefore, 
by (34.47), that h 1s the angular momentum of a particle per unit mass. 
And since h is a constant, the equation tells us that the angular momentum 
of the particle is conserved. We have thus proved that a particle in motion 
subject to a central force satisfies the law of the conservation of angular 
momentum. 


Property C. A Particle in Motion Subject to a Central Force 
Sweeps out Equal Areas in Equal Intervals of Time. (Note. This 
property is essentially a restatement of property B.) The area of a circular 


dA 
rdé@ 


aa" | 


Figure 34.48 


sector of radius r and central angle 6 is r76/2, Fig. 34.48. Hence when a 
radius vector 7 turns through an infinitesimal angle d6, it sweeps out an 
area equal to 


(34.481) dA =4r'da, ==h'°=. 


Substituting (34.47) in the second equation of (34.481), we obtain, with 
initial conditions A = 0, ¢ = 0, 


A : 
dA ih i| / h ht 
34.49 a ase) dA = —_ dt A =— —. 
Soe) 3 = oe 2 


In words the first equation in (34.49) says that the rate of change of the 
area A is a constant. (Remember A is a constant.) The last equation 
says that equal areas are swept out in equal times. We have thus proved 
that a particle in motion subject to a central force sweeps out equal areas 
in equal time intervals. 


EXERCISE 34C 


1. (a) By (34.47), r?6 = h, where (7,6) are the polar coordinates of a particle 
moving subject to a central force. Show that in rectangular coordinates 
h = xy — yt. Hint. tan@ = y/z. Differentiate with respect to time 
and solve for 6. 
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(b) Hence show that the areal velocity dA/dt, in rectangular coordinates, is 
given by dA/dt = 4(ry — yt). Hint. See (34.49). 


LESSON 34D. Definitions of Force Field, Potential, Conservative 
Field. Conservation of Energy in a Conservative Field. Assume a 
force F acts on a unit mass placed at each point (z,y,z) of a region of 
space. Hence at each point of the region, we can represent the magnitude 
aud direction of F by drawing a vector F there. We call F a vector point- 
function throughout this region, since it is a vector whose components 
along the X, Y, Z axes are functions of the space coordinates z,y,z of 
the unit mass. A region of this type is an example of a force field. Its 
formal definition follows. 


Definition 34.5. A region in space, having the property that at every 
one of its points a vector point-function F exists that gives the magnitude 
and direction of the force acting on a particle of unit mass placed there, 
is called a field of force or a foree field. 


A region in the neighborhood of the solar system is a field of force. At 
each point of the region, a vector point-function exists due to the mem- 
bers of the solar system. The region in the neighborhood of a current 
bearing wire is a force field. It is called an electromagnetic field. 


By Definition 9.23, Fzdx + Fy dy + F, dz is called an exact differential 
‘f there exists a function U(z,y,z) such that 


(34.51) dU = F,dx-+ Fy dy + F, dz, 


or equivalently, such that 


aU Une aU _ 
(34.52) Ox — Lie Oy — Tey, pe = 


Definition 34.53. A force field or a field of force is called conserva- 
tive if there exists a function U (x,y,z) such that its differential dU satis- 
fies (34.51), or equivalently if its partial derivatives with respect to 2,y,2 
respectively satisfy (34.52), where F,, Fy, and F, are the 2z,y,z com- 
ponents of a force F acting in the field. The function U(x,y,2) itself is 
called a force function and the negative of U(z,y,z) is called the potential 
or the potential energy of the force field. 


Comment 34.54. Not every force field has a potential — U(z,y,2). 


Comment 34.6. The potential (—U) may be looked upon as a func- 
tion whose partial derivatives with respect to x,y,z give respectively the 
components of a force F in the negative 2, y, and z directions. 
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Example 34.61. A particle moving in a force field is subject to a cen- 
tral force F whose magnitude is proportional to its distance r from a fixed 
point O. Show that the force field is conservative. 


Solution. By hypothesis 
(a) (ee ly 


where k > 0 is a proportionality constant. The magnitude of the com- 
ponents of F in the z,y,z directions are given in (34.41). Hence substitut- 
ing (a) in (34.41), we obtain 


(b) FP, = <(—kr) = —ke, Fy = © (—kr) = —hy, 
F, = = (—kr) = —kz 


Let us take for the force function U of Definition 34.53, 


kr? k 2 2 2 
(c) ONG Ye ga Oy ee ee 
Therefore 
aU ik aU aU 


A comparison of (d) with (b) shows that the values on the right of the 
equations in (d) are respectively Fz, Fy, F,. Hence by Definition 34.53, 
the force field is conservative. 


Example 34.62. <A particle moving in a force field is subject to a cen- 
tral force F whose magnitude is inversely proportional to the square of its 
distance r from a fixed point O. Show that the force field is conservative. 


Solution. By hypothesis 
(a) a 


where k > 0 is a proportionality constant. Substituting this value of F 
in (34.41), we obtain 


Let us take for the force function U of Definition 34.53, 
k 


(c) Ulaye) = =4+¢=——4+ +6 
5 ey a 


Lesson 34D—Enercise 475 


Therefore 
CU kx kx o0U ky dU kz 
x VJ (x2 + y? #3 , OY T Oz ip 


A comparison of (d) with (b) shows that the values on the right of the 
equations in (d) are respectively F;, Fy, Fz. Hence by Definition 34.53, 
the force field is conservative. 


Property D. Conservation of Energy in a Conservative Field. 
Let F be a force acting on a particle moving in a conservative field. There- 
fore by Definition 34.53, there exists a function U(z,y,z) such that 


aU dU aU 
where 
dU aU CU. 
i ea 


Since F, = mz, Fy = mij, F. = mé, we have 


2 U : dU F 
=e, — = mi, — = mz. 


(34.64) a = 


Ox 
Multiplying the first equation in (34.64) by dz, the second by dy, the 
third by dz, and adding all three, we obtain, with the help of (34.63), 


- i : eee OU. aU Uy ae 
(34.65) mk dx + my dy + mz dz = wo ee =e). 
Integration of (34.65) with respect to time gives 
(34.66) ae oe eee U+C. 


The left side of (34.66) is defined as the kinetic energy of a particle. 
By Definition 34.53, —U is its potential energy. Hence (34.66) tells us 
that the sum of the kinetic and potential energies of a particle in a con- 
servative field is a constant. This fact, namely that the sum of kinetic 
and potential energies of a particle is a constant, is known as the law of 
the conservation of energy. We have thus proved the law of the 
conservation of energy for a particle moving in a conservative field. 


EXERCISE 34D 


1. A particle moving in a force field is subject to a central force F whose magni- 
tude is proportional to its distance r? from a fixed point O. Show that the 
force field is conservative. 
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2. A particle moving in a force field is subject to a central force / whose mag- 
nitude is proportional to its distance r? from a fixed point O. Show that the 
force field is conservative. 

3. A particle moving in a force field is subject to a central force F whose mag- 
nitude is proportional to its distance r” from a fixed point O, where n is a 
positive number. Show that the force field is conservative. 

4, A particle moving in a force field is subject to a central force F whose mag- 
nitude is inversely proportional to its distance r from a fixed point O. Show 
that the force field is conservative. 

5. A particle moving in a force field is subject to a central force F whose mag- 
nitude is inversely proportional to its distance r” from a fixed point O, where 
nis a positive number greater than 1. Show that the force field is conservative. 

6. Can you think of a force field which is not conservative? 


ANSWERS 34D 


k 

1. Force function U = — 3 r° + C. 

; k 4 
2. Force function U = — ri r +(C. 

2 k n+l 
3. Force function U = er r + C. 

: k 2 
4, Force function U = — 5 log r’. 

k 


5. Force function U = = 


6. A field in which energy is being dissipated as the particle moves. For example, 
a field in which a resisting force, proportional to velocity, is present cannot 
be a conservative field. 


LESSON 34E. Path of a Particle in Motion Subject to a Central 
Force Whose Magnitude Is Proportional to Its Distance from a 
Fixed Point O. We assume that a particle in motion of mass m is sub- 
ject to a central force F whose magnitude is proportional to its distance r 
from a fixed point O. We already know many facts about the particle. 
By properties A, B, C of Lesson 34C, we know that it moves in a plane, 
that it satisfies the law of the conservation of angular momentum and 
that it sweeps out equal areas in equal times. By Definition 34.5, the 
region in which the particle moves is a force field. By Example 34.61, this 
field is conservative. Hence by property D following Example 34.62, we 
also know that the particle satisfies the law of the conservation of energy. 

To find the equation of its path, we take the x,y axes in the plane of 
the particle’s motion with the origin at the fixed point O toward which 
the force acts. Let P(x,y) be the coordinates of the position of the particle 
at time ¢ in a rectangular system and (7,6) its coordinates in a polar sys- 
tem. The components of F in the x and y directions are, by (34.42) (remem- 
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ber the force is central so that F, = 0), 


(34.7) PF, = mi = — Fy = mj = nt. 
By hypothesis 
(34.71) F = —k?mr, 


where for convenience we have used k?m for the proportionality constant. 
The minus sign is necessary because the force is acting toward O and the 
positive direction is outward from O. Substituting (34.71) in (34.7), we 
obtain the linear system of equations 


(34.72) # = —k?z, y= —k*y. 


Their respective solutions, obtained by any of the methods previously dis- 
cussed, are 


(34.73) x = c)coskt + cz sin kt, y = C7 Cos | Casin A. 


These are the parametric equations of the path. You can verify by refer- 
ring to Theorem 31.33 that the pair of functions in (34.73) contains the 
correct number of four arbitrary constants. Hence in a specific problem 
four initial conditions will be needed, x(0), x’(0), y(0), y'(0). The period 
of the motion of the particle, by Definition 28.34, is 27/k. It is the time 
it takes the particle to return to its initial starting position, headed in the 
same starting direction. 

To find the equation of the path in rectangular coordinates, we must 
eliminate the parameter ¢ between the two equations in (34.73). The 
easiest way to do this is to first solve them simultaneously for sin kt and 
cos kt in terms of x and y. The result is 
aan .h 


C1C4 — C93 pe (), 
CoC3 — C1C4 C1C4 — C2C3 


(34.74) Sime —— 


Squaring both equations in (34.74) and then adding them, we obtain for 
the path of the particle in rectangular coordinates, 


_ (c3t_ — cry)” + (cax — coy)” 


3 » €1C4 — Co9C3 x 0, 
(c1C4 = C2C3) 


(34.75) 1 


which can be written as 


(34.76) Gee c47)a? — 2(c1e3 + Coc4)xy 
cr 4: Co”)y? — (e1¢4 — Cich)e == 0, “Cyan 


From analytic geometry we know that if the constants in 


(34.77) Ar? + 2Bry + Cy? + D=0 
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are such that B? — AC < 0, and 


Case 1. D #0, AD < 0, then the equation represents an ellipse with 
center at the origin. 

Case 2. D #0, AD > 0, the equation has no locus. 

Case 3. D = 0, the equation represents a single point. 


A comparison of (34.76) with (34.77) shows that 
(a) B? — AC = (cycg + e964)? — (cg? + €47)(e1" + €2”) 


— (en C2C3)”, 
and 


(b) AD = —(c3” + c4”)(cicg — C2€3)”. 


Both of the above expressions are less than zero if c\c4 — Cec3 ¥ 0. 
Hence if, in (34.76), c1¢4 — cec3, which corresponds to D of (34.77), is 
not zero, Case 1 above applies and (34.76) is the equation of an ellipse 
with center at the origin. 

We have thus proved that the orbit of a particle, attracted to an origin 
O by a central force F whose magnitude is proportional to its distance 
from O, is an ellipse with center at the fixed point O. Hence we have also 
proved for this case that the force is directed toward the center of 
the ellipse. 


Comment 34.78. If the particle is constrained to move toward the 
fixed point O along a radius vector so that @ is constant, then d6/dt = 0, 
Ff = F,, and by (34.21)wand (34.71), 


F, = ma, = mi = —k?mr, # = —k?r. 


This last equation, as we showed in Example 28.15, is, as it should be, 
the differential equation of motion of a particle executing simple harmonic 
motion. 


Example 34.79. A particle weighing 16 pounds is 10 feet from a fixed 
point O and is given an initial velocity of 15 ft/sec in a direction perpen- 
dicular to the x axis. If a central force F acts on the particle with a mag- 
nitude which is one-eighth of the distance of the particle from the fixed 
point O, find the equation of its path and the period of the motion. 


Solution. We take the origin at the fixed point O, and the x,y axes 
in the plane of the particle’s motion. By hypothesis 
(a) f= Ayr, 


and by (34.42), 


(b) F, = mi =, Fy = my =“, 
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where r is the distance of the particle from O. Substituting (a) in (b), we 
obtain 


(c) mi = — a mj = — a 
By hypothesis m = 3$ = 3. Hence (c) becomes 
q gle” el 
whose solutions, by any method you wish to choose, are 
(e) c=c wea ae rae ie 5M c sin, Se 
1 9 i 9 y YU == 63 D) 4 9 

Therefore 

dg Cie pl Oke t dy _ Coe aes t 
(f) — 3 SIN 5 + 5 C085? ae 3 SiIN5 +B 0085 


The initial conditions are { = 0, 2 = 10, y = 0, dx/dt = 0, dy/di = 15. 
Substituting these values in (e) and (f), we obtain 


(g) c, = 10, Co = 0, czu=_0, Ap ah 
Hence (e) becomes 
l mel! 

(h) x = 10cos5: y = 30sin 5° 
By eliminating the parameter ¢, we obtain 

2 
ae 
(i) 102 + 397 7? 


which is the equation of an ellipse with center at the origin or fixed point O. 
Its graph is shown in Tig. 34.791. The period of the motion, obtained 


(0,30) 


V,) = 15'/sec 


Figure 34.791 


from (h), 18 47 seconds. It is the time it will take the particle to make a 
complete circuit of the ellipse. 
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WDD me 


L 
4 = 12 ti, = IWocinek —_— 
(a) z cos 3t, y vo sin 3t, ca 


EXERCISE 34E 


. Verify the accuracy of the solution of (34.72) as given in (34.78). 
. Verify the accuracy of (34.74), (34.75), and (34.76). 
. A particle in motion of mass m is subject to a central force F whose magnitude 


is proportional to its distance from a fixed point O. Initially it is xo ft from 

the origin and is given a velocity of vg ft/sec in a direction perpendicular to 

the x axis. 

(a) Find the parametric equations of its path; also the equation of its path 
in rectangular coordinates. Take k for the proportionality constant in- 
stead of k?m as we did in the text. 

(b) For what relative values of zo, vo will the path be a circle? 


. A body weighing 16 lb is attracted to a fixed point O by a force whose magni- 


tude is one-eighth the distance of the particle from O. Initially it is 12 ft from 

O and given a velocity of vo ft/sec in a direction perpendicular to the zx axis. 

(a) Find the parametric equations of motion; also the equation of motion in 
rectangular coordinates. 

(b) What initial velocity vo will make the eccentricity of the orbit 4? 


. Solve problem 3(a), if initially the particle is xo ft from the origin and is given 


a velocity of vo ft/sec in a direction making an angle @ with the z axis. 


. A body weighing 16 lb is 12 ft from a fixed point O. It is given an initial 


velocity of 20 ft/sec in a direction making an angle of 45° with the z axis. A 
central force acts on the particle with a magnitude equal to one-eighteenth 
of the distance of the body from QO. Find the equation of its path and the 
period of its motion. Verify that the equation satisfies Case 1 after (34.77) 
and is therefore the equation of an ellipse. 


. A particle in motion of mass m is repelled from a fixed point O with a force 


proportional to its distance from O. Initially it is xo ft from the origin and is 
given a velocity of vo ft/sec in a direction perpendicular to the x axis. (a) Find 
the equation of motion. (b) What type conic is it? (c) Show that properties 
A, B, C, D of Lessons 34C and D are also valid when the central force is 
repelling instead of attracting. 


. Set up the system of differential equations of motion for the particle of prob- 


lem 3 if in addition there is a force of resistance proportional to the velocity. 


ANSWERS 34E 


2 
(a) x = zo cosrn/k/mt, y = voV m/k sin Vk] m t; 2 + —_ Il 
0 


mvo2 
(b) xo? = mvo?/k. 
2 2 


y 
—_ =], 
4yo2 


(b) vo = 34/3 ft/sec, or 4/3 ft/sec. 


. x2 = xo cosVk/mt + vov m/k cos 6 sin Vk/m t, 


y = voV m/k sin 6 sin Vk/mt; 


(sin? 6) a” — (2sin @ cos 9)zy + a 


k . 
pores: > cos” a) y" _ re sin’ 6 = 0. 


.z = 12 cos 4t+ 30./2 sin ft, y = 30/2 sin dt; 6m sec; 


x? — Qry + 1.08y? — 144 = 0. 
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7. (a) x = ro cosh Vk/mt, y = vo m/k sinh Vk/m 1, 


Fon dt» 
ro? mrg? 
(b) Hyperbola. 
8. mé = —kr — rz, mii = —ky — ry, where k and r are the proportionality 


constants respectively for the force and the resistance. 


LESSON 34F. Path of a Particle in Motion Subject to a Central 
Force Whose Magnitude Is Inversely Proportional to the Square 
of Its Distance from a Fixed Point O. We assume that a particle in 
motion, of mass m, is subject to a central force F whose magnitude is 
inversely proportional to the square of its distance r from a fixed point O. 
By properties A, B, C of Lesson 34C, we know that: 


1. The particle moves in a plane. 
2. It satisfies the law of the conservation of angular momentum. 
3. It sweeps out equal areas in equal times. 


By Definition 34.5, the region in which the particle moves is a force field. 
Hence, by Example 34.62 and property D following it, we also know that: 


4. This field is conservative and the particle therefore satisfies the law of 
the conservation of energy. 


To find the equation of the path of the particle, we take the x,y axes In 
the plane of the particle’s motion and the origin at the fixed point O 
toward which the force F is directed. Let P(x,y) be the coordinates of the 
position of the particle at time ¢ in a rectangular system and (7,6) its 
coordinates in a polar system. By (34.42), 


(34.8) F, = me =“, f= my = 
By hypothesis 

Km 
(34.81) F=— ate 


where for convenience we have taken Am, Kk > 0, for the proportionality 
constant. The minus sign is necessary because the force acts toward 0 
and the positive direction is outward from 0. Substituting (34.81) in 
(34.8), we obtain the system of equations 


. K x 
(34.82) = ] =e. 


if ine (G82), xe substitute for r its equal /.r? + y?, the resulting 
equations form a nonlinear system which is difficult to solve. It turns 
out that the path of the particle can be found more easily by using polar 


coordinates. Call F, the component of F in the radial r direction and F’ 
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its component in a direction perpendicular to F. Then by (34.21), 
(34.83) F, = ma, = m(# — r6?), Fy = mag = m(2r6 + 78). 


Since F is a central force, Fy = 0. Setting the second equation in (34.83) 
equal to zero, and then multiplying it by r/m, we find 2r74 + 776 = 0, 
which is equivalent to 


(34.84) © (6) — a — ae 


where h is the same constant we introduced in (34.47), i-e., h is the angu- 
lar momentum of the particle per unit mass. In the first equation of 
(34.83), substitute for Ff, its value as given in (34.81) (remember here 
F, = F since the force acts only along r) and for @ its value h/r? as given 
in (34.84). We thus obtain 

2 2 
(34.85) Sh a ) a es 


r3 r2 


Although methods of solving the nonlinear equation (34.85) are given in 
both Lessons 35A and 35C which follow—see also Exercise 35,11—use of 
either of these methods will give a solution of ¢ as a function of r. It turns 
out to be easier to analyze the path of the particle if we solve the second 
equation in (34.85) for r as a function of 6. To accomplish this end, we 
use the substitution 


i. 
(34.86) U= >) i at 


{Note that w as defined in (34.86) is the force function U of Example 
34.62.} Substituting (34.86) in the last equation of (34.84), we obtain 


(34.87) 6 = hu’. 
Two differentiations of the second equation in (34.86) give, with the help 
of (34.87), 

~.  _ 1du__ i dudé_ 1 du, 9 du 
ee es eee ag 

oe d7u Aa d7u 2 2 9 d°u 

pS Th ae = —h aap hu = —h*u Ten 


Substituting the last value of # of (34.88) and the value of r of (34.86) in 
the second equation of (34.85), we obtain 


dq? 
(34.89) a. ome ee 
which simplifies to the linear equation 
d? 
(34.891) td ae 


; ld h2 
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Its solution, by any method you wish to choose, ts 
(34.892) _— us a. 9 

892 = ae ccos (@ — 6), h ¥ 0, 


where c and 6 are arbitrary constants. Since K, h, and c are constants, 
we can write (34.892) in a more useful form by replacing c by a new con- 
stant Ke/h?. We thus obtain 


(34.893) -— ts (1 + ecos (6 — 4)], h # 0. 


By (34.86), « = 1/r. If we now make this substitution in (34.893) and 
choose our axes so that 6) = 0, the equation simplifies to 
ve 

4. a 
Cae) K(1 + e cos 8) 
which is the equation, in polar coordinates, of the path of a particle 
moving subject to a central force whose magnitude varies inversely as the 
square of its distance from a fixed point 0. 


h ¥ 0, 


P dy 


Semi-focal 
“th = h? 
widt = 


Polar axis 


O (focus) 


Directrix 


Conic 
section 


Figure 34.895 


We digress momentarily to review for you the proof that (34.894) is 


the equation of a conic section whose eccentricity is ¢, whose elo 
width is h?/K aud which has one focus at the origin. In lig. 34.805, we 
have illustrated such a conic. The point on a particle's path that 1s —_ ‘s 
the point O to which the particle is attracted is alice the perigee e . 
path. By definition, the ratio r/d for every point J ong a is equa _ 
its eccentricity e. Hence, for the two points 2 and P, on the conic \ 


have respectively, . 2 
h r | dy = a he = _0. 


r = a 
(f) ‘5 and ¢™ %q,’ d= 5 we 7 
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From the figure, we see that 


(b) d, =d+rcos@. 


In (b), replace d and d, by their values as given in the last two equations 
of (a). There results 
r h? 


(c) Fem "= K( + ecos 6) h € 0, 


which is the same as (34.894). Additionally, we know from analytic 
geometry that if 


(d) e < 1, the conic is an ellipse, 
e = 1, the conic is a parabola, 


e > 1, the conic is an hyperbola. 


If e = 0, (34.894) becomes r = h?/K, which, in polar coordinates, is the 
equation of a circle whose radius is h?/K. 


Comment 34.896. We have thus proved that, if h ~ 0, the orbit of 
a particle, attracted to a fixed point O by a central force which satisfies 
the inverse square law (34.81), is a conic section with one focus at the 
fixed point O. If e < 1, the conic section is an ellipse. Since one focus is 
at the fixed point O, which we also took to be the origin of our coordinate 
system, O cannot be the center of the ellipse. If therefore a particle, sub- 
ject to a force which satisfies the inverse square law (34.81), moves in an 
elliptical orbit, the central force is directed toward a focus of the ellipse 
and not toward its center. Contrast this result with that obtained in 
Lesson 34E. We found there that if F varies directly as the distance r 
from O, then the force is directed toward the center of the ellipse. 


Comment 34.8961. If h = 0, then by (34.84), 6 = 0. Therefore 
8 is a constant. Hence the particle must move on a line. By (34.85), 
with h = 0, the differential equation of motion simplifies to 


TS T_T OD : 
For possible methods of solving it, see Lesson 35, also Exercise 35,7 
and 22. 


Comment 34.897. Determining the Constants of Integration h, 
e, 05 of (34.893). The path of the particle, by (34.893), with wu replaced 
by its equal 1/r, is 


136 
(a) : =e [1 + 2 cos (0 aa 
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where h, e, and 69 are constants which were introduced by integrations. 
Assume that when the particle is at the point Po of its path, its distance 
from O is ro and that it is moving with a velocity vo in a direction making 


Po(r0,0) Up cos A=Po 


Figure 34.898 


an angle A with the line joining O to Po, Fig. 34.898. For convenience, 
we measure subsequent values of the angle @ from this line OP». The 
initial conditions are, therefore, [for v,, ve values sce Fig. 34.898 and (34.2)] 


(ob) 3 =*7o, 6 = 0, i =n, A = angle shown in Fig. 34.898, 


vp = v9 cosA = fo, ve = Uosin A = robo. 
The substitution of (b) in (a) gives 


K 
(c) = aell + 1ea8e Bol e cos 89 = 5g — 


or to a tangent to a 


Let a be the angle measured from the radius vect 
{ the particle at P. 


curve at P(r,6), lig. 34.899. Let v be the velocity 0 


Ug =U sin a=ré 


v, =U COs a=r 


Figure 34.899 


: kat in a direction 
Therefore the components of v In the radial direction and in a d 


perpendicular to it are respectively 
= vsina. 


(> p, = vcosa, te = 
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By (34.2), v» = f and ve = 76. Hence (d) becomes 

(e) t = pees a, ro = sin a, 

By (34.84), 76 = h/r. Therefore the second equation in (e) can be written as 
(f) [i — sine. 

Hence when r = ro, v = vp and a = A, we obtain, by (f) and (b), 

(g) h = rovosin A = 79°65. 


Differentiation of (a) with respect to @ gives 


(h) — += — = — =~ 3s1n (6 — Go). 
Also 


1 dr r? 
==5 = = [by (34.84)] 


a2 
h de 


= — -2 cosa [by (e) above]. 


Hence, by equating this last expression with the right side of (h), we 
obtain 


(1) “ sin (6 — 69) = vcosa. 


Inserting in (1) the initial conditions 6 = 0, v = v9, a = A, v9 cos A = 
fo, there results 


(j) “é sin (—69) = vo cos A, —é5in 65 = wo eos = eto. 


Squaring the second equations in (c) and (j) and adding them, we have 
— i (= ) 7 h? ap? h2v92 
wes fe ) TART) = Kt — rok + 1 ee cos? A. 

We can simplify (k) somewhat, by noting from (g) that 


(1) h? = ro*vo’ sin? A, 


i ss : a ; 4 BO re |B: = 
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Substituting the last equation of (1) in (k), we find 


Oo a on? h2y 2 } 4 
m ee a ee Nvo _ _fh 
a ; Toe = Magik eae ne rozk2 
- De hanya 
rok Kk2 


By (g), we can determine hk. By (k) or (m), we can then determine e; 
remember A is a proportionality constant and not a constant of integra- 
tion. With e and h known, we can determine 9 by the second equations 
in (c) and (j). After 69 is known, we can then choose our axes to make 
69 = 0, and thus obtain (34.894). 


Comment 34.9. Energy Considerations Related to the Inverse 
Square Law. 1n property D following Example 34.62, we showed that 
the sum of the kinetic and potential energies of a particle moving in a 
conservative ficld is a constant, see (34.66). Therefore, by (34.66), 


(a) mv? oe 


where we have replaced the constant ¢ by the energy constant #, and the 
velocity components, 4,¥,2, by v. In Example 34.62, we showed that if 
Fe = —¥/,", them the force Geld is conservative and the potential energy 


—1:/r. In the example of this Lesson 34F, F = —Km/r’, 


function —U = 
U = —Km/r. Sub- 


see (34.81). Hence the potential energy function — 
stituting this value of U in (a), it becomes 


2_ ——= | 
7 — Ls. 

(b) 4 mv e 
= To, we obtain— 


Inserting in (b), the initial values v = Vo and r = 
remember // is constant for all v and r— 


Ke _ | 
(c) 5mvo ay To. = Li. 
By (m) of Comment BL aot 
a 2h? = h*vo 
(d) eS ee 
Multiply (¢) by —2h?/K?m. There results - 
¢ h?v0" De 

aie gee WE (nt EE) = — 

oO = Ae b= ~ Km al ro K2 + rok 


are the same, we can equate their left 


Since the right sides of (d) and (e) 
sides. We have thus shown that 


9 Qh? pee 2 @ E. 
ay 1s ~~ Fen m \Kk 
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The mass m is a positive quantity; so also is (h/K)®. Hence we conclude 
from (f), that if # < 0, 


(g) 1 a (ae we a 


and the particle, therefore, must move in an elliptic orbit. If # = 0, 
then 1 — e? = 0, e = 1, and the particle must move in a parabolic 
orbit; if Z > 0, then e > 1 and the particle must move in a hyperbolic 
orbit. We infer from all this that a particle in motion in a conservative 
field, whose orbit is elliptic, must initially have had negative energy. 
Conversely, if a particle with negative energy is projected into a conserva- 
tive field, it will move in an elliptic orbit. Analogous remarks can be 
made for the other two types of orbits. 


Remark. A particle will have negative energy initially, if its kinetic 
energy, which is the first term of (a), is less than the force function U = 
Km/r. 


Comment 34.91. Equation (34.894) gives the position r of a particle 
as a function of 6, h ~ 0. It would be desirable to express r as a function 
of ¢ so that we can know where the particle is at any moment. By (34.85) 
7 = h?/r? — K/r*®. As mentioned previously, two methods of solving 
this equation will be given in Lesson 35. (Also see Exercise 35,11.) Un- 
fortunately, use of either method gives ¢ as a function of r. The problem 
of solving the resulting equation for r as a function of ¢ turns out to be 
exceedingly difficult. 


EXERCISE 34F 


1. Verify the accuracy of the solution’ of (34.891) as given in (34.892). 

2. A body weighing 16 lb is 12 ft from a fixed point O. It is given an initial 
velocity of 6 ft/sec in a direction perpendicular to the z axis. Find its equation 
of motion if it is subject to a central force whose magnitude is equal to 120/r? 
where r is the distance of the particle from O. Hint. Follow the method of ie 
text. Initial conditions in rectangular coordinates are t = 0, = ro = 12 
y = yo = 0, to = 0, Yo = vo = 6. In polar coordinates initial conditions 
aret = 0,7 = ro = 12, 8 = 69 = 0, %o = 0, 6 = 60 = v0/ro = 3 = } 
What is the eccentricity of the path? , 

3. A body weighing 16 Ib is 10 ft from a fixed point O. It is subject to a central 
force F whose magnitude is 100/r?, where r is the distance of the particle 
from 0. What initial velocity should be given the particle, in a direction 
perpendicular to the z axis, in order that the particle may (a) move in an 
elliptic orbit of eccentricity 4, (b) move in a circular orbit (hint, orbit is 


circular if e = 0), (c) move in a parabolic orbit, (d 
orbit of eccentricity 2? » (d) move in a hyperbolic 


In the problems below, we shall consider the motion of a satellite of 
the earth, where the satellite has been set in motion by being ejected from 
a rocket. These problems are central force problems, obeying the inverse 


i 
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square law (34.81). The satellite will be attracted toward the center of 
the earth with a force inversely proportional to the square of the distance 
r of the satellite from this center. Call R the radius of the earth. 


4. In (34.81), replace F by ma, where ais the acceleration of the particle. 
(a) Show that 


(34.911) K = gR?. 


Hint. Whenr = R,a = —g. 
(b) Show that the equation of motion (34.892) becomes 


2 
(34.912) ue ae + Cos (8-106), 
and that (34.894) becomes 
he 
(34.913) se ny 
where 
(34.914) h = 76. 


5. Assume in (34.913) that at ¢ = 0, 6 = 0, that the last rocket is fired at a 
distance r = ro from the center of the earth and that it has ejected the satel- 
lite with a velocity vo in a direction making an angle A with the radius vector 
joining the rocket to the center of the earth. See Fig. 34.898. Show that the 
constants h, e, and 00 in (34.913) are given respectively by 


(34.915) h = r0°o, 
34 2 2 24 2 
TO 6 ro 90 . 
(34.916) eo = (3 a ) eK & r) 
3,4 2 2 bot 
1 [rob or a a 
(34.917) cos Bo = 7 ( TR? — . ’ sin Ao a e€ ( gh? ) 


j initial velocity ¢ nts of vo in the radial direc- 
where 7o and roGo are the initial velocity components | direc. 
tion and in a direction perpendicular to the radial axis. Hint. With K = gf 
as given in (34.911), equation (34.913) is the same as (a) of Comment 34.897. 


Make use of (g), (k), (c), and ()) of this comment. 
6. Show that the orbit of a satellite of the earth will be a circle if 


10°60" = gR? and fo = 0. 


(34.918) 
Hint. By (34.913), the orbit is circular if e = 0; by (34.916) e = Oif (34.918) 
fan ket into a circular orbit 300 mi above the earth’s 


_ A satellite is ejected by a roc rcular ( 
‘ ave Find its period of rotation. Hint. The period of the satellite, by 


Definition 28.34, is 7 = 27/w, where w = 6 is its va ais eta 
18), 70/9 R= 0b UO) : 

918), T = (24ro/R)V 70/9. Here , 

8 ey i very close to the surface of the earth so that ro is very close 


to R, then (34.918) can be written as 


(34.919) by = Vg/R. 
f —— 
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Show that the period in this case, for a circular orbit, is approximately 85 min. 
See hint in problem 7 for period formula. [Compare with answer to Exercise 
28 A and 3, 2(e):] A 
9. Ata distance ro from the center of the earth, a rocket propels a satelhte in a 
direction perpendicular to the radius vector joining the rocket to the center. 
The velocity of the satellite is vo. Hence fo = 0, 0 = vo/ro and the angle A 
in Fig. 34.898 is 90°. 
(a) Show that if 60? < gR?/ro%, then 69 = m. Hint. In (34.916), 7o = 0. 
Solve for e and, since the eccentricity is always positive, choose the proper 
sign to make e > 0. Substitute this value of e in (34.917). 
(b) Show that the orbit of the satellite is then 
ro Bo" where e 1 ro bo 0) 
Y 0 cp eee) li = — ———>oOr 
gR2(1 — e cos 8) g he? 
robo" 
gR2 — (gR2 — 7103602) cos 6 


Ilint. Use (34.913), (34.915), and (34.916). 
(c) Show that the satellite is farthest from the center of the earth, called 
the apogee of the orbit, when r = ro, 6 = 0, 1.e., the apogee is at the 
point where the satellite is released. Hint. The distance 7 is largest when 
the denominator in equation (b) above is smallest. The denominator is 
smallest when the negative term in it is largest. This negative term is 
largest when 6 = 0, cos@ = 1. Solve for r with cos @ = 1. 
Show that the satelhte’s perigee, i.e., the point of the satellite’s orbit 
nearest the center of the earth, occurs when 6 = 7, and that its distance 
from the center of the earth is then 794697/(2gR? — 102692). See hint 
m (c) above. 
Show that the satelhte will make a complete orbit without hitting the 
earth if 602 > 29R3/[ro3(ro + R)]. Hint. The perigee of the orbit, as 
given in (d) above, must be greater than the radius R of the earth. 
(f) Show that if 69? > gR?/ro%, then 6) = 0. See hint in (a) of this problem. 
Show that the orbit of the satellite is then 


(d 


~~ 


(e 


~~ 


ro 60. 6 
TO 

T SS SS c ee 

g R3(1 + e cos 6) Here g ke ae 


4s 2 
ro @o 
gR2 + (ro3692 — g R2) cos 6 


See hint in (b) above. Show that the perigee of the orbit occurs when 
= 700 = 0, 1.€., at the point where the satellite is released; that the 
apogee of the orbit occurs when 6 = = and that its distance from the 
center of the earth is then 70*007/(2gR? — 103692), provided 2g? > 
BE See hints in (c) and (d) above. Finally show that if 2gR? <= 
ro°4o » the orbit will not have an apogee. Hint. The denominator of the 
apogee’s oe pommnla above will then be negative or zero. 

If 2gRh* = ro°o*, then ro7692 = 2gR2/ro. If the satellite is ejected 


at or near the surface of the earth so that ro = R, then the last equation 


ps ee eee Bugz = 7080 so that vo = 2gR which is 
cape velocity of a body fired from th £ 
ae e surface of the earth, see (i) 
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ANSWERS 34F 


' 2, = $,aik\— 120,k = 240, 
e = 0.8,r = 21.6/(1 + 0.8 cos 6). 

t (a) AS ft/sec. é (b) 4.47 ft/sec. (c) 6.32 ft/sec. (d) 7.75 ft/sec 

. 5700 sec, approximately, or 95 min. The first satellite put into orbit in 1957 
by the U.S.S.R., known as the Sputnik, had a nearly circular orbit of 300 miles 
above the earth’s surface and a period of 96 min. 


LESSON 34G. Planetary Motion. Newton’s law of universal 
gravitation states that every two bodies in the universe attract each 
other with a force proportional to the product of their masses and in- 
versely proportional to the square of the distance separating them. Let 
M be the mass of the sun and m the mass of a planet. It can be proved 
that we do not commit a serious error if we consider the sun as fixed, its 
mass Af as concentrated at its center, the planet as a particle, and sun 
and planet as isolated bodies. Then by Newton’s law of universal gravita- 
tion, 


GM 
(34.92) _ rae 


where r is the distance of a planet from the sun’s center, and G is a pro- 
portionality constant called the gravitational constant. Replacing the 
constant GM in (34.92) by a new constant K, it becomes F = —Km/r’, 
which is the same equation as (34.81) of Lesson 34F. Since this force F is 
directed toward a fixed point O, namely the sun’s center, it is a central 
force. Hence planetary motion is exactly the same as the motion of the 
particle discussed in Lesson 347, We can therefore assert that: 


1. A planet moves in a plane. 
2. The orbit of a planet is a conic section whose equation, by (34.894), is 
nh? 
— —-_————_—; h#9), 
i K(1 + e cos 8) 


mentum of the planet per unit mass, ¢ is the 


where A is the angular mo mas 
d K is the product of the gravitational con- 


eccentricity of its orbit an 


stant G and the mass M of the sun. | 
The planets satisfy the law of the conservation of angular momentum. 


The planets sweep out equal areas in equal intervals of time. 
The force field in which the planets move 1s conservative; hence the 


f energy. 
lanets satisfy the law of the conservation 0 
The sun is at one focus of the planet’s orbit. [See Comment 34.896.] 
The Orbits of the Earth and the Other Planets of Our 


Solar System Are Ellipses with the Sun at One Focus. Hence for the planets 
of our solar system ¢ < 1. This means, a3 We showed in Comment 34.9, 


innl its exis ad negative _ 
sl aati planet, at the beginning of 1s existence, had neg 


C1 ob Ww 


ad 


Comment 34.93. 
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The orbits of comets* which appear after long intervals of time are ex- 
tremely elongated ellipses whose eccentricity is near 1, almost close to 
parabolas. Those bodies for which e 2 1 have parabolic or hyperbolic 
orbits. They leave the solar system and never return. 


EXERCISE 34G 


1. Find the equation of motion of a planet of mass m if its distance at perigee, 
i.e., its distance nearest the sun, is ro and its velocity there is vo. Hint. Take 
the axis of the ellipse through the perigee. Thenatt = 0,r = ro,@ = @0 = 0, 
*t = 0,8 = v0/ro. See Fig. 34.898. 

2. Find the approximate equation of Halley’s comet. Hint. See footnote at the 
bottom of page: e = 0.967, a — c = 0.587, where a is the semimajor axis 
and c is the distance of the focus from the center of the elliptic orbit. 

3. A comet at rest at an infinite distance away from the sun is attracted toward 
the sun in accordance with the inverse square law. If its distance at perigee 
is ro, find the equation of its path and show that its orbit is parabolic. Hint. 
Take axis so that 69 = Oin (34.892). Att = 0,0 = z,u = 1/r = 0. When 
C= = 1/70: 

ANSWERS 34G 
oe 
_ To Vo . 
K + (rovo? — K) cos 6 
2 2 
ee 

" 316.41 © 20.54 

2ro 


a 1+ cos 6 


De 


= 1. Figures in astronomical units. 


By Orbit is parabolic since e, the coefficient of cos @, is one. 


LESSON 34H. Kepler’s (1571-1630) Laws of Planetary Motion. 
Proof of Newton’s Inverse Square Law. Kepler’s three laws of plane- 
tary motion are: 


1. Each planet moves in an elliptical orbit with the sun at one focus. 
2. The radius vector connecting sun and planet sweeps out equal areas in 
equal times. 


3. The square of the period of a planet is proportional to the cube of the 
semimajor axis of its orbit. 


We have already proved 1 and 2: see numbers 6 and 4 of Lesson 34G. 
We shall now prove 3. 


Proof of 3. By (34.894), the orbit of a planet is given by 


(a) a a A 
‘ "= KG + ecosé)’ 


“The famous Halley’s comet has an elliptical orbit whose eccentricity is 0.967. Its 
period is 76 years. Its perigee is 0.587 astronomical units (an astronomical unit is the 


distance of the earth to the sun, approximately 92,900,000 mi i 1 isi 
in 1910, it will be again visible in 1986. PE aan 


L. ' 4 


gtd focus is at the origin of a coordinate system, called (0,0) in 
jee . 94, and the semifocal width is h?/K, called L iy Gli Aeure Let 
,0) be the center of the ellipse. With respect to the center of the pllipee 


(0,5) (c, L) 


a : 


Figure 34.94 


let (c,0) be the coordinates of the focus, (a,0), (0,b), be the coordinates of 
the ends of the semimajor and semiminor axes respectively. The equation 
of the ellipse with respect to its center as an origin is, therefore, 


ge 
Ge 2 =o a Se = eb” then y? = L?, and there- 
fore, by (b), 
2 2 2 2 2 2 
a” — b L L b b 
(c) aoe = ae eee 


The semifocal width L also equals h?/K. Substituting this value of DL in 
the last equation of (c), we obtain 

ae yells 
(d) < ae a K 


olds for every particle subject to a cen- 
he planets. The last equation in (34.49) 
tial conditions A = 0, é = 0. Hence if 


The first equation in (34.49) h 
tral force. It therefore holds for t 
resulted when we took for our ini 


Me se"), =O; 
(e) 


giv 
planet’s orbit, if 
of its orbit. Wh 
out the area of the 


A 


A = ake, 


n time t. Call 7 the period of a 
anet to make a complete circuit 
a complete circuit, it has swept 
hen A = wabandt = T, 


es the area A swept out by a planet i 
e., the time it takes a pl 
ien the planet has made 
ellipse, namely mab. Hence w 
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we obtain by (e) ps 
an Arab 
(f oe eee 


In (f), replace b? by its value as given in (d). There results 


47a? ah? 4r’a° 
(34.95) T= > ees ee a 


Since K(= GM) is a constant, and a is the semimajor axis of the ellipse, 
(34.95) says that the square of the period of a planet is proportional to the 
cube of the semimajor axis of its orbit. 


Proof of Newton’s Inverse Square Law from Kepler’s Laws. We 
have proved Kepler’s three laws from Newton’s universal law of gravita- 
tion. Historically, however, Kepler preceded Newton and hence the 
former knew nothing of the law of gravitation. It is indeed remarkable 
that Kepler was able to deduce his three laws from an intensive study of 
the recordings of the positions of the planets made by direct observations. 
It was Newton who used Kepler’s laws as a hypothesis to develop his own 
universal law of gravitation. Part of his problem was thus the inverse of 
the one we solved. He assumed that a planet moves in an elliptical orbit 
with the sun at one focus, that it sweeps out equal areas in equal times, 
and then set out to prove that the planet must therefore be subject to a 
central force directed toward a focus, whose magnitude varies inversely 
as the square of the distance of the planet from the sun. The proof follows. 


Proof. By Kepler’s second law, dA/dt is a constant. Therefore by 
the second equation in (34.481), 


(a) 


r°6= 


tol 


= r76 == 
where c is a constant. Differentiation of the second equation in (a) and 
multiplying the result by a constant mass m, gives 


(b) m(2rr6 + r76) = 0, m(276 + r6é) = 0. 


The second equation of (b), by (34.21), is mag = 0. But ma, is the com- 
ponent of force acting on a particle in a direction perpendicular to the 
radius vector. Since this component is zero, the force acting on a planet 
must be a central one; ie., the force always acts along a radius vector 
toward or away from the sun. 

By Kepler’s first law, a planet moves in an elliptical orbit with the sun 
at one focus. We showed in Lesson 34F, that the equation of an ellipse 
in polar coordinates with one focus at the origin is 


A 
Cc os ee See 
(c) 1+ ecos@ 
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where e < 1 is its eccentricity and A is its semifocal width. Differentia- 
tion of (c) gives 
(d) —_ a sin 6 _ Ae esin 6 4 

(1 + e cos @)? (1+ ecos0)? A — 


Making use of (c) and (a), we can write (d) as 


: esin@ c ce 
(e) for >= sin 6 
A fr A : 


Differentiating (c) and then using (a), we obtain 


f . c ’ ce? 

(f) ? = = (e cos 0)8 = 7 (e cos 6). 
Solving (c) for e cos 6, there results 

(g) ecos @ = = a 


Substituting this value in (f), we obtain 
2 2 74 
ag a) ee 
oy r= 25( r j= Ar? 
The component of a force in a radial direction is, by the first equation 
im (#21), 
(i) F, = ma, = m(# — 76’). 


In (i), replace 7 by its value in (h) and 6 by its value in (a). There results 


c? Cc a ie oe me? 
(}) nee Ae a ea 
acting on a planet is toward or away 
are positive constants, (j) tells us that 


ard the sun, and its magnitude 
distance from the sun. 


We showed above that the force 
from the sum Since, c”, and A 
the force acting on a planet is directed tow 
is inversely proportional to the square of its 
The inverse square law just proved is only part of 
the universal law of gravitation. Newton’s studies of the gravitational 
force of the earth plus his observations of the moon’s orbit about the 
earth, plus his own genius, enabled him to formulate his famous law of 


universal gravitation as stated at the beginning of Lesson 34G. 


Comment 34.96. In Lesson 34C, we proved that every particle sub- 


ject to a central force obeys Kepler’s second law, 1.¢., 1t sweeps out equal 
Hence Newton’s inverse square law is only a suffi- 


cient condition for Kepler’s equal area law, not a necessary one. However, 
aw is a necessary and sufficient condition for Kepler’s 


the inverse square | 
> ——t—~S 


Comment 34.951. 


areas in equal times. 
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first law: the orbit of a particle subject to a central force is an ellipse 
with the force directed toward a focus. Note that if F is proportional to 
r as in Lesson 34K, the orbit is also elliptical, but the force is directed 
toward the center of the ellipse. 


EXERCISE 34H 


1. (a) Take 240,000 miles as the semimajor axis of the moon’s orbit and its 
period as 27.3 days. Use Kepler’s third law to find the value of the 
proportionality constant k for the earth, where k replaces 4n2/K in 
(34.95). Use for units 1000 mi and hour. 

(b) In Exercise 34F,7, we found T = 95 min for the period of the circular 
orbit of a satellite of the earth 300 mi above its surface. Take 4300 mi 
for the semimajor axis of the satellite’s orbit and calculate k. Use for 
units 1000 mi and hour. 

(c) In Exercise 34F,8, we found T = 85 min for the period of the orbit of a 
satellite close to the earth’s surface. Take 4000 mi for the semimajor axis 
of the orbit and calculate k. Use for units 1000 mi and hour. 

Compare results in (a), (b), and (c). Ans. k = 0.031. 


Remark. Next time you read of an earth satellite which has been success- 
fully orbited, and its perigee and apogee are given, use this value of k and 
Kepler’s third law to calculate the period of the orbit and see if it agrees with 
the observed period. 


2. (a) Use Kepler’s third law to calculate the value of the proportionality con- 
stant k for the sun. Use for units 1,000,000 mi and day. Take the period 
of the earth as 365 days and the semimajor axis of its orbit as 93,000,000 
Mites. ic — OOo: 
(b) Use this value of & to calculate the period of one of the other planets from 
its known distance from the sun, or calculate its mean distance from the 
sun from its known period. 


By (34.891), 
ae i 
By (34.81) and (34.86), 
2 
Hence (a) becomes 
d7u Fr’ F 
ee ce = era 


which is the differential equation, in polar coordinates, of the orbit of a par- 
ticle subject to a central force. For different values of the force F, there 
will be different orbits. Conversely, if the equation r = r(6) in polar 
coordinates of the orbit of a particle is known, (34.97) will give the cen- 
tral force F which causes the particle to move in this orbit. All one need 
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do to find F is to substitute in (34.97) the values of u and d?u/d6? and 
solve for F. (Remember u = 1/r.) 


Use the above facts and (34.97) to solve the following problems. Assume 
in all cases that F is a central force and that the fixed point O toward 
which the force acts is at the origin. 


3. The orbit of a particle is an ellipse with one focus at the origin. Show that the 
force F obeys the inverse square law. (Note. This assertion has already been 
proved in this lesson; sce proof of Newton’s inverse square law from Kepler’s 
laws.) Hint. The equation of the orbit in polar coordinates is 


T= 2 
1+ ecosé 
Therefore 
1+ ecos@ du € 
~ cr 462 Heo cos 6. 


Substitute the last two values in (34.97). Solve for F. Remember that m, h, 
Sa A areconstants, Aws. F = —mh?/ Ar’. 

4. The orbit of a particle is a circle, with the origin a point of the circumference. 
Show that the force F is inversely proportional to the fifth power of the 
distance of the particle from the origin. Hunt. The equation of the orbit in 
polar coordinates is r = 2a cos 6, where a is the radius of the circle. There- 
fore sec @ = 2a/r = 2au. Also make usc of the fact that sec? @ = 1+ tan? @. 
Ans. F = —8a%h?m/r°. 

5. The orbit of a particle is an cllipse with the origin at the center of the ellipse. 
Show that the force F is proportional to the distance of the particle from the 
center, see Lesson 34E. Hint. The equation of the orbit in polar coordinates is 


2 

T a _ Follow suggestions in problem 3. 

— e” cos 

Ans. F = —mih?(1 — e*)r/ At. | 
6. The orbit of a particle is the spiral r = e%. Find the force F’. 

Sec FS er”. : 
7. The orbit of a particle is the lemniscate r2 = a? cos 26. Find the force F. 

Lo, fw om / 7’. ae . . 
8. The orbit of a particle is the cardioid r = a(1 + cos 6). Find the force F’. 

omy 1 =a ela. = 

Gt with center at the origin. Find the force F. 


9. The orbit of a particle is a circle 


Hint. The equation of the orbit isr =a. Ans. P= —mh?/a?. 


EXERCISE 34M 


(PE : 2 LEADING 
MISCELLANEOUS TY PES OF PROBLEMS 
TO SYSTEMS OF EQUATIONS 


If the x and y components of its velocity are 


‘ele moves in a plane. en 
ee ordinates of its position, find the equation 


equal respectively to the y and r co 


of its path. — _— 
2. (a) Solve problem 1, if the word velocity 1s changed to accel 


the equation of its path if initially the particle is at the 
velocity of 15 ft/see in w direction whose slope is ¥. 


Sf — 


eration. (b) Find 
origin and has a 
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3. Solve the following system of differential equations. They are used in certain 
problems of electron motion. 


d’x dy d’y dz 
m at ell a i ek, m ae eH dt = 0, 
where m = the mass of the electron, 
e = the charge of the electron, 
H = the intensity of the magnetic field, 
E = the intensity of the electric field. 


Assume that initially the electron is at the origin and its velocity is zero. 


In Lesson 30M-C, we discussed the problem of a wire twisted by ro- 
tating a bob at one end, where the resulting torque or moment of force 
was proportional to the angle of twist, see (30.63), (30.64), and (30.67). 
For convenience we recopy (30.67). 


(34.971) i ae 


where k is a proportionality constant, called the torsional stiffness 
constant, and @ is the angle through which the wire has twisted from 
an equilibrium position. Make use of (34.971) to solve problems 4-6. 


4. Three disks are connected by shafts. The moment of inertia of the two end 
disks is J, of the middle disk 2/, Fig. 34.98. The torsional stiffness constant 
of each of the two shafts connecting the three disks is k. If a torque 27'9 sin wt 


aa 
6, 65 6, 
Figure 34.98 


is applied to the center disk, find the angular motion of the disks. Assume no 
resistance and that initially the disks are at rest and the shafts are in their 
untwisted equilibrium position. Hint. Call 6; the angular displacement from 
equilibrium at time ¢ of an end disk and @2 the angular displacement from 
equilibrium of the middle disk. If the end disks are considered fixed at that 
instant, then at time #, the shafts connecting them to the middle disk have 
twisted through an angle, 62 — 6,. Hence the restoring torque acting on the 
middle disk is 2k(@2 — 61). If the middle disk is considered as fixed, then the 
shaft connecting it to an end disk has twisted through an angle, —(@2 — 4). 
Hence the restoring torque acting on an end disk is k(@,; — 62). Now make 
use of (34.971) taking into account the applied torque acting on the center 
disk. The differential equations can be found in the answer section. 

5. Three disks and a driving wheel are connected by shafts, Fig. 34.99. The right 
end disk is free. Each disk has the same moment of inertia J, and the three 
shafts have the same torsional stiffness constant, k. Set up the system of 
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— 


Em He ee Em. eH 
et (1 — cos #81), y=eazt eps i 


differential equations for the angular motion 6(t), 62(t), 63(t) of the three 
disks from their equilibrium positions due to an angular motion @ of the driv- 
ing wheel. Assume that initially the disks are at rest and the shafts are in 
their untwisted equilibrium position. (See hint given in problem 4.) 


6, te 


Figure 34.99 


. Solve problem 5 if there is also a resisting torque operating on the disks 


proportional to the first power of their angular velocities. This proportionality 
constant is called the torsional resistance constant. Assume the torsional 
resistance constant for each disk is R. 


ANSWERS 34M 


= eb cae" y = cre! — coe 2? — y= c. 
(a) x = cye' + coe‘ + cg cost + c4sin t, 
= cet + coe! — cg cost — cg sine. 
(b) c = 4Aet'— e+ Hsint, y= 24(e! — e~") — Fsint. 


~ eH? H m 
They are the parametric equations of acycloid. For the definition of a cycloid, 
see Exercise 28C,34. 


I dq = —k(6; — 62), for each end disk, 
dt2 
2 
OY “Zz = —2k(62 — 01) + 2To sin wt, for the middle disk. 
t 


Solutions are, 
kTo sin wt 
c) + cot + cg sin V 2k/I t+ c4 COSV 2k/T t+ Tee = 


72. 
To(k — w I) sin ot 
Bo = cy + cat — casinV 2k/It — ¢4 cos V 2k/I t+ me 


6; 


Initial conditions are ¢ = 0, 6; = 0, 62 = Ong 0, 6. = 0. 


dO) “4 
@M _ —k(e, — 6) — kh 2), 
1p sf 
749 _ _ 4a, — 61) — b(O2 — 8); 
di2 
d703 


» —k(83 — 92); 
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or 
(ID? + 2k)6, — kO2 = k6(t), 
—ké, + (1D? + 2k)@2 — ké3 = 0, 
—k6o + (ID? + k)é3 = 0. 
Initial conditions at t = 0 are 6) = 62 = 63 = 6; = 62 = 63 = 0. 
6. Add the term — R d@)/dt to the right side of the first equation of 5; —R d@2/dt 


to the right side of the second equation; —R d63/dt to the right side of the 
third equation. 


LESSON 35. Special Types of Second Order Linear and Nonlinear 
Differential Equations Solvable by Reduction to a 
System of Two First Order Equations. 


In previous lessons, we outlined standard methods by which solutions 
in terms of elementary functions could be obtained for certain types of first 
order differential equations and for linear differential equations with con- 
stant coefficients of order n > 1. For the nonlinear differential equation 
of order n > 1 and for linear equations with nonconstant coefficients of 
order n > 1, such standard methods are available only if the equation 
belongs to one of several special kinds. In Lesson 23 and Exercise 23, 18 
and 22, we discussed such special kinds of linear equations with noncon- 
stant coefficients. In this lesson we discuss three special types of nonlinear 
equations of order two for which a standard method of solution is avail- 
able. (See also Exercise 35, 23 for an additional type.) These same 
methods can, of course, also be used if the equation is linear. 


LESSON 35A. Solution of a Second Order Nonlinear Differential 
Equation in Which y’ and the Independent Variable x Are Absent. 


Equationis of this type that we shall consider will be those which can be 
written in the form 


(35.1) ic 


where f(y) is defined on an interval J: a S$ y S b. Note that y’ and x 


are missing. The substitution wu = y’, u’ = y”’ will change (35.1) into the 
equivalent first order system 


dy du 
(35.11) a = a f(y). 


The second equation in (35.11) can be solved for u as follows. Multiply 


it by 2u to obtain 2uu’ = 2uf(y). Replace 2uu’ by its equal (d/dz)(u?), 
and u by dy/dx. Hence 


(35.12) ‘ (u*) = 224 Fly), 
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Therefore 
(35.13) d(u*) = 2f(y) dy. 
Integration of (35.13) gives 
(35.14) “ue = 2s dy = F(y) +c. 
Substituting (35.14) in the first equation of (35.11), we have 
(35.15) * = +VF(y) + ¢7. 
If V/F(y) + c; =~ 0, we obtain from (35.15) 
: di 
(35.16) + = = fe a cy. 


Remark. We do not wish to imply that (35.16) will always be in- 
tegrable in terms of elementary functions. In the example below, f(y) has 
been chosen carefully so that it will be. In general, it willlnot be. 


Example 35.17. Solve the nonlinear equation 


(a) yl iy, y= 0: 


, 


Solution. Following the method outlined above, we substitute wu = y, 
uw’ = y’' in (a) to obtain the equivalent first order system. 
cy du _3 
— = — = 4 : 
Multiplying the second equation in (b) by 24, there results 
du = yo dy 
(c) 2u == Sy “4U, ae (u-) = 8y a 
dr a= Sy > dy, “ue = fou dy = Ay ie) = OF 
Cie fy ae 2 ey es 
a RE eS Fe 
e =e Oo) 42 ae ; ve Ve 


Substituting this last value of win the first equation of (b), we have 


y dy = dx. 


si eg 


Integration of (d) now gives 


wae 4 == Ce nC 1 68, 


2 =) 
a4 we ene 
we (et cime) 2 PO Tz 


SF — t~” 


(e) += cy? — 4= tt os 
I 
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LESSON 35B. Solution of a Second Order Nonlinear Differential 
Equation in Which the Dependent Variable y Is Absent. Equa- 
tions of this type that we shall consider will be those which can be written 
in the form 


(35.2) y = flay’). 


Note that y is missing. The substitution u = y’, wu’ = y” will change 
(35.2) into the equivalent first order system 


dy _ du _ 
(35.21) ae = Feu). 


The second equation is now a first order equation in wand hence may be 
solvable by the methods of Chapter 2. If it is and its solution is u = 
u(x) + cy, then by the first equation in (35.21), 


Gorz2) — ftw) + ¢| dx + cg. 
Example 35.23. Solve the nonlinear equation 


(a) y= xy’)? 


Solution. Following the method outlined above, we substitute u = y’, 
u’ = y” in (a) to obtain the equivalent first order system 


dy 4 du 2. 


(b) ae 


If u + 0, we can write the second equation in (b) as 


, d 
(c) <7 = dz. 
b= 
Its solution is u = —2/(z? + c), which we write as 
—2 
d ceo ey 
( ) : xe? +t C1? 


with the understanding that the plus sign is to be used if ¢ > 0; the 
minus sign if c < 0. Substituting (d) in the first equation of (b), we hae 


dy 2 ZOE. 
e ee ee = 
© dx We een 2) x2 + C,? 


By integrating (e), we obtain 


1 1 == 
y= -2|4 Are tan (2 -) | oe ese one Gh 
7r Ce and y Cy log x al C} = Co. 
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Ife, = 0, then by (e), 


“ dy=—Sdr, y=i+e, 2#0 


LESSON 35C. Solution of a Second Order Nonlinear Equation in 
Which the Independent Variable x Is Absent. Equations of this 
type that we shall consider will be those which can be written in the form 


(35.3) y" = fy’). 
Note that z is missing. If we let u = y’, then 


‘ du dudy du 
me ee  —- S  - 

(35.81) SO aoe u 

Substituting these values in (35.3) will change it into the equivalent first 

order system 

dy 


(36232) : 


du 
= oy ae s= pe 


The second equation in (35.32) is now a first order equation in u and 
hence may be solvable by the methods of Chapter 2. If it is and its solu- 
meneiedec= U(y) + ¢), then by the first equation in (35.32), 


5 2 » 
(35.33) — ee = dx = x+ Co. 


Example 35.34. Solve the nonlinear equation 
(a) oy” = ae + VY 


Solution. Following the method outlined above, we substitute u = y’, 


yy = a - in (a) to obtain the first order system 
Yy 


du 3 24 
(b) a ear! + u’. 


The second equation in (b) can be wntten as 


(c) a = Put 


dy Y 


1 1 Pye: 


which is a Bernoulh equation. Hence, followmg the method outlined in 


Lesson 11D, we multiply (¢) by 2 to obtain 


oa = ab 
(d) ae a 


ia 
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which can be written as 

d 9 2,2 2 

ose —- =e 0 0, 
(e) ria oe y, uoeed,y = 


an equation linear in u?. Its solution by the method of Lesson 11B is 
(the integrating factor is e/—2¢v/¥ — ¢—? leey — J /y?) 


ue 


(f) w= | eae u=styV2y+c, uX0,y £0, 2y+c; > 0. 


Substituting these values of u in the first equation of (b), we obtain 


dy dy 
(g) so = tyv2ytce; 1 = +dr, y #0, 2y+c¢, > 0. 
ie "yy Fe 
The solution of the second equation in (g), if y ¥ 0, 2y +c, > 0, is 
(h) Pe ee ee, ci Ot 
V a Vy 
2 V2y + C1 
URC) ee Sel ae Gy ep U) 
A a = : 


If c} = 0, then (f) becomes u = ++/2 y?/?. Therefore by (b) 
~ a 
(i) = =stV2y* ty? dy=V2de, Fy? = V2e+e0 
(J/2 x _ C2)*y = a, y zal 


Note. The function y = 0 which we had to discard in order to obtain 
(h) and (i) also satisfies (a). It is a particular solution of (a) not obtain- 
able from the families (h) or (i). 


EXERCISE 35 


Solve each of the following differential equations. 


Ly” = 2yy’, Cys lige = 32. 
oy = ik. 7. F = —k/r?. 
3. yy” = (y’)? — 1 (See Comment 34.8961.) 
4, 27y'’ + ay’ = 8. y" = Sky’. 

(Note mab bi equation j is linear.) i es 
Rg) oh 10. yy + (2 —y =0. 

(Note that aie equation is linear.) 

Re 


. k 
ll? = 3-5: (See Comment 34.91.) 
12, i “+ (y)3 — (y’)? = 0. 
13. yy” — 3(y’)? = 0. 
14. al 45 xy CT 0) 
15. (1 + 2*)y" + 2z(y’ + 1) = 0. (Note that the equation is linear.) 
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Find a particular solution of each of the following differential equations 
satisfying the given initial conditions. 


16. (y + 1)y"” = 3(y')?, y(t) = 0, y’(1) = —4. 

17. yy” = ye”, (3) = 0, y’(3) = 1. 

18. y” = 2yy’, y(0) = 1, y'(0) = 2. 

19. 2y” =e, y(0) = 0,y'(0) = 1. 

20. r2y" + ry’ = 1, yl) = 1,y'Q) = 2. (Note that the equation is linear.) 


2. ry” — y' = 2%, y(1) = 0, yl) = —1. (Note that the equation is linear.) 
' k . 

2.7 = — mt r(0) = 1, 7(0) = 0, 7(0) = —#. See problem 7 above. Hint. 
After finding ¢ as a function of rin integral form, substitute cither r = cos? u 
orr = u’. 


23. A differential equation is said to be homogencous in x, if by arbitrarily 
assigning degree n to x” and degree —n to y™, each nonzero term of the 
equation is of the same degree. In computing the degree of a term, the de- 
gree of each of its members is added. For example, x2 is of degree 2; y is of 
degree zero; y’’ is of degree —2: x*yy"’ is of degree zero. Equations homoge- 
neous in z may be solvable by the substitutions, see also Exercise 23,18, 


r= e%, yu = log x, 
dy _ 1 dy fy 1 (au _ 4), 
az x du’ dr2..—s x2 \du? du 


etc., and then making use of one of the methods of Lesson 35. Verify that 
each of the following nonlinear differential equations is homogencous In 2% 
and solve. 

(a) zyy’” — 22(y')? + yy’ = 9. 

(b) zyy” + xl’)? — yy’ = 9. 

Cm — Bao yy ee 


ANSWERS 39 
.¥ = ci tan [er(a + ¢2))- 


$. cyy= (ez + cyc2)* + k. 
3. cy = sinh (e)z + €2)- 


a 


(log x)” oe 
v= Moa log zr C2. 


3 
5 y = ste +e 
Siete 1)~ 2 mere hace 


7t= Jace dr+ ce. To evaluate the integral, let r 
=? Qk + cir 


= u-. See 22. 


+ | My + @2 
8. RH = = i 
dy 


©, 7 os = - 
Sky 01 


-} (Coys 
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10.2 = y+cilog(y — ¢c1) + co; y = ©¢. 
t cyr2 + 2kr — h2 
Li: meee cy? + 2kr — h? & —ae —* top| r+ ne pan . 
C1 
12. y = 2+ c1 log (coy). 
ike Geo = Obrae tee 
14. cu" = (¢,7 + 1) log (ex + 1) — cit + 2. 


15.0y c, Arc tanz — r+ C2. 
16. cae 1)? = 
17. y = —log oe — 2). 


is. y = tan (7+ 7): 


i 2 : 
19. e ae eae 
2 
20. y = Ae + 2logr++ 1. 
3 
2 
21. y wes sore 


22.6 =p 3) = le ee 2 ee ~ ar = + (Are coseVr+Vr(1 — r)). 


Nore. Since the limits of eich are from 1 tor andr < 1, use of the 
plus sign in the integrand will give a negative time; use of the minus sign 
will give a positive time. 


28. @) > Mc; loge - co. (Dey- = ein = co. 
(c) 2 Arc tan (cjy) = c1 log z + eo. 


LESSON 36. Problems Giving Rise to Special Types of 


Second Order Nonlinear Equations. 


LESSON 36A. The Suspension Cable. A cable, chain, string, or 
similar object supported at two ends is called a suspension cable. It 
may support a load attached to it as in the case of a bridge, or it may 
hang under its own weight. We consider the latter possibility first. We 
shall determine for it the shape of the curve that the cable assumes. 

In Tig. 36.1, we have drawn a cable, assumed to be perfectly flexible 
and inextensible, supported at two ends, A, B, and hanging under its 
own weight. Whether the cable will have the appearance shown in Fig. 
36.1(a) or in Fig. 36.1(b) will depend on the length s of the cable relative 
to the length AB between the points of support. We consider the more 
general case shown in Fig. 36.1(a), where the cable at its lowest point 
does not necessarily have a horizontal tangent as it does in Fig. 36.1(b). 

Let P(x,y) and P,(x + Az, y + Ay) be two neighboring points on the 
curve AB, and call As the length of the arc between them. The forces 
acting on this piece of cable, considered as isolated from the rest of the 
system are [refer to Fig. 36.1(a)]: 
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Y T 
{+ 
P,(x + AVE. + 
y+ Ay) alll 
T, sin 6, 
ad Xr, cos 6, 


P(x.) 


(0,0) (29,0) x (0,0) (X9,0) Xx 
(a) (5) 


Figure 36.1 


1. A tension T at P directed along the tangent to the curve. 

9 A tension T, at P; also directed along the tangent to the curve but in 
a direction opposite to that of T. 

3. A force due to the weight of the cable of length As, directed downward. 
If we assume a homogeneous cable whose weight is uniformly dis- 
tributed and is w pounds per foot, then the weight of the cable of length 


AS is Ww AS. 


By hypothesis, the cable is perfectly flexible and inextensible. And 
since it is in equilibrium, the portion PP, of the cable will retain its 
shape under the action of the three forces 1, 2, 3 above, even if it were 
cut at P and P, just as f it were a rigid body. But the condition for 
static equilibrium of the piece of cable PP, is that the algebraic sum of 
the components of the system of forces acting along an arbitrary direction 
be zero. Hence equating to zero, the algebraic sum of the horizontal com- 
ponents of the three forces I, 2, 3 above, we obtain [keep referring to Tig. 
36.1(a)]. 
(36.11) "cos 0; — T cos 8 = 0, 
where @ and 6; are the angles shown in Fig. 36.1 (a). . 

Equating to zero the vertical components of these forces, we obtain 


1 sin @ — wds = 0. 


(36.12) T) am 07 — 
The change in the horizontal tension (T cos 8), 18 
(36.13) A(T’ cos 0) = 1, cos 0; — Pos 0; 


- —  t—=ts 
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the change in the vertical tension T sin 8, is 
(36.14) A(T sin 6) = T, sin 6, — T sin @. 


Substituting (36.13) in (36.11) and (36.14) in (36.12), we obtain respec- 
tively 

(36.15) ACT cos e) = 0, ACPsin 0) = "was, 

Dividing each of the equations in (36.15) by Az and letting Az — 0, 
there results the system of equations 


d ds 
(36216) ae (i cos 6) — 0, — £(T sin #) = w— crs 
Irom the first equation in (36.16), we find that 
(36.17) OC — 168 


where /f is a constant. Since 7 cos @ is a constant and equal to H, we 
may write the second equation in (36.16) as 


d {T sin 6 w ds 
CUS aE ¢ = ) = eae 
which simplifies to 
(36.19) i (tan 2) oe) 

dx di 

where 
36.2 ee 
(36.2) | k H 


But tan @ is the slope y’ of the curve of the cable at P. Hence 


dy 


6.2] = 
G ) ie) Go re 


Substituting (36.21) in (36.19) and recalling that the differential ds of the 
are PP; of the cable is given by the formula ds = \/dx? + dy? so that 


d 
5, = VI + (dy/dzy?, 


we obtain 


Be 
(36.22) ae = kV/1 + (dy/dx)?. 


This is a nonlinear second order equation of the type discussed in Lesson 
35B with y missing. Following the method outlined there, welet u = "7, 
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u’ = y” and thus obtain from (36.22), the system 


dy du 
2 = — \ Bee 


By the method of Lesson 6C, and with the constant of integration taken 
to be kxo, the solution of the second equation in (36.23) is 


(36.24) log (u + V1 + u?) = kz — kxo, 
“te ST fou? = eX —70), 


The second equation in (36.24) can be solved for wu by the usual algebraic 
means. A simpler method, however, is the following. Take the reciprocal 
of each side of the second equation in (36.24) and rationalize the de- 
nominator of the resulting left side. There results 


(36.25) u—-vVvlt+v= a ms 
Adding (36.25) and the second equation in (36.24), we obtain 


(36.26) uu = deh — FO). 


By (18.9), we can write (36.26) as 
(36.261) u = sinh [k(x — Zo)]. 


Replacing wu in (36.261) by its value as given in (36.23) and k by its value 
as given in (36.2), we obtain 


; w 
(36.27) y’ = sinh E (x — 0) |. 
Integration of (36.27) gives 


pe | w 
(36.28) ar cosh li (x — 0) | + ¢, 


which is the equation of the curve of a hanging cable supported at two 
points ? and ?. Since the same form of equation (36.28) results if the 
points 7? and /?; are taken anywhere on AB, (36.28) is the pune ey of a 
hanging cable supported at two ends A,B. Keep in mind that as P and 
P, shift, the values of Hand x in (36.28) change. 

There are three constants in our solution (36.28), H, Xo, and c. From 
(36.27), we see that ye Ohne — Xo, (remember sinh DS 0). This 
means that xo is the z coordinate of that point on the curve (36.28) where 
This point. 1s, therefore, a minimum point of the curve. 
© now choose our x axis so that y has the value H/w, 
0, (remember cosh 0 = 1). In Wig. 36.1 (a), we 
If/w). If we now choose our y axis so that 


its slope is zero. 
If when x = fo, W 
then by (36.28), ¢ 
have shown the point (ro, 


St — ~— 
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Figure 36.29 


it goes through the point (xp, H/w), then zo = 0. With reference to 
these new axes, 1.e., where the y axis goes through the lowest point of 
the curve (36.28), and the z axis is H/w units below this lowest point, 
sce Fig. 36.29(a), (36.28) simplifies to 


jal w 
(36.3) y = ~ cosh G x) 
and (36.27) simplifies to 
(36.31) y’ = sinh G x) - 


A curve whose equation has the form (36.3) is called a catenary. 


Finally to find H we make use of the fact that the length AB of the 
cable is s. Let a be the x coordinate of the point A; b the x coordinate of 
the point B. Then from the calculus, we know 


b 
G62) —— i Va) dx. 


By (36.31), we can write (36.32) as 


b 
(36.321) := | ae sane a) dx 
= cosh SF dx 


= sy as 
w 


i 


a 
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Therefore 


(3683) ;= | sinh (| b) — sinh (F a) |. 


In (36.33), s, w, a, b are given constants. This equation therefore deter- 
mines ff. 


Comment 36.34. Let us assume that s is sufficiently long so that the 
cable hangs as in Fig. 36.1(b). Hence the point (%o,H/w) at which the 
curve has a horizontal tangent is a point of the cable. The tension T of 
the cable at that point is therefore also horizontal. But when the tension 
T is horizontal, the angle @ in Fig. 36.1(a) is zero. And when @ = O, we 
see from (36.17) that 7 = H. Hence for this speczal case, H is the tension 
of the cable at its lowest point, sce Vig. 36.29(b). And if zo = 0, the length 
s of a catenary from its lowest point (0,H /w) to any point P(z,y) on 2t, for 
this special case, is therefore [in (36.33) take a = 0, b = a], 


(36.35) s= 


Example 36.36. A cable 50 feet long, weighing 5 lb/ft, hangs under 
its own weight between two supports 30 feet apart. Jind: 


1. The equation of the curve. 
2. The tension at its lowest point. 
3. The sag: 


Figure 36.37 


Solawion (ig. 36.37). If we choose the origin so that the y axis goes 
through the lowest point (0,1 /w) of the cable, then by (36.3) the equation 


of the curve formed by the cable is 
i ae 
(a) ,= 7 cosh ie 


and by (36.35), the length of the eable from z = 0 tory = 718 


a) wv. 
ma ME. Sire Te. 
v H 


(b) on 


512 Propuems: SysTeMs. SPECIAL 2ND ORDER EQUATIONS Chapter 8 
Inserting in (b) the given conditions, w = 5,2 = 15, s = 25, we find 
125 _ 


a Seer 75 
(Cc) 255— 5 sinh Hi 15, Fae sinh Ti 
Using a table of values of sinh z, the approximate value of H which will 
satisfy (c) is 


(d) H = 40.8 lb. 


This is the tension of the cable at its lowest point. When H = 40.8 and 
w = .5, we obtain from (a) 


(e) = 8.16 cosh 


c 
8.16 d 
which is the equation of the curve of the cable. From it we find that 
when x = 15, 

15 
8.16 


and that when x = 0, y = 8.16. Hence the sag of the cable is 26.28 — 
8.16 = 18.12 feet. 


(f) y = 8.16 cosh — 8.16(3.22) = 26.28 ft, 


Comment 36.38. If the specific weight of a body is not uniform but is 
a function of x, then its total weight W from x = 0 to x = z 1s given by 


(36.4) WV = I cores, 


where f(z) is the specific weight of the body, 1.e., its weight per unit 
length. For example if f(z) = 50 + x pounds, then when x = 10 feet, 
the specific weight of the body at that point is 60 lb/ft; when x = 10.1 
feet the specific weight at that point is 60.1 lb/ft. By (36.4), its total 
weight W from x = 0 to say x = 20 feet is 


20 7220 
Vv = I (50 + x) dz = 50. AP Zh = 1200 lb. 

Assume that a perfectly flexible cable of negligible weight supports, by 
means of vertical rods, a horizontal load such as a bridge, whose specific 
weight is f(x). The rods are equally spaced and close enough to form a 
continuous system. The weights of the rods are also negligible. We wish 
to find the equation of the curve formed by the cable. 

Following the steps used to arrive at the equation of the hanging cable 
with no load attached, we find that no changes occur until we reach 
(36.12). In this equation, wAs must be replaced, see Fig. 36.41, by f(x) Az, 
where f(x) is the specific weight of the horizontal load measured from the 
origin, which is taken to be the lowest point of the curve. Continuing 
from there on, and replacing wAs by f(x)Az, we obtain eventually, in 
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Figure 36.4] 


place of (36.18), 


(36.42) a (7 sin 2) _ f(z) 
dx\Tcos6/ HH” 
d(tan 6) = a aa, 
dy\ __ f(x) 


Integrating the last equation and making use of the fact that when z = 0, 
dy/dz = 0, we have 


napa 
(36.43) 2 |, Hie) aac. 


A Second initial condition is 3 = 0, y = 9. By Comment 36.34, the H 
in this equation is the tension at the lowest point of the cable. 


Example 36.44. A perfectly flexible suspension cable, attached to two 
towers at the same level, 100 feet apart, supports a bridge (assumed rigid) 
of vertical rods connecting cable and bridge. The rods are 
h to form an approximately continuous 
d rods are negligible in comparison with 
specific weight 1s given by f(z) = 10 + 
able is such that its sag is 25 feet when 
of the curve in which the cable 
Assume that the origin is taken 


by means 
equally spaced and close enoug 
system. The weights of cable an 
the weight of the bridge whose 

2?/50 lb/ft. If the length of the ¢ 
the bridge is horizontal, find the equation 
hangs and the tension at its lowest point. 
at the lowest point of the cable. 


Solution. See lig. 36.441. By (36.43) and the given specific weight 
f(z) = 10 + x?/50, we obtain 


Ee 10 4+ 2) de = 102 + Fy 
(a) im” Jo 507 = 10 
Integration of (a) gives 

dj 
(b) Hy = 5x" 4 —o 
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The substitution in (b) of the initial condition z = 0, y = 9 givesc, = 0; 
the substitution of the initial condition x = 50, y = 25, gives 


(c) 5H = 50 5" H = 917, 


(50, 25) 


(0,0) (50,0) 


Figure 36.441 
which is the tension of the cable at its lowest point. Hence (b) becomes 
4 
d) ors t (52 t a)’ 
which is the equation of the curve of the cable. 


EXERCISE 36A 


1. A cable of length 2s and uniform weight w lb/ft hangs from two supports 
on the same level, Fig. 36.45. The supports are 2L ft apart with LD < s. 
The tension at the lowest point of the cable is H. 


: 


= 


(0,0) X 


Figure 36.45 
(a) Show that the sag d is given by 


H 


oe Use (36.3). The sag is the difference in values when x = L and 
7 =O. 


(36.46) ee = (cosh wh 1) 
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(b) Show that the length s of the cable from z = O tox = Lis 


(36.47) ea Ff oh ME. 
w H 


Hint. Use (36.35) with z = L. 
(c) Show that the tension T at any point of the cable is given by 


(36.48) T = H cesh a x = apy. 
Hint. By (36.17) (see also Fig. 36.45) T = H sec 6 = H aus dy? = 
x 


HV1 + (dy/dz)?. Replace y’ by its value as given in (36.31). Remark. 
Since cosh z is an increasing function of z, the tension is 2 maximum 
when z is largest, i.e., at a point of support. 

(d) Show that the total weight of the cable is given by 


(36.49) W = 2H sinh (wL/#). 


Hint. Use (36.47) which gives the length of cable fromz = 0, toz = L. 
(c) Show that the horizontal tension H is given by 


(36.491) erl/H = (s+ d)/(s — d), 
wh 


1 jglet a/e— oO)” 


Hint. In (36.46) and (36.47), change the hyperbolic functions to their 
exponential forms, see (18.9) and (18.91), and then show that the right side 
of the first equation in (36.491) simplifies to ont 

(f) Show that the horizontal tension // is also given by 


(36.492) H = w(s? — d?)/2d. 


Hint. Use (36.46), (36.47), and the fact that cosh? z — sinh? z = 1. 
2. A telephone wire, weighing 0.04 lb/ft, is attached to poles at intervals of 


300 ft. The sag at the center is 7.5 ft. 


(a) Find the tension at the lowest point of the curve. Hint. Use (36.46). 
Remember in this formula, the distance between supports is 20. 

(b) What is the length of the wire between poles? Hint. Use (36.47). Re- 
member in this formula the length of wire is 2s. Use (36.491) or (36.492) 


to check your result. 
(c) What is the tension at the supports? Hint. Use (36.48) with z = 150. 


(d) Find the equation of the curve. Hint. Use (36.3). 


weighing 4 lb/ft, hangs under its own weight between 


3. A cable 100 ft long, 
} and 80 ft apart. Find: 


two supports on the same leve 
(a) The equation of the curve. , . 
(b) The tension of the cable at its lowest point; at a point of the cable mid- 
way between the lowest point and a point of support; at a point midway 
horizontally between the lowest point and a point of support; at a point 


of support. 


(c) The sag. ' 
(d) The slope of the curve at a point of support. 


6 \: «tu coe anewer S6Cti0N. 
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4. A cable hangs under its own weight between two supports on the same level. 


10. 


The slope of the curve formed by the cable at a point of support is 0.2013. 
Its sag at the center of the cable is 12 ft. Find: 


(a) The distance between supports. 
(b) The length of the cable. 
(c) The equation of the curve. 


Hint. Use (36.31) to find wh /H and solve for H/w in terms of L. Then use 
(36.46), (36.47), (36.3) in that order. 


. A chain 117.5 ft long hangs under its own weight between two supports on 


the same level 100 ft apart. 


(a) Find the sag of the chain. Hint. Use (36.47) to find H/w. Then use 
(36.46). 

(b) Find the equation of the curve. 

(c) Find the maximum tension if the chain weighs 2 lb/ft. Hint. See re- 
mark after (36.48). Use (36.48). 


. A chain hangs under its own weight between two supports on the same level 


100 ft apart. Its sag is 7.55 ft. 


(a) Find the length of the chain. Hint. Solve (36.46) for H/w. Then use 
(36.47). 
(b) Find the equation of the curve. 


. A cable hangs under its own weight between two supports on the same level 


50 ft apart. The slope of the curve formed by the cable at a point of support 
is 0.521). Vind: 


(a) The length of the cable. 

(b) The sag. 

(c) The equation of the curve. 

(d) The tension of the cable at its lowest point if it weighs 0.5 lb/ft, i.e., 
find Hi. 


Hint. Use (36.31) to find w/H. Then use (36.47), (36.46), (36.3) in that 
order. 


. A cable, 100 ft long, hangs under its own weight between two supports on 


the same level. Its sag at the center is 10 ft. 


(a) Find the distance between the supports. 
(b) Find the equation of the curve. 


Hint. Use (36.491) to find wlL/H. Then use (36.46) or (36.47). 


- A cable 200 ft long hangs under its own weight between two supports on the 


same level. Its sag at the center is 20 ft. Its maximum tension, see remark 
after (36.48), is 60 lb. Find its weight w per foot. For hints, see answer 
section. 


Start with the general equation of the hanging cable as given in (36.28). 
It contains three constants, xo, c, H. By choosing our origin in a special 
way, we were able to make zo = 0,c¢ = 0. H was then determined by using 
the given length s of the cable. This time let us take the origin at the lower 
point :1 of the hanging cable and call (r1,y1) the coordinates of the higher 
point B, sce Fig. 36.493. Show that the values of the three constants can be 
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B(x1,91) 
Pe Wy 
A(0,0) > w cosh [3 (x x0)| otic, 
{+ 
H aad 


Figure 36.493 


obtained from the equations 


H w 
(A) 0 = = cosh 7 7 + ¢, 
(36.494) y1 = a cosh = (x3 — xo) {+ 
w ne a : ‘ 


f V1 + (y')? dz = eu sinh = (z1 — xo) + sinh = zo 


Ww 


DEL NY cog. COL w(z1 — 2x0) 
- sian oH cosh OH 


By subtracting (A) from (36.494), show that 


Dai — Zo) wx 
cos Hi cosh 7 


(3) s 


& |= 


4 


9H | . . wr, . , w(z1 — 220) 
- inn OTT sinh oH | 


Finally show by (B) and (36.495)—square both equations and then sub- 
tract the second from the first— 


(36.496) am ‘Gr = a </eMaic. 


Following the hint given after (36.48), show that the tension at any point 


of the cable is given by 
(36.497) T =. A cosh 5 (c — 20) = wly — ©), 


where c is a constant of integration whose value is given by (A) and (36.494). 
1]. Using the equations found in 10, solve the following problem. See Fig. 


36.493. A cable of length 100 ft and uniform weight of 2 lb/ft hangs from 


two supports A and B, whose horizontal distance is 50 ft apart. Support 
B is 20 ft higher than 4. Find: 
(a) The equation of the hanging cable. 


(36.494) in that order.] .) = 
(b) The coordinates of its lowest point, 1-¢., the point where y = 0. 


(c) The tension at both supports aud at its lowest pout. 
, A 


(Hint. Use (36.496), (36.495), and 


— SS ttt—‘its 
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In problems 12-16, assume the weights of the cable and rods are neg- 
ligible in comparison with the weight of a horizontal supported load, that 
the cable is perfectly flexible, that the rods are equally spaced and close 
enough to form a continuous system, and that the origin is at the lowest 
point of the cable. 


12. A suspension bridge is 2x ft long and is supported by vertical rods. The 
weight of the bridge is uniformly distributed and is w lb per unit horizontal 
distance. Find the equation of the curve formed by the cable. Hint. In 
(36.43), f(z) = w. 

13. Show that the tension 7 at any point of the cable of problem 12 is given by 


(36.498) Te He 


See (36.48) and hint following; here y’ is obtained from problem 12. 

14. A suspension bridge is 200 ft long. The supporting ends of the cable are 50 ft 
above the bridge and the center of the bridge is 10 ft below the center of the 
cable. The weight of the bridge is uniformly distributed and is w lb per unit 
horizontal distance. 


(a) Find the tension at the lowest point of the cable, i.e., find H. Hint. 
In the solution to 12, use the fact that x = 100, y = 40. 

(b) Find the equation of the curve formed by the cable. 

(c) What is the tension at the supports? Hint. See (36.498). 

(d) What is the slope of the cable at the supports? 


15. A suspension bridge is 2L ft long. The weight of the bridge is uniformly 
distributed and is w lb/ft. The supports of the cable holding the bridge are 
a ft above the origin. 


(a) Find the tension at its lowest point, i.e., find H. Hint. In the solution 
to problem 12, use the fact that when z = L, y = a. 

(b) Find the equation of the curve. 

(c) What is the tension at the supports? Hint. See (36.498). 


16. A suspension bridge is 200 ft long. The sag at its center is 50 ft. The specific 
weight of the bridge is given by f(z) = 100+ 2x2. Find: 


(a) The tension at the lowest point, i.e., find H. 
(b) The equation of the curve formed by the cable. 


17. A uniform, flexible cable weighing w; lb/ft supports a horizontal bridge. 
The weight of the bridge is uniformly distributed and is w2 lb/ft. The weight 
of the supporting rods is negligible. Show that the differential equation of 
the curve of the cable is given by 


2 
(36.499) 9 f= w/t + (dy/da)? +-we. 
dx? 
Hint. Combine equations (36.22) and (36.42) withk = wi/Handf(z) = we. 


18. If the rods in problem 17 are not of negligible weight and weigh w3 lb/ft, 
show that the differential equation of the curve of the cable is given by 


(36.4991) ig wiv 1 + (dy/dz)2 + we + wey, 


dx2 
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where y is the length of a rod. Assume that the rods are so close together as 
to form an approximate continuous system. Hint. The weight due to a rod 
of width Ar is w3y Az. 


19. Holes are bored in the ends of slender uniform rods of varying lengths and 
the rods are then strung on a cord of negligible weight. Assume that the rods 
just touch each other, that each weighs w lb/sq ft and that their other ends 


Figure 36.4992 


lie on a horizontal line, Fig. 36.4992. Find the equation of the curve formed 
by the cord. Take the origin at a distance a feet below the lowest point of 
the curve. Hint. In (36.15), replace w As by wy Az. Initial conditions are 
z= 0,y = a, dy/dz = 0. 
20. For a nonhomogeneous hanging cable whose weight is a function of its 
distance from its lowest point, show that the differential equation of the 


curve formed by this hanging cable is 


og 


(36.4993) H 4 = p(s)/1 + (dy/dz)?, 


where p(s) is the specific weight of the cable, i.¢., its weight per unit length 
at a distance s units from the lowest point of the cable. Hint. In (36.15), 


replace w by p(s). 


21. If in (36.4993), p(s) = aH /(a? — z?), and the origin is taken at the lowest 


point of the cable so that z = 0, y = 9, dy/dx = 0, show that the curve 


formed by the hanging cable will be an arc of the circle. 
2? + (y — a)? = a? 


t of stone of uniform density. The weight of 
e foot of facing. The bridge 1s so constructed 
that at each point of the arch the resultant tension due TO ety gt 
said above it nets in a direction tangent ” pean Sat “ ja 
Tak ax H Ne ) Y as 
‘@ ion of the arch. Take the x axis at the Se = 
eS highest point of the arch, the origin as Ga * a et 
and my positive direction downward. [Hant. i naan a! ey 
— re > curve, equa 15) : 
acts in # direction tangent to the curve, i i - yr Etdaat 


itis itions are Z = 
replaced by wy Az. Initial conditio 
St _——— 


22, An arched bridge is to be bull 
the stone is w lb for each squar 
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23. 


Oh 


CSeNADH 


LU 


12. 


14. 


15. 


16. 


19, 
22. 


23. 


(0,0) ‘a x axis 


ESS fer 2 
|_ 1 


Figure 36.4994 


Assume a road is built on top of the masonry of problem 22. The weight 
of the road is distributed uniformly and weighs kw lb per linear foot. Find 
the equation of the curve. Hint. In (36.15) replace w As by wyAz -+ kw Az. 


ANSWERS 36A 


. (a) 60 lb. (b) 300.5 ft. (c) 60.3 Ib. (d) y = 1500 cosh (x/1500). 
. (a) Use (36.47) to find H. Then use (36.3). (b) Use (36.35) to find x 


when s = 25. Then use (36.48) with x equal successively to 0; its value 
when s = 25; 20; 40. (c) Use (36.46). (d) Use (36.31) with z = 40. 


2 (a) 23083 it (b) 240.9 ft. (c) y = 598 cosh (x/598). 

. ED 27 2 tt, (b) y = 50 cosh (2/50). (c) 154.3 lb. 

. (a) LOLS ft. (b) y = (500/3) cosh (32/500). 

(a) oe Litt. (b) 6.38 ft. (c) y = 50 cosh (z/50). (d) 25 lb. 

; (8) 97.8 (b) y = 120 cosh 0.0083z. 

. Use (36.492) to find H/w. Use (36.47) to find L. Use (36.48) with z = L 


(write H = w(H/w) and solve for We tie—3/ 13 Ib/it, 


(a) H = 23.35 approx., ro = 22.6 approx.,c = —41.3 approx., 
y = 11.7 cosh (25,24) = 


(b) (22.4, —29.7). (c) 82.7 lb at A, 122.7 lb at B, 23.35 lb at its lowest 
point. 


ome = bol 
y= a 9’ » parabola. 


(a) H = 125. (Di 250: (c) T = 25wV/41. 
(d) Slope = +0.8. 


(a) H = wh*/2a. (b) y = ar?/L?. —() (wL/2a)~/L2 + 42, 


4 
530,000/3.  (b) y = (3/530,000) (0 + =). 
— (EE |. co 8 al Hay acoshVw/H z. 


Same as in 19 with @ replaced by h. Since the tension at each point of the 
bridge is tangent to the curve, it follows that no mortar will be needed if 
the bridge has the shape of a catenary. 


y = (A+ k) cosh Vw/H x — k. 


oo, 
ro) 

Nee” 

Sa) 
Il 
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LESSON 36B. A Special Central Force Problem. 


Example 36.5. A particle weighing 16 pounds and 10 feet from a 
fixed point is given a velocity of 15 ft/sec in a direction perpendicular to 
the x axis. The particle is attracted to the fixed point by a force F whose 
magnitude is inversely proportional to the cube of its distance from the 
point. If the proportionality constant is 8, find the distance of the particle 
from the fixed point as a function of the time. 


Solution. Let us take the origin of a coordinate system at the fixed 
point. We have already proved in Lesson 34C that a particle subject to a 
central force moves in a plane. Since the force F acts only in a direction 
along the radius vector, the components of F are, with the proportionality 
constant equal to 8, 


(a) = — 5 = may, Fy 90) 7710). 

Here the mass m = 48 = 3. Hence by (34.21), (a) becomes 
on 8 Le Re 

(b) 5 aa 76”) = _ ra 5 (278 + r6) = 


After multiplication by 27, the second equation in (b) is equivalent to 


d 
(c) dt (r*6) = 0, 
from which we obtain 
(d) r°6 = ¢|. 


The initial conditions are £ = 0, 7 = 10, %» = 15. Therefore, by the sec- 
ond equation of (34.2), r do/dt = 15. Substituting these values in (d), we 


find c) = 150. Hence (d) becomes 


- 150. 
(e) = 
In the first equation of (b) replace 6 by its value as given in (e). There 
results 
1 150° 8 _ 1507 — 16 _ 22,484 
(f) A(r y= — 3 = r3 73 


an equation which is of the type discussed in Lesson 35A. As suggested 


there, we let wu = dr/dt and obtain the system 
22,484 | 
(g) ; = 4, t=] 


, d 
Following the procedure outlined in Lesson 35A, we multiply the secon 


gy — ts 
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equation of (g) by 2u. The remaining steps are given without further 
comment. 


2 22,484 | 
(h) au = 22 ety = 2, 
22 84 
d(u?) = » 2484, i + C2. 
Tr 


At t=0,r=10, u=7=0. Substituting these values in the last 
equation of (h), we fa Co = 22,484/100. Hence by (h) and (g), 


1 1 1 tie) 
: 2 2 — =, = SSS |] 
(1) a eto (4 ia) 22,484 (= 100r2 ) 


dt\? 100r° 
dr} ~  22,484(r2 — 100)’ 


1Oz 


dt = ————_—_——— dr 
149.9\/r2 — 100 
Integration of (i) gives 
: en ge 
(j) = 14.99 r 100 + c3. 


Att = 0,7 = 10. Therefore cz = 0. Hence (j) becomes 
(k) (14.99t)? = r? — 100 

r? = 100 + 224.840? 

r = 100 + 224.8482. 


Comment 36.51. Note that for this special central force problem, we 
were able to find r as a function of t relatively easily. In Comment 34.91, 
we remarked on the difficulty in finding r as a function of ¢ in the case of 
a particle moving subject to the inverse square law. 


EXERCISE 36B 


1. A particle of mass m is attracted to a fixed point O by a force F that varies 
inversely as the cube of the distance r of the particle from O. Initially the 


particle is a units from O and is given a velocity vo in a direction perpendicular 
to the x axis. Find: 


(a) ¢ as a function of r. 
(b) ras a function of ¢. 
(c) r as a function of 6, where @ is the polar angle. 


Take mk for the proportionality constant. Hint. In (c), after you obtain 
an equation for 7? divide the equation by 62 = a?vo?/r* and note that #/6 = 
dr/dé. Initial conditions aret = 0,r = a, 9 = 0,# = 0, vo = ao. 


2. Solve problem 1 if the particle is repelled from instead of being attracted 
tor: 
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3. A particle of mass m is attracted to a fixed point O by a force F that varies 
inversely as the fifth power of the distance r of the particle from O. Take 
k°m for the proportionality constant. Initially the particle is a units from O 
and is given a velocity v9 = k/(a?4/2) in a direction perpendicular to the 
z axis. Find r as a function 6. See also Exercise 34H,4. Hint. You should 
obtain #2 = —k?/(2a?r?) + k2/(2r4) and 6? = k?/(2a?r*). Divide #2 by 6? 
and note that?/@ = dr/d@. Initial conditions aret = 0,r = a,@ = 0,# = 0, 
vo = abo = k/(a?V/2). 


ANSWERS 36B 


2 
a 2 2 
1. (a) a ep —@), 
2 ane — 3S 
(b) "=e = an 


je — % 
(c) r = asec ee Ee 
avo 
Note that there are three different possible orbits depending on whether k 


is less than, equal to or greater than a7v0?. 


2 2 
2 a” 2 2 2 2 , avo Ti 2 
2¢ = > (r — 2), Te SO oa epee 
j avo? + k a 
/a2v9? + k 
r = asec -————— 8. 
avo 


3. r = acos 68, which is the equation of a circle through the origin. 


LESSON 36C. A Pursuit Problem Leading to a Seeond Order 
Nonlinear Differential Equation. In Lesson 17, we solved pursuit 


problems leading to a first order differential equation. We shall now solve 


a pursuit problem which leads to a second order nonlinear differential 


equation. 


Example 36.6. A fighter pilot sights an enemy plane he ate 
and starts in pursuit, always keeping the nose of his plane im t : a a 
of the enemy plane. Assume the enemy plane is flying he ete be 
at Vg miles/hour, and the fighter plane is flying at Vp mi a aie ne 
the equation of the path of the fighter plane as seen by “ 0) ee aa 
ground. NOTE. This is the same type of problem as i pas i bes 
problem of Lesson 17B. Here, however, the origin is fixed in sp 
does not move with the enemy plane. 

Let the origin be the position of the enemy 
position of the fighter plane, at time p=), 
f flight of the enemy plane. Then at the 
has gone a distance equal to V nt miles 
lane, which is now at P(a,y), a distance 


Solution (Fig. 36.61). 
plane, and Po(x0,yo) be the | 
Let the x axis represent the line o 
end of ¢ seconds, the enemy plane 
along the x axis, and the fighter p 


v4 ——CCtt—~O 
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V rt miles along the arc of his path. Hence the fighter plane’s distance in 
time ¢ is given by 


(a) oe V1 + (dx/dy)? dy, a V1 + (dx/dy)? dy. 


(The minus sign is necessary since yo > y.) At P the fighter’s direction 
is toward the bomber’s position (V gt,0) and is tangent to the curve of pur- 


(0,0) (Vs t,0) De 


Figure 36.61 


suit there. Hence the slope of the curve at Pisy’ = tan 6= —y/(Vgt — =). 
Therefore at P 


dy CO a Ve eS) oe 
0) ae z— Vesti dy yy t= H(z 2) 


Equating the values of ¢ in (a) and (b), we obtain 


y 
: 1 dx iL 
== — —_—j=- - — 2 
(c) Ve (: y ) Ve [ vl (dz/dy)dy. 
Differentiation of (c) with respect to y gives, by (9.15), 
Maes d’x dz iL 
—— —_—_— — —_- —— —— — |S == 

(d) Ve (2 Y ay? 2) eas (dz/dy)?, 
which simplifies to, with Vg/V pr replaced by a new constant k, 

d?x V 

—_ = 2 = —. 
(e) ya = VI + Gay, k= 


This equation is of the type discussed in Lesson 35B, with x and y inter- 
changed. Following the procedure outlined there, we let 


2 
(f) ae au dz 


Ody’ dy ~ dy? 
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Substituting these values in (ec), we obtain the system of first order equa- 
tions 


Gy du 
(g) dy —= 6, Y ay = E/1 — u?. 


The solution of the second equation in (g) is 


(h) log (u + V1 + wu?) = klog y + log ci, 
which we can write as 

(i) Jl + u2 = cy" — U. 
Squaring (i) and simplifying the result, we obtain 

(j) 1 = ¢,2y?* — 2cyy*u. 


Replacing u by its value in (f), we have 


Dak —k 
Bal 
(k) dx_ 1 _ 1), 4 
dy 2c1y 2 C) 


If k = Vze/Vr, is not equal to one, ie., if the velocities of fighter and 
bomber are not the same, then integration of (k) gives 


1—k 
ag! | Be 2 =, i Oe 
which implies, by (f), that 


At t= 0, t = 20, y = Yo, dy/dt = yo/Xo, 
in (1) and (k), we obtain 


u = dx/dy = Xo/Yo- Substituting these values 


respectively ee 
1 Cy k+l Yo 
(m) to = A, ae j 4° aie cy(k 2 1) TIE C2) 
Lo _ c1°Yo cal 
(n) Yo 2ea yok 


(m) and (n), we can obtain, in a particular 


With the aid of equations tain, | 
The curve of pursuit is given by (1). 


problem, the values of c, and C2. 
If k = 1, then by (k) 


#1 (ey — 3) 
(0) a@ ty cw 


2 
1 1 
p=} (at - Liou +e) 
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EXERCISE 36C 


1. A dog sees a cat and starts in pursuit always running in the direction of the 
cat. The dog’s speed is vg ft/sec, the cat’s v- ft/sec. Assume that initially 
the dog is at (0,a), the cat at (0,0) and that the cat runs straight for a tree 
located on the z axis. 


(a) Let k = v,/vg. Determine the equation of the dog’s path if k # 1 and 
if k = 1. Hint. Follow the method of Example 36.6. Initial conditions 
are = Or =0,y =a t= a7/dy — 0 

(b) Show that if k < 1, i.e., if the cat’s speed is less than the dog’s speed, 
the cat will reach the tree in safety provided the distance of the tree from 
the origin is <ak/(1— k*). Hint. Show that when y = 0, 
x = ak/(1 — k?) and therefore that dog and cat would meet at this 
distance from the origin. 

(c) When will the dog reach the cat, assuming the tree’s distance is 
>ak/(1 — k?)? 

(d) Show thatifk > 1,z2—~ © asy—Oandifk =1,x71—- © asy — 0. 
In both cases, it is evident that the dog cannot reach the cat. 


2. A fighter plane, located at (0,0), sights a bomber at (a,0) and starts in pursuit 
always keeping the nose of his plane in the direction of the bomber. Assume 
the bomber is flying parallel to the y axis at vg mi/hr, and the fighter plane’s 
speed is at vp mi/hr. 


(a) Let k = vp/vp. Find the equation of the fighter’s path if k # 1, and if 
k = 1. Hint. Follow method of Example 36.6. Initial conditions are 
i= 0,2 = 0,7 = 0, dy/dz = 0. 

(b) Show that if k = vg/vr < 1, 1.e., if the bomber’s speed is less than the 
fighter’s speed, the fighter will reach the bomber at x =a, y = 
ak/(1 — k?). Hence show that the fighter will reach the bomber in time 


ak QUP 


~ oa — Boe — 09? 


(c) Assume a = 2 mi, vp = 300 mi/hr, vg = 200 mi/hr. When will the 
fighter reach the bomber? 


y 
y=f() P(X, Y) 
Y-y 
Q(x, 9) 
Bee) 0 


(0,0) x 


Figure 36.7 


3. Assume that the pursuéd object does not move along one of the axes, but 
along a given curve F(X,Y) = 0, and that at time 1, its position is P(X,Y), 
Fig. 36.7. The pursuer, as usual, always moves toward the position P of the 
pursued object. If the pursuer’s position at time ¢ is Q(z,y) and the equation 
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of his path is y = f(r), we have, for the equation of the line PQ, 

(36.71) (Y — z)y’ = Y—y. 
With Q(z,y) considered as fixed, the differential of (36.71) is 


(36.72) (X — x) dy’ + y' dX = dy. 
The differential of 
(36.73) PGky) <0 
is 
oF OF 
36.74 —dX¥+ = dY = 
(36.74) ay OX + ap 4) 0. 


If the speed of Q is k times the speed of P, we have [speed = |p| = |ds/dt| = 
/(dx/dt)? + (dy/dt)?, |ds| = Vdx? + dy?] 


(36.75) J dx2 + dy2 = kV/dX2 + dY?. 


With the help of equations (36.71) to (36.75), solve the following problem. 
A pursued plane P flies in a straight line making an angle of 45° with the z 
axis. Find the equation of the path of the pursuing plane Q if its speed is 
twice that of the pursued plane P. Choose the origin on P’s path. Hint. Here 
(36.73) is X — Y = 0, (36.74) is dX — dY = 0, (36.75) is 


(36.76) V1 + (y')2dx = 271 + (d¥/dX)? dX = an/1+1dX = 2/24X, 


(86.71) is (X —2)y =A TY, (36.72) - iy — 2) ay = (1 — eX. 


: x— X)d ; A —Yy y—2 
Now show that dX =~ SESE andy’ 1 = age 
xr—X = ¥~* Hence dX = qe oy Substitute this value of dX 
a=! al) 
in (36.76) to obtain ' 
dy 
(36.77) (y! — 121-4 Y)? = 2V2Y — 2) ge 
To solve (36.77), make the substitution 
du _ dy ee dy _ du. 
Core) E Seine @ ae ace dx’ dx? z2 


There should result 
2 
du\? due mw ey/5 pe 
(36.79) (*") 1+ (: + _ Fi 


Since (36.79) does not contain the independent variable 2, 
Lesson 35C is applicable. 


the method of 


ANSWERS 36C 


1—k 
al yr I (") |-ga bx? 
1. (as) = 5/e41 \e k—1 \a ce cael 
a 
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Wye a ] 
= — | >—_— — =|, k= 1. 
zi a 2a ao | 


a Qvd 


Se af NE 
if (ape ie) ak 
SOC oil (Rie a 8 ee » koe i. 
A) G 2 Tat ae 
a a He as 
y=} [alg 2+ 2a 


(C9 = 43.2 sec. 
3/2 


8, 2/22 = 2rV/y — 2 —V2(y — 2) — Do + 9, 


LESSON 36D. Geometric Problems. In Lesson 13, we solved geo- 
metric problems which gave rise to a first order differential equation. In 
this lesson, we shall solve a geometric problem giving rise to one of the 
specific types of second order equations discussed in Lesson 35. 

In rectangular coordinates the radius of curvature FR of a curve 
y = f(x) at a point P(z,y) on it is given by the formula 


1\213/2 
(36.8) padewr. 
y 
ve ¥ 
R 

y> 0; also 

y’ >0 since 

the curve is 

concave up 

at P(x, y) 0 
y <0; also 
y'’ <0 since 
the curve is 

R concave down 
at P(x, y) 
(a) (b) 


Figure 36.81 


If a normal to the curve is drawn from the point P to the z axis, then it 
and the radius of curvature have: 


1. Opposite directions when y and y” have the same signs, see Fig. 36.81 (a) 
and (b). 


2. The same directions when y and y”’ have opposite signs, see Fig. 36.82(a) 
and (b). 
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y 


y > 0; also 

y'' <0 since 50, also 

the curve is y' >0 since 

concave down the curve is 

at P(x, y) concave up 
at P(x, y) 


(a) (b) 
Figure 36.82 


Example 36.83. Find the family of curves whose radius of curvature 
is twice the length of the normal segment from a point on the curve to 
the z axis, (a) if normal and radius of curvature have opposite directions, 
(b) if the two have the same directions. 


Solution. The length of the normal segment from a point on the 
curve to the z axis is [see (i) of Exercise 13,1] |yV1 + (y’)2|. Hence by 
(36.8) and the hypothesis of the problem, 


1r\ 2133/2 
(a) pew = +2yV/1 + (y’)?, 


where the plus sign is to be used when normal and radius of curvature 
e directions, the minus sign when they have the same direc- 


have opposit 
2)1/2 gives 


tion. Division of (a) by [1 + (y’) 
(b) 1 + (y')? = #2yy", 
an equation which is of the type described in Lesson 35C. In (b), we there- 


fore make the substitutions 


/ Le du 

(c) y = 4, y= oe ie 
thus obtaining 

du 2u du dy 

—_ au eu a ee 
(d) 1+ u ee” tw aaa 
The solution of (d) is 
(e) log GU + u?) = logy + log ¢1. 
From (e) and (c), we obtain the equation 
dy 

: dy _ / — | ——— = +z, 


/ 
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when normal and radius of curvature have opposite directions, and the 
equation 
C) dy Lee C1 — y Vy dy 


So = a) 
(g) 7 Fi ; ae 


when they have the same directions. The solution of the last equation 
in (f) is 


= +dz, 


2 
(ht) SVey—T= sete), sey — 1) = e1%(@ + 02)’, 
which is a family of parabolas with vertices at (—c2,1/c;) and axes parallel 
to the y axis. The solution of the last equation in (g) is (substitute u = /y) 


(i) c, Arcsin Vy/e, — Vy(e1 — y) = £2 + Ce, 


which is a family of cycloids. (For definition of a cycloid, see Exercise 
28c, 34.) 


EXERCISE 36D 


]. Find the family of curves whose radius of curvature is equal to the length of 
the normal segment from a point on the curve to the x axis and has the same 
direction as the normal. Identify the family. 

2. Solve problem 1, if the radius of curvature and normal have opposite direc- 
tions. Identify the family. 

3. Find the family of curves whose radius of curvature has a constant value k. 


ANSWERS 36D 


1. (x — 1)? + y? = ce. A family of circles with centers at (ci,0) and radius 
C2. 
2. cry = cosh (4+ciz + ce). A family of catenaries. 


3. (z — e1)* + (y — ¢2)? = KP. 


Chapter 9 


Series Methods 


Introductory Remarks. As we have repeatedly emphasized, few 
differential equations have solutions which can be expressed explicitly or 
implicitly in terms of elementary functions. When a solution cannot be 
expressed in this way, the problem of finding a solution of a differential 
equation is not entirely hopeless. There are available graphical methods, 
some of which were described in earlier lessons, numerical methods which 
will be discussed in the next chapter and series methods which we shall 
consider in this chapter. Furthermore, it is frequently true that an im- 
plicit solution in terms of elementary functions is less useful than a series 
solution or a numerical one. Implicit solutions are usually such compli- 
cated expressions that it is extremely difficult to find values of the de- 
pendent variable for given values of the independent variable. 

For a clearer understanding of the subject matter of this chapter, it 
will be necessary to have a knowledge of Taylor series and to know certain 
definitions and theorems from analysis. Hence, before beginning a discus- 
sion of series methods for solving differential equations, we shall first re- 


view this needed material for you. 


LESSON 37. Power Series Solutions of Linear 
Differential Equations. 


LESSON 37A. Review of Taylor Series and Related Matters. A 


series of the form 


(87.1) ag + a,(t — eg)i-- 


ao(x — to)” + a3(z — fe) 


where do, @1, @2,° °°» 70 are constants and zis a variable is called a power 
? 


series. A power series may: 

ex = Lo. 

f x in a neighborhood Of Fpl. con- 
jx — Zo| > h. At the end points 


1. Converge only for the single valu 
2. Converge absolutely for values 0 
rt — Xo| < hy diverge for 


ro + h, it may either converge Or diverge. 
ealueseol 7, ie; fo 


3. Converge absolutely for al 
531 


a _ 


verge for | 


r— oO < tee 
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In cases 2 and 3, the set of values of x for which the power series con- 
verges is called the interval of convergence-of the series. In case 2, for 
example, if a series also converges for zr = x9 + Ah, then its interval of con- 
vergence istg —h Sx S 2x9 +h; if it converges only for x = rp + h, but 
not for x = x9 — A, then the interval of convergence is Ig —h <x S 
ro + h; etc. In case 3, the interval of convergence is the entire real axis. 


Comment 37.11. Interval of Convergence. In the calculus you were 
taught certain tests by which you could determine an interval of con- 
vergence of a power series. A simple one and one which is frequently used 
is known as the “ratio test.” It states that the series 


uy bug tgs tun be 


converges absolutely if 


Un+1 


n 


(37,12) lim =k<1l. 


nro 


We give below examples of each of the three types of series. For con- 
venience we have taken xo = 0. 


Example 37.13. Determine the interval of convergence of the power 
series 


(a) 1-2 ie =e Oi? 2 Bie eee ei 
Solution. Here un = n!zx", Ungi = (n+ 1)!e"*!. Therefore 
Un n 1 ! n+1 
(b) ath all = ) = |(n + Dz]. 


For each x # 0, |(n + 1)z| > «© asn— oo. Since this limit ¥ k < 1, 
the series (a), by Comment 37.11, converges only for x = 0. 


Example 37.14. Determine the interval of convergence of the power 
series 


(a) L+etger tae te phate... 


Solution. Here uz, = 2”, Ung) = r™*}. Therefore 


(b) lim | — =| = 


m0 


(Camara ea SN 
n 


mr 00 


Hence, by Comment 37.11, the series (a) converges absolutely for each x 
whose absolute value is less than one. The interval of convergence, how- 


ever, is —1 S x < 1, since the series converges for z = —1, but diverges 
ior co — aie 
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Exa mople 37.15. Determine the interval of convergence of the power 
series 


2 4 6 n—1_ 2n—2 
3 x (—1)"~ "2 
a 1-—- — ye = yes aa ee ; 
(a) cata” oo 
2(n—1) n 
Solution. Here |u| = ——— > |uaail = pas, Therefore 
(2n — 2)! (2n)! i 
2n 2 
b ' Un+i| _ j; 2 (2n — 2)! Lai; x a 
(b) — . i @A)! —@ar—2 ae 2n(2n — 1) 2 


for each zx. Hence, by Comment 37.11, the series (a) converges absolutely 
for all x. Its interval of convergence is therefore the entire real axis. 


We now state a number of relevant theorems in connection with power 
series. 
Theorem 37.16. If a power series (37.1) converges on an interval I: 


lz — xo| < FR, where R is a positive constant, then the power series defines 
a function f(x) which 1s continuous for each xin I. 


Comment 37.17. If one writes a power series, say 
(a) Itete2?+2°4---, 


which is convergent on 7; —1 <2 <1], then by Theorem 37.16, the 
series (a) defines a function which is continuous on this interval. The 
question naturally arises: which function? This question 1s, in general, 
not easy to answer although it is for (a), because the series is a geometric 
one. This series, for each x for which |x| < 1, converges to 1/(1 — aah 


Hence, 


(b) joj ee eat PE el el 


1. — a 


| ; 
For example, when + = 3, then f(4) = ane a = 2 and the geometric 


series on the right converges to 9 Butifz = 2, then f(z) = 1/(L — 2 
—J, and the series on the right of (b) certainly does not converge to —1. 


Now consider the power series 
2n—1 


3 5 at x 
x x Lv _yyr-} a 6 


whose interval of convergence 1s also -1 <u < 1. Hence by Theorem 
37.16, it defines a function f(z) which is continuous on this interval. In 
this case only one familiar with series might recognize that the series (c) 
defines the function Arc tan x. It is a fact, however, that many colver- 
gent. power series cannot. be linked to elementary functions oF the very 
good reason that many convergent power series do not define elementary 


functions. 


7 
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The converse of the question raised above is somewhat easier to answer, 
i.e., given a continuous function on an interval J, is there a power series 
which defines it? We shall state certain theorems below which not only 
will give us the answer to this question, but also will show us at the same 
time how to find the defining power series, if the function has one. 


Theorem 37.2. If f(x) is defined by a power serves, 1.€., if 


(37.21) f(z) = ao + ay(x — 29) + a2(x — Xo)” 
ase ig) oe le ee, 
then 


(87.22) f’(z) = a, + 2a2(t — 20) + Baa(z — ao)? +---, 

I: |x — xol < R, 
t.e., the power series obtained by differentiating each term of (37.21) defines 
(or converges to) the derivative of f(x) on the same interval I. 

Theorem 37.23. If f(x) and g(x) are defined by power serves, 1.€., if 
(G23) Cn daa tn) Oe 0)? cee ke tol < RB 
and 
(37.232) g(x) = bo + bi (x — 20) + bo(x — xp)? +--+, |x — xl < R, 
then f(x) = g(x) af and only rf 
(37.233) Co — Cee 0) — OF G5 — 5, 

Theorem 37.24. If f(x) 1s defined by a power serves, 1.€., if 


Ore) eC ON 
spe ir Covey aero, | | Hoy) 


then 
(37.26) ao =f(xo), a1 = f'(Xo), 
ay =i, oe 


Proof. By Theorem 37.2, the successive derivatives of (37.25) are 
(a) f’(v) = a, + 2ao(x — x9) + 3a3(e — x9)? +--- 
+ nan(x — %p)"~!4+->-, 
f (a) = 205-1 Blan — 25) = SiG) — 1 a — 
f'"'@) = 3!ag +-- ++ n(n — 1)(m — Qanle — xp)"—2 + ---, 


Te) = nla, + (n+ 1) lanai(e — 2) +---. 


3 
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ON | i = : ah 
In (37.25) and (a), set r = 29 mm each equation. There results 


(b) f(to) = 4, Sto) =a, Sf" (to) = 2!az, 
Jeo) = Sla3,---, Ff" (ro) = Blan. 
Hence by (b), 
(c) ag = f(xo), a1 = f' (Zo), 
— Lo) | f"o) |, — cos 


do = — 
2 2! ey n ey 


If f(x) is defined by a power serics, then by (37.25) and (37-26), 


(37.27) fla) = feo) + £"t0)(e — 20) + % (@ — 29)? 


4 eo (x — a)? ee 


fe oe ie C0) ne 


If zo = 0, then (37.27) becomes 


(37.28) fle) = f(0) + f’O)a ee) sO +0 ae: 


(n) 
gO te, hoes ls 


Definition 37.3. The series on the right of (37.27) is called the Taylor 
series expansion of f(x) in powers of (x — Xo), or ina neighborhood of zo. 

Definition 37.31. The series on the right of (37.28) is called the 
Maclaurin series expansion of f(r) in powers Of 2, OF 2 neighborhood 
of zero. 

Example 37.32. Assume the function {(2)) = Sige 15 defined by a 
Maclaurin series (37.28) on some interval. Find the series and its interval 


of convergence. 


Solution. Taking successive derivatives of f(x) = smz and evaluat- 


ingthem at 2 = 0, we obtain 
(a) f(x) = sing, f(0) = 9, 
f(z) = cos Z, f'(0) = 
e(e) = =an se, f'(0) = 9, 
f'(e) = O08 2, (0) = —1, 
(P(e) = sine, {"(0) = 
fO(a) = 08%, f?(0) = 1. 
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Substituting the right-hand values of (a) in (37.28), there results 


ea 


3 5 
Te 
al Bf 
Here |ti;| = 2" /(2m— 1)! "Therefore 


2tl (Qn — DI 
Gadi fee 


(by) sin a= — 


Un+1 


n 


= lm 


tLe 


= lim 


no 


2 
z 
(2n)(2n + 1) 
for each x. Hence by Comment 37.11, the series (b) converges for all z. 


Comment 37.33. Theorem 37.24 says that if f(z) is defined by a 
power series, then the coefficients in the series are given by (37.26). But 
it does not tell us whether f(z) can be defined by a power series. Perhaps 
it cannot. Here is an example of a function which cannot be thus defined. 


Let 
(a) f(x) 


(ce) im 


nao 


ee" 2 #0 
0, 2 =. 


The function f(z) is continuous at + = 0. Its derivatives at x = 0 are 


use the definition of the derivative f’(0) = lim fh) — f(0) + u ©] 
h-0 


(b) f’'(0) = 0, f’(0) = 0, f'"(0) = 0, ---. 
Substituting these values in (37.28), we obtain 


(c) fle) = 0+ 02 +5 ets en OG AO Oem 
=O i 


For an x ~ 0, the right side of (c) certainly does not converge to the 
function f(x) defined by (a). For example, if z = 0.1, then by (a), f(9.1) = 
e 1/001. The series on the right side of (c), however, converges to zero 
for all z. 

If therefore we start with a continuous function f(z) and obtain a 
power series whose coefficients are given by (37.26), we still need a theorem 
which will tell us whether the power series thus obtained actually defines 
or converges to the given function f(z). For this purpose we introduce the 
following theorem. 


Theorem 37.34. Taylor's Theorem. If a function f(x) has derivatives 
of all orders on an interval I: |x — zo| < h, then 
(37.35) f(z) = fle) + f'(e0)( — 0) +E EY (@ — ag)? ++ 


IN 2) (0) 
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where R,(x), the remainder term or the sum of all terms after the (n + 1) 


term, is given by 
(37.36) R,(2) = Lo A @ = 20)" 


(n + 1)! 


J 


and X is between xo and x. 
If R,(z) — Oas n — o, then and only then 1s 


(37.37) f(a) = feo) +F'(eo)(e — 20) +E (@ = a)? to 


lr — tol < A, 


i.c., the infinite series on the right actually converges to and defines the func- 
tion f(x) on I: |x — xo| < h. 


Remark. The series on the right of (37.35) is called a Taylor series 


with remainder. 


Definition 37.4. A function f(z) is said to be analytic at a point 
2 = Zo if it has a Taylor series expansion in powers of (z — to) valid 
for each x in a neighborhood of Zo. 


Definition 37.41. A function f(z) is said to be analytic on an in- 
terval if it is analytic at cach point of the interval. 


Examples of Analytic Functoons. It has been proved that each of the 
functions listed below is analytic on the interval indicated. Its Taylor 
series expansion is given by the series on the right. 


2 3 
z 4 0 0 : 
(37.42) eae ey ag —0o <x < oO, 
2 4 6 
0 0 0 eo : 
woot ae or Oo <—{ 2 = @; 
x 2° x! : 
eee ge —oO <0 oO, 
x? 2° x! < 
Arctnz=2—-Zta 7h | =" 


Comment 37.43. Because of (37.26), an analytic function has one 
and only one Taylor series expansion. This fact implies that the same 
series results no matter what method is used to hte it. Verify, for 
example, that the series 1/(1 — 2) = 1 +2 sh xo” + re |z| < 1, can 
be obtained by Theorem 37.24 as well as by ordinary division. 


LESSON 37B. Solution of Linear Differential Equations by Series 
Methods. ‘The series methods we shall describe 1n this lesson are espe- 
cially wel] suited for finding @ solution of the linear differential equation 
ts” 
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with nonconstant coefficients, 
(37.5) y™ + fa-i(z)y™—? +++ +fila)y’ + folx)y = Q(z). 


We shall therefore consider this class of equations first, and then proceed 
to a discussion of other types of differential equations and to systems of 
differential equations. 

In Theorem 65.2, we state and prove a sufficient condition for the 
existence and uniqueness of a solution of (37.5) satisfying n initial condi- 
tions. Here we merely state, without proof, a sufficient condition for the 
existence of a power series solution of (37.5). 


Theorem 37.51. If each function fo(x), fi(z), +--+, fr—i(z), Q(x) in 
(37.5) 1s analytic at x = Xo, 2.¢., tf each function has a Taylor series expan- 
sion in powers of (% — Xo) valid* for |x —- xo| <r, then there is a unique 
solution y(x) of (87.5) which ts also analytic at x = xo, satisfying the n 
anitial conditions 


(37.52) y(to) = 40, yy (¥o) = ay, +++, YY (20) = Ont, 


1.e., the solution has a Taylor series expansion in powers of (x — 20) also 
valid for jx — xo| <r. 


Comment 37.53. A polynomial is a finite series. Hence the series is 
valid for all x. If therefore the functions fo(z), fi (x), «++, fa—1(2), Q(x) of 
(37.5) are each polynomials, then, by Theorem 37.51, every solution of 
(37.5) has a Taylor series expansion valid for all z. 


Comment 37.54. An existence theorem tells you only whether a solu- 
tion of a differential equation exists. It does not. tell you how to find the 
solution. 


First Series Method. By Successive Differentiations. We shall 
illustrate by examples the first method of finding a power series solution 
of a linear differential equation. 


Example 37.541. Find by series methods, a particular solution of the 
linear equation 


(a) (ee Se eee 
for winehe7(0)g= 1 7/ (0) =a. 


Solution. Comparing (a) with (37.5), we see that fo(x) = x?, fy(x) = 
—x — 1, Q(x) = x. Since all these functions are polynomials, the series 
solution we shall obtain, by Comment 37.53, is valid for all x. Because 


“We shall use the word “valid” to mean that for each z in a neighborhood of zo the 
series expansion of the function converges to the value of the function. 
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we have been given values of the solution and its derivative when z = 0, 
we seek a solution in the form of the Maclauirin series (37.28). With f(z) 
replaced by y(x) it becomes 


(b) y(x) = y(0) + y'(O)x + — x” + oe x 
(4) 
po qe tee. . 


By the initial conditions, z = 0,y = 1,y’ = 1. Substituting these values 
in (a) gives, 


(c) y"(0) —-1=0,  y"(0) = 1. 
In (b), we now know, by the initial conditions and (c), the values of 
y(0), y’(0), y’(0). To Snd the values of succeeding coefficients, we take 


successive derivatives of (a) and evaiuate them at (0,1). The next two 
derivatives are 


(d) yt — (at ly" - y+ Pigeons) — 1 
yf? =e ae — dy” ae ay”! ee 0. 


Hoe wien ss = OF —1,¢7= Ly = Le obtain from (d) 
(c) Pores 17 O = 3: 


Substituting in (b), the ‘nitial conditions, (¢) and (e), we have 


3 4 
ee me ¥ P 
Gi) ya) =Itet Strap t yt oe <= Foe, 


i] 


which gives the first five terms of a series solution of (a) satisfying the 
given initial conditions. 

Example 37.309. Find by power series methods, a particular solution 
of the linear equation 


(a) Bog 


ne 


24 SS as 
— xX" 


1 — 2x? 


for which y(0) = 1, y'(} = I 
Since the initial conditions have been given in terms of 
olution in powers of x. Comparing (a) with 


S90 2 to 2 ca) ee Le 


Solution. 
x = 0, we seek a series § 
(37.5), we see that fo(x) = 


= 
j ‘ 1 — = ) 1s 
The Maclaurin series expansion of —1/(1 ) 


(b) a Re ce a gre ale, 


1—w 


7, —tt—~—O 
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The Maclaurin series expansion of +/(1 — x”) is also valid for |z| < 1. 
Hence by Theorem 37.51, each solution of (a) has a power series expansion 
which is valid for |z| < 1. By the initial conditions, z= 0, y = 1, 
y’ = |. Substituting these values in (a) gives 


(c) y 10) ale 


In the Maclaurin series (37.28), namely 


y (0) yo) yO) 


@) v@) = yO) +¥@r+ 6 +44 


eo cee) 
we now know, by (c) and the initial conditions, the values of y(0), y’(0), 
y’’(0). To find the values of succeeding coefficients, we multiply (a) by 
(1 — x”), then take its successive derivatives and evaluate them at 
(0,1). The next two derivatives are 


(e) (1 = 2?)y!” _ zy” = 0, d a a?) y =_ 3ay/”’ a y”’ = 6. 
Hence when z = 0, y = 1, y’ = 1, y” = 1, we find from (e) 
(f) 1 A O20 Fy Ort 


Substituting in (d) the initial conditions, (c) and (f), we obtain 
ne i 
(g) UG) = lle Seg Ones < 


which gives the first five terms of a series solution of (a) satisfying the 
given initial conditions. 


Example 37.56. Find by power series methods a particular solution 
of the linear equation 


I 
(a) y= y’ — a 0, a), 


for which y(1) = 1, y’(1) = 0, y”(1) = 1. 


Solution. Since the initial conditions have been given in terms of 
« = I, we seek a series solution in powers of x -- 1. Comparing (a) with 
(37.5), we see that fo(z) = —1/z?, f(x) = 1/r, Q(z) = 0. The series 
Wane owe of 1/x? in powers of x — Lis 1 — 2(x — 1) + 3(x — 1)? — 
4(a — 1)? + , Which is valid forO0 < x < 2. Theseries rel eecaee 
of i/o eee or @—)DislS@= i @ SG 
which is also valid for 0 < x < 2. Hence, by Theorem 37. 51, each eine 
tion of (a) has a Taylor series expansion in powers of x — 1, valid for 
0 <x < 2. By the initial conditions, x = 1, y = 1, y' = Uae 
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Substituting these values in (a) gives 
(b) Piso -t=0, YAH L 


In the Taylor series (37.27), namely 


©) v@) =) +¥Me@ —-)+4O@— 7+ GP @- 9 


(4) (5) 
YO @— y+ hose, 


we now know the values of y(1), y’(1), y’(1), y’’(1). To find the values 
of succeeding coefficients, we multiply (a) by x’, then take its successive 
derivatives, and evaluate them at (1,1). The next two derivatives are 


(d) g?y® za Dey!” a ty” su 7 __ y! = 0, 
ry'® 4s Dy" 4 y" _ 0, ty ae 37/4) alle mee = 0): 


Whenz = ly=l,y =9,y" = 1, y’"’ = 1, we find from (d) 
(c) ya) = —3, yA) = 8. 
Substituting in (c), the initial conditions, (b) and (e), we obtain 


— 2 _ 3 ae 4 _ 
a) ga) —=47 Ge He eo 2 ae (x — 1)° 


which gives the first six terms of a series solution of (a) satisfying tne 


given initial conditions. 


Second Series Method. Undetermined Coefficients. We outline 
a second method of obtaining a series solution, one which does not depend 
on taking derivatives. ‘This method will therefore be more useful than the 
preceding one whenever ‘t becomes too difficult to obtain successive 


derivatives. 


Example 37.6. Find by power series methods a particular solution of 


the linear equation 
(a) yi — (at ly +2y = 2 


for which y(0) = 1, y' (0) = 1. 
s 37.541. Hence we know that 


This example is the same a 
all z. A series solution in 


Solution. 
1 in powers of x valid for 


(a) has a series solutiol 
powers of x has the form 


(b) y(t) = 4o Gye Qou? + agz® + agxt ++. 
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By Theorem 37.2, its two successive derivatives, also valid for all x, are 
(c) y(t) = a, + 2agx + 3agx? + dager? + ---, 
y(t) = 2ag + Gagx + 12aqr7+---. 
Substituting (b) and (c) in (a), we see that y(x) will be a solution of (a) if 
(d) 2a + 6agx + 12aqx2 + --- 
— (x + 1)(a; + 2agx + Bagx? + 4agx* + ---) 
++ (ag + ax + Gox® + agx® + agzt*§ +--+) = 2. 
Carrying out the indicated operations in (d) and simplifying the result, we 
obtain 
(ey (2a5 ai) 3 0as— 2a — a; ae 
+ (12a, — 3a3 — 2ao + ao)e? +--- = 0. 


Because of Theorem 37.23 [take g(x) = 0 + Ox + Ox? + ---], equation 
(e) will be an identity in z if and only if each coefficient is zero. Hence we 
must have 


(f) 2a2 = oy = 0, ag = on 
ea =) ag = “Bt t. 
Woe 564 — 265 1. ay — 0, ag = “28+ 282 — 40, 


By (37.26) and the initial conditions y(0) = 1, y’(0) = 1, we know, with 
Spe U oe he 


(g) ao=yO=1 a=y (0) =1. 
Hence by (f), 


3 I 1 
(h) a=% a =% a= 2 total. 
Substituting (g) and (h) in (b), we obtain 
ee a 
(i) OG) eae same, meee << en io oy 


which agrees with (f) of Example 37.541. 


Example 37.61. Vind by power series methods a particular solution 
of the linear equation 
a 


’ it 
(a) wrap! -7 oo 


formehich 7(0)'== leg0) =e 
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Solution. This example is the same as 37.55. Hence we know that 
(a) has a series solution in powers of x valid for |x| < 1. A series solution 
in powers of x has the form 


(b) Y = Aq + Qyx + Agu? + a3r? + aa 4+ .-- 


By Theorem 37.2, its two successive derivatives, also valid for |z| < 1], 
are 


(c) y (@@) = @y + 2agr + Bagu? + 4agx? + 5a5¢* + ---, 

yl’ (x) = 2ay + Gagr + 12a4r? + 20a5t°+---. 
The function y(x) of (b) will be a solution of (a) if the substitution of (b) 
and (c) in (a) yields an identity in x. Multiplying (a) by (1 — 2”), then 
making these substitutions and simplifying the result, we obtain 
(d) (2a2 — ao) + Gage + (12a, — ae)x? + (2005 — 4a3)t2 +--+ = 0. 


Because of Theorem 37.23, equation (d) will be an identity in 2, if and 
only if each of its coefficients is zero. Hence we must have 


] 
(e) Ca | es = 0, a4, = 12” 
By (37.26) and the initial conditions y(0) = 1, y'(0) = 1, we know, with 
to = 0, that 
(f) do = y(0) = |, i 


Hence by (ce) and (f) 
(g) ag = 4, ax = 0, i. a) (a0, °° 


Substituting (f) and (g) in (b), we have 
** Je eleue | <a 
(h) y= ltats on” } } 


which agrees with (g) of Example 37.99. 


ree 
Example 37.62. Find by power series methods a particular solution of 


eS- 
(a) i ay [es G, 


for which y(1) = 1, y/G) = 0, yy") = 1. 
Solution. This example is the same as 37.56. Bence we sie a 
ition in powers of (x — 1) valid for 0 < @ < 4. 


(a) has a series solv 
vers of (t — 1) has the form 


series solution in por 
3 . — 4 — see 
(b) ye aot a(t — 1) + ag(r — 1)? + a3(t — 1)? + ag(2 1)*4 


a — 
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By Theorem 37.2, its three successive derivatives, also valid for0 <2 < 2, 
are 


(c) y! = ay + 2ae(x — 1) + 3a3(z — 1)? 
+ 4a,(x — 1)? + das(2 — 1)*#+-:-, 
y" = 2a + 3la3(z@ — 1) + 3+ 4a,4(z — 1)? 
+4-5a;(x —1)°+---, 


es = 3!a3 +- 4lag(x — 1) + 60a5(x aaa. Iie + see, 


Substituting (b) and (c) in (a), we obtain, after multiplication by x, 


(d) x?[3!a3 + 4!ay(x — 1) + 60a5(2 — 1)? +--+] 
+ xfa, + 2ao(x — 1) + 8a3(2 — 1)? 
+ 4a4(x — 1)? + 5a5(x —1)4*+---] 
—[ap + ai(x — 1) + a(x — 1)? +---] = 0. 


It will be easier to equate coefficients of like powers of x to zero, if we 
express x” and x in powers of (x — 1). Their respective series are, see 
(S25), 


(e) ze? = 1+ 2%(¢ — 1) + (x — 1)’, 
x=1+ (xe — 1). 
Substituting (e) in (d), and simplifying the resulting expression, we have 


G) (Gas @1 — ao) 43> (240m —- 1203 4 2a0)(% — 1) 
+ (60a; + 48a, + 9a3 + ae)(x — 1)? +--- = 0. 


Equating each coefficient in (f) to zero, we obtain 


ao — a 1 
(g) a3 = = Tees a4 = 57 (—12a3 — 2ap), 
a5 = eo(—48a4 = 9Ja3 = Qo). 


By (37.26) and the initial conditions, we know, with x) = 1, that 

Ch) a=y¥lI=1, a=yG)=0, a, = $y"(1) = ¢. 
Hence by (g) and (h) 

G@) @3=4, =zg(—-2-—1l)=—-§, a5;=(6—3-—4)=7 
Substituting (h) and (i) in (b), we have 


7 G— I) ae PG ae —1)° 
(j) yelp Soe ye Te eA yes, 


which agrees with (f) of Example 37.56. 
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Example 37.621. ind by power series methods, a general solution of 
the linear equation 


(a) y’ + (sin z)y’ + e7y = 0. 


Solution. <All coefficients in (a) are analytic at x = 0. We shall 
therefore seek a series solution of the form 


(b) y = ao + ayx + aor? + agr? + agx* + asx? + --- 
Since, by (37.42), 
: x 2° 
(c) - a =o <1 < 0, 
mr oS — a —» <x < 0, 


each series solution of (a), by Theorem 37.51, is valid for all zx. By Theo- 
rem 37.2, the two successive derivatives of (b) are 


(d) y= ay + 208 4- B3a3zr7 + 4dagx?® + 5ast* + ::, 
y!’ = 2ay + Gagx + 12aqx? + 2asz* + --- 
Making the substitutions (b), (c), and (d) in (a), we obtain 
(e) (2aq + Gagz + 12a4x? + 20a5r° ee) 
23 a oy (a, + 2a a + 3a32” 4+ dagz? 4+ 5aszré+---) 
+A =. Bisa 3 = 2 


iid + 3 oe .) 


aie epee gar Sage et Gye ee 


Performing the indicated operations in (ec) and simplifying the result, we 


have 


ao 2 
(f) loan + 09) + (Gag + 2a; + 09) + (1204+ 30x ar +3) 2 
a a g ae 
+ (2005 +4aabar+ +5) Exe. 


Equating each coefficient in (f) to zero, we obtain 


ao 9a, + ao _. 21 _ Se, 

> @- 5 eT” 6 6 
ao ao at 
eon... © 98 27] Se 
w= - 7% mr 8 42° 4 12 12 
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C= ae en a 


Substituting these values of the a’s in (b), there results 


(h) y = ao(l — 4x? — $x° + ee? + dee t+ ++) 
+ a,(zx — 423 — got* + ay? t+: ), -—o <2 < om, 


which gives terms to order five of a general solution of (a). Here ao and 
a, are arbitrary constants. 


Comment 37.63. In finding a series solution of a differential equa- 
tion, it will usually not be easy to write the general term of the series. 
In fact, it wiil, in most cases, be very difficult if not impossible. However, 
in each of the above examples where we stopped with a finite number of 
terms, it should be evident to you that for each z in the interval of con- 
vergence of the series, y(«) can be computed to a desired degree of accuracy 
by using sufficient terms, just as e” or sin x can be computed to a desired 
degree of accuracy from their respective series. 


EXERCISE 37 


1. Find the interval of convergence of each of the following series. 


nee 


waa ee aca 


iby 1 Stee 8 Lanne | 


n—1l 
ee ae at eo cane ee a 


n2 


2. Obtain the first three nonzero terms of the Maclaurin series for each of the 
following functions. (a) cos z. (b) e”. (c) tan zx. 


Obtain terms to order k of the particular solution of each of the follow- 
ing linear equations, where k is the number shown alongside each equation. 
Use both methods of this lesson. Also find an interval of convergence of 
each series solution. 


oy — oe 2c? = 0, FO — 2 


Ww 


4 ey = ee yit) = ay) = 0 = 

5. cy’ + 27y’ — 2y = 0, yl) = 0,71) = 1, = 4. 

Gy 4 ty C= 22, Oye 
io xy! — Qry’ + (logz)y = 0, y(1) = 0, 4/0) = 3,k = 5. 


: 1) 1) = 
ol a = 2 "0 y(0) = 1,y’(0) = —1,y"(0) = 2,k =6. 
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Obtain terms to order k, in powers of (x — 29) of the general solution 
of each of the following equations, where k and zo are shown alongside 
each equation. Also find an interval of convergence of each series solution. 

%y' — Hy +2%—0, & = 7,7 = 0. 

10. 2(r2 + 8)y"” 4+ 2ry’ 4+ (cx +2)y =0, k= 
lew” +2?) — 29= 0, § =, we = 1. 
12. y”’ — zy’ — y = sinz, k = 5,20 = 0. 


3 
ll 
= 


ANSWERS 37 


l. (a) —~™ <zr< om. (b) fz] < 4. oe —4<24< -2., 
2 4 


2. ae @) Ud eb e “ 


oir. re a 


2 6 4g x 
= —— = a 
ee = 2x aia Ely ocr ow 
3 4 
— | — ] 
dye 1t@— yh 2514 EY K.., ocean 
, oe i — eee 1 ee 1 ae — 1 (ee ea) 
2 3 4 
x 5 i 
yy fe yp ee ee a, ee 
ay = He — 1 He — 1)? bee — 18 — ee I eK IP 
am ate ere : Or <2. 
x ie So ra 
a A aie a1 
Bysi—-zt+2 ->F iw BT 
ae zx Z| ) 
2 oa. ye a 
jy eon <2) + (2-5 - 1680 | ae 
as 


2 3 4 : 
bn: Eide 55 en Ne, 
—n/2 <2 < 272. 


een oe 1) <) 
9S elie 1 “St t 


air —1)3 (ze — 1)" 5) a 
tale 9 Sa 4 a ee 
12. y= glirs oe SE BG oa ot a 
x die ow = 0 < ow, 
arta , <2 


¥ Ket 
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LESSON 38. Series Solution of y’ = f(x,y). 


The two methods outlined in the previous lesson for finding a series 
solution of a linear equation carry over without change to the finding of 
a series solution of a general first order equation 


(38.1) y = f(x,y). 


However, the determination of the interval of convergence for which the 
series solution is valid is a more difficult task. We shall first give a defini- 
tion and then state without proof the relevant theorem we shall need in 
this connection. 


Definition 38.11. <A function f(z,y) is analytic at a point (%o,Yo) if it 
has a Taylor series expansion in powers of (x — xo) and (y — yo), valid 
in some rectangle |x — xo] < b, |y — yo] < ¢, ie., f(x,y) is analytic at 
(X0,Yo) if 


(38.12) f(x,y) = Goo + [aio(e — Xo) + aoi(y — Yo)| 
+ [a2o(a — x0)? + ay1(z — 20)(y — yo) + ao2(y — yo)"]+---, 


is valid for each (z,y) in the rectangle |x — zxo| < b, |y — yo| < ¢ which 
has (vo0,yo) at its center. 


Comment 38.121. The method for finding the coefficients a;; in 
(38.12) is essentially the same as that used in Theorem 37.24 to find the 
coefficients a; in (37.25). These values of a;; are 


(38.13) doo = f(X0,Yo); 


arg = Woo = — SF (Zoy¥o) , 
10 ax Ol ay ; 
re d*f(to,Yo) | _ 2 a? f(zo,yo) 
2! ax? : 2! dxdy 
Se! a°f(x0,Yo) , 
ao2 ant 91 dy? } 
hon = wy d°f(2o,Yo) , a ee 3 d°f(x0,Yo) 
3! ax8 71 831 axtay 
ays = 2 2 Lo,Yo) _ 1 af (0,40) . 
pm csoy2 = = 788 = 3) agyaaee 


The symbol "f(xo,yo)/dz" means evaluate a"f(x,y)/dx" when xz = Zo, 


y = Yo. Similarly, the symbol 0"f(xo,yo) /dy” means evaluate a"f (x,y) /ay” 
WHEN. = oq eee 


In Theorem 58.5, we state and prove a sufficient condition for the exist- 
ence and uniqueness of a particular solution of (38.1) satisfying an initial 
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condition. Here we merely state without proof a sufficient condition for 
the existence of a power series solution of (38.1). 


Theorem 38.14. If the function f(x,y) of (88.1) is analytic at (x,y), 
t.e., af f(x,y) has a Taylor series expansion in powers of (x — xo) and 
(y — Yo), valid for |x — xo| <r, ly — yo| <r, and if for every (x,y) in 
this 2r X 2r rectangle which has (xo,Yo) at its center, 


(38.15) lf(zy)| = M, 


where M is a positive number, then there is a unique particular solution 
y(x) of (38.1), analytic at x = Xo, satisfying the initial condition y(xo) = Yo, 
1.e., the solution has a Taylor series expansion 


(88.16) y(x) = yleo) + y'Geo)(e — 20) + YF (@ — 20)? 


+ EN) fe — no)? +++, 


valid in an interval about xo. This interval is at least equal to 
r 
(38.17) I: |z — zo| < min € sit)” 


where ris given above and M 1s given in (38.1 db). 


Remark. This theorem is a special case of the more general theorem 
on systems stated in Lesson 39. See Theorem 39.12. 


Comment 38.18. Formula (38.17) gives a minimum interval on which 
the series in (38.16) converges to the solution y(z) satisfying y(to) = Yo. 
The actual interval of convergence may be larger. 

Example 38.2. Find by series methods a particular solution of the 


nonlinear first order equation 


(a) y! _ xr? als y”, 
for which 
(b) y(0) = 1. 


. 2 a 

Solution. Here f(z,y) of Theorem 38.14 1s vty and to = 0, 

yo = 1. In Comment 38.21 below, we show how to obtain the Taylor 
series expansion of x? + y? in powers of x and (y — 1). This series 1s 


2 
(c) weet gea 1 +20— DSer om 


° . . ° + +7 bs " 1 i We 
Since the series is finite, 1t 1s valid for all x a 
( 

for r of Theorem 38.14 any value we please. Jor an 


/ — ts” 


may therefore choose 
arbitrary r and with 
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lz| < r, ly — 1| < 1, (c) becomes 
(d) le? eay?| <1 Or a? or = Or er, 


which is the maximum value of x? + y? for all (z,y) ina 2r X 2r rectangle 

which has (0,1) at its center. It is therefore the M of (38.15). Hence, by 

the theorem there is a unique particular solution y(x) of (a), analytic at 

x = Xo = 0, satisfying (b), i.e., the solution has a series representation 

of the form (38.16), namely 

ups 
BI 


) yl) = yO) + y' Oe + a? + er 


valid in an interval about x = 0. By (38.17), this interval is at least 
equal to [here r is arbitrary, M is given by (d)] 


: if 
(f) i {| < min(r, age sees! c 


To maximize J, we let u = r/(3(2r? + 2r + 1)]. Taking its derivative 
with respect to 7, and setting the result equal to zero, we obtain 


(g) O= 27? +2r+1—7r(4r+2), —27? +1=0, r= 


+ 


For this value of r, the interval (f) becomes 


i 1 
h (G6 —— ee ie Neen: 
m HI oe OG 2) ee ea 9) és 


By Theorem 38.14, we now know that the series solution we shall obtain 
is valid for at least |x| < 0.069. We shall find this series solution by the 
two methods of Lesson 37B. 


First Method. By Successive Differentiations. By (b), the initial condi- 
tions are + = 0, y = 1. Equation (a) and its next three successive de- 
rivatives, evaluated at (0,1), are 


(i) i ee y(0) =0+1=1; 
yy’ = Qe + 2Qyy’, UO — 20 2.1 1 = 2: 
y= 2+ Qyy” + 2y)?, yO) = 24+2-1-242-1=8; 
yD = Qyy™ + Byy”, yee 2 148 42 Ot SOs: 


Substituting (i) in (e), we obtain 


(J) yw) =1ltatae?+ehthis..., 
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which gives the first five terms of the series solution of (a) satisfying (b), 
valid at least in the interval (h). 


Second Method. Undetermined Coefficients. Since xo = 0, we seek a 
power series solution of the form 


(k) yY = do + ayx + Gor? + agx? + agzt t-::. 
Its derivative, by Theorem 37.2, is 

(1) y’ = a, + 2agx + 3agz? + 4agx? + 5asr* + ---. 
Substituting (k) and (1) in (a), it becomes 


(m) a, + 2aea + 3agz? + 4ayx? + 5asx* +°°° 
= 2? + (ag + ax + gx? + agz? + -- )? 
= 2? + ap? + 2agayz + (2aoa2 + a,”)x* 
See(2agaa 2a\a2)x° Sid 


By Theorem 37.23, (m) will be an identity in 2, if the coefficient of each 
like power of x is zero. Hence we must have 


(n) a, — ao” = 9, 
2a9 — 2a0Q, = G; 
303 — ] — 2a9a2 — a,” = 0, 


das — 24903 — 2a\a2 = 0. 


The initial condition ts y(0) = 1. Therefore by (37.26), with zo = 0, 


(0) ay = y(0) = 1. 
By (n) and (0) 
(p) a, = Ne io IU 
: (i 
1+2+1 4 nly y= 7. 
Substituting (0) and (p) in (k), there results 
(q) pair ft Pee 


which is the same as (j) above. . 
Content $8.21; We shall obtain the series Lgl : ey - 
; he ° ° i ¢ ee Mret re sna Oo ain 1 
z? + y?, as given in (c) bOVE,.gn WHO Pays. en yy =2?t+y? 
use of (38.13). This isa standard method. Starting wrth JVty , 


r 


— 
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we take the successive partial derivatives called for in (38.13). These are 


(38.22) flea — ee toe 
of of 
a — == 2? 
Ox 2x, Oy Y) 
23 2 4 
ax? , dx Oy oy 


All additional derivatives are zero. Hence by (38.13) and (38.22), with 
ap = 0, vor— Wieweund 


Ce) 3, Sa Se 
ai9 = 0, a1 = 2, 


i 1 
d20 = 5j (2) = 1, a1, = 0, doz = 5 (2) = 1. 


Substituting these values in (38.12), we obtain with to = 0, yo = 1, 
G84) fae — 2? = 2G 1) ae 


which is the same as (c) above. 

A second method of obtaining (38.24) for this particular function 
a? + y?, one which is much quicker and simpler, is to observe that x? is 
already in powers of x and that 


(38.25) y? = (y — 1)? + 2y —1= (y — 1)? + 2 — 1) +1. 


Comment 38.26. An easy way to find M in the above example, 
without the need of (c), is to observe that 


(38.27) eee | = eel olga: 

If therefore |z| < rand |y — 1] < rsothat |y| < r+ 1, then by (38.27), 
(38.28) jz? + y?| <r? + (r+ 1)? = 27? + Qr 4-1, 

which is the same as (d) above. 


Example 38.29. Find by power series methods a general solution, in 
powers of z, of the nonlinear equation 


(a) yo =e. 
Find an interval of convergence of the series. 


Solution. We shall seek a series solution of the form 


(b) Y = do + ax + agr? + agz® + agzt+---. 
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The derivative of (b), in its interval of convergence is, by Theorem 37.2, 
(c) y’ = a; + Qage + B3agr? + 4ayz? +---. 

Substituting (b) and (c) in (a), we obtain 


(d) a, + 2agx + 3agxr? + 4aygr? +--+. = 2? — ay? 


— Qapaix — (2apde + a,7)z? — (2apag + 2a,a2)r° — - 


Equating coefficients of like powers of z, we have 


(ec) a, = —a", Cy — oe 
2ao = —2apaj, Qy = —do0) = ay’; 
3az = 1 — 2apaa — 447, a3 = 4(1 — 2a9* — an*) = 4 — ag’; 
dag = —2a9a3 — 2a;a2, a4 = #[—2a9(4 — al 2(—ag*)(ao°)] 
= —FAo + ao’. 


Substituting (e) in (b), there results 
(f)  y’ = ao — ao*x + ag*x” + (4 — ag*)z® + (—4a0 + Go’)z* +-°-, 


which gives the first five terms of a series solution of (a). Here ao is the 
arbitrary constant. By (37.26), it is, for a particular solution, y(0). To 
fnd an interval of convergence of the scries solution, we proceed just as 
we did above in Example 38.2. Here f(z,y) = x” — y°, toe 0, Jomerl is 
arbitrary. The Taylor series expansion of a? — y? in powers of x and 
(y — Yo) is, see (38.25), 


(ey few ee! —at a — (he 0) ely — yo) + Yo'l. 


y. We may therefore choose 


Since the series is finite it is valid for all x and 
or an arbitrary r and 


for the r of Theorem 38.14, any value we please. I° 
with |z| <r, ly — yol < 7% (8) becomes 


HP \i'eu)| = |e — ee a I yo)*| 
+ Oya — Golo” -P r? + Qyor + Yor 
= 26 ta yor) ae Yo; 


which is an upper bound of x? — y” for all (x,y) ina 2r X 2r rectangle 
which has (0,70) at its center. It is therefore the M of Theorem 38.14. 


Hence, by (38.17), there is an interval J, at least equal to 


2 
ae 
ti) a (. G(r? + yor) + at) 


on which the series (f) converges. 


{ 


554 Serres MeTHOopS Chapter 9 


EXERCISE 38 


1. Find a series representation of f(z,y) in powers of z and y if (a) f(z,y) = 


zsiny, (b) f(z,y) = 
2. Find a series representation of f(z,y) in powers of (xz — 1), (y — 1) if 


(a) f(x,y) = zy, (b) flay) = y log z. 

Obtain terms to order k of the particular solution of each of the fol- 
lowing differential equations, where & is the number shown alongside each 
equation. Use two methods. Also find an interval of convergence of each 
series solution. 


Sy =a 77, yO j= 1k = 4 
A =e — ye a 1k 
by = 7 — ay, VO) 2 — 
6. y’ = z7-+siny, y(0) = 7/2, k = 3. Hint. Replace sin y by its series 


expansion in powers of y (for undetermined coefficient method). 

7 y =az+e¥, y(0) = 0,k = 4. Hint. Replace e” by its series expansion 
in powers of y (for undetermined coefficient method). 

8 (1 —x—y)y’ =1, yQ) = —2,k = 4. Hint. Write (1 — z — y)y’ as 
[—(z — 1) — y]y’ (for undetermined coefficient method). 


9. y’ = sin(zy) +22, y(0) = 3,k = 
Osa = lotr), we 1 be. 

ll. y’ = cos(z+y), y(O) = 1/2,k = 38. 
12. 7 = y2 +e], yl) =1,k = 3. 
1B. gy =v ba, (0) “= lok = 

14, y = 142y", y(0) = 


k 


lk = 4. 
15. y’ = cosx+siny, y(0) = 0,k = 5. Hint. Replace cos z and sin y by 


their series expansions. 


Obtain terms to order k, in powers of x, of the general solution of each 
of the following differential equations, where k is shown alongside each 
equation. 


16. y’ =az+y?, k 
I : : 
Wy =a2t i k = 4. Hint. Write the equation as yy’ = zy +1. 


I 
ww 


ANSWERS 38 


5 
Morse a) Or Cee “= a y) 
Ze (a) Ya eee) sth 1) 1 0. 


2 3 
(b) ees] |) — Se 


2 3 
3 y¥ = 1l—az+ 2? — go + B2t —---, |x| < 0.069. 
3 4 
— ] — 
4y=1+@—1)? SoU er). ae 
40 
a a a a re fo |z| < 0.029. 


12 
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: 1 
6 yeste ae 51008 =o 7 1 

5 + ee + ee: ee |z| <5 

S oh 
a = 2 zt or r 
i. ¥ z+u2z a 9 er +..-., || = ETE dm SO 
<=) xz— 1 3 il 
Bp ee Se a ae 
2 16 64 1024 yr ; 


9. y = 8+ S274 4x? — fet ::-. 
10) yy = 1+4@ — 1)? + do(z — 1I* — pele — PT: 


) 3 
Tage © ee ee .. 
> 5 a ae : 
ig = Pe — 1) BE — 1)? — P+ 
2 2 ts 
13 = 1 — + —- — = 
y phe ee tie aa 
2 22 x 
4, y=14 = + + > 
y a es 
me 7 2 . 
ees a et OO Gee 


16. y = ag+ ao2z + (44 ao®)xz?2 + (440 + Qe mean 4, 
if 
It] < 372 +b 2yo)r + yo? 


»7 arbitrary. 


3 3 3 
1 ag —1 2 3—ao 3 Tag —15 4 
ly = — ———— = ee a 
y a ao or 2ao a 6ao° — 24a0 ia . 
LESSON 39. Series Solution of a Nonlinear Differential 
Equation of Order Greater Than One and of a 
System of First Order Differential Equations. 


LESSON 39A. series Solution of a System of First Order Differ- 
ential Equations. In Theorem 62.12, we state a sufficient condition for 
the existence and uniqueness of a solution of a system of first order equa- 


tions 
dy 

(60) om ag filbyrYe; ans Ua) 
ai 
or = folt,y1,Y2: Pipa ms Yn); 
di 
Hs > Fr, Yrv¥2) wes Uns 


satisfying the initial conditions 
(39.11) yi(to) = 41, yo(to) = 42, °° "> Yn(to) = an. 
7 
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We now state without proof a sufficient condition for the existence of a 
power series solution of (39.1) satisfying (39.11). 


Theorem 39.12. If each function fi, fo,--:,fn of the system (39.1) is 


analytic at a point (to, @1, G2, °**, Gn), 1.e., of each function has a Taylor 
sertes expansion in powers of (t — to), (yi — 41), °**, (Yn — Gn), valid 
for |t — tol <r, ly: — ai] <7, +++, lyn — Gal < 7, and if for every 
point (t, Yi, Yo, °° +5 Yn) in this (2r)"*}-dimensional rectangle which has 
the point (to, @1, @2,°°*, Gn) at tts center, 

(39.13) [fi(t, Y1,Y2,°"°", Yn)| < M, = iF 2 we 


where M is a positive constant, then an interval I exists on which there 1s one 
and only one set of functions, y;(x), ye(z), ---, Yn(x), each analytic at 
t = to, satisfying the given system (39.1) and the initial conditions (89.11), 
7.e., each function has a Taylor series expansion in powers of (t — to), namely 


(39.14) yi(é) = ay + aii(t — to) + ayo(t — to)? + aig(t — to)? +---, 
yo(t) = a2 + aei(t — to) + aoo(t — to)? + aea(t — to)? +---, 


TAU) = an == Anilt oe to) — Ano(t aad faye -- An3(t a fale +- Caan 
valid in an interval about to. This interval is at least equal to 


: r 
(39°15) IE lt == to| < min (r wea): 
where r is given above, n is the number of equations in the system (89.1) and 
M ts given in (89.13). 


The coefficients in (89.14) are given by 


(i) 
(39.16) ye ol 
on 
For example, the coefficient a2 is, by (39.16), y;’"(to)/2!. Note that it 
agrees with the coefficient of (x — zo)? in Taylor series (37.27). The 
coefficient of a2g3 1s, by (39.16), yo’’’(to)/3! which agrees with the coeffi- 
cient of (x — zo)? in (37.27). 


Remark. If we look at the first order equation dy/dx = f(z,y) as if 
it were a system of one equation dy,/dt = f,(t,y,), we see that Theorem 
38.14 is only a special case of Theorem 39.12. 


Example 39.17. Find by power series methods a particular solution 
of the first order system 


d 
(a) Fath Sy, 
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for which 
(b) x(0)= 1, y(0) = 1. 


Solution. Comparing (a) with (39.1) and (b) with (39.11), we see, 
with z and y taking the places of y; and yo, that 


f, = yt, fo = xy, (oe — 20; ay — a, in ae 


By Theorem 39.12, we must find series expansions of fi and fo in powers 
of t, (x — 1), (y — 1). These are respectively 


(c) fi=yt=ty—I) +4, 
(ey = — 1-1) + tay | 
=(¢—-1(y-1) +@-)1)+y-)N+1. 
Since these series are finite, they are valid for all ¢, z, and y. We may 
therefore choose the r of Theorem 39.12 arbitrarily. Hence when |t| < 7, 
lz — 1| <r, ly — 1| < 7, we have by (oF 


(d) fi] < re +, 
lfel < Pee ee oe emcee Le 

Forr > 0, (2? + 2r +1) > 7? +71. Therefore r? + 2r +1 is the M of 
(39.13). Hence, by Theorem 39.12, there is a unique pair of functions 
z(t), y(t), each analytic at ¢ = 0, satisfying the system (a) and the ini- 
tial conditions (b), i.e., each function has a series expansion of the form 
(39.14), valid in an interval about ¢ = 0. By (39.15), this interval is at 
least equal to [here n = 2, M is given by the second equation in (d), and 
r is arbitrary] 


9 r 
(e) Te |¢| < min (* ter) : 


We find, in the usual manner, that the maximum value of J occurs when 
— 1. Hence J will be a maximum if 


(f) I: |t| < ps = 0.0625. 


We shall find a series solution of (a) by the usual two methods of Lesson 


37B. 
First Method. By Successive Differentiations. Here the independent 


variable is t, the dependent variables z and y. Since the initial conditions 


are given at t = 0, we seek series expansions of x(t) and y(t) of the form 


(37.28), namely " 
CO 4 On OM ee 
eT ee 


0) 2 , yi") 3 - ¥2O a... 
Wo = yo + vot et a! + EO ay. 


- —S——™ 
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Starting with each equation in (a) and taking its successive derivatives 
with respect to t, we obtain 
(h) x! = yt, y’ = xy; 
ze sy + ty’, y= ay! + ye’; 
al" = ye + iy yo = oye + Qe + ye: 
x'* = 3y" ot ty” ye = ry!" ails B3y/"x' ale B8y'x"’ ot yx!” 
We know from the initial conditions that 


(i) 2) ee CL) ee 


To find the values of succeeding coefficients in (g), we evaluate the de- 
rivatives in (h) in the order 2’, y’, x”, y’’, etc. These are with ¢ = 0, 
oe ly =i. 
(3) x'(0) = 1-0= 0, y(0) = 1-1=1; 

20) =e (0) el — 1 

(0) 2 ee (0) — 1 0 ae 

Ba) 6 0 — 3. (0) 92 0 ee? — 7 


Substituting (i) and (j) in (g), there results 


eg aaa 
(k) 2 a a rea lira 


ees. eae 


which give terms to order four of a series solution of (a) satisfying (b), 
valid at least in the interval J of (f). 


Second Method. By Undetermined Coefficients. Since the initial condi- 
tions are given at t = 0, we seek series expansions of the form 


(1) 2) = ao > ayt + Gola aa aa + ant" —- Macnee 
y(t) = bo -~ bit + Bete _ Dayle — bale a Pee: 


Differentiating (1) with respect to ¢ and setting each resulting equation 
equal to the respective right side of (a), we obtain 


(m) Q, + 2at + 3as3t? + 4agt? +--- = yt, 
by + 2bot + 3b3t? + 4b4t? + --- = zy. 


In (m), replace x and y by their values in (1). Hence (m) becomes 
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(n) ay + 2aot + 8a3t? + dagt? +--+ = (bo + bit + bot? + bgt? + -- >), 
b, + 2bot + 3bat? + 4byf? + --- 

== (ao -\- Git + Gate + a sh O89 -)(bo + bil + bere + 28 -), 

The pair of functions in (1) will be a solution of (a) if we choose the a’s 

and b’s so that each equation in (n) is an identity in t. Performing the 


indicated expansions in (n) and equating for each equation separately, 
coefficients of like powers of ¢, we obtain 


(0) a; = 0, by = abo; 
245 = do, Qbe = aod; + a1)9; 
pee di, 3b3 = Aobe + a,b; + Gabo; 
AG, = bo, 4b, = Aob3 + aybo + aad: + azbo. 


By (b) and Theorem 37.24, 
(p) aol= 20)] = 1, bo [= yO)] = 1. 


Hence from (0) and (p), we obtain, calculating the coefficients in the order 
a}, bag ao, bo, etc. 
(q) a, = 9, b, = 1; ay = $bo = 3, bo = A(1 + 0) = 3; 
ow, oe by SEG OTe) Ses. 
ay = tbo = 4, b, = 4G 4+0444+9 = 


Substituting (p) and (q) in (1), we find 
a Pp tt 
(r) oO) = | eg 
i eh 
y() = eG eee yt ai 
which is the same as the solution (k) obtained previously. 


LESSON 39B. Serics Solution of a System of Linear First Order 
In Theorem 62.3 we state and prove a sufficient condition 


Equations. dee 
and uniqueness of a solution of a system of linear hrs 


for the existence 
order equations 


goin) ML = flO + Sralva Fo + Sine + OO, 


dt 


. 
& te ee Oo ae 
Peep Ce. GI ce nec aee a 
oe se 
COT Cie i Ue SLES 


ele Snn(O)yn rie Qn(Q); 


dy = fei()y + Yealbyert °° + fon()Yn + Qo(d), 


dyn = Fon (Ovi | fro(lye la 
a dt 
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satisfying the initial conditions 
(39.21) yi(to) = G1, —- Ya(to) = G2, +++, Yn(to) = an. 


We now state without proof a sufficient condition for the existence of a 
power series solution of (39.2) satisfying (39.21). 


Theorem 39.22. If, in (39.2), each function f;;,1 = 1,--:,n, 7 =1, 

-, n and each function Q;,1 = 1, ---, n, ts analytic at t = to, 1.€., of 
each function has a Taylor series expansion in powers of (t — to), valid for 
|t — to| <1, then there is a unique set of functions, y(t), yo(t),: °° , yn(t), 
each analytic at t = to, satisfying the given system (39.2) and the initial 
conditions :(39.21), 1.e., each function has a Taylor series expansion in 
powers of (t — to), namely 


(39.23) yi (f) = a, + ait — to) + ayo(t — to)” + aig(t — to)* +---, 
yo(t) = a2 + doi(t — to) + aeo(t — to)? + aog(t — to)? +-°-, 


Ve O Citi — 15) = aaa — to)? ae CN) to)° > sae 


valid for |t — to| < r. The coefficients in (39.23) are given by 
(i) 
(39.24) Pe, Loandols 


wn) } 
yi’ (to) eee, Waikto) ct. 


[For example, a,;3 = 31? 


Example 39.25. Find, by power series methods, a particular solution 
of the first order linear system 


dx ae: dy 2 
(a) a 2 Cos t, ie t“y, 
for which 
(b) x(0)= 1, y(0) = —1. 


Solution. Comparing (a) and (b) with (39.2) and (39.21), we see, 
with z and y taking the place of y,; and yo, that 


(c) fia = COS t, foe = e to = 0, a) = i ag = —1,. 


Since fi, and f22 have Maclaurin series expansions, valid for all ¢, it 
follows by Theorem 39.22, that there is a unique pair of functions z(t), 
y(t), each analytic at ¢ = 0, satisfying the system (a) and the initial con- 
ditions (b), i-e., z(t) and y(t) each has a series expansion in powers of t 
valid for all ¢. 
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There are the usual two methods available for finding a series solution 
of (a) satisfying (b). These have been described in Example 39.17. We 
shall use the more difficult one, in this case, of undetermined coefficients. 
By Theorem 39.22, the pair of functions x(¢), y(t) have series expansions of 
the form (39.23). With to = 0, these become 
(d) a(t) = @o + ayt + aet? + Dey Oe 

y(t) = bo + bit + bet? + dst? + --- 
Differentiating (d) with respect to ¢, and setting each resulting right side 
equal to the respective right side of (a), we obtain 
(e) a, + 2agt + 3agt? + daxt® +--- = xcost, 
b, 2 Oba + Stat? ett = t7y. 


In (e) replace x and y by their values in (d), and replace cost, see 
(37.42), by its Maclaurin series expansion. There results 


(f) ay + Qaet + Bag ae So : ; 
l i 
= oo tartare 0-54 G--") 
5, ee sbye + Abe + = 12(bo + byt + bot? + bat? + ---). 


The pair of functions defined in (d) will be a solution of (a) if we choose 
the a’s and b’s in (f) so that each equation is an identity in ¢. Performing 
the indicated operations in (f) and equating for each equation separately, 


coefficients of like powers of t, we obtain 


(g) a, = 4, b, = 0, 
2a2 = 4), 2be = 0, 
303 == Og ao 363 = bo, 


2 
4a, = 03 — 4b, = by, 


By (b) and Theorem 37.24, 
(h) ag = 20) = 1, b0= y(0) = —1. 


Hence we obtain from (h) and (g), calculating the coefficients in the order 


Q), bi, a2, bo, ete., 
b een, Op, went b, = 0, az = 4(4— 4) =29, 


(1) air th 
b4 = 4 (0) = 0. 


bs = ¥(—1) = —3: a, = H(-$) = 8 


sy 
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Substituting (h) and (4) in (d), we find 


eo 
(i) 20) = 1a 
{? 


which give terms to order four of a series solution of (a) satisfying (b), 
valid for all ¢. 


LESSON 39C. Series Solution of a Nonlinear Differential Equa- 
tion of Order Greater Than One. In Theorem 62.22, we state and 
prove a sufficient condition for the existence and uniqueness of a particular 
solution of an nth order differential equation 


1 


a'y i 
(39.3) son = Says yO), 
satisfying a set of initial conditions 


(39.31) y(Zo) = Yo, y'(xo) = 
i (oo — oe Gey, 


The proof consists in showing how every nth order differential equation 
with given initial conditions can be changed to an equivalent first order 
system with equivalent initial conditions. Hence Theorem 62.22 is a by- 
product of Theorem 62.12 relating to first order systems. Analogously, 
the sufficient condition we now state for the existence of a power series 
solution of (39.3) satisfying (39.31) stems from Theorem 39.12 for a first 
order system. 


Theorem 39.32. If the function f of (89.3) 1s analytic at a point 
(X0,YoY1,°°*, Yn—1), 2-€., of f has a Taylor series expansion in powers of 
G = wy (y —_ Yo), (y’ iar Y1), a) Ge a ayy valid for |x a Zo| = T, 


le te a a| ees yo? — Yn—1| < 7, and if for every 
point (x,y,y’,°°:,y ) in this (2r)"*!-dimensional rectangle which has 
this point (x0,Yo,Y1,° °°) Yn—1) at rts center, 

(39.33) gran ig > | eae 


where M is a positive constant, then there 1s a unique particular solution of 


(89.8) analytic at x = Xo satisfying (39.31), 1.e., the solution has a Taylor 
series expansion in powers of (x — Xo), namely 


(39.34) u(a) = y(z0) + y"(t0)(2 — 0) + YO) (@ — 29)? 


4 WL)  — a9)? 4 


) 
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valid in an interval about x = Xo. This interval is at least equal to 


= : r 
(G9r32) qT: lx = Lol <— min (; 7) 


where r is given abore, n is the order of the equation (39.3) and M ts given 
in (89.83). 


Example 39.36. Find by series methods a particular solution of the 
nonlinear equation 


(a) yl" = xr? a y? 
for which y(1) = 1, y/Q1) = 0, y”Q) = 2. 


Solution. Comparing (a) with (39.3) we see that n = 3 and f = a 
+ y?. A comparison of the initial conditions with (39.31) shows that 
r= ly=1n=9%, and y2 = 2. The series expansion of f in powers 
of (x — 1), Y — 1), gen 2) by (38:25), 1s 


(b) nite ge So) 2 — 1) 4 2G — DE EHD @ 


Since the series is finite, it 1s valid for all z and y. We may therefore 
choose any value we please for r of Theorem 39.32. For an arbitrary 7 


and with |z — 1| <7, ly — 1] <r, (b) becomes 
(c) bee gel 2 2p yee ede lea 


which is the Jf of (39.33). . . 

Hence by Theorem 39.32, there is a unique particular solution (2) of 
(a), analytic at zs = |, satisfying the given initial conditions, i.e., the 
solution has a Taylor series expansion of the form (39.34), namely 


(a) y(z) = y) + y'ME — 1) 


"d y") . 
Pee — aa GW ’ 


valid in an interval about xz = 1. By (39.35), this interval is at least 
equal to [here n = 3, M is given by (c) and r is arbitrary] 


; 
(e) ei sh) < 5(2(r2 + 2r + pal 


To maximize J, we let 


r 
a ee 
(f) Me 10(r? + 2r + 1) 


Taking its derivative with respect to r and setting the result equal to 


zero, we obtain 
2 “. 
(g) 0 = (r?4 21) )= 1 ee Be 
7, 
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For this value of r, the interval J of (e) becomes 
(h) lz — 1] < gy = 0.025. 


By Theorem 39.32, we now know that the series solution we shall obtain 
is valid for at least |r — 1] < 0.025. We shall use the usual two methods 
to find a series solution. 


First Method. By Successive Differentiations. In (d), we know by the 
initial conditions that 


(1) y¥i)=1, yl) =90, y’(1) = 2. 


To find the values of succeeding coefficients in (d), we evaluate (a) and 
its successive derivatives at (1,1). These are, withzs = ly = 1,y’ = 0, 
Gee, 


Go yaar ty’, yf") = 1+ 1 = 2; 
y = 2x + 2yy’, y(1) = 2+0 = 2; 
y') = 2+ 2yy” + 2(y')?, yO (1) = 24+2-2+0 = 6; 
yO = Qyy!” + by'y", y(1) = 2-24+6-0-2=4; 


Substituting (i) and (j) in (d), we obtain 
(k) y= it @— 1)? + $@ — 1)? + 4G — 1) 

+ do(e — 1) + rhole — 18+ ---, 
which gives the first seven terms of a series solution of (a) satisfying the 
initial conditions, valid at least in the interval (h). 


Second Method. By Undetermined Coefficients. Since the initial condi- 
tions have been given in terms of z = 1, we seek a series solution of the 
form 


(1) y = a9 + a,(z — 1) + ag(x — 1)? + g(x — 1)34-- 
Its next three successive derivatives are 


(m)  y’ = a, + 2ae(z — 1) + 3a3(z — 1)? + 4ag(x — 1)8 
+ 5a;s(x — 1)*+---, 
Y= 207 COG) l2on(e — 1)? 2G — 1)° 
y’”’ = 6a3 + 24a4(x — 1) + 60a5(x — 1)? 4+-.-.-. 
Substituting (1) and the last equation of (m) in (a), we obtain 


(n) 6a3 + 24a4(z — 1) + 6Oas(x — 1)? + --- 
= 774+ [a9 + ay(x — i) + a(x — ie 2 2. 
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It will be easier to equate coefticients of like powers of x, if we find the 
series expansion of x? in powers of (x — 1). By (38.25), 


(0) r? = 1 + 2(@@ — 1) + ( — 1)”. 


In (n) replace x? by its value in (0), perform the indicated multiplication 
on the right, and then equate the coefficients of like powers of (x — 1). 
There results 
(p) Saige Co naan) 

2a 2 = 20501, 

60a5 1 + 2a0A2 + a 


I 


By Theorem 37.24 and the initial conditions, 


(q) sc ae i, SE is 0, ag = S — 
Therefore by (p) and (q) 
(r) ae = 2 = i Ons — 37(2) =a 7s, a5 = eo(l ate 2) a 30: 


Substituting (q) and (r) in (1), we obtain 
G) pelt e—W?$ HE — +e] — Dita — DE + 
which agrees with (k) to terms of order five. 


Comment 39.37. As explained in Comment 38.26, we can find Af 
Without the need of (b), by observing that |x? ey?) = eae 
Hence if |x — 1| < 7, s0 that |z| < 7+ 1 and if ly — || < r, so that 
ly} < r+, then jz? + y?| < (r+ 1)? + (+ 1)° = 20 + 2r + 1) 


as in (c) above. 
Example 39.38. }° ind by series methods, a particular solution of the 


nonlinear equation 


(a) yf" = (x __ Ie aL y? BE y’ 9) 
for which 
(b) yI=1, 0) =, yl) = 2. 


Solution. Comparing (a) with (39.3) we see that 1 = 3. amd f = 
ee 1)? + ye ty — 2. Comparing (b) with (39.31), we see that 
r= ly=aim = 0, va = 2. he series representation of f in powers 

rs » YO a4 9 fe . ‘ 
of (¢@ — 1), — 1), & — (y"’ — 2), by (38.25), Is 


e Vede vent = Oo b> 1G NER 2 


L —— t—“‘i—s™S 
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which is a finite series, and therefore valid for all z, y, y’. We may there- 
fore choose r of Theorem 39.32 arbitrarily. Hence when |x — 1] < 7, 
ly — 1] <r, ly’| < 7, we have by (c) 


(d) [fey] <r? + [All 4 rt r? pr = 2? + 3r +1, 


which is the M of (39.33). 

Hence, by Theorem 39.32, there is a unique particular solution y(x) of 
(a) analytic at x = 1 satisfying (b), i.e., the solution has a Taylor series 
expansion of the form (39.34), namely 


(e) y(xz) = y(l) + ye — 1) 
” 1) 


ee) 


valid in an interval about z = 1. By (39.35), this interval is at least 
equal to [here n = 3, M is given by (d) and r is arbitrary] 


r 
I< 5@r8 orb) 


To maximize J, we let wu = r/5(2r? + 3r-+ 1), take its derivative with 
respect to r and set the result equal to zero. We thus obtain 


(2) O= (277+ 3r +1) — r(4r+ 3) = —2r? +1, r= 1/V2. 
Tor this value of r, the interval J of (f) becomes 


(h) I: |x — 1| < 0.034. 


(f) I: |e -— 1 


We shall use the usual two methods of finding a series solution of (a) 
satisfying (b). 


First Method. By Successive Differentiations. In (e), we know by (b) 
(1) y=1l yQ=0, y")=2. 


To find the values of succeeding coefficients in (e), we evaluate (a) and its 
successive derivatives at (1,1). These are, with x = 1, y = 1, y’ = 0, 
a = 2 


GQ) y= (pe eee, (1) Sa 2 = —1. 


yf = 26 ae ey (1) — 2, 
y= 2+ Qyy” + 2’)? ty”, YP) =2+4—-1=5 


Substituting () and (j) in (e), we obtain 


(kk) y=1+(@— 1)? —6@— 1) ee — 1) eee 
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which are the first six terms of a series solution of (a) satisfying (b), valid 
at least in the interval J of (h). 


Second Method. By Undetermined Coefficients. Since the initial condi- 
tions have been given in terms of z = 1, we seek a series solution of the 
form 


(1) y = ag + a,(z — 1) + ao(z — 1)? + a3(2 — 1)* + 

Its next three successive derivatives are 

(m) y’(z) = ay + 2a2(z — 1) + 8aa(z — 1)? + 4a,4(z — 1)° 
+ 5as5(z — 10 es 


y!(x) = 2ay + 6a3(z — 1) + 12a4(z — 1)* + 20a5(2 — eee. 
y!"(z) = Gaz + 24a4(z — 1) + 60a;(x — 1)? +--:. 


Substituting (1) and the first and last equations of (m) in (a), we obtain 


(n) Gaz + 24a4(z — 1) + 60a5(z — 1)?+- 
Fen D+ ba toe PE --/? 
4+ a, + 2a2(x — 1) + 3aa(e — 1)? + — 2. 


Equating coefficients of like powers of (x — 1) in (n), we have 


(0) 6a3 = ag” +a, — 2, 
24a, = 2a, + 29, 
60as5 =| + 2a0a2 + ae + 343. 


By (b) and Theorem 37.24, we know that 
(p) isl, “G0; Solel 
Therefore by (0) and (p), 


(q) a3 = 40 — 2) = =4) a4 = py(2) = i) 
dS t+ 2 — pe 


Substituting (p) and (q) in (1), we obtain 


(r) yx) =1+@— A) pe — 134 pela — 1)*+aee — D+ 


which is the same as that obtained previously in (k). 


- 
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EXERCISE 39 


Obtain terms to order k of the particular solution of each of the follow- 
ing systems of differential equations, where k is the number shown along- 
side each equation. Use two methods. Also find an interval of convergence 
of each series solution. 


dx 


t dy —t _ 
— = == 0) = 0,y(0) =0,k = 4 
le ee ee ae {2 =(0) y(0) 
dz ; dy 2 us wT 
—_ = —= —~| = —j=1,k = 4. 
2: is y sin ¢, 7 t + a, 2(2) 2; (2) ; 
ee, ee ee eee ee) a0) = 1, ane 
* dt dt 
PE) = Ue eceet qo) = 00) = 
* dt ; dt ; : 2 
5. See (33.22), population problem. 
- = hz — kczy, os = kxy — py, where h, k, and p are constants, 
and 1(O)—= 1) (0) — Ie — 3. 
dx er: ® dy = ———- a " 
ee Tin z(0) = —1, y0) = 1,k = 4. 
dx dy _ = _—— a 
ce oo ryt, a x+t, x(0) = 1, y(0) = —1,k = 4. 


Obtain terms to order k of the particular solution of each of the follow- 
ing differential equations, where k is shown alongside each equation. Use 
two methods. Find an interval of convergence. 


Soy wea — 7, ¥(0) = 1,70) = Ok = 6. 

9. y = zy — (y')?, ¥(0) = 2,y'(0) = 1,k = 4. 

10. y” =22+siny, y(0) = 5) HO) = 1k = 6. 

y’ =cosx+siny, y(0) = 0,7/(0) = 1,k = 4. 

12, y" = yy’ + zy, y(0) = 0, y'(0) = 1, y"(0) = 2,k = 5. 

y =ylogyt+z2, y(0) = 1,y'(0) = 3,k = 4. 
yoga | y, 9) — 1,90) = 0,77) = =. 
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wie hy (r+ 1) n\? 
eae) i el 


y= 
a x\° T : 
(24 Eye = us 
24 ry a(t =) + , [b- 3] <= 
og ty 
Beast ete vel ame+ tet, 
r 
ss 
Ie A(r2 + 3r-+ 1) 
— 2 Tas T us ie 
42r=-—-t+¢04+—t as, = ee a Fa ie ils 
: eee tg ag 


[t| << 0. 


2 
5 a ee ee, 


a 18 — 3n2k + 3hkp — hk? — kp? — p+ 2k 5 
ST ne f eae 


y 
R 
I 


2 
— 2kp + hk 
ee eT ee 
ak? -L 3kp? — 2k — 3hkp + 7k -+ kp — p : 
| 7 S—~— a 
¢, £4 & = eae =e yy set be Pa 
ie i ie 
ee ee ee ee 
8 yel—-et+kh - ae |z| ee Oe 
8 38 | 4(2r2 + 2r + 1) 


»rarbitrary-. 


r 
6 fete we eee te Intl < 72 ar +0) 


2 4 5 
w 2 5g Z r : 
=e A ie Smee ae arbitrary. 
2 3 
£ ¥ (2 : 
= *s a ene < —, rarbitrary. 
Il. y + 9 = 6 ie ) |z| 8 rarbt . 
x r° 1 
-4 ME ae On be re ogame arbitrary. 
he ete + 2 ae ae |x| 5(ar + 1) 
ot 4 
Tp sy ad - ant RE Be wea 


ee a 
ei < NGep 3) leh @ + 1) 7) a 


ie ey Ce 
“yn —* 12 aac 1 
2 i alee 
|x I< Fi 1)? log (7 Fi)+ rl ; 
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LESSON 40. Ordinary Points and Singularities of a Linear 
Differential Equation. Method of Frobenius. 


LESSON 40A. Ordinary Points and Singularities of a Linear Dif- 
ferential Equation. As remarked previously, power series methods are 
especially well suited for finding solutions of linear differential equations 
with nonconstant coefficients. These methods, however, cannot be applied 
indiscriminately. For example, if we tried to find a power series solution of 


(40.1) Cy ay ee 
in the form 
(40.11) y(x) = ap + ayx + aga? + aga? +---, 


by the method of successive differentiations, we would run into trouble. 
By (37.26), ag = y’’(0)/2!, and when x = 0, we see from (40.1) that y” 
and, therefore, a2 do not exist. If we tried to use the method of undeter- 
mined coefficients, we would find ag = 0, a} = 0, a2 = 0,°°-. 

The trouble arises because after division by x” in (40.1), the coefficient 
of y’ which becomes 1/z is not analytic at x = 0, i.e., it does not have 
a Maclaurin series expansion in powers of x. Hence the hypothesis of 
Theorem 37.51 is not satisfied. We distinguish between points x9 which 
satisfy the hypothesis of Theorem 37.51 and those which do not by 
means of Definitions 40.2 and 40.22 which follow. 


Definition 40.2. A point x = Zo is called an ordinary point of the 
linear differential equation 


(40.21) y™ + Faoi(z)y*7? + +++ + Fy(x)y’ + Fo(z)y = Q(x), 


if each function Fo, Fy,---, Fnx—1, and Q is analytic at x = 2. (Remem- 
ber this means each function has a Taylor series expansion in powers of 
x — Xo valid in a neighborhood of zo.) 


By Theorem 37.51, if x = zo is an ordinary point, then (40.21) has a 
solution which is also analytic at x = 29, i.e., the solution has a Taylor 
series representation in powers of (x — zo) valid in a neighborhood of zo. 


Definition 40.22. A point x = Zo is called a singularity of (40.21), 


if one or more of the functions Fo(z), «++, Fn_(z), Q(z) is not analytic 
AU go see 


By Definition 40.22, the point z = 0 is therefore a singularity of (40.1). 


Tor the remainder of this lesson, we shall confine our attention to a 
second order linear equation 


(40.23) y+ Fy(x)y’ + Fo(x)y = 0, 
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where F, and F2 are continuous functions of « on a common interval J. 
Its singularities, if there are any, have been divided into two kinds, regular 
singularities and irregular singularities. 


Definition 40.24. If x = xo is a singularity of (40.23) and if the 
multiplication of Fy(r) by (« — xo) and of F(x) by (« — to)” result in 
functions, cach of which is analytic at « = 2%o, then the point + = 2p is 
called a regular singularity of (40.23). 


Example 40.25. Show that c = Oand x = Lare regular singularities of 
(a) (= ye = ; ie 4) I 


Solution. Dividing (a) by (x — 1), we obtain 


” jes 2 = 
(b) ee a” a ee 
Comparing (b) with (40.23), we see that 
1 hat 2 
(c) rat) = gage)’ ED) ee ane 


By Definition 40.22, z = 0 and xz = 1 are singularities of (b). 

Consider first the point x = 0. Following the instructions in Definition 
40.24, we multiply 7; by (x — 0) and Pe by @ = 0)?. There results 
respectively new functions 1/(2 — 1) and — 2x? /(x — 1), each of which 
is analytic at x = 0. Their Taylor series expansions are in fact 


(a) Lo (tate t+--), 


2 e —— 


03 
_ Rh EP) ee 
4G a 


Hence by Definition 4098, z= 0 Ba regular singularity of (b) and 


therefore of (a). . 
Second we consider the pomt « = 1B. 
and of Foy (x —"1)° erve respectively 


Multiplication of Fy) by (a) 


re : Pa. 2@ =p, 


both of which are analytic at 7 = 1, Ther Bote series expansions are 
respectively ] — (c —1)+ ee — 1)* — (4 — Mh + m -, and an 
Hence by Definition 40.24,2 = lisa regular singularity of (b) and there 
fore of (a). 

Definition 40.26. If r= 2% 18 a singularity of eee) ang cae 
multiplication of /y(r) by @ — had hg@) by C= ta)” Cn 


4 
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functions one or both of which are not analytic at x = 2o, then the point 
xz = Xo is called an irregular singularity of (40.23). 


Example 40.27. Show that x = 0 and x = 1 are irregular singulari- 
ties of 


1 
(a) a aa 


Solution. Division of (a) by (x — 1)? gives 


i "a 
” ! = (). 
By Definition (40.22), x = 0 and x = 1 are singularities of (b). Consider 
1 

a?(x — 1)?" 
(x — 0) gives 1/x(x — 1)?, which is not analytic at x = 0. Hence by 
Definition 40.26, x = 0 is an irregular singularity of (b) and therefore of 
(a). Second, consider the point zx = 1. Multiplication of F,; by ( — 1) 
gives 1/x*(x — 1) which is not analytic at x = 1. Hence x = 1 is an 
irregular singularity of (b) and therefore of (a). 


first the point x = 0. Here Ff; = Multiplication of Fy by 


LESSON 40B. Solution of a Homogeneous Linear Differential 
Equation About a Regular Singularity. Method of Frobenius. If 
the linear equation 


(40.3) y" + Fy(a)y’ + Fe(x)y = 0 


has an irregular singularity at x = xo, then the problem of finding a series 
solution is too dificult for discussion here. If, however, (40.3) has a 
regular singularity at x = 2X9, then we shall describe a method for finding 
a series solution, valid in a neighborhood of xo. It is known as the method 
of Frobenius. The series solution which Frobenius obtained, namely 


(40.31) y = ( — x)"l@o + a:(% — =) 
+ do(x — xo)* + ag(z — xo)? +--+], a 0, 


is known as a Frobenius series. 

Note that when m = 0 or a positive integer, the series becomes the 
usual Taylor series. However, for negative values of m or for nonintegral 
positive values of m, (40.31) is not a Taylor series. A Frobenius series, 
therefore, includes the Taylor series as a special case. 

Assume 2o is a regular singularity of (40.3). It therefore follows by 
Definitions 40.22 and 40.24, that F, or F» or both are not analytic at 
x = to, but that (@ — xo)F, and ( — x9)?F> are. This means that F, 
has (x — ro) in its denominator and/or F'2 has (x — xo)? in its denomina- 
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tor. Hence either F,(r) = fi(r)/(x — 29) or Fo(z) = fo(x)/(x — 20)? or 
both F, and F,2 have these respective forms. In any event, multiplication 
of (40.3) by (c — zo)? will transform it into an equation of the form 


(40.311) (oe — ay) PW te (a — aio) fi(z)y’ + folz)ye— 0, 


in which both f,;(z) and fo(x) are now analytic at zr = Zo. 
The relevant theorem which will assure the existence of a Frobenius 
series solution (40.31) of (40.3) is the following. 


Theorem 40.32. Let xo be a regular singularity of (40.311). Then 
(40.811) has at least one Frobenius serves solution of the form (40.31). It ts 
valid in the common interval of convergence of f\(x) and fo(x) of (40811), 
except perhaps for x = Zo, 1.€., uf each Taylor series expansion of f(x) and 
fo(x) is valid in the interval I: |x — to| < 7, then at least one Frobenius 
series solution is also valid in I: |x — xo| < 1 except perhaps for x = Xo. 


No loss in generality results if, in (40.311), we take to = 0 since yea 
translation of axes we can always replace an expansion in powers of 
(x — Xo) by one in powers of x. With this understanding, we rewrite 


(40.311) as 
(40.33) ty” + afi(z)y’ + fo(x)y = 9, 


where the functions f(z) and f2(x) are analytic at z = 0. Hence each has 
a Taylor series expansion in powers of x valid in a neighborhood of z = 0. 


Let 


(40.34) fiG@) = bo abi box? +.°--, 
fo(x) = cetevese + one” +o: , 


be their respective series expansions. ae | 
The Frobenius series (40.31) and its next two derivatives are, with 


20 0, 
im” 2 Tee +) 
(40.35) y=2 (ao + a2 + Gor + + AnX nie 
Soe ae + Oe eet ae Gen, ay ¥ 0, 
<_< agmar”' + ame We" +> ao(m + a 
+.09(7=P nee aE oe, 
7 — agm(m — Ian? + aym(m + Da! 


4g, Git 1)(m + 2)2" Se 7 
+ a,(m a = 1)(m of eal ‘ ie 


a solution of (40.33) if it satisfies the equation. 


T ti will be 
ee oS 0.33) and replacing at the same time the 


Hence substituting (40.35) in (4 
/ 
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functions f;(z) and f(x) by their series expansions in (40.34), we obtain 


(40.36) t[agm(m — 1a"? + aym(m + eo eee 
+ an(m +n — 1)(m + njamtr? 4. | 
+ a(bo + biz + box? +.: ++) 
X [agma™—* + ay(m + 1)a™ + +++ + Gam + pen) 
+ (ceo + cy¢ + cox” + ---) 
X (agz™ + aya™T +--+ + an” +---) = 0. 


Expanding (40.36) and collecting coefficients of like powers of x, there 
results 


(40.37)  ao{m(m — 1) + bom + col” 
+ fay[(m+ 1)m + bo(m+ 1) + col + aolbim + ei] }2"F? 
+ fao[(m+ 2)(m+ 1) + bo(m + 2) + co) + aifbi(m + 1) + €1) 
+ aolbom + eo] }2z™*? 
+ {as[(m + 3)(m + 2) + bo(m + 3) + co] + ae[bi(m + 2) + €1] 
+ a,[bo(m+ 1) + ce] + ao[b3m + cs] oe 

+ fan[(m+n)(m+n — 1) + bo(m+n) + co] 

+ dn—i[bi(m + n — 1) + €4] 

+ G,_2lbatm + n — 2) 4 cg) --* 

+ aolbam + cp] }a™*™ +--+ =0. 


Equation (40.37) will be an identity in 2, if each of the coefficients of a 


k = m,---,m-+ nis zero. Since we have assumed ay ~ 0, the first co- 
efficient in (40.37) will be zero only if 
(40.38) m(m — 1) + bom + co = 0 


This equation has been given a special name. It is called the indicial 
equation. Since it is a quadratic equation in m, it has two roots. Let 
us call these roots m,; and mz. These roots may be: 


1. Distinct, and their difference not equal to an integer. 
2. Distinct, and their difference equal to an integer. 
3. The same. 


We shall consider each of these possibilities separately. 


Case 1. The roots m, and m; of the indicial equation (40.38) are 
distinct and their difference is not an integer. Each of the roots 
m = m,, and m = mz of the indicial equation (40.38) will make the first 
coefficient in (40.37) zero. We concentrate on the root m,. Substituting 
it for m in the remaining coefficients in (40.37) and setting each equal to 
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zero, will enable us to solve each of these equations respectively for a, 
Qo. °**, Gy. ++: in terms of ap. [Remember the b’s and c’s are constants 
given by (40.34).] Since for this m, and for this set of values of a, ---, 
a,, each coefficient in (40.37) is zero, (40.37) is an identity in x. Hence 
the substitution of this m, and this set of a’s in the first equation of (40.35) 
will make y(x) a solution of (40.33). 

Following the same procedure outlined above, using the second root me 
we obtain a second sct of values of a), @o,°°*, @n,° ++ in terms of a9 which 
with mo will make each coefficient in (40.37) zero. Hence the substitution 
of this second set of values of the a’s and mg in the first equation of (40.35) 
will make y a second solution of (40.33). 


Comment 40.381. Not every equation of the form (40.33) has two 
independent Frobenius series solutions. Some, as we shall show later, 
have only one. If, however, (40.33) has two Frobenius scries solutions, 
then the following relevant theorem, stated without proof, supplements 
Theorem 40.32. 


Theorem 40.39. The two Frobenius series solutions of (40.33) are 
linearly independent. Each solution 1s valid for every x in the common in- 
terval of convergence of f\(x) and fo(x) except perhaps for x = 0. 


Comment 40.391. Theorem 40.39 can also be stated as follows. 
Fach Frobenius series solution will converge for every x, except perhaps 
for x = 0, in a circle in the complex x plane, whose center is at 0, and 
whose radius extends at least to the next nearest singularity of (40.33), 
i.c., each solution is valid at least for 0 < |x| < a, where a is the nearest 


singularity to 0. 


Example 40.392. Vind the interval of convergence of the series solu- 


tion of 
Ud wt Ul —_ 

(a) Soe, Fa ee 

SSiawMor, ‘Division of (#) by x2 and application of Definitions 40.22 
and 40.24 shows that x = 0 is a regular singularity of (a). Comparing 
(a) with (40.33), we see that 

—— a. fe ee 
@ Mie pips Pree et 
iain —3, —2 <2 oe 


Hence, by Theorem (40.39), each I’robenius series solution of (a) is valid 


for |x| < 1, except perhaps for 7 = 0. 
e also regular singularities of 


4 ‘an verify that +7 ar 
= : Comment 40.391, that each 


Remark. 
rities, it follows by 


(n). Since +2 are singula 


“ 
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Frobenius series solution will converge for every x, except perhaps for 
xz = 0, in a circle in the complex x plane of at least unit radius. This 
fact may help make clear why the interval of convergence of the series 
representation of 1/(1 + 2x?) is |z| < 1. Since the function is continuous 
for all real x, it would seem that it ought to have a series representation 
valid for all real x. 


Example 40.393. ind a Frobenius series solution of 
(a) xy” + ale + $)y’ — (@* + $)y = 0. 


Solution. Division by x? and application of Definitions 40.22 and 
40.24, shows that x = 0 is a regular singularity of (a). We therefore 
seek a Frobenius series solution of the form (40.31), namely 


(b) y = x™(do + aye + dot? +--+), ao ~ 0. 


If we wish, we can differentiate (b) twice to obtain y’ and y”, substitute 
these values in (a) and then equate the coefficient of each like power of x 
to zero. But since we already did this work in obtaining (40.37), we may 
as well make use of this equation. To use it, we need to know the values 
of the b’s and c’s in it. By (40.34), these are the coefficients in the series 
representation of f;(x) and fo(x). Comparing (a) with (40.33) we see that 


(c) fi(z) = $+ and fo(z) = —$ — 2’, 


both of which are already in series form. Hence comparing (c) with 
(40.34), we have 


(d) bo = 3, b; = 1, oy = =o. c,; = O, —- 


All remaining 6’s and c’s are zero. With these values of bo and Co, the in- 
dicial equation (40.38) becomes 


(e) m(m — 1) + 4m — 3 = 0, 2m? —m—1=0, 


whose roots are m = 1, m = —#. Since these roots are distinct and do 
not differ by an integer, the method of this case is applicable. Following 
the method outlined above, we substitute the root m = 1 in the re- 
maining coefficients in (40.37) and solve each for a,, ao,---, in terms of 
ao. The most effective way to use (40.37) is to set the coefficient of «”*” 
equal to zero. When you do this, keep in mind that m = 1, bo, 61, Co, ci, C2 
have the values in (d) and that be, b3, --- , c3, c4,- + - are zero. Substituting 
these values in the coefficient of 2”t”, we obtain 


f) aldltndtn—1)+41+n) -3 
+ d,a—i1110 + 2» — 1) e000. 
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Solving for a,, there results 


on? 3 
(g) oo Qn = —Ndn— 1 + Gn—e. 


Formula (g) is a recursion formula. It will give the value of a, for each 
n = 2. Before we can use it, therefore, we must find a,. Setting the second 
coefficient in (40.37) equal to zero, we have, with m = 1 and the values 
of bo, co, bi, c; as given in (d), 


(h) a,{(2)(1) + #01 +1) — $+ aol +0) = 0, a1 = —Fav. 
We can now use (g) and (h) to obtain, when 


(i) 


m= De 
- + — oe Qo = sz 40; 
Tag = —2a; + ao = F Ao do = 5 Ao, 2 = 35 40; 
n= 3: 
27 27, — 4] —_ _ 82 
ead —8aee 1 = gph eto uae” a3 = 945 70) 
n= 4 
328 9 Gyil 571 


22a, = —4a3 + 2 = oye 01 35 Wu = G52 = 94 99,790 °° 


Substituting the value m = 1, and the above values of the a’s in (b), we 


have 


2 G5 Ser an oe! =n 


which are the first five terms of one series solution of (a). To obtain a 
second solution, we use the root m = —tand pom above. The re- 
cursion formula, obtained from the coefficient of x” *" in (40.37) becomes, 


with m = —}# and the values given in (d), 
k {@ — )@ — 3) + 2 — 4) + (—9)] 
nal + dn_i[n — §) + Gn—2l0 — 1] = 9, 


which simplifies to 


one — Bn _3 ot ne 2. 
(1) an? = 3m g, = (1 SV an +4 2 


As before, we find a; by setting the second coefficient in (40.37) equal to 


zero. There results 


(m) a,[4(—4) + (4)(4) — 4)+ ap(—4) = 0, a1 = —40- 
/. 


578 Series MeTHops Chapter 9 


Hence from (1) and (m), we obtain, when 


(n)  n=2: ag = —Fa; + Ao = Faq + ao = 30; 
n= 3: $a3 = —8a_ + a, = —2a9 — ap = —4Ba0, a3 = —F340; 
n= 4: 10a, = —$a3 + ao = $8a9 + Zap = Axa, a4 = FGA. 
Substituting m = —4 and the values of the above set of a’s in (b), we 
obtain for the first five terms of a second series solution of (a) 
(0) ya = age V9. — 2 + Be? — da? + faget — 


By Theorem 40.39, the two series solutions are linearly independent. 
Hence by Theorem 19.3 and Comment 19.41, a general solution of (a) is 
a linear combination of (j) and (0), namely 


_ 2 ee | t—..) 
(p) y= er(i 5 ea ie + 39790 7 
13 119 

—1/2(, _ Oe Os eee ae ee) 

+ cox ¢ etic ig 7 + 360 % ) 


where do has been incorporated into the arbitrary constants c; and co. 

We observe from (c) that f;(z) and fo(z) are polynomials. Hence, by 
Comment 37.53, their series representations are valid for all x. Therefore, 
by Theorem 40.39, each Frobenius series solution is valid for all 2 except 
perhaps for x = 0. In this example the solution (j) is valid for all x. The 
second solution (0), because of the presence of x~/?, is valid for all x 
except x = 0. Hence the general solution (p) is valid for 0 < |z| < o. 

Note that for z < 0, the second series in (p) is imaginary. We can make 
it real by choosing cp = ct, where c is real. 


Case 2. The roots m,, mz of the indicial equation (40.38) differ 
by an integer. If the two roots of the indicial equation (40.38) differ by 
a nonzero integer, we can write them as m and m-+ N, where N is a 
positive integer. Since m + N is a root of (40.38), it satisfies this equa- 
tion. Hence, 


(40.4) (m+ N)(m + N — 1) + bDo(m + N) + co = 0 


Now compare the left side of (40.4) with the coefficient of a, in the last 
term of (40.37). They both will be exactly the same if n is replaced by N. 
This means that if we use the smaller root m in (40.37) to find a set of values 
for the a’s which will make the coefficient of each x* zero, we will be 
stopped when we reach the term in which ay appears, since its coefficient 
will be zero. Hence we cannot solve this equation for ay in terms of previ- 
ous a’s unless by accident, the remaining terms in the equation also add 
to zero. In this case, the equation will be satisfied for any arbitrary value 
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of ay. We can then continue to determine values of succeeding a’s, i.c., of 
Qn 41, 4n42,°°° in terms of ap and ay. 

If therefore the roots of the indicial equation (40.38) differ by a positive 
integer V’, two possibilities may occur. Each is considered separately in 
Cases 2A and 2B below. 


Case 2A. The coefficient of ay in (40.37) is zero and the remain- 
ing terms in the coefficient of x”*™ also add to zero. In this case the 
larger root m + N will determine, by (40.37), a set of values of the a’s in 
terms of ag; the smaller root m will determine two sets of values of the a’s, 
one in terms of ao and the other in terms of ay. However, the Frobenius 
series solution obtained by the larger root in terms of do will not be linearly 
independent of the one in terms of ap obtained by the smaller root. Hence 
the smaller root alone will give, in this case, two independent solutions, 
whose linear combination will be a general solution of (40.33). It will have 
two arbitrary constants dy and ay. These solutions will be valid in the 
same intervals given in Theorem 40.39. 


Example 40.41. Find a general solution of 


1 

(a) poy Gil (2? = x) y= 0. 
(Nore. This equation is known as the Bessel equation of index 3. A 
discussion of the general Bessel equation of index n will be found in Lesson 
42.] 

Solution. By Definitions 40.22 and 40.24, it can be verified that 

— 0 is a regular singularity of (a). Hence we seck a Frobenius series 
solution of the form 
(b) y = t™(ag + aye + Gor? + °°). 
Comparing (a) with (40.33), we see that 
(c) fi@y= 1 and CC aimee’ ah al 


both of which are already in series form. Hence comparing (c) with (40.34), 


we have 


(d) bow 1. 


— ee 
4 


‘a eyo 0) Coa |. 


b) 


All remaining b’s and c’s are zero. Therefore the indicial equation (40.38) 


becomes 


a 
(e) m(m — 1) +m — c= 0) , 0, 
whose roots arem = Fand m= 3. These roots differ by the integer 1. 
Hence for this example N= i. Whenm = 4, which 1s the smaller 


4 
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root, we obtain, by setting the second coefficient in (40.37) equal to zero 
(f) ail(s)(—2) + 2 — 4] + 40(0) = 0, Oa; + Oay = 0. 


The coefficient of a; 1s zero, but the other term in its equation is also zero. 
Hence this Case 2A is applicable. (Note. Since VN = 1, ay = a,. We 
therefore could have anticipated from what we said above, that the co- 
efficient of a; would be zero. We could not of course have anticipated 
that the coefficient of ag would also be zero.) Any values of ag and a, will 
satisfy the last equation in (f). The remaining a’s, namely dg, a3, -- > 
obtained by equating each subsequent coefficient in (40.37) to zero, will 
now be solvable in terms of an arbitrary ag and an arbitrary ay. 

With m = —4#4, the recursion formula obtained by setting the co- 
efficient of the general term x”*” in (40.37) equal to zero, becomes, with 
the help of (d), 


(ge) aal(—3 + 1) ($+ 1) + (—$ +m) — 4) + @,2100) + a, -2(1) = 0, 
which simplifies to 
(h) (n? — n)an = —GQn_o, n 2 2. 


T'rom it we find (remember ao and a, are now arbitrary) when 


G) n= 2: ag = —4a9, e803 — eee Oh 
n= 4: ag = —Pxae = sea, N= 5: G5 = —55903 = 73541, 
U— Oe — ant — nto, N= 7: a7 = —Ped5 = —sGzpt1. 
Substituting m = —4% and the values of the above a’s in (b), it becomes 
yee = ee 
()) y = Ax (1 gt tagt — zope + ) 
2 4 6 
1/2 oi we £ 
i See et areal 
ania ( 6° 120 50407 ) 


which are the first seven terms of a general series solution of (b). We ob- 
serve from (c) that f,(x) and f(z) are polynomials. Hence, by Comment 
37.53, their series representations are valid for all x. Therefore, by Theorem 
40.39, each I’robenius series solution converges for all x, except perhaps 
for zc = 0. Here the first series converges for all x except x = 0, the 
second for all x. The general solution (j) converges for 0 < |z| < o. 
Note that for x < 0, the first series is imaginary. We can make it real 
by choosing @g = cz where c is real. 


Case 2B. The coefficient of ay in (40.37) is zero, but the remain- 
ing terms in the coefficient of x"** do not add to zero. In this case 
only the larger root m -++ N of the indicial equation (40.38) will determine 
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a set of values of the a’s in terms of ao. There will therefore be only one 
I'robenius series solution of (40.33). 


Comment 40.5. A second independent solution of (40.33), it has 
been proved, will be of the form 


(40.51) yo(z) a u(z) a bnyi(Z) log xz, L > 0, 


where N is the positive integral difference between the roots of the indicial 
equation (40.38), y; is a Frobenius series solution of (40.33) obtained with 
the larger root m + N, and u(z) is a Frobenius series of the form 


(40.52) u(x) = 2™(bo + bit + bor? +--+). 


In (40.52), m is the smaller of the two roots of (40.38). By substituting 
(40.51), (40.52), and the necessary derivatives in (40.33), you will find 
that y2 will be a solution of (40.33), if (see Exercise 40, 14) 


(40.53) ul’ + afyu' + fou = byl2zyi’ + (fi — 1)yil- 


If, in (40.53), you now substitute u and its derivatives as determined by 
(40.52), the Frobenius series solution y, and its derivative, then the 
resulting equation will enable you to find the values of the b’s in (40.52). 
We shall, however, not discuss this matter further since logarithmic 
solutions, as these solutions are called, have limited applications. See 


Exercise 40, 14-17. 
Example 40.531. Find a solution of 
(a) x2y” — x(2 — x)y’ + (2+ 2°)y = 0. 
Solution. Division by x? and application of Definitions 40.22 and 


40.24 shows that z = 0 is a regular singularity of (a). Hence we seek a 
Frobenius series of the form 


(b) y = 2™(ago + yz + aor? + --°). 
Comparing (a) with (40.33), we see that 
(c) file) = —2+2 and fo(x) = 2+ cae 


both of which already are in series form. Hence, comparing (c) with 


(40.34), we find 
(d) bo = i, oe 1. 
Co = 2, c, = 0, cg 1. 


All the remaining b’s and c’s are zero. The indicial equation (40.38) be- 


comes 
we eeu 3 ae 
(e) m(m 1) — 2m +2 = 0, m 3m -+ 2 = 0, 
Whose roots arém = landm = » These roots differ by an integer N = 1. 


/ 
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Using the smaller root m = 1 and the values in (d), we obtain by setting 
the second coefficient in (40.37) equal to zero, 


(f) a;(2 —4+ 2) + ao(1 oe 0) = 0, Oa, + ao = 0. 


The coefficient of ay = a, is zero, but the coefficient of ap is not. Hence 
this root m = 1 will not lead to a solution. As remarked at the outset 
of this lesson, only the larger root in this case will give a solution. 

Therefore using the larger root m = 2, we obtain by setting the second 
coefficient in (40.37) equal to zero, 


(g) a,(3-2 —2-3+4 2) + 2a)9 = 0, a, = —4p. 


The recursion formula, obtained by setting the coefficient of ein 


(40.37) equal to zero becomes, with the help of (d), 

(han yl) a 2 ae Fee yer en, 
which simplifies to 

(i) (n? + n)ang = —(n + l)agn_1 — Gro, n 2 2. 

By (g) and (i), when 

Gee — 2 Ge — 30) — 6g — 3 Op ce a 


ao 


n= 3: ee ee ee dg = — 96 


3 


Substituting m = 2 and the above values of the a’s in (b), we have 
2 3 
(k) n=an?(i-2+2—2-...), 


which are the first four terms of a Frobenius series solution of (a). By 
(c), fy and fe are polynomials. Their series representations are there- 
fore, by Comment 37.53, valid for all x. Hence, by Theorem 40.32, y, is 
also valid for all «x. 


By Comment 40.5, a second solution of (a) will have the form [here JN, 
the difference of the roots of (40.38), is one] 


(1) yo(x) = u(x) — byyi(x) logz, x > 0, 
where u(x) is a series of the form 
(m) u(x) = xr(bo + diez + box? + ---). 


See Exercise 40, 15. 
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Case 3. Roots of indicial equation (40.38) equal. If the roots of the 
indicial equation (40.38) are equal, it is evident that only one set of a’s 
and therefore only one Frobenius series solution of (40.33) can be obtained 
from (40.37). 


Example 40.6. Find a general solution of 
(a) ey” + ay’ + 2*y = 0. 


(Notre. This equation is known as Bessel’s equation of index zero. A fuller 
discussion of the general Bessel equation of index n will be found in Lesson 
42.] 


Solution. Division by x? and application of Definitions 40.22 and 
40.24, shows that z = 0 is a regular singularity of (a). Hence we seek a 
series solution of the form 


(b) ie ag Oo aor? +---), 
Comparing (a) with (40.33), we see that 
(c) iC eae GEC ie ae 


both of which are already in series form, valid, by Comment 37.53, for 
all x. Comparing (c) with (40.34), we find 


(d) bo = IE Co = 0, C;} = 0, C2 = 10 

All the remaining b’s and c’s are zero. The indicial equation (40.38) 
therefore becomes 

(e) m(m — 1) +m = 0, me = 0, 

whose roots are m = 0 twice. Hence we can expect only one Irobenius 


solution from these roots. 
Using the root m = 0, % 


(f) a,(1 + 0) + a0(0) = 0, a1 = 0. 


ye obtain from the second coefficient in (40.37), 


Setting the coefficient of a@t" in (40.37) equal to zero, we obtain, with 
the help of (d), the recursion formula 


(g) aa{(n)(n — 1) + C1) + Qn—1(0) + Gn—2(1) = 9, 
which simplifies to 


(h) n7dn = — lg S25 Oy = aT = 
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From (f) and (h), when 


1 
(i) i Os ge | 
1 
(aS Oe a3 = — 9541 = 9, 
1 if 
Th EAA ogi at Ae 
i! 
i — 0: Gs = 2 t= 
. 1 1 
a a a a ar 


Substituting in (b) these values of the a’s and m = 0, we obtain the 
Frobenius series solution 


ae i a 2° 
(3) n= a0(1 — 53 + 592.42 — 52.42.62 + 9242-62-82. °°) 


By Theorem 40.32 this series is valid for all z. 

A second solution of (a) can be found by means of the substitution 
(40.51), with N = 0. (Remember N is the difference between the roots.) 
This solution is the coefficient of cz in (k) below. Hence the general solu- 
tion of (a) is 


2 
1 ie ees 
(k) y = ws bea 5 — beat 4 EES oh 


lt+5t-.-+2 


n+1 n n f 
oe saa x ne ge. > 0; 


where 4 1s given in (j). 


EXERCISE 40 


1. Determine the singularities of each of the following differential equations. 
Also indicate whether they are regular or irregular singularities. 


(a) (x — 1)8x2y” — Q(x — 1)zy’ — 38y = 0. 
(Dn 1)?” -2(2 — loge — y= 0. 
(CG ey ee 


Verify that the origin is a regular singularity of each of the equations 
2-6 and that the roots of the indicial equation (40.38) do not differ by an 
integer. Find, by the method of Frobenius, two independent solutions of 
each equation and intervals of iil 


Cay) et 

: On 2y" + 32y’ + (22 — me 

. Qry"’ + (x + 1)y’ + 3y = 0. 

2a*y" — zy + (1 — 2?)y = 0. 

» 2(2?2 + x3)y” — (x — 327)y’ + y = 0. 


ae ae 
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Verify that the origin is a regular singularity of each of the equations 
7-9 and that the roots of the indicial equation (40.38) differ by an integer. 
Each equation, however, has two independent Frobenius series solutions. 
Find these solutions and intervals of convergence. 
ay” —aey + ee — 2)9 = 0. 
zy’ + (14 23)zy’ —y = 
oy? a lc? = Dy 


wy? = 


0. 
0. 

Verify that the origin is a regular singularity of each of the equations 
10 and 11, that the roots of the indicial equation (40.38) differ by an 
integer, and that each equation has only one Frobenius series solution. 
Find this solution and an interval of convergence. 

10. 22y” + zy’ + (x? — l)y = 0. 
ll. r2y” + zy’ + (2? — 4)y = 0. 


Verify that the origin is a regular singularity of each of the equations 
12 and 13 and that there is only one root of the indicial equation (40.38). 
Hence, there is only one Frobenius series solution. Find this solution and 


an interval of convergence. 


12. z2y” — 32y' + 4(z + l)y = 0. 

DS! ay” + (1 — z)y’ + by = 0. 

14. Prove that the substitution in equation (40.33) of yo(z), ye’ (2), y2''(z) as 
determined by (40.51) will yield (40.53). Hint. Use the fact that yi(z) 1s a 


solution of (40.33). | 
15. In Example 40.531, we found one solution of (a), namely 


2: 3 
#8 zr 
naye2(i-2t5-5--) 


By use of (40.51), (40.52), and (40.53), find a second solution of (a). Hint. 
See (1) and (m) of the example for the form of the second solution y2(z) 
and of u(z). Substitute u, an, a (40.53). The functions fi and fo 
are given in (c). Equating coefficients of like powers of x, will determine, 
in terms of bo, those values of bi, bo,» + needed in (1) and (im). 

16. Follow the instructions given in problem 15 to find the second solution of (a) 
of Example 40.6. It is given in (k). Hint. Each b with odd subscript 1s zero. 
Each } with an even subscript has two in its numerator. Break up the two 
into 1 + 1. Two fractions thus result. One gives boy1, where yr is the solu- 
tion (j); the other gives the coefficient of c2 in (k). 

17. With the aid of the hint given in problem 15, fin 

‘| uations. 
Me ecm ae ly = 0. ‘tg . 12 for solution yi(z). 
24) — — Sry 4(@ —62* y= Y. . . 

18. ieee tet “as also be applied to find a particular solution of 

the nonhomogeneous linear equation 


(40.61) rey” + ahi (x)y’ + fo(z)y = Q(z), 


where f(z), fe(z) are analytic at z = 0 and Q(z) is a function that can be 


expressed as # Frobenius series. 


(40.62) , Q(r) = xr(bo + bie + bade os 


d the general solution of 
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19. 


If neither root of the indicial equation (40.38) exceeds n — 1 by a positive 
integer, then a trial solution yp(2) will be of the same form as Q(z), namely 
yx) = 2"(ao + a1 + az? +--+). Substituting yp(z), yp (z), yp (x) in 
the original eauenon and equating coefficients of like powers of z, will de- 
termine ao, @1, @2,°°:. For each of the following equations find the roots 
of the indicial Pecntien, then verify that these roots do not exceed n — 1 
by a positive integer, and finally find a particular solution. 


(a) zy’ + y’ — 2xy = 42+ 27. Hint. Multiply the equation by z to 
determine nm fi(z), and f(z). 

(b) 222y” + zy’ + zy = sinz-+ 22? cosz. Hint. Replace sin z and cos z 
by ie Maclaurin series expansions. 


A series solution, valid in a neighborhood of z = 0, may not be of much 
practical use for large values of z since too many terms in the series may be 
needed to obtain a desired degree of accuracy. In such cases, it is best to 
make the substitution 


(40.63) = fa La ie dz 2 ) 
dy dy du _ 2 dy 
dx dudx du 
dy _ _9,dudy _ pd'y du 
dx2 dx du du2 dz 
3 dy 4dy 
= Z d U ae 


20. 


and solve the resulting equation for y in powers of u. A solution y(u) for a 
small value of u in the new equation will then correspond to a solution y(z) 
for a large value of z in the original equation. Using the above substitutions, 
find a Frobenius series solution, first in powers of u, then in powers of 1/z, 
of each of the following. 


(a) 2x?(2 — 1)y” + 2(3a + l)y’ — 2y = 0. 

(b) 22%y” + 2?y’ + y = 
Qt _l)\, ca ee ee ie 

(c) xy +2(s 1) y +(7 Vy 84 54%, von. See 
problem 18. 


Also determine an interval of convergence in each case. 


A linear differential equation Fo(z)y’’ + Fi(z)y’ + Fo(z)y = 0 is said to 
have a regular singularity at © if the substitution in it of (40.61) results 
in an equation which has a regular singularity at u = 0. Show that each of 
the following equations 


(a) z4y” — 3x7y’+ (1 — z)y = 0, 
(b) the Legendre equation (1 — 22)y"" — Qty’ + kh(k+ 1ljy = 


has a regular singularity at 0. In the case of the Legendre equation, find 
a Frobenius series solution first in powers of u, then in powers of 1/z. Show 
that the series is convergent for |z| > 1. 
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21. The following equation 
(40.7) x(1 — z)y’ + [Y — (a + B+ lz)y’ — aByY = 0, 


where a, 8, Y are constants, is known as Gauss’s equation or as the hyper- 
geometric equation. Verify that: 


(a) z = Ois a regular singularity of (40.7). 

(b) The roots of the indicial equation (40.38) are m = 0 and m = 1 — ¥. 
(n+ m+a)(nt+ m+) | 
(nt m+1)(n+m+y7)” 
where ao, @1, @2,°°*,@n,**+ are the coefficients in the Frobenius series 
y = 2™(ao + aiz+ a2z? + a3z3 + +--+), ao # 0. Hint. Substitute y and 
its derivatives directly in (40.7) and equate to zero the coefficient of 2™*". 


(d) Solutions, using first the root m = 0 and then the root m = 1 — 7, 
with ao = 1, are respectively 


(c) Gn41 = Toe Onl oer 


ee eee 
(40.71) vw = (ep V2) = Lge V¥+ 1) or 


a ola +1)-:-@@tn—DEB+1:-Btrn-VT, . 
a V(i¥+i1)-°-(¥+n—1) pleas 
rap —1, 24-33 


pf 4 Gate Dea TED 4... 


Yy2 


als ig = Yl, — Xe 2 a) eres 


Uremetitionw(e — Yini;e — ¥+-1,2— 7, x) means, replace in the 
y1 equation of (40.71), bya—7¥+1,8 byB8 —Y¥+ 1,7 by2 — ¥. 
(ec) Both solutions are the same when Yr= 1. Hint. Note that when Y = I, 


the root m = 1— Y = 0. 
(f) If Y is not an integer, the gencral solution of (40.7) is 


(40.72) y = ciyi + coy2, 


convergent for |z| < 1 except perhaps atz = 0. HY is an integer, 
then only one of yi or y2 is a solution of (40.7). 


The series on the right of y: in (40.71) is known as the hypergeometric 
series. By Theorem 37.16, it defines, on the interval |z| < 1, a function, 
called the hypergeometric function, which we have designated by 
F(a,8,Y;z). UM a@ or B is zero or a negative integer, the hypergeometric 
series terminates and the hypergeometric function 1s 4 polynomial. 


22. Using the results obtained in problem 21, find a series solution of each of 
the following differential equations. 

(a) a = De + E Qx)y’ — ty = 0. Hint. In (40.7), ¥ = 4, 

ot B+1— 2,08 = 2 Therefore a = 3,8 = 4,7 . 


(b) a(1 — zy” + (2 — 4zx)y’ — 2y = 0. Hint. In (40.7), Y¥ 
atfpt+1= 4,08 = 2. Thereforea = 1,8 = 29 wee: 
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23. Show that the substitution 


z—T\ du _ 1 
(40-09) 22 ae) ae ee er 
dy _dydu_ 1 dy 
dx dudzx re—r, du 
dy _ a@(_1 w\)__ 1 dy du 
dz2s dx \rg — 7} du) ~—r2 — 71 du? dz 
1 d’y 
— G2 = ae ee Tr) # PD 9 
in the equation 
b c 
(40.74) Acres MEP he Fa) Oe ge Uae we 


will transform it into the Gauss equation (40.7), namely 


2 
(40.75) u(1 — u) at L a8 = : WJ aaa 


A series solution of (40.75) is, therefore, see problem 21, 
(40:76) Wyre (a Gree) co a 7 ee — ¥ 1, 2) 5), 


where 


a Gee = = 
(077) y= ZAR, atBti=2; af = c/a 


Hence, by (40.73) and (40.76), a solution of (40.74) is 
Ea f)| 
TO aaa 


1-Y 
+a(2=") P(a—v41,6—741,2-% 224), 


oe 


2 
a 


(40.78) y=cF (a. 


oe —— if i , g5 = Pil 
mea ] MOD) =< 
ot) eans replace z in (40.71) i 


The notation F («7 : 


24. With the aid of problem 23, find a series solution of each of the following. 
(a) (& — 2)(2 + ly” + F(a + ly’ — By = 0. 


Hint. Ty = 2,72 = le 7a = -12=i,2. oe = —3u-+ 2. 
a a 
(b) (x — 2)(z — ly” + 4zy’ + 2y = 0. 
Hint. r) = 2,72 = 1,73 = 0,a = 1,b = 4,¢ = 2,2 = —ut2. 


25. Prove each of the following identities. 


1 
(a) F(1,8,8; 2) = ae Hint. See answer to problem 22(b). 


(b) HGS 2a 2) 

(c) zF(1,1,2; —z) = log (1 + 2). 

(d) zF(4,4,3; 27) = sin-! xz, Hint. See answer to problem 22(a). 
(e) AG Fe et =o) oa (1 saa zu. 
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26. With the aid of problem 23, find a series solution of the following equation, 
known as Tschebyscheff’s equation, 


(40.79) (x — 1)(2 + 1)y"’ + zy’ — n*y = 0. 
Hint. r) = 1, ro = —1,7r3 = 0,a = 1,b = 1,¢ = —n?,2 = —2u4 1, 
a=n, Bp = —n, Y — b. 


27. With the aid of (40.71) and the answer given in problem 26, find the 
Tschebyscheff polynomials T(z), T1(z), T2(z), T3(z), T4(z). 


ANSWERS 40 


1. (a) z = O regular singularity, x = 1 irregular singularity. (b) z = 0 
iipeggialats singularity, z = 1 regular singularity. (c) z = —1 irregular 
singularity. 


2 


3 
ive ce” Se aie, 


yo = co(l — 2a + $2? — yz? + --:), all z. 
8. yi = ciz/2(1 — Be + gfgz? — oizsr? +--+), all z; 
yo = cop (1+ 22 — 227 + Bee), Lage. 


3 
y) 
4.4, = «(1 see ge § SY ale, 


2 3 
1/2 Cz Zig Bley ) 
- ORR. el, a al 
yo = Coz (: 7 40 30 cic x 


Ss aeons, 4a. -) alt 


360 
yo =C er(i+e a 
by = att antl ete a ue hae 
7. wa = cz (1 + 9aob ae? — J" — --:), 2 9; 
= aft we dot? — doz? — ++ :), all z. 
3 6 
i t 
8. nearer (.-% an 
3 2° 
ya=— Cc 45 3 Jinx 


= + 
2 4 
1 ay 1 a) eae 
adel ee aa pees 2 we 
of Q aries} 
a on “fs 44) aT Eye oe 
2 4 
1 (z 1 (z at | 
oe ee peels) ate all x 
4 
i, 24 2)" sata (2) gee )ratte: 
lk y ™ cz |1 3\9 5(3) (4) \2 


12. y(z) = ex?(1 — 42 a Ifr3 +- ac — --*), all x. 


Aj 
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(3) (2) (3)(4) 8) 
1. y= (1 —2 92 fo — BOD 24.) ae 


15. y = bo[z(1 + x — 2? + 332% — - a xz > 0. 
17. (a) y = yi co[z2(8x — 1222 + 44873 + ---)-+ yi logaz], where y: is 
given in ee OLA ee 
(b) iver al — 42 + 92" =: 
yom col(l a ee — G2? = 4273 = s+) ay lee 2). 


a) Up = te NS ee eee 


| 
8 
Ta 
— 
+ 
O18 
mR 
qnrj w& 
Sa 


(b) Yp = 
3 
Gy alee Ryle) 
3 
esse it (pe gua NER 


315 
Hae dete Ta) 


as 322 ' 4523 
—1/2 484 ) 
ste ae ie eager = im 31523 1 
The u series converges for |u| < 1. Hence the x series converges for 
ieee 
] 1 1 
Cee (: 7 37 3022 ast) 


seg ls om Fee 


x 622 90x3 
erie ee...) x ¥ 0. 


| peo mee Ch 2) ee 3 ee 
Qh 17 + 92-31Qk —Dak—3)* 7° 


20. 7a) = agx’ c = 
+o 
n'i(2k — 1)(2k — 8)- wore — 2n+ 1) 


(k+ Wk + 2) 1-2 


—(k+1) 
ae + 3k 8) 


GADEF DEF DEFY 
22. 22k + 3)(2k+5) 7 


(eae aa 22) i i 
2"nl(2k + 3)(2k + 5)--- (Qk + Qn+ DD” 
22, (a) y = c1F(4,4,3; 2) + pane 0,3; z) 


- Ae +32 + ig ae 
(b) yr = C1 F(1,2,2; 2) = (1 +a+ as j= ei 


+ 


+ 
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2 


___ eee 
z(1 — x) 
Herea = 1.8 = 2,Y = 2. Note that in this special case, the second and 
subsequent numerators and denominators of the solution ye of (40.71) are 
both zero. 


You can verify that yo = cer7!F(1,2,2; 2) = is also a solution. 


24. (a) The transformed equation is 


d° 7 7\ady, 3 
va = £44 (EB) 4 By = 


du2 2 du 2 
Here a = 3,8 = —3,7 = §. 
y = Faw) + cow FG, 3-8) 
9 — pe Nese _ 
a ast (8,-4.4 3 :) ae ai 3 i) A) : 


(b) y = c1F(1,2,8; 2 — z) + c2(2 — t)—-7F(—6,—5,—6; 2 — 2). 
26. ya(z) = ciF (n,—mas ‘Ss 


i ole Nee 
ep ( 3) EE Sn Bai) 


1, Pilz) = 2, T2(2) = 2 — 1 tee = 42 oF, 
onde Se- — 1. 


we Tat) 
T 4(z) 


i ol 


LESSON 41. The Legendre Differential Equation. Legendre 
Functions. Legendre Polynomials P;(x). 
Properties of Legendre Polynomials P;(2). 


LESSON 41A. The Legendre Differential Equation. The linear 
differential equation 


(41.1) (a — x*)y" — oxy’ + k(k + ly = 9, 


where kis a real constant, occurs in many physical problems. It is known as 
the Legendre equation, named after the I'rench mathematician A. M. 
Legendre (1752-18333). Because of its great practical mmportarce, this 


equation has been studied by many mathematicians and a considerable 


amount of literature is available on the subject. . 

You can verify by Definition 40.2, that x = 0 is an ordinary point of 
(41.1). This equation can therefore be solved by the power series method 
37B, Dividing (#1.1) by 1 — r? and then comparing 


outlined in Lesson 
th (37.5), we see that 


the resulting equation W! 


ae ree 


] 


(41.11) — fol) 


2x 2 MP ale: sac 
a ee 


Both series are valid for tia), < 1. Hence by Theorem 37.51, (41.1) has a 
L 
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series solution in powers of x which is also valid for |z| < 1. We therefore 
seek a Maclaurin series solution of the form 


(QilZ) y(x) = ao + aye + dou? + age? + :-- 
+ apr” + Cece +- nip tna Jeers 


Successive differentiations of (41.12) give 


(QS) Ge) ae eee 
+ nant™—)+ (n+ Langiz™ + (n+ 2)dngot”t)+---, 
y!"(x) = 2ag + 2+ 8agz +--+ + n(n — l)anc™? 
+ n(n + ldngit™ + (n+ 1)(n+ 2)anzor™ +°-°-. 


As usual y will be a solution of (41.1), if the substitution in it of (41.12) 
and (41.13) is an identity in z. Making these substitutions, we obtain 


(41.14) (1 — x?)[2a. + 2-3agx + --- + n(n — l)a,z”™? 
+ n(n+ l)dng 1x" 1+ (n+ 1)(n+ 2)angor”---] 
Sry Se Be <> Bie 2 oe So | 
+ k(kK + 1)[ao + az + agx? + +--+ anx"+---] = 0. 


Expanding and collecting coefficients of like powers of x, we have 


(41.15) (2ao + k(k + 1)ao] + [3!a3 — 2a, + k(k + 1)a,]x 
+ [12a, — 6ag + k(K + l)ag|z? + --- 
+ (e+ 1G Zane Ge We, 4 ee agit 0: 

Hence we must choose the set of a’s so that 

2:3a3 — 2a, + k(k + 1l)a, = 0 
ood, — 2°35 4 K(k + as = 0: 
4-3as5 = 3: 4a3 + k(k + l)az —s) 
5 -6ag — 4-5a4 + k(k + Doe 0 


(n + 1)(n + 2)dnge — n(n + loa, + K(k + 1)a, = O. 
Therefore, by (41.16), 


(41.17) Qo = a 
2 — kk a 
a, = 2 ee eee 


3! 2 1) 
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mS lL) k — 
a4 = 12 a, = — RoE TS), 
_ Mk + 1)(k — 2)(k + 3) 

4! #0: 
eis er) k — 3)(k 
og = HRT, = BORE ED a, 
_ = 1k + 2k — 3)(k + 4) 

5! os 
eke 1 k= 
a SE) es 


_ —K(k + 1)(k — 2) + 3)(k — 4)(k + 5) 
6! ao, 


1)"k(k + 1k — 2)(k +.3)(k — 4) (4 + 5) (ee 
ao; 


(= 1) "ke + 1) = 2) (e+ 8) R= 4) 8) or en 


a, = (2n)! 
a (—1)%(k — 1I)(k+2)(k — 3)(k +4)(k — 5)(K+6)--- (k + 2n) 
wed (2n + 1)! ma 


Substituting (41.17) in (41.12), we obtain 

(41.18) y(z) = aoSe(z) + Ql ule); 
where @o and a, are arbitrary, and 

(41.2) 


si(a) =|1 HEED 9p 4 HEADER DED at 


(1) &(e-+ Ge — 2+ 3K = 4) += (Ep Bn = Ve 
a a, a pen eh tos 


(41.21) 


a ,- Ga NE+D 9, Ea Ue Eee Set 


_1y*(e — Ith + 2)e = BE +4) + (e+ 2M) an 
+o | (2n + 1)! Sr 


LESSON 41B. Comments on the Solution (41.18) of the Legendre 
Equation (41.1). Legendre Functions. Legendre Polynomials 
P,(x). The following comments apply to the solution (41.18). 


1. The solution (41.18) is wandetor|z| < 1: See remarks immediately 


following (41.11). 
2. When k is zero or a posi 
integer, —1, —3,°° "> t 


tive even integer, 2, 4,6,:°-,ora negative odd 
he series in (41.2) terminates, i.e., 1t becomes & 


A 
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polynomial in x. For example, when k = 2, the third and all succeeding 


terms in (41.2) are zero; when k = —1, the second and all succeeding 
terms are zero. 

3. When k is a positive odd integer, 1, 3, 5,---, or a negative even integer, 
—2, —4,---, the series in (41.21) terminates, i.e., 1t becomes a poly- 
nomial in z. For example, when k = 3, the third and all succeeding 
terms in (41.21) are zero. When k = —2, the second and all succeeding 


terms are zero. 

4. If k is not an integer or zero, both series (41.2) and (41.21) are non- 
terminating. By Theorem 37.16, therefore, each defines, for each k, a 
continuous function on J: |7| < 1. These functions are called Legendre 
funetions. 

5. Since a Taylor series is a special case of a I’robenius series, the Legendre 
functions (or a Legendre function and a polynomial) defined by the 
series (41.2) and (41.21) are, by Theorem 40.39, linearly independent. 
And since each is a solution of (41.1), it follows by Theorem 19.3 and 
Comment 19.41, that y(z) of (41.18) is a general solution of (41.1) on 
Haale) <1. 


Because of Comments 2 and 3 above, we can write polynomial solutions 
of the Legendre differential equation (41.1) when k is zero or an integer. 
All we need do is select the proper series (41.2) or (41.21) for the given k. 
In Table 41.22, we have listed solutions of (41.1) for a few integer values 
of veand fork = 0. 


Table 41.22 


A Solution by 


Ifk = The Legendre Equation (41.1) Becomes (41.2) or (41.21) Is 
0 (1 — 2”)y"” — 22y’ = 0 yo(z) = 1 
1 (ay 22) 0 yi(z) = x 
2 (1 — 2)y” — 2zy' + by = 0 y2(t) = 1 — 32? 
3 (lL — 2°)y" — 2zy' + 12y = 0 TEND) gpa 
4 (1 — 2%)y"” — 2zy’ 4+ 20y = 0 —ya(z) = 1 — 10z?+ 38r4 


If we solve the last equation in (41.16) for a,42, we obtain 


[n@w-+ 1) — kE + 1)] 
41.23 a2 = OOO ta = De ae 
( ) Qn+2 (n + 1)(n + 2) Qn, 71 0, I , 3, 
Since the numerator of (41.23) is equal to —(k — n)(k + n + 1), we can 
write (41.23) as 


_ . ewes 
(41.24) On 9 — SG ca 7 Din +2) ae 2) An. 
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Therefore by (41.24), if & is an integer, and 


. 2(2k — 1) 

5) — .—_ a 
(41.25) n k 20 sale nC 1 One” o, 
ah — 3) 


Pe ere ua. wet erie Ce le ot FLD ae ED DS tk athe Mees a 


Therefore by (41.25), 


(41.9%) aie= — Sra Qk. 
(k= 2)(k — 3) _ k(k — 1)(k — 2)(k — 3) 


ioe) = Se lens a 


Substituting (41.26) in (41.12), we obtain polynomial solutions p(x) of 
Legendre’s equation (41.1) of the form [write y(x) in descending powers 
of x, namely y(z) = °° ° apr® + ay—ot** + a,_at® *+---] 
(41.27) 
t B 1) eee yk = Ne = 2K =D) gs 

pi(z) = ae |® — 9006 — 1) * 242k — 1)Qk — 3) - 

We — 1k — 206 — oe = ie a) ee |, 

— ~ [eee@a= De@E— 2Cr— >) 
i= ee me, 


where a, is an arbitrary constant. Let us take for it the particular value 


41.3 
‘ag (OR)! — 1+2-8-4->- 2k — 12K) _ 1-3°5-+- (2k — 1) 
a = De(KN2 Rl. 4-6--- (2k) KI 


(The reason for selecting this value of a, will be made clear in Lesson 
41Cae.) alo distinguish between the polynomial solutions p,(x) of (41.27) 
and those we shall obtain by giving Qk the value (41.3), we replace px 


by P,. Hence by (41.3) and (41.27) 


1 ee Be QRH D | ee k(k —1) x-2 
G3) ao kr + 22k — Oh 
(C= Ge? Ua 
2. 4(2k — 1)(2k — 3) 
-_ ee ; — 4)(k — 5) 4-6 
k(e — Ick — 20k = 8) = AES) p84. 
— “5 a6 nr — 1)@r— 3)2k — 4) 
7 (=1)"k(k — (k= 2) PAE + |, 
+3 Woke — 1) 2k =. Bee ° (Qe — eat 
Z n'( )¢ ke 0, 1, 2 = 
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By definitien, s! = 1-2° 33s. Henee, 


(4USIy (S45 1) (8-5 2) (Gera) 


le 3 Se) a ee 
7 1 es si 
By (41.311) 
(41.312) (2s + 2)(2s + 4)---+ (2s + 2n) 
= 2+ 1)---@+n) = btm 
By: (4.311) and (41.312), 


COREE) (Chas ORS Be es = ap ED) 


(2s + 2) (2s + 4)--- (2s + 2n) 
(2s + 2n)! 
= (2s)! _ _sl(2s + 2n)! 
~ 2n(s +n)! 2"(2s)s + nj! 


s! 


In (41.318), let s = k — n. There results 


_ (k—n)'(2k)! | 
(41.314) (2k — 2n+ 1)(2k — 2n4+ 3)--- (2k —1) = 5n(Dk — On) lhl 
By the definition of k!, 

k! 


Substituting (41.315) and (41.314) in the coefficient of x*~?" of (41.31), 
we obtain for the coefficient 
(41.316) (—1)"k! 2"(2k — Qn)ik! — (—1)" (kK)? (2k — Qn)! 

(k — 2n)! 29nl(k — n)1(2k)!— ni(2k) "(ik — 2n)"(k — n)! 
Since (41.316) is the coefficient of the general term of (41.31), we can write 
(41.31), with 1-3-5---(2k — 1)/k! replaced by its equivalent fac- 
torial form as given in (41.3) after ax, as 


Ra) 1)"@le— 2n)! 420m 
(41.317) Pa) 2 x Dk eae a . 


The symbol (k/2] means the largest integer in k/2. For example, if k = 3, 
the largest integer in k/2 is one. Hence to evaluate P3(x), replace k by 3 
in (41.317) and sum the two terms obtained with n = 0 and n = 1. 
If k = 4, the largest integer in k/2 is 2. 
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By (41.31) or (41.317), when 


ai3a he O Poa 1. 
k= 1: P,@) =. 


a. 1-3 1 


1 9 
= 5 (3524 — 30z° + 3). 


The polynomials in (41.32) are known as Legendre polynomials. 


If in the recursion formula (41.24), we let n = —k — 3, —k — 5, ete 
we obtain, in place of (Ak 27); as 


(41.33) g(t) = @—K-1 arr + eee re 


(k + 1)(k + 2)(k + 3)(k + 4) -r—s 
5 40h+3)Qk+5) es 


Since a_z—1 is an arbitrary constant we may take for it the particular value 
o* (kt)? 
41. 3.6m 
Cro ee! ~ er 1! 
- k12-4-6--+ (2k) = k! 
55 OREN) 1-85 CRED 
k ~ =—1, —2,°°° 

The functions 

k! 


(41.35) Q.(t) = a Ce a 
we Cees 2) aes 
“ E eC ae 
GENET MELDED p84 
5. A(2k + 3)(2k + 5) j 
ea), 2 --, 


me @or-1 by ‘ts value in (41.34) are 


obtained from (41.23) by replac 
f the second kind. 


known as Legendre functions 0 


y 
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LESSON 41C. Properties of Legendre Polynomials P,(x). The 
Legendre polynomials are important primarily in the interval I: eo =e 
The graphs of the first five Legendre polynomials in the intervalO = % = 1 
are shown in Fig. 41.4. 


1.0 


Figure 41.4 


It has been proved that a Legendre polynomial of degree n has exactly 
n distinct real zeros in the interval —1 S$ x S 1. If we had extended the 
graphs shown in Fig. 41.4 to include the interval —1 S x S 0, we would 
have found that Po(x) has no zeros, P(x) has one zero, Po(x) has two 
zeros, P3(x) has three zeros, and P4(x) has four zeros in the interval 
—-Is2xrsl. 

In the remainder of this lesson we shall develop a number of properties 
of Legendre polynomials which are valid in the interval J: |z| S 1. 


A. The Legendre polynomials P,(x) are the coefficients of t” in 
the Maclaurin series expansion of (1 — 2xt + t?)7””, ice., 


(41.41) (1 — 2z¢4 t?)7? = Po(x) + Py(x)t + Po(x)t? + --- 
+ P,(x)i™+---, 
on| Slee ie 


Proof. We shall merely give the formal steps of the proof, without 
attempting to justify each of the steps used. A rigorous proof is beyond 
the scope of this text. The Maclaurin series expansion of (1 + u)*, called 
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a binomial series, is 


(a) (+u)* = 1+ kut EOD ey... 
eo) a 
n! 
valid for those values of «and k for which the series converges. eee 


the series converges for |u| < 1. Let us now write the left-hand member 
of (41-41) as [1 + £(¢ — 2x))~"”. Hence by (a), if |? — 2at| < 1, 
3 


5 (2a — 2)” Be 


a 1 1 
(b) [1+ — 2z)] 2 145 i(2e —t) +55 
es woes 1 n 
3 aaa Eero oe 
5) 


1 
= 145 (2xt-— 1?) + spy P(4x? — det + 8) + . 


5 ee er eee 


From the last expression on the right of (b), we see that the coefficients 
of 1°, t, and ¢? are respectively 


1 1 ) 2 it 2 

_ = —_ = ae =e = = —— a 

> oe op = 

A comparison of (c) with (41.32) shows that these coefficients are respec- 
tively Po, Pi, P2. The coefhicient of the general term i” is the sum of the 
coefficients of t” in the last term on the right of (b) and of coefficients of t” 


in preceding terms. Hence the total coefficient of is 


123.5 en — 1) on)" — 1-3-5---(Qn— 3) m—D (2x)? 


@) Frat an — 1)! 1 
jeep ee) G— 22) . « 
a ee ae “ —s ° e e 
+ —~9n-2(n — 2)! 2 co 


The last term in (d) can be written as 
118°5--:- Ger 5)(2n — 3)(2n — ie (ia 1) 
(e) 2a 4 (2n — 3)(2n — CnC 1)(n — 2)! 


x (n Es zie Cee 3) on gS? 


| Bp” ee p free =e — Be =D a 
ee eSOS~*«is ee AC In — 3) 


n! 
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Hence (d) becomes, with its last term replaced by the expression on the 
right of (e), 

1-3-5--- (Qn — 1 
gy Usb ea} 

J OS oe Ge = ae = ee) Za 
[2 oreo 5 


A comparison of (f), which is the coefficient P,(x) of t” of (41.41), with 
the polynomial P;(x) of (41.31) shows that with k replaced by n, the first 
three terms of each are alike. If we had used more terms of the binomial 
series (d), we would have obtained additional terms in (f) in agreement 
with (41.31). Note also the similarity of the coefficient in (f) with the value 
of ax as given in (41.38). This value was in fact given to a, in order to ob- 
tain the identity (41.41). 


B. Values of P,(0), P,(1), and P,(—1). If x = 1, the left side of 
(41.41) simplifies to 


(a) (QQ — 2+ 27-42? = a — a7). 
Its series expansion is 
(b) Litt... pim+e--, ltl <1. 


Comparing the coefficients of this series with the coefficients of the series 
on the right of (41.41), we see that, with x = 1, 
ge) Tero) — i Py) = 1, (1) = 1,---, Pasi. 


If x = 0, the left side of (41.41) becomes 


(c) Ga8- "3, 

whose series expansion is 

(d) 

Ima pa aA p(t ED ec 


A comparison of this series with the right side of (41.41) shows that, with 
ap =), 


(41.43) P,(0) = 0, P30) = 0,-+, Pan-s(0) = 0. 
(41.44) Po(0) = 1, P20) = —4, P40) = 3-3, 
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If x = —1, the left side of (41.41) becomes 
@ GC2ar te ata = lt ee, 
tae. 
Comparing (c) with the right side of (41.41), we find, with z = —I, 
(41.45) Pol) = ly Pil-i.=—-1, Pa-D=h 
? |) = P(—-1) = (—-1)". 


C. Recursion formula for P,(x). Differentiating (41.41) with respect 
to t, we obtain 


(a) 
eat g — 2m ee Se Pen Aces oe 
Multiplying (a) by 1 — 2at + 1”, there results 
(b) (cg — t)(1 — 2at + ae en ae ee t?) 
x [Pi Se PP ttm et Pa > te 


ae (n SP 1)Ppait™ stan” “lk 
By (41.41), we can write (b) as 


| a ae ee (epee Act. Sea eee 
= [Py + 2Pot tees + (nt 1)Pagil® +o 
— Veta nPpt® +--+] 
SP tracer ee Pyere Baek 
Equating the coefhicient of t” on both sides of the equal sign, we obtain 
(d) tls = re = (n + Dee = 2anP n + (n = Lei; 
which simplifies to the recursion formula 


(41.46) (n+ Pie ee 1)2P,(z) + nPr—i(z) = 9, 


n= ite z, eee, 
It is easily verified, by (41.32), that 
(41.461) ae) = tPo(x) x= (0), 
and, by (41.46), that when 


(41.47) n=l: OP Ma) = Sa co) ate Poe) = @ 
_—= 2. 3P (x) = 5a P(x) “+ Dea) 0, 


ete. We leave it to you as an exercise to verify, by means of (G32), 
that the formulas in (41.47) are indeed true equations. 


I 


y 
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D. Rodrigue’s Formula. Another compact formula for expressing 
the Legendre polynomials P,,(x) is 
ds 


Ne ee ee 
(41.48) AC) ier 


— 1)”. 


It is known as Rodrigue’s formula. 


Proof of the Formula. The binomial series expansion of (x — 1)” 
can be written as 


(a) (ye -> CVn =o 
Hence 
Ti = he i 


Taking n successive derivatives of x?”~?*, we obtain for the nth derivative, 


(0) Ee -**) = (2n — 28) (Qn — 2b = 1) +++ (= B+ DO, 
PA) 
a n < 2k. 


By definition of the factorial function, (c) can be written as 


ae Dak, (2n — 2k)! noe . 
co Fe ic, =) 


— 20) mM =< 2h. 


IIA 


n, 


Hence by (b) and (d), 


does (af2) n! Cr) 
ORs | mae = OY) a = Cao we 


Therefore by (41.48) and (e), 


(n/ 2] 


! eh aoe 
Y i. 2 se = a a ky! CR a 
= a (—1)” (2n — 2k)! gra ek 


akin — kin — 2k)! ° 


A comparison of (f) with (41.317) shows they are alike. (Interchange n 
and k in either equation.) 


E. Orthogonal Property of Legendre Polynomials. 


Definition 41.5. A set of functions f;, fo,---, is said to be orthog- 
onal on an interval /: a S$ x S B, if, for every two distinct functions 
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of the set, 


b 
(41.51) ‘| ile) (ee — 0, rr i. 
We shall now prove that the set of Legendre polynomials is orthogonal 
on the interval J: —1 S x S 1, i.c., we shall prove 
1 
(41.511) | PG Pee) de = 0, ie 
=I 


Proof. Each Legendre polynomial P(t) satisfics the Legendre equa- 
Gon GA.1). Dheréfore 


(a) (1 — a yP,. (2) — 9xPm'(r) + mm + 1)Pal(x) = 9, 


which can be written as 
(b) < [a -— 2°) Pm! (x)] + mon + 1I)Pm(z) = 0. 


Multiplying (b) by Pav), n 4 ™, and integrating between the finnitse = 
1, we obtain 


(c) 
i 

i Pye < i— FW’ (ee m(m + » | Pr(x)Pm(x) dt = 0. 
= 1 = 


The first integral in (c) can be integrated by parts in accordance with 


the formula 


(d) fo ae = a — Joa 


Inthe first integra! of (c), let «= P,(x) and dv equal the rest of the in- 
tegrand. Then by (d), this integral becomes 


1 1 
(c) Pail al Pal — i ; (I a rie Oe AX: 
=={ = 


You can easily verify that the first term in (¢) 1s zero. Cherefore, by (¢), 


(c) simplifies to 


1 
1 
(f) - | (1 =a rey ad Get m(m - nf me dy = Ue 


with Pic) and followed 


“had started with Px x) in (a) instead of 
ane aes : d the same result as in (f) 


the steps outlined above, we would have obtain 


{ 
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with m and n interchanged. Hence also 


1 1 
(g) — (1 = 22, Pp dx ue »f Bee,.d, — 0) 


=] 


Subtracting (g) from (f), there results, with m # n, 


1 
(h) (m? +m — n® — mf Pai Pa) dr 0. 


Since m2? +m—n? —n=(m— n)\(mt+n4+1) and m # n, we 
may divide (h) by this term to obtain (41.511). 


F. Other Integral Properties of Legendre Polynomials. The first 
integral property we shall prove is, 


1 
(41.52) iC aera) dz: — (0, 


where R(x) is a polynomial of degree m less than n. 


Proof of (41.52). Let 
(a) R(x) = 49 + ayz + aor? +--+ + Oye") + ane”. 


The polynomial R,,(x) can always be written as a linear combination of 
the Legendre polynomials Po, Pi,--+, Pm, i.e., we can always write 


(b) Rin(z) = dp + aye + aoe? +--+ ant! + ana” 
= OMe se Owen Se es = Come 1 tae + Gale 


The truth of this statement can be demonstrated as follows. P, is the 
only polynomial on the right of (b) which has a term in x”. Hence we can 
choose C, so that the coefficient of the +” term of Pp is equal to am. 
Next we sum the two coefficients of x”—1 in P,_, and P,,, and give Cm—1 
a value so that C,,_, times this sum equals an_ , etc. 

In (41.52) replace &,,(x) by its equal last expression in (b). We thus 
obtain 
1 


1 1 
(c) cof PoPade + Ci] PiPadr+---+Cnf PoP ads m =< nh. 
=s —1 


By (41.511), each term in (c) is zero. Hence (41.52) follows. 
The second integral property we shall prove is 


2 


1 
(41.53) [ (P,(x)]}* dx = as 
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Proof of (41.53). Squaring both sides of (41.41), we obtain 
Ca ie 
(a) 1 — 22 = » Pato , 
n=0 


Integration of (a) with respect to x between the limits —I and 1 gives 


1 1 : 
(b) | (1 — 2zxt + oO)” = i »> Pato dz. 
i — 1 Res 


When we square the integrand on the right of (b) and perform the inte- 
gration, the only terms, by (41.511), which are not zero are those in which 
the subscripts of P,(x) are the same. Hence (b) simplifies to 


1 


1 io] 
(c) | (1 — 2xt + ie dt = ss we (P,(x)]? dx. 
=, e0 = 


Integration of the left side of (c) results in (remember ¢ is a constant in 
this integration and log (1 + 4) = ¢ — ay2 4 4¢3 — ---) 


(d) 
— git! — a) 5 8 Gp ty? ; a ey 


2 


¥ ee a | i 
-o|i+g+et otaqit™ » |i] <1. 


ei ae | 
eet erage: 


Substituting the last expression of (d) for the left side of (c), we have 
2 1 
= 2b . = a | 2 
— t Pacey ae. 
(e) oy ae ) 


. . 2 . a . 
Equating coefficients of t2" in (e), we obtain for each n, 


2 
(f f watot ee = aT 


EXERCISE 41 
of the following Legendre equations. 


(b) ( — 2?)y" — Qry’ + by = 0. 


1. Find the general solution of each 


(io 1 =e” — ee + eet 0. 


‘ ON A 1 
2. Find @ polynomial solution of the Legendre equation (Il — 2 yy Qry 


+ 30y = 0. 
3. Find the Legendre polynomials P»(a), Pel), R7@): 


4 
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10. 
11. 


12. 
13. 


14. 


. Find the general solution of (1 — 2?)y’” — 2zy’ + gy = 0. 
. Verify by direct substitution in (41.32) that 
Po(l) = 1, Pill) =], Po 1 2a lal, Pale; 
Po(—1) = 1, Pi(— 1) = —1, ag Lia — =| a = 


Po(0) = 1, P,(0) = 0, PHO) = 3, P3(0) = te) 


. Verify, by use of (41.32), the ee of the equations in (41 47). 
. Express x? as a linear combination of Legendre polynomials. 
. Express 24 + 223 + 2x7? — x — 3 as a@ linear combination of Legendre 


polynomials. 


. Assume that a function f(z), defined in the interval (—1,1), can be repre- 


sented by a series of Legendre polynomials, i.e., assume 
fo} = coP omer! (2) tere t) 


Show that if this series, after multiplication by P:(x), can be integrated 
term by term, then the coefficients co, c1,° +: , are given by 


ao 


Chk = 


ie Pena) ao, 


Hint. Multiply (a) by P,(z), integrate from —1 to 1, then use (41.511) 
and (41.53). 
Prove that Pen(—z) = Pean(r); Penti(—z) = —Pen+1(2). 
Prove each of the following identities: 
(yea (ea) =a it). Hint. let 
eerie ft eo) a Pe be ee) 


First show (x — t)(du/dz) is equal to t(du/dt). Then perform the indi- 
cated operations and equate coefficients of t”. 

(b) Pati’(z) — (n+ 1)Pa(x) = xP,'(x). Hint. Differentiate (41.46), then 
substitute for P,—1/(x) its value as given in (a) of this problem. 

(c) (x? — 1)P,/(x) = nzP,(z) — nPa—1(x). Hint. Multiply (a) of this 
problem by z; replace n + 1 in (b) by n, then take the difference between 
the two resulting equations. 


Verify that the formula in problem 11(a) is valid for P2, P3, Pa. 
—— 
Show that the hypergeometric series F (: + 1, —k, 1; <4) is a solution 


of the Legendre equation (41.1). Hint. Write (41.1) as (x — 1)(x+ l)y” 
+ 2Qzy’ — k(k+ 1)y = 0. Then follow the procedure given in Exercise 40.23. 
Here 7, = 1, 72 = —Irs = 0, @ — 1, b= 2, ce — =k DS re 
—2u-+ 1. The transformed Gauss equation (40.7) becomes 


u(l — ») SY a (d_ — 2u) $ — aa kk-+ ly = 


whose solution is F(k + 1, —k, 1; u). 
Verify each of the following. 


1 i 
(a) ih, [P3(x)]? ac (b) E [Ps(x)]° dx = § 
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15. The following differential equation 
(41.6) y’ — Qry’ + 2ky = 0, & real, 


is known as the Hermite equation. Show that its solution, valid for all z, is 
(41.61) 


- a oe 
y(t) = ao] 1 — 5 ke + 5 kk — 2)z 2 ae — 9 — 92° + ---| 
Sa 2 3 2 : 
ij2— ak - De +e & — Dk 32 
af 
Fee — ae — ett | 


oe een ee 


rales SSP one — 9-6 met ne] 


16. Find polynomial solutions of @inG)fomk =—00, lyeeaes 7. Hint. Note that 
for k = 0 or a positive integer, onc of the series in (41.61) terminates. 


Ans. yo(t) = a0, yi(z) = a1z, yo(x) = ao(l — 2z%), 
y3(z) = ai(x — §2°), ya(z) = ao(1 — 427+ $2), 
ys(z) = ar(z — $29 + 752°), yo(z) = aol! — 6x2 + 424 — 357°), 
y7(z) = a(x — 973 + 425 — zhsr’). 


Il 
I 


I 


17. The following polynomials, known as Hermite polynomials, 


TIo(x) ly 

H(z) = 22, 

Io(2) = ae? — 2, 

H3(z) = 82° — 12z, 

Hf4(z) = 16z* — 48x? +- 12, 

His(x) =, 322° — 16022 + 1202, 

Ha(x) @ Gate” — 4902"-- 7202 — 120, 
H(z) = 12827 — 13445 + 336023 — 1680z, 


II 


can be obtained from the solutions given in problem 16, by choosing appro- 
priate values for ao and ay. Show that these Hermite polynomials can also 


be obtained from the formula 


im 


n x? d a2 = oe 
(41.62) Tia) _ (—1) € Fab € = 0, il Pes 
18. In solving (41.6), the following recursion formula results, 

b 4 2(n — k) P 
Y Ott Cy  1)(n + 2) 
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Following exactly the steps from (41.24) on, obtain polynomial solutions 
of the Hermite equation (41.6), of the form (i.e., in descending powers of z) 


k—4 
oa 2 pes OR a) eo ee ee 


a = 21 5 
he Wik 2) ee) 
== 7 cr = Cm 
(—1)"k(k = 3) Bo 8 (k =D Je 1) ah oe 
— aaa a Te 


[k/ 2} (ent ee 
~ nl(k — 2n)! 22" 


ay ee nee 


In (b), a, is an arbitrary constant. If we take for it the value 2*, we obtain 
the Hermite polynomials 


[k/ 2} Cane — 
(c) Hy(z) = 26 aie oat OD eke— 0), 1, Die: 


r= 


Verify that the above formula (c) also gives the Hermite polynomials shown 
in problem 17 above. 

19. In the summation in (c) of problem 18 above, and in (41.317), n cannot be 
larger than [k/2]. Why? 

20. Show that the coefficient of t” in the series expansion of e27'—” in powers of 
tis H,(x)/n! Hint. e?**-? = e22te- Write the series expansion of each 
term of this product, multiply both series, then show the coefficient of ¢” 
IS nto wi 


ANSWERS 41 
ie) eve eee, ee ‘4.-) tar 


CA 3 
ay 


+ SH VOTNE R= IOFD 4). 


(b) y ie ee 


2.y = x — tfr3 4 2175 
Bel soe a Gane 7023 + 152); 
Pox) = ye(231c6 — 31524 + 1052? — 5); 
P7(xz) = 75(429x7 — 69325 + 31523 — 352), 


Mey eee 4 MENG = DED 4 .) 


2! 4! 
+ai(2- a 


_&@-VG+ 2G — 3)G+4 r 2) — 3)(8 Osa...) 
7. x3 = 2P3(r) + 3 ’ 
. mie3(2) 5P1(z). 
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&. gePa(s) + #Pa(z) + $PPo(e) + $Pi(c) — PEPo(z). 
19. For n > [k/2], k — 2n is a negative integer and (k — 2n)! is undefined for 
negative integers. 


LESSON 42. The Bessel Differential Equation. Bessel Function 
of the First Kind J,(x). Differential Equations 
Leading to a Bessel Equation. Properties of J;(x). 


LESSON 42A. The Bessel Differential Equation. Another differen- 
tial equation which arises frequently in physical problems and about 
which much has been written is known as the Besse] equation, named 
in honor of the German mathematician F. W. Bessel (1784-1846). It is 


(42.1) x?y"” + xy’ + (x? — yO 


where k is a positive constant or zero. You can verify by definitions 40.22 
and 40.24 that x = 0 is a regular singularity of (42.1). Hence we seek a 
Frobenius series solution of the form 


(42.11) =e" a, Praye f oer  : + Oe): 
Comparing (42.1) with (40.33), we see that 
(42.12) filz) =1 and fe(c) = —k? + 2’, 


both of which are already in series form. Comparing (42.12) with (40.34), 
we have 


(42.13) bo = il Co = —k?, cy = 0, Co = Ie 

All remaining b’s and c’s are zero. The indicial equation (40.38) therefore 
becomes 

(42.14) m(m — 1) +m—k? =9, m? = k?, 


whose roots are +k. As we shall discover, when k is not 0 or an integer, 
there will be two Trobenius series solutions of (42.1). If k is zero or an 
integer, there will be only one Frobenius series solution of (42.1). The 
second independent solution will, by Comment 40.5, be a logarithmic 


solution and have the form (20061): | | | 
Using the root m = k and the values in (42.13) we obtain, by setting 


the second coefficient in (40.37) equal to zero, 
(42.15) ay{(k + Dk + (k +1) - k?] + Oap = 0, (2k + 1)a; = 0. 


Since k is a positive constant or zero, the second equation in (42.15) will 
be an identity only if 


(42.151) i= 


/ 
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The recursion formula, obtained by setting the coefficient of 2”t” in 
(40.37) equal to zero, becomes with m = k and with the help of (42.13), 
(42.16) a,[(kK + n)(kK +n —1) + (k +n) — k7] +04 a,_0(1) = 0, 


which simplifies to 


a ) 
7 =S ae Ee, ? = 2 
(4200) Gx nee one = 2. 
Since, by (42.151), a; = 0, we see from (42.17) that 
(42.18) a3 = @5 = @7 = +++ = Gony1 = O, [1 ee 
lor even values of n, we have, by (42.17), 
(42.19) 
= Le 
7 a eae 
= a2 a al —($)° = Qe 
a = ear ol eG 40 = so LAL 20 
16+ 8k 82+ k) (+h) 212 +k) +k) 
ee ee 
ag = : = Sale fAvo 0). Gar 10 7 0 
36 + 12k EWC 2) © el cas 


1\6 


> 2622023” 


ara eC : 
oe OES O sess) 8 
Substituting in (42.11) the root m = k and the above values of the a’s, 
we obtain 


Ak oe 1 oN 
\ eae i: ee (5) QML + k)(2 + k) (3) 


310 +4H2+H384+ 4) \2 so ee 
a ae, oe 
“il Cee ae Geen ; 


which is one solution of (42.1), valid fork 2 0. 
Similarly, by following the above procedure for the root m = —k 
k 2 0, we obtain [equivalent to replacing k by —k in (42.2)] 


—k Tee u x\* 
(42.21) Y_k = Aor c Re tay, (5) ToT —-bhe-b (5) 
1 ae 
~ 31 — DO HG =) ¢) ae 


(18 x 2n 
Tala — soe a i | 


} 
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which is a second solution of (42.1), valid for k ¥ 1, 2, 3,---. (For 
these values of k, one of the denominators in (24.21) is zero.) Since the 
functions f; and fy of (42.12) are polynomials, by Comment 37.53, their 
series representations are valid for all x. Hence by Theorem 40.39 the 
series solutions, (42.2) and (42.21), converge for all z except perhaps at 
a =o. 

Note that the above results support the statement we made after 
(42.14). If k = 0, the two solutions (42.2) and (42.21) are, as you can 
verify, identical, and there is therefore only one Frobenius series solution 
of (42.1). And if k = 1, 2, 3, ---, there is again only one Frobenius 
series solution of (42.1), namely (42.2). For all other positive values of 
k, yx, and y_x are, by Theorem 40.39, two linearly independent solutions 
of (42.1). Hence if k # 0, 1, 2, 3, --:, the general solution of (42.1), 
by Theorem 19.3 and Comment 19.41, is 


(42.22) y(zx) = CyVk le CoYy_—k, k # 0, ls 2, 3, aS, 


convergent for all z # 0, where y, and y_x are defined by (42.2) and 
(42.21) respectively. 


LESSON 42B. Bessel Functions of the First Kind J,(x). 


In (42.2) ao is an arbitrary constant. Let us choose for it the value 


1 
(42.3) ao = Dkkh’ Kee. O. 


(We showed in Lesson 27K, that k! is defined for all values of k except 
negative integers.) The functions resulting from (42.2) when do Is given 
the value (42.3) are designated by Jz) and are called Bessel functions 
of the first kind of index k. Hence, with k!(k + 1) replaced by its 


equal (k + 1)!, we obtain, by (42.3) and (42.2), 


kr y 1 ae I ay 
4231) Jat) = (5) E Seep (5) + 21k + 2)! (5) 
1 2\° 
7 we) as 


(ST es | 
+ See (2) ci | 


valid for all k 2 0. | 


If, in (42.31), we replace k by —k [equivalent to choosing a9 = ap! 
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in (42.21)], we obtain 
(42.32) 


=\a) | al ae eae 1 x\* 
HOG) (pay —geme) Bae aale) 


Jeu ay | 
a =p oe |: 
valid for all k # 1, 2,3,---. 


We showed in Lesson 42A, that if k is zero or a positive integer, then 
yx of (42.2) is the only Frobenius series solution of the Bessel equation 
(42.1). However, if k is not zero or an integer, then the functions y, and 
y—x of (42.2) and (42.21) are two linearly independent solutions of (42.1). 
Since J;,(x) and J_;(x) defined in (42.31) and (42.32) are these same 
functions y, and y_, multiplied by an appropriate constant, it follows 
that if k is not zero or an integer, J; and J_, are linearly independent 
solutions of (42.1), each valid for all x except, perhaps for z = 0. Hence 
we can assert, by Theorem 19.3 and Comment 19.41, that 


(42.33) y(z) = C1J;(x) ale Cod _x (2), k# 0,1, 2,3 st 


is also a general solution of (42.1), valid for all 2 # 0, where J,(z) and 
J _;(x) are defined by (42.31) and (42.32). 

If however k = 0, 1, 2, 3,---, then (42.31) is the only Frobenius solu- 
tion of (42.1). In this case, a second solution of (42.1) will have the 
logarithmic form shown in (40.51). The one we shall give below* is desig- 
nated by —N;,(zx) and is called a Bessel function of the second kind 
of index k. It can be shown that if, in (42.1), we make the substitution 


yo(z) = u(x) — Ji(z) logz, x > 0, 
it becomes (see Exercise 42,2) 


zu’ + xu’ + (2? — k?)u = 22J;'(z), 
where 


u(z) = x *(bo + biz + bor? + ---), kK > O. 
A second solution of (42.1), if k is a positive integer, is then 
(42.34) 


k—1 Qn—k 20 n 
Sha ! es ee eee (3) _(=p* | 


+ 


— J,(z) logz, x > 0, 


*There are other forms of the Bessel function of the second kind. 
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where 
1 
Hp=1tg+gte te, ifn, 
n 
= 0, DL is re OF 
Hence for positive integer k, the general solution of (42.1) ts 
(42.35) y(x) = cS x(x) + coNx(2). 


Remark. <A second solution, when k = 0, can be found at the end 
of Example 40.6. See (k), page 584. 


Note that thus far we have no solution J _,(x) when k is a positive mteger. 


The solution J_:(z) of (42.32) is undefined for k = 1, 2, 3,---. To fill 
in this gap, we define J_;(x), k = 0, 1, 2, 3,---, by the relation 
(42.36). te 1) ae), ee 012 


The justification for this definition ts outlined below. 


Justification for (42.36). By (42.31), 


- e ae x Qn+k 
(@2.37) Ji) = 2 Eat 2 } ea) Sc ae 


n=0 


By (42.32), we write formally 


ea) = n x 2n—k 
(42.371) Jix(z) = De cao) (;) . RO ee 


n=0 


even though the series 1s not defined for n < k. [Ifor these values of n, 
(n — k)isa negative integer and as we showed in Lesson 27K, (n — k)! 
is undefined for negative integers.) We also showed in Lesson 2715 that 
(k — 1)!=T(k) > @ as k— 0, —1, —2,---. Since a negative integer 
factorial appears in the denominator of each term of the series (42.371) 
for which n < k, we are led to define each term, for which n = 0, 1, 
2,-- iy = 1, to be zero. Hence we can write (42.371) as 


2 or x Qn—k we 
(42.88) Jx(2) = De eg)» ROBB 


Hence when n = k, p = 0. This means we can start 
ith p = O instead of withn = &, if at the same 
al n. Therefore (42.38) can be written 


ka = 2 =e. 
our summation m (42.38) w 
time we substitute p + k for its equ 


as w aie 1\2P +h ae 
(42.30) J 04) = S ariel) a a 
p= 
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Since the summation in (42.39) is over p, we may remove (—1)* from in- 
side the summation. It then becomes, after simplification, 


De x 2p+k 
Cy EO = (= my seen (s) a Oe 


Comparing the summation in (42.37) with that in (42.4), we see that 
both are the same. Hence (42.36) follows. 


The most frequently encountered Bessel functions of the first kind are 
Jo(x) and J,(z). By (42.31), these are 


a” lameee ae: 
(42.41) Jot) = 1— 55+ Bye o3 — Be get 
—e Bok 
+ GaN? 2% 
x Loe (—1)" 2?” 
S(.-a tom Hamat +P et): 


The graphs of these two functions are shown in I'ig. 42.43. 


Figure 42.43 


Tables of values exist for Bessel functions of the first kind J;(x), just 
as they do for sin x, log x or e*. Thus if you had to evaluate J;(2), you 
could use (42.42) with x = 2, or look up its value in a table. Its value is 
0.5767. Therefore by (42.36), J/_,(2) = —0.5767. If you had to evaluate 
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J _4;2(3), you could use (42.32) with k = 4, x = 3 or look up its value 
in a table. Its value is —0.4560. 


LESSON 42C. Differential Equations Whieh Lead to a Bessel 
Equation. We give below examples of differential equations whose 
solutions ean be obtained by transforming each into a Bessel equation 
by means of a suitable substitution. 


Example 42.5. Find a solution of 


2 
(a) ut + (: + =) “= 0, real: 
Solution. The substitution, 
(b) y= oly, 
ie Leal? y a glee! 
4"! = —4y—3lty a5 Vey = gaye 


will transform (a) into the Bessel equation 
(c) n?y! + ay’ + (x? — By = 0. 


Since y = J;(z) is a solution of (c), it follows by the first equation in (b) 
that 

(d) eel) 

is a solution of (a). 


Example 42.51. Use the result obtained in Example 42.5 to find a 


solution of 
dt = = 
(a) ul + (: = 3s) u= 0. 


If in (a) of Example 42.5 above, we choose k = 1, it 


Solution. 
becomes the (a) of this example. Hence by (d) above, a solution of (a) is 
(b) uU= Do Gale 


Example 42.52. Find a solution of 


a’ + ete 0. 


(a) 
Solution. Here two substitutions will be needed. The first substitu- 
tion 1s 
ie ay 


(b) 
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Substituting in (a) the value of wu as given in (b) and the value of uu" as 
given in the last equation of (b) of Example 42.5, and then multiplying 


the result by 2?/?, we obtain 
(c) x?y" + xy’ + (c* — dy = 0. 
The second substitution is 
(d) pe — Ga'* 
7 =z = (2w)'”” 


dy _ dy dw _ 12 dy 
(e) dx dw dx ay) 
dy = 1/2 ae ay dw —1/2 dw dy 
dee oe) ae a ees 
d*y , dy 
= @e) an T dw 
Substituting (d) and (e) in (c), it becomes 
d? d 
(f) (20)? £4 + 2 Y + 2 % + [(2w)? — aly = 0, 
which simplifies to 
(g) gp. oe ee eee Ny 
; dw? * ” dw wy ; 


Since (g) is the Bessel equation (42.1) with k = 3, its solution is 
(h) y = Ji;4(v). 


Replacing w by its value in (d) and then substituting the resulting value 
of y in (b), we obtain 


2 
(1) U = edie (=) ) 


which is a solution of (a). 


Comment 42.53. The method used to solve equation (a) of Example 
42.52 can be applied to the more general equation 


(42.54) u’ + ba™u = 0. 
The first substitution is the same as (b) of Example 42.52, namely 


(a) u = wy, 
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The second substitution, however, is more complicated than the one in 
(d) of Example 42.52. It is 


(b) vo = oe a/amt2, 


The substitution of (a) in (42.54) and of (b) in the resulting equation, will 
yield the Bessel equation 


d?y dy 1 

2) ae Lows oe a 
(c) ” dw? | ” dw aah (m+ =) Ui 
Its solution is 

(d) y = Jijm+2y(w). 


Replacing w by its value in (b) and then substituting the resulting value 
of y in (a), we obtain 


(42.55) UU = eS iin (24, V me) ) 


which is a solution of (42.54). Note that when m = 2, b = 1, (42.54) 
reduces to (a) of Example 42.52, and (42.55) reduces to its solution (i). 


Example 42.56. ind a solution of 
(a) u” + Oru = 0. 


Solution. If in (42.54) we let b = 9,m = 1, it reduces to (a) above. 
Hence a solution of (a), by (42.55) is 


(b) U= ag Ede). 


Comment 42.57. The method used to solve equation (a) of Example 
42.52 can be applied to a still more general equation than (42.54), namely 


(42.58) 22u" + (1 — 2a)au! + (b7e7e% + a? — kch)u = 0. 


The first substitution 


(a) = 2 ee 
will change (42.58) into the equation 

y —— 
© ae ae 
Verify it. The second substitution 


wesebs®, 


(c) 
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will change (b) into the Bessel equation 


d?y dy i ee 
2 + Yop + k)y = 0. 


(4) w? 


Its solution is 
(e) ya). 
Hence by (a), (e), and (c), a solution of (42.58) is 
(42.59) a= COs 
Comment 42.6. If, in (42.58), we make the substitutions 


m+ 2 > l 
2 m+ 2 


(a) C7 eee 


and replace b? by 4b/(m + 2)?, it reduces to 


(b) oe = be ee u”’ + br™u = 0. 
A solution of (b), by (42.59), is then 

2b 
2 ea US! te vir) 


Note that the second equation in (b) is now the same as (42.54). Note 
too that their respective solutions (c) and (42.55) are, as they should be, 
also the same. Hence (42.54) is only a special case of (42.58). By assigning 
different values to a, b, c, and k in (42.58), we can thus obtain many 
different equations whose solutions will be given by (42.59). 


Example 42.61. Find a solution of 
k? 
(a) v?ul’ + au’ + (: — =) a —* () 
Solution. If in (42.58), we let 
(b) a=0, b=2, c= 3, 
it reduces to (a). Hence a solution of (a) by (42.59) is 
(c) i Joy 


Comment 42.62. If k is not zero or a positive integer, then, by (c) 
above and (42.33), 


(d) u(r) = cy y(2Vr) + e2J _1(2V/2) 


is a general solution of (a) of Example 42.61. If & is a positive integer, 
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then by (42.35), a general solution of (a) is 
(e) u(t) = cWx(2Vz) + coNe2V 2), 
where N(x) is given by (42.34). 
Example 42.63. Find a solution of 
(a) eeu! + uw’ — (x? + ku = 0. 
Solution. If in (42.58), we let 
(b) WO lg ee 
jt reduces to (a). Hence a solution of (a) by (42.59) is 
(c) ug J nae) 


Comment 42.64. The function obtained by multiplying (c) of Exam- 
ple 42.63 above, by the constant i~* is also a solution of (a) of this 
example. It is usually written as fee). dence 


(42.65) I(x) = 0 "J ,(22). 


The function J,(x) of (42.65) is called a modified Bessel funetion of 
the first kind. 


Comment 42.66. We list one more equation which can, by a suitable 
substitution, be changed into a Bessel equation. It is 


(42.67) eeu! + 2 — 2x tanz)w — (x tanz + k?)u = 0. 


The substitution u = y/cos x will transform (42.67) into the Bessel 


equation 


2 
l 
(a) a? vt + 2 = +. (x? — k?)y = 0. 


Since a solution of (a) is y = Ji(x), a solution of (42.67) is 


1 
(42.68) u = —— I ale). 


LESSON 42D. Properties of Bessel Functions of the First Kind 
Jif). 


A. Properties of the Zeros of Bessel Functions J;,(x). We list 


below, without proof, a number of properties of the zeros of Bessel func- 


(iin wig (x vol the first. kind. 
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1. If x; and zg are two zeros of J;(x), then in the interval J: 2; < 2 < Zo, 
there is a zero of J,_1(x) and Jx4.1(z). 

2. The Bessel function Jo(z) has a zero in each interval of length 7. 

3. Each Bessel function J;(z), k = 1, 2,---, has an infinite number of 
real positive zeros in the interval J: 0 < x < oo. 

4. If k > 4, then the difference between two consecutive zeros of J;(z) 
is greater than 77. 

5. If k > 4, then the difference between two consecutive zeros of J;(zx) 

approaches 7, as x approaches infinity. 
. The first positive zero of J;(z) is greater than k. 
7. A Bessel function J;(z) has only real zeros. 


op) 


B. Integral Property of Bessel Functions J;(x). 


Theorem 42.7. Let 71, T2,°-:, be distinct positive zeros of a Bessel 
function J;(x), where k is a fixed real number. Then 


1 
(42.71) | td y(7 x) J ¢(7j2) dx = 0, if ae "j; 
0 
ee len tae, 


Proof. In Example 42.5, we proved that u(r) = x!/?J,(z) is a solution 


1 — 4k? 
of uw’ + (1 + 1) u = 0. In a similar manner, it can be shown 


that : 
(A) a Ga) oh? 7, (rz) is a solution of u’’ + (12 — 1) te 0. 


4x2 


2 
Wig Ga) = aw! J, (r jx) is a solution of u’’? + (1 Jt 14) u=— 0. 
[Or you can obtain these solutions by letting a = 4, b = 7, ¢ = 1 in 
(42.58). It will then reduce to x?u!’ + (r?x? + 2 — k?)u = 0. Division 
by «* will give it the form of the differential equations in (a). A solution 
by (42.59) will then be 


(b) u = 227, (rz).] . 
Hence, by (a), 
, il = ye 
(c) ty"! (2 =f ey u, = 0, 
y 1 — 4k? 
ue! + (+ ai 1) ue = 0. 


Multiplying the first equation in (c) by ue, the second by —w, and adding 
the two resulting equation, we obtain 


(d) Ugly” tees Ge rage 737) UU. 
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Integrating (d) between the limits 0 and a, and recognizing that the left 
side of (d) is (d/dxr)(uguy’ — uy,Ue’), there results 


zx 
(e) [wouy’ — wyte’]o = (r;° = yf UyUo ax. 
0 
By (a) and its derivatives, 
(f) u,(0) a 0, u2(0) = 0, 
| ee Ue) ee a), 
uy rye PT (rjx) + 4a (rj). 


Substituting (a) and (f) in (e), and then simplifying the result, we obtain 


(g) . 
xlrala(rjx)t xl (rit) — ryJe(rit)d x! (r32)] = (77? — nf tJ (rx) J n(r jx) dx. 


If r = 1, ie., if the interval (0,z) is the interval (0,1), then (g) becomes 


1 
th) rdalrpdal(rs) — rida(rd Ja (rs) = (r? — af uJ u(r x) J (7 5e) Ox. 


By hypotheses r; and r; are zeros of J;(z). Therefore, Jz(r;) = 9, 
Ji(r;) = 0 and the left side of (h) vanishes. Hence if r;, rj, are two distinct 
zeros of J,(x), we can divide (h) by r;? — r,” to obtain the first equation 


int (4De7 1): . ~ 
We now prove the second equation in (42.71). Differentiating the equa- 
tion in (g) with respect to r;, we obtain 


(i) alr ad x! (rt) Fx! (riz) — Jr xy Jl (rj) — ryder iz) dn (732)] 
x d zx 
= 2r | ad (rit) Ja (75x) de + (r;? — r;*) oa ray eae Wal caree ache 
"Jo rj J0 


If r; = 7;, then (i) simplifies to 
(j) afer! (riz) — Tar izy Jal (rie) — rid (riz) a! (rix)] 
= ars td 4? (1 ix) dx. 
0 


And if the interval is (0,1) so that 2 = 1, then (j) becomes [remember r; 
is a zero of Jx(z); therefore J(7:) = 9] 


1 
(k) i data = arf td 2 (7 ix) Gar 
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Hence 
1 

(1) i wi, 2(rat) dx = 4x70), 
0 


which is the second equation in (42.71). 


Comment 42.72. Because of the first equality in (42.71), the set of 
functions Jz(r12), Je(T2x), - +, is said to be orthogonal on /:0 S x S31 
with respect to the weight function x. Compare with Definition 41.5 
for an orthogonal set of functions. 


EXERCISE 42 


1. Find general solutions of each of the following Bessel equations. 


rey rey ee lO 
Oye ae es 
Oe spay ae (Ge Sp =. 
(CTE Se eg Se (a ey) OF 


2. Prove that the substitution in (42.1) of ye(z) = uz(x) — Jx(x) logz, 
z > 0, transforms the equation into x2u,’’ + xu,’ + (2? — k*)u, = 
QzJ,'(x). Hint. Make use of the fact that J,(z) is a solution of (42.1). 

3. Verify, by direct substitution in (42.31), that J1(2) = 0.5767; J—1/2(3) = 
—0.4560. Hint. Factor out (k)! and use fact that (—43)! = 7. Also 
verify that Jo(0.3) = 0.9776; J1(0.2) = 0.0995. 

4. Prove that (a) of Example 42.5 is transformed into (c) by the substitution 
(b). 

5. Verify the accuracy of (c) of Example 42.52. 

6. Verify the accuracy of (a) of Comment 42.66. 


I'ind a solution of each of the following equations 7-14, by using the 
appropriate formula given in Lesson 42C. 


7. y' + 9x2y = 0. Hint. In (42.54), b = 9, m = 2. 
8. y +4 ea)y = 0. 


P + 
. a 


10. y’’ + 423y = 0. 
11. xy" + zy + (x — ly = 
Lary all ty’ — (227+ 4)y = 


14, xvy oy + (x — By = 0. 


15. By assigning various values to a, b, c, and k in (42.58), obtain at least three 
different differential equations and their solutions. 
16. Show that the substitution u = 2e7/?, e7 = u?/4, will lee se the equa- 


tion y’’ + (e* — m?)y = 0 into the Bessel equation wu? a ca Ty wu 
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1. 


(a) 


1. 


20. 


(u? — 4m*)y = 0. Since a solution of the second equation is y = Jam(u), 
a solution of the original equation is y(z) = Jam(2e7/*). Hint. Follow the 
procedure used in making the second substitution after (c) of Example 42.52. 


. With the help of problem 16, find a solution of each of the following differ- 


ential equations. 


(a) y + (e — 9)y 
(c) y’ + (@ — $)y 


Assume that a function f(z), defined on the interval (0,1), can be repre- 
sented by a series of Bessel functions, 1.c., assume 


He = Cou e(P0r) ele ee) cod (raz) +-°°, 


where ro, 71, T2,°°*, are the distinct, positive zeros of J(z) and k is a fixed 
real number. Show that the coefficients co, c1, c2,°°*, are given by 
1 


(Jel (rcs = of Oh x) J AORL) tae. 


4 (yy + eye yO 


Hint. Multiply (a) by zJ;(7.z), integrate from 0 to 1, then use (42.71). 
Prove each of the following identities. 


(a) “ (xtJ,(x)] = x*J,_1(z). Hint. Multiply (42.37) by x‘ and then take 
a 
its derivative. 
(b) < [xa (z)] = Se ao See hint in (a). 


(c) Jr @) + kr J,,(z) = J,-1(z). Hint. Carry out the differentiation 
in (a) and then divide by oe 

(de) — kx Ji(z) = —Jx4i(z). Apply hint in (c) to (b). Divide 
bya“. 

t) Gy) aa) = QJ,/(z). Hint. Add (c) and (d). 


2k 
CG) Jr Sepia = Gar 


) - Jo(z) = —Ji(z). Hint. Set k = 0 in (a) above, and then make 
o 
use of (42.36). 


(g 


2 

(h) “5 (Ja(z)) = HJ e—2(z) — 2da(x) + Je +a(2)]. Hint. Differentiate (e). 
we 
Then use (e) again to find Jisi'(z) and J;,-1'(z). Substitute these 
values in the J;”” (z) equation. 


(i) Jise(z) = 2 sima, Hints (4)! =a. 
(j) J-12(z) = se i me iw 


Show that the coefficient of t” in the series expansion of e/2)¢—Q/9] in powers 

of Gis Tale). Ment. e(e/2t- C/O} == et/2e—*/2t Write the series expansion 
4 sf . . 

roduct, multiply both series, then show that the co- 


of each term of this p 
efficient of & = J ye). 
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ANSWERS 42 


1. Substitute: (a) & =» 1 in (42.2) and (42.34); (b)e&& = 21m (422) and (42.34); 
(c) & = 4 1n (42.2)and (42:21); (d) k =) S1n 4222) and (42721). 


Sy = a Sy 4(82°). ll. y = Jo(2V/2). 

fy = sy a(z). 12. y = Jo(iz). 

io x! ? 7 5/6(z). Ls. y= 2 : 
lO, = oT y;5(Sn°"”). i as =) 


Gy) S ner Oe (b) y = J\(2e””). (©) ah Tere 


LESSON 43. The Laguerre Differential Equation. Laguerre 
Polynomials L,(x). Properties of L;(x). 


LESSON 43A. The Laguerre Differential Equation and Its Solu- 
tion. The differential equation 


(43.1) ry’ +1 — x)y’ + ky = 0, Kk real, 


is called the Laguerre equation, after E. Laguerre (1834-1866). It is of 
interest only when & is an integer and the interval isx 2 0. You can verify 
by Definitions 40.22 and 40.24 that x = 0 isa regular singularity of (43.1). 
Hence we seek a Frobenius series solution of the form 


Gh y = o™(ag + air + Geox? + ---). 


Multiplying (43.1) by x and comparing the resulting equation with 
(40.33), we find that 


both of which are already in series form and valid, by Comment 37.53, 
for all zc. Hence, by Theorem 40.32, a Frobenius series solution of (43.1) 
will be valid for all xz, except perhaps at x = 0. Comparing (43.12) 
with (40.34), we find 


(43.13) bo => ie by a= = iy Cy = 0, Cy; = les 


All remaining 0’s and c’s are zero. The indicial equation (40.38) therefore 
becomes 
(43.14) m?—mt+m=0, m?=0, 


whose roots are m = 0 twice. We can therefore expect only one Frobenius 
series solution of (43.1). 
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Using the root m = 0 and the values in (43.13), we obtain, by setting 
the second coefficient in (40.37) equal to zero, 


(43.15) a; taok = 0, a, = —kapo. 


The recursion formula, obtained by setting the coefficient of 2”*” in 


(40.37) equal to zero, becomes with m = 0 and the help of (43.13), 
(43.16) a,[n(n — 1) + n| + Geni — (ee 1 k]) = 0, 


which simplifies to 


—l1)—k 
(43.17) —— @—i—* On—1. 
By (43.17) and (43.15), 
1—k —k(l —k k(k — 1 
(43.18) ag = ye ay = ot ag = er ao, 
2—k —k(k — 1)(k — 2) 
ag = ay = or ge 
_3-k, _Mk-DG—2E-9), 
@q-— fe os j20oe a4? 0» 
(= — i 2) eae F 
a — 2 “ep APs oe 0» 
(—1)"k! 


SNe. oe 


Substituting m = 0 and the above values of the a’s in (43.11), we obtain 


k(k — 1 kk = DUa— 2) - 
(43.19) yale) = a9 (1 — te + 8S 53 ae ( a x 
k(k — i(k — 2)(k — 3) 
+ Og 
Ue 
+ apical be): 


which is a series solution of (43.1), valid for all z. A second solution will 


have the logarithmic form shown in (40.51). 


LESSON 43B. The Laguerre Polynomial L,(x). If & a 0, 1, 2, 
‘“ 9) terminates. The resulting polynomials, with 


9 ..., the series (43.1 | 
“ Laguerre polynomials and are designated by 


ay = k!, are known as 
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L(x). Hence, by (43.19), with ap = kK}, 


(43.2) Lo(x) = 1, 
Lo a, 
Lo(x) = 2 — 4x 4+ 2?, 
L3(z) = 6 — 18x + 9x? — 2%, 
L4(z) = 24 — 96x + 722? — 16x? 4+ x*. 
1\2 “ (Sl n 


We may place (k!)? outside the summation sign, since the summation is 
over n. Graphs of the first four Laguerre polynomials are shown in 
Fig. 43.21. 


Y 

16 

15 

ie L,(x) 

9 

6 

3 

iN 

a ~f , fe Ue 

-2 -] 0 3 4 5 6 rf xX 


Figure 43.21 


It has been proved that a Laguerre polynomial of degree n has exactly 
n real zeros in the intervalO0 < x < «. Note in Fig. 43.21 that Lo(z) has 
no zeros, L,(x) has one zero, Le(x) has two zeros, and L3(x) has three 
zeros in the interval x > 0. 

We give below two equations which can be transformed into Laguerre 
equations by a proper substitution. 


1. The substitution 


(43:22) Wie 
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in the equation 
(43.23) ru’ + (1+ar)u' + (A+ lu = 0 


will transform it into the Laguerre equation (43.1). Since y = Ly(x) is a 
solution of (43.1), it follows by (43.22) that 


(43.24) 1 Te Lael) 


is a solution of (43.23). 
2. Similarly, the substitution 


(43.25) tee eA ey 
in the equation 

i. Ser eee 
(43.26) ult + (Z + i ') 0; 


will transform it into the Laguerre equation (43.1). Since y = Li(2) is a 
solution of (43.1), it follows by (43.25) that 


(433.27) ome 6 lee a) 


js a solution of (43.26). 


LESSON 43C. Some Properties of Laguerre Polynomials L(x). 
A. Analog of Rodrigue’s Formula for the Legendre Polynomial. 


(43.3) Lalx) = Mig £ (x"e—*). 


Proof. We shall show first that the formula is valid for the first three 
Laguerre polynomials. By (43:3); 


(a) Lo(x) = e*x°e* = 1, 
x d —z xn/,—r oe . 
Digg ae eae) RC =e = | a 


a 


—z Bod wpa 2.-=x 
igtttt——e aa (we 7 = qq (ere — xe“) 


i il i aw 


I 


—x 2,7 __ 3 .—z 
De he OO ae co) 


\ 
o 
8 
boat 
co 
ot 
oO 
| 
8 
| 
for) 
a 
) 
& 
| 
8 
+ 
a 
o 
© 
| 
8 
~~ 


et(Ge~” — 18ae* + Qx2e—* — x°e~") 
= 6 — 182+ 927 — 2°. 


You can verify that each of the formulas in (a) agrees with those in (43.2). 
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The proof of (43.3) for the general case follows. First verify that 
(ny) __ f(x) g"— 
(43.31) {f(a)9(x)] Wien c= pi FP @sP@), 
i.e., the coefficients of the nth derivative of f(x)g(x) are the same as the 


coefficients in the binomial expansion of (x + 1)”. In (43.31), let f(z) = 2” 
and g(x) = e *. It then becomes 


(43732) —— (r"e*) = bY or ae — =a (te ye 
When 
(333) ele £ (x”) = nz", 


2 
ae Tx? (x) = n(n — 1)2"~?, 


3 d° (x") = n(n — 1)(n — 2)2"~? 
dx3 } 
k 
n=k: £2") = n(n — l)(n — 2)--- nr — lock ems 
=— n! n—k 
ai — me 
Also 
Gee > = ae 
(43.34) ae maar (e — — (—1)” 


Substituting in (43.32) the last equality of (43.33), the equality (43.34) 
and then multiplying the result by e7, we have 


43.35 Oe, » ae 
(4350) oe qgn (ee = (n!) l(a — A) ' 


You can verify that the right side of (43.35) also will give the first four 
Laguerre polynomials in (43.2). It is, in fact, another form of writing the 
polynomial solutions of the Laguerre equation. We shall now show that 
the right side of (43.35) and of the last equation of (43.2) are equivalent. 
In the summation of (43.35), let p= n—k. Therefore k = n — p 
and when k = 0, p = n and when k = n, p = 0. Hence the right side 
of (43.35) can be written as 


(—1 aD 
(43.36) (nl)? = Fo ia aia aye 


Therefore, by (43.36), with n = k, 


(43.37) (ht)? » a= iS eee a 


less : D) eo one : 
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The summation in (43.37) is now the same as the right side of L(x) of 
(43.2). 


. 
B. Integral Property of Laguerre Polynomials. 


Theorem 43.4. Let Lo(x), [y(x), Le(x).- ++, be Laguerre polynomial 
solutions of (43.1). Then 


(43.41) I Bae) Lowrie) Ge = ree et 
Proof. Let wu, and u, be two solutions of (43.26). Therefore 
1 2m -+ 1 ] 
‘ ie ae eS = 
(a) tee (ds 23 i) uae— 0; 
bs 1 2n + 1 ] = 
a & © 2a 4 ities 


Multiplying the first by un, the second hy —tm and adding the resulting 
equations, we obtain 


We = Hal 
(b) singel, = Unt = a) UmUn. 


Integrating between the hmits 0, «, and recognizing that the left side of 
(b) 1s (ida) Cunitn’ — Umntln’), there results 


i) 
: l 
(c) lima [oeaten’ — Unin'lo = am— nf = Unt dit, Sint poo 
O . 


hon 


By (48.27), solutions of (a) and their respective derivatives are, 


(d) diy, = el a Lome 
lee = SE ee we a {eee “ oe Ae 
Le = qt hea, 
tle! = ee de: { fae Ps, “| dig ois oe 


Inserting the above values in (c), we obtam 
é = = h 
(c) Hin [eaten 2) et) ae er Gaver eo te 
h-»n a 
= (n — >) 0 toe) LG, (@ ae. 
0 


pe 0, ond, by. (27118) (d), it approaches 


The left side of (e) 1s zero when 
By hypothesis m # 1. Therefore (e) 


zero for positive fas hw w. 


shnplifies to 


(f) / Ont) Les @) dv 0. 
/ 0 
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Because of (f), the set of Laguerre polynomials is said to be orthogonal 
on/: 0 S$ x < » with respect to the weight function e~*. Compare with 
Definition 41.5 for an orthogonal set of functions. 


EXERCISE 43 


1. Find a series solution of each of the following differential equations. 
(zy Oe aay 0 Dey (Ie ay ly) 

2. Verify that the substitution (43.22) in (43.23) gives the Laguerre equation 
(43.1). 

3. Verify that the substitution (43.25) in (43.26) gives the Laguerre equation 
(43.1). 

4. Use formula (43.3) to find La(z). 

5. Find a series solution of each of the following. 
(a) zy’ + 1+ 2)y + y = 0. Hint. See (43.23). 
(b) oy! 42 (1 Sey ey 0 (ey ey ed ay sy = 0. 


6. Find a series solution of each of the following. 


. 1 1 1 
(a) y +(b+e Dy 


(b) Wet 4) 0. (c) w+(h+i-dy =o 


0. Hint. See (43.26). 


4x2 Qe 4 4x2 0 x 4 
7. Assume that a function f(x), defined on the interval (0, ), can be represented 
by a series of Laguerre polynomials, i.e., assume 
(a) {Rye seololy) = cy) = ea 
Show that the coefficients co, ci, c2, °° + are given by 


if e Ly(x) f(x) dx 


Chk = 


if : e"[Lx(x)]* dx 


Hint. Multiply (a) by e~7Zx(z), integrate from 0 to ©, then use (43.41). 


ANSWERS 43 


Lee 


(a) replace k by 4 in (43.19). (b) replace & by 1.2 in (43.19). 


So. (8) eo = eee) —see. (b) y = e7*Li(z) = e7(1 — 2). 
CO Gaby Ge). 

6. (a) i a = ea t/2z1/2 
(b) y= eo a ae) = pee (1 aa x). 
(C) yer iyo 
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Numerical Methods 


Introduction. In many practical problems involving differential equa- 
tions, what is often wanted is a table of values of a solution y = y(x), 
satisfying given initial conditions, for a limited range of values of x near 
the initial point xo. For example, we may want values of y(z) when 
z= 2toth, to + 2h, ro + 3A, ete., avhere his 0.05 or 0.1 or 0.2, etc. 
Even when a solution y = y(z) of a differential equation can be written 
in terms of elementary functions, it may at times be easier to obtain this 
limited table of values by the numerical methods we shall describe in this 
chapter, rather than from the analytic sohution itself. This statement is 
especially true when the solution is an implicit one. As we have remarked 
on numerous occasions, implicit solutions are usually such complicated 
expressions that it is almost impossible to find the needed function g(x) 
which it implicitly defines, or to calculate values of y for given values of 2. 
Moreover, in a great many problems, a solution of a differential equation 
cannot be expressed in terms of elementary functions for the very good 
reason that the differential equation does not have any such solution. lor 
example, the equation y! = 1//r3 + 1 does not have a solution in terms 


of elementary functions. 
By a numerical solution of a differential equation, we shall mean a 


table of values such that for each x there is a corresponding value of y(z). 
In this sense, even an explicit solution in terms of an elementary function, 
such as y = sin zor in terms of a nonelementary function such as y = i CO 
isa numerical solution. For each x, we can took ina table and find a value 
of sin x or of the Bessel function J o(.). 

You will soon discover that the work involved in computing a table of 
values even when a moderate degree of accuracy is needed is laborious 
and tedious. However, with the current increased availability of high- 
hines, it is possible to have them make many burden- 


speed computing mac | . 
ou. But it will still be necessary for you to know 


some calculations for y 
how and what to feed these machines. | | 

In the following lessons of this chapter, we shall explam various methods 
rical solution of a differential equation can be obtained, 


by which a nume 
631 
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To keep the arithmetical calculations within reasonable bounds, and also 
to be able to check the accuracy of our results, we have selected simple 
differential equations for our examples, ones which can be solved explicitly 
in terms of elementary functions. You must keep in mind, however, that 
we are using them only to illustrate a method. These same methods can 
be employed to find numerical solutions of more complicated equations. 

We illustrate the methods we shall develop for finding a numerical solu- 
tion of a first order differential equation by applying them to an equation 
of the form y’ = f(x,y) for which y(zo) = yo. We assume in our discus- 
sion that a unique particular solution of this equation, satisfying the given 
initial condition, exists. (For criteria which will give a sufficient condition 
for the existence of this unique particular solution, see Theorem 58.5. If 
the criteria of the existence theorem are too difficult to apply, a practical 
man will usually know from his experience and from the nature of the 
physical problem which gave rise to the differential equation whether a 
solution exists.) 

The methods we shall develop for finding a numerical solution of a dif- 
ferential equation have been divided into three categories. In one cate- 
gory, we include those methods which need only the given equation 
y’ = f(x,y) and the initial condition y(v9) = Yo in order to start the con- 
struction of a table of values of y for given values of x. They are therefore 
called appropriately starting methods. In a second category, we include 
those methods which need more values of y than only the initial condition 
y(%o) = Yo before they can be used. These methods are therefore called 
appropriately continuing methods since they can be used to continue 
the construction of the table only after the needed preliminary values 
have been obtained by starting methods. In a third category we include 
those methods whose only purpose is to correct values of y obtained by 
starting and continuing methods. These methods are therefore called 
appropriately corrector methods. 


LESSON 44. Starting Method. Polygonal Approximation. 


In this lesson we shall show, by a method called the polygona! method, 
how to start the construction of a table of approximate values of y(xp +h), 


y(Xp + 2h), +--+, where h is a constant and y(x) is the unique particular 
solution of 
eed) y’ = f(x,y) 


satisfying the initial condition 
(ad 11) y(%0) = Yo. 


We proceed as follows (see I’ig. 44.12). By (44.1) and (44.11), we determine 
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Te 


(Xo. Yo) = [20. 1%0)] > 


y(Xo + 2h=y(x, + h)= 


Ss sia WxV)=yo 


ya )=r1 


Xo Xo th=x, Xp t2h=x,+h=x, 


Figure 44.12 


the value of y’ at (xo,yo). The equation of the tangent to the integral 
curve y(z) at the point (20,Yo) 18 therefore 


(44.13) y — y(to) = (x — zo)y"(2o). 


This tangent line will intersect the line x = Zo + h in a point whose 
ordinage is (in (44.13), replace x by zo + AJ, 


(44.14) y(to + h) = y(ro) + y'(Zo)h. 


In our table, we can now record the value of y(tg + h) obtained by 
(44.14). It is an approximation to the actual value of y(vo +h). The 
error in this computation 1s shown as iy a re. ee 2. 

For convenience we write (x1,y1) for the port [vo + h, yro + A) At 
[x1,yi] we repeat the above procedure as if (01,41) were actually on the 
integral curve. We find the equation of a line through (21,41) having a 
slope obtained by (44.1), with c= m1, y = yn. If we call this slope 
y'(r1), then the equation of this line is 


(44.15) y — yn) = WAG ee = Ue 
Its intersection with the linew = to + 2h =r, + his 
(44.16) y(to + 2h) = y(rr + A) = yl) + yah. 


In our table, we can therefore now record the approximate value of 
y(xo 4 9h). The error in the computation is shown as /?2 in Wig. 44.12. 
Continuing in this manner, we find 


(44.17) y(xo + 3h) = y(eg + A) = ylre) + y"(ra)h, 
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which is an approximate value of y(xo + 3h). And in general, we find 
(aaa13) y(tn +h) = y(tn) + y'(ea)h, 
which is an approximate value of y[x» + (n + 1)hl. 


Example 44.2. By means of the polygonal method, find approximate 
values when x = 0.1, 0.2, 0.3 of the particular solution of the differential 
equation 


(a) y=r+y, 
for-which y(0) = 1. Take h = 0.1 and h = 0.05. 


Solution. Comparing the initial condition with (44.11), we see that 
to = 0, yo = 1. By (44.18), with h = 0.1 and z, taking on the values 
0, 0.1, 0.2, we obtain 


(b) y(O + 0.1) = y(0.1) = yO) + y’(0)(0.1), 
(c) y(0.1 + 0.1) = y(0.2) = y(0.1) + y/(0.1)(0.1), 
(d) y(0.2 + 0.1) = y(0.3) = y(0.2) + y'(0.2)(0.1). 


By (a) and the initial conditions, y’/(0) = 0+1= 1. Therefore (b) 
becomes 


(e) y(0.1) = 1 + 100.1) = 1.1. 


By (a), when « = 0.1, y = 1.1, we find y/(0.1) = (0.1)? + 1.1 = 1.11. 
Therefore (c) becomes 


(f) y(0.2) = 1.1 + 1.11(0.1) = 1.211. 


Witulnes —=00,2 ——iee | 1 evemnndubya(aeae (0.2) (0) eee) Ie 
1.251, and by (d) 


(g) y(0.3) = 1.211 + 1.251(0.1) = 1.336. 


In numerical solutions, it is usually desirable to construct a table in 
which all relevant computations are systematically recorded. For the 
above example, the table has the appearance of Table 44.21. The actual 


Table 44.21 


Actual Values of 


w= ya, = Vo.) =a GH eG he 

y( y y ( y(n + A) _ 
0.0 1.0 1.000 0.1 1.1 1.000 
0.1 11 LA 0.111 1.211 1.106 
0.2 1.211 1.251 0.125 1.336 1.224 


0.3 1.336 1.360 
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solution of (a) satisfying y(0) = lis y = 3e7 — x? — 2x — 2. By it we 
obtained the figures in the last column of Table 44.21. 


With h = 0.05, our table of values becomes, by (a) and (44.18), Table 
44.22. 
Table 44.22 


gg 


Actual Values of 


In y(rn) ae) hye, one p 
y ( y' (Xn) y( ) en 

NN — 
0.0 1.0000 1.0000 0.0500 1.0500 1.0000 
0.05 1.0500 1.0525 0.0526 1.1026 1.0513 
0.1 1.1026 1.1126 0.0556 1.1582 1.1055 
0.15 WPilcie 1 S07 0.0590 le2geZ 1.1630 
0.2 | 22 1e2572 0.0629 1.2801 1.2242 
025 1.2801 1.3426 0.0671 1.3472 1.2896 
0.3 1.8472 1.3596 

= Actual solution Polygonal approximation 

hao 
paleo approximation 
h =0.05 

Ne2 

Wal 

1.0 

0 0.05 0.10 0.15 0.20 0.25 0.30 


Figure 44.23 


A graph of the actual solution and of the polygonal approximations are 
shown in lig. 44.23. 
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General Comment on Errors in a Numerical Computation. The 
question of determining the errors in a table of numerical values is an 
extremely complex one. There are in general four types of errors. 


1. Arithmetical errors made by the individual or due to the misbehavior 
of a calculator. 

2. Rounding off errors due to stopping with a certain decimal place. 

3. Formula errors due to the use of an approximating formula to obtain a 
numerical answer. 

4. Cumulative errors. At each step in a lengthy process an error occurs 
that is carried along to the next stage. 


We shall assume that the error due to the rounding off of a decimal can 
be compensated for by retaining a sufficient number of decimal places at 
each step, so that the accuracy desired in the last tabulated value of 
y(xo + nh) will not be affected even in the most unfavorable circum- 
stances, as for example when we have to drop the 49 in 0.3265349 in order 
to round off the decimal to five places. If, however, too many steps are 
required to reach y(%9 + nh), 1t may not always be possible to attain this 
desired objective, but then the loss in rounding off at one step may be 
offset by a gain at another. As regards the other types of errors, we shall 
comment on each of them at the appropriate time. 


Comment 44.3. Comment on Error in Polygonal Method. 


1. In this method, we start with a point and a slope that agree with the 
solution of (44.1) satisfying (44.11). But since the straight line drawn at 
this point (vo,yo) may not be the actual integral curve y = y(zx), a formula 
error is introduced in the first step. It is represented by EH, in Fig. 44.12. 
At each successive point (v2,Yo), (73,43), ++: , at least two errors are intro- 
duced, a starting error and a formula error, so that the cumulative error 
may soon become large. Hence this method is useful only if too great 
accuracy Is not required or if h is very small. 

2. Comparing (44.14) with the Taylor series formula, see (37.35), 


y(cy +h) = yee) + y'eo)h + VO) p? 4... 


y" (Xo) n Tes n+1 
Ties? emailer. 


we see that (44.14) contains the first two terms of a Taylor series. Its 
remainder or error term is therefore, see (37.36), 


(44.31) E=4 
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where X is a value of x in the interval under consideration of width h. Let 
(44.32) E(xo + kh) = error in computing y(to + h) by (44.14). 

Then, by (44.31), 

(44.33) E(xp +h) = Che, 


where c = y’’(X)/2!. Let us now divide the h interval in half and com- 
pute y(x9 + h) in two steps. If we have some basis for believing that for 
a small h, y'’(x) changes rather slowly in this A interval so that the varia- 
tion in the value of y’’(X) in each h/2 interval is negligible, then we com- 
mit a small error in using the same c of (44.33) for each half interval. 
Therefore, by (44.33), the error in computing y(to + h/2) for a half 
interval h/2 is approximately 


ye h? 
(44.34) E (+. -|- ) — 5 (") = oo SE (29 +h). 


ie ; 
This means that the error in y & -- ,) is approximately equal to one- 


fourth the error of y(xo + h). Hence the error in computing in two steps 


h h ; 
the value of y(zo + h), which we write as ¥ | (2 -|- >) + =| will have 


h : 
an inherited error in the starting value of y @ ++ 5 plus its own for- 


mula error. Since each error equals one-fourth the error m y(to ++ h), the 
h Te. 

total error in y (2 -+- 5 + 5 fr ee the error in computing y(ro + h), 

in two steps, 15 approximately equal to one-half the error in y(t9 + h) 

computed in one step. Hence 


h h : 
(44.35) i (xo + ‘) -{- | ae 4h (Pp a h), 
approximately, Let V(ro + A) be the actual value of the solution. Then 


(44.36) Yeo ta) — ¥Qo +) = E(xo + A), 


} } : } } 
V(ro +h) — y (+6 s) * ‘| = E (20 ++ *) +- fl. 


Subtracting the secoud equation in CEE36) from the first, we obtain 


(44.37) 


; } } 
Ne | ) ] y(to +) = Eta th) — #| (x. ‘) +4] 
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Substituting (44.35) in the right side of (44.37), the following equations 
result. 

h h h h 
(44.38) (a) B| (a a *) ais a =o (20 ae ‘) safe 4 =o a) 


(b) 4B (eo +h) = u| (2 - *) + 4 — yao +h). 


The first formula says that the error in the value of y(xo + h) computed 
in two steps is equal to the difference in values of y(zo + h) computed in 
two steps and in one step. 

Formulas (44.38) give us a means of estimating errors at each step. 
Their accuracy does not depend on a knowledge of the size of y’’(X), 
which we do not know, but only on the variation of y’’(X) over a small 
interval. We have assumed this variation to be negligible, an assumption 
which is not unreasonable if y’’(x) changes slowly over h. For example, 
from Tables 44.22 and 44.21, with zp = 0,h = 0.1, 


(a) u| (x. ae *) ae 4 = y(0.05 + 0.05) = y(0.1) = 1.1026, 


yWaoo- bh) = yOL) =] 11. 
Therefore by (44.38) (a), 
(b) E(0.05 + 0.05) = 1.1026 — 1.1 = 0.0026, 


which is the approximate error of y(0.1) computed in two steps. The 
actual error by Table 44.22 is 1.1055 — 1.1026 = 0.0029. 

3. A check on errors, which practical people frequently use, and which 
seems to work, is to make all calculations over again with an A half the 
size of the original one. If the results obtained with the smaller h agree 
with those obtained with the larger h to k decimal places, after being 
properly rounded off, then it is assumed that their common numerical 
value has k decimal place accuracy. Tor example, by Tables 44.21 and 
44.22, ¥(0.3) computed with h = 0.1 and with h = 0.05 agree to one 
decimal place. Hence we assume that y(0.3) = 1.3 has one-decimal 
accuracy. 

4. This method does not give a check on arithmetical errors. However, 
if there is little agreement between the values obtained by using h and 
h/2, all arithmetical computations should be checked. If the arithmetic 
is correct, h should be reduced. 


Comment 44.39. We have headed this lesson “Starting Method.” It 
can also be used as a continuing one. For instance, we can, in Example 
44.2, use this method to find y(0.4), y(0.5), etc. However its low order of 
accuracy makes it a poor continuing method. In the next and succeeding 
lessons, we shall present better ones. 
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~) 


10. 


1]. 


EXERCISE 44 


. Add to Table 44.21, values of y when z = 0.4 and 0.5. Also add actual 


values obtained from the solution y = 3e7 — x? — 22 — 2. 


. Add to Table 44.22, values of y when z = 0.35, 0.4, 0.45, 0.5. Also add actual 


values obtained from the solution y = 3e7 — 2? — 2a — 2. 


. Reconstruct Table 44.21 by applying error formulas (44.38) to correct the 


entries at each step before proceeding to the next one. For example, by 
(44.38) (b), with zo = 0,A = 0.1, 


E(0.1) = 2{y(0.05 + 0.05) — y(0.1)] = 2(1.1026 — 1.1) = 0.0052. 


Hence the corrected value of y(0.1) = 1.1 + 0.0052 = 1.1052. Record 
this new value of y(0.1) in your reconstructed Table 44.21. Starting with this 
corrected value of y(0.1) = 1.1052, compute y(0.2) in one step and two steps. 
Then apply error formulas (44.38) to correct y(0.2), etc. Compare with 
previous results and with actual values of the solution. 


. Find approximate values when z = 0.05, 0.1, 0.15, 0.2 of the particular 


solution of the equation y’ = z+ y? for which y(0) = 1. Take h = 0.05. 


. In problem 4, compute y(0.1) and y(0.2) with h = 0.1. Compare with the 


value of y(0.2) obtained in 4. In the absence of a solution, how many deci- 
mal place accuracy could you assume in the value of (0.2)? Hint. See 
Comment 44.3-3. 


. By use of error formulas (44.38), correct the value of y(0.1) obtained in 


problems 4 and 5. Using this corrected figure, proceed to find y(0.2) in two 
steps and in one step. Then correct (0.2). 


. Find approximate values when z = 1.1, 1.2, 1.3 of the particular solution of 


the differential equation y’ = z?-+ y? for which y(1) = 1. Take h.= 0.1. 
What is the approximate formula error in y(1.1)? [Hint. Calculate y(1.1) 
in two steps and then use error formula (44.38).] In the absence of a solu- 
tion or error formula, how could you estimate the error in y(1.3)? 


. Find an approximate value when z = 1, of the particular solution of the 


equation y’ = 1/(1 + 22) for which y(0) = 0. Use h = 0.2 and proceed 
as follows. Find y(0.2) in one step and in two steps. Correct y(0.2) by means 
of (44.38). Then find y(0.4) in one step and in two steps. Correct y(0.4) by 
means of (44.38). Continue in this way until you reach y(1). Show how this 
value of y(1) can be used to approximate 7. Compare with actual value of 7. 
Hint. The solution of y’ = 1/01 + 2?) for which y(0) = Oisy = Arc tan z. 
Therefore y(1) = 1/4 so that w = 4y(1). 
Follow the procedure outlined in problem 8 to find an approximate value 
when z = 1, of the particular solution of the equation y = y for which 
y(0) = 1. Show how this value of y(1) can be used to approximate €. 
Compare with actual value of = eel The solution of y’ = y for which 
=1i = et. Therefore y = ©. 
hi: eel value when z = 2. of the particular solution of the 
equation y’ = 1/z for which y(1) = 0. lake h = 0.2 and follow the pro- 
cedure outlined in problem 8. Show how this value of y(2) can be used to 
approximate log 2. Hint. The solution of y = 1/x for which y(1) = 0 1s 
y = log x. Therefore y(2) = log 2. 
By formulas (44.14) and (44.31), we have 


y(zo + h) = y(zo) + hy’ (zo) ++ , 


where E = yl (K)h2/2 and X is a value of z in the interval (zo, ro + h). 
Fis the formula error due to stopping with the y'(xo) term in a Taylor series. 
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If we knew which value of z to choose for X in this interval, we would know 
the exact value of F. But we don’t. However, if Mf is the maximum value 
of |y’’(x)| in the interval (ro,xo + A), then |E| S Mfh?/2. We can thus 
establish an upper bound of the error, in an interval of width h, in using 
formula (44.14) to compute y(zo + A). Call this error F; and call Af; the 


maximum value of y’’(x) in this interval. Designate by Fe, F3,-°--+, En, 
the errors in each additional interval of width h, and Mo,---, Mn the 


maximum value of |y’’(x)| in each such additional interval. Then the upper 
bound of the total error F for all intervals is 


he 
(44.4) |B] S [Fal + (Hol +--+ [Bal S > + Me +--+ + Mh). 
Let AY be the largest of the numbers My, Ale,-::, M,. Then, by (44.4), 
he 
(44.41) |E| s 3 nM, 


10 


ll. 


. y(0.2) = 1.2237, y(0.3) = 1.3557, y(0.4) = 1.5107, (0.5) = 
. y(0.05) = 1.0500, y(0.1) = 1.1076, y(0.15) = 1.1739, y(0.2) = 1.2503. 
. y(0.1) = 1.100, y(0.2) = 1.231. 


. y(0.2) = 1.2200, (0.4) = 1.4884, (0.6) = 1.8158, y(0.8) 


where MM is the maximum value of |y’’(x)| in the interval (zo, zo + nh). 

(a) Use formula (44.41) to compute the upper bound of the error in the 
value of log 2 if in problem 10 we had used h = 0.2 without corrections. 
Hant. We 0.2, 1 = 5,9Me = ma jy? | ames (|) ie the 
interval (1,2). 

(b) What is the largest value of h that can be used to insure that the upper 
bound of the error in the computation of log 2 in problem 10 is 0.005, 
if no corrections were made? Hint. By (44.41), we want an h such that 
h?nM/2 < 0.005. Remember hn = 1. 


ANSWERS 44 


- y(0.4) = 1.471, y(0.5) = 1.634. Actual values: 1.51547, 1.69616. 
. y(0.35) = 1.4191, (0.4) = 1.4962, (0.45) = 1.5790, y(0.5) = 1.6681. 


Actual values 1.43470, 1.51547, 1.60244, 1.69616. 
1.6902. 


Can assume only zero decimal place accuracy if rounded off to one decimal. 


. y(0.1) = 1.1152, y[(0.1 + 0.05) + 0.05] = 1.2598, y(0.1 + 0.1) = 1.2496, 
y(0.2) = 1.2700. 
. yl) = 1.2000, y(1.2) = 1.4650, y(1.3) = 1.8236, E(1.1) = 0.0312. 


Would need to make all calculations over again with h = 0.05, see Com- 
ment 44.3-3. 


. y(0.2) = 0.1980, (0.4) = 0.3815, y(0.6) = 0.5415, y(0.8) = 0.6756, 


y(1) = 0.7860. Actual value: z = 3.14159. 


Zealoz, 
y(1) = 2.7026. Actual value: e = 2.71828. 


y(1.2) = 0.1818, y(1.4) = 0.3355, y(1.6) = 0.4688, y(1.8) = 0.5864, y(2) = 
0.6917. Actual value: log 2 = 0.6931. 


(a) |E| S$ 0.1. (b) kh = 0.01. 
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LESSON 45. An Improvement of the Polygonal 
Starting Method. 


Let y(x) be a particular solution of 


(45.1) y’ = f(x,y) 
satisfying the initial condition 
(45.11) y(Zo) = Yo- 


In the polygonal method, we found the approximation, see (44.14), 
(45.12) y(to + h) = y(ro) + y'(ro)h. 


It is possible to improve this estimate using a method similar to the one 
of the previous lesson. In this previous lesson, we found y(to + h) of 
(45.12) by drawing, at (xo,yo), a tangent line to the integral curve y(z), 
and determining its intersection with the line r = zp +h. It is marked 
R in Pig. 45.13. Theserror in y(%o + h) is shown as Ey. The point P in 


ye, 


E, 


R[xo +h, (to + h))= 
R[xo +h, ¥(Xy) +. (Xp)AJ 


Q(x) J’o) 


(Xo thE, 


h Veet 
Xo + 9 XxX th 


Figure 45.13 


the figure is the mid-point of the segment of this tangent line between Q 
and R. The coordinates of P were obtained by using the mid-point for- 


mula of analytic geometry. Substituting the coordinates of P im (45.1), 


we find 


h Pe ck 
(45.14) y’ (, 34 s) _ jl xo ai 3’ y(%o) + y' (Xo) aL 
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The equation of the line through (x0,yo) with slope (45.14) is 


(45.15) 0) — Oa aa (2 ae ;) 


h h 
Jonas ro) |20 a 5? y(xo) + y’(Z0) tI. 
Its intersection with the line x = rp + his 
h h 
(45.16) y(to + h) = y(xo) + is| x =F 5? Yo+ 5 v'(a0)|: 


We shall now prove that the right side of (45.16) is equivalent to the 
first three terms of a Taylor series instead of only the first two as in (45.12). 
Hence the error in the approximate value of y(z9 + h) of (45.16), shown 
as MH» in Fig. 45.13, usually will be smaller than the error £,.* 


Proof. By (88.12) and (38.13), a Taylor series expansion of a function 
of two variables is, with x = ro + a, y = yo + Bb, 


(a) flo + 4, yo +8) = fleoiyo) + a Loo) 4. » Wto,4o) oie i 


Therefore with a = 4 Dies 3 U Gags 


(b) sl zo = ; >Yo + ; v(a0)| = = Gy oe h aoe 


aL = 3 y/(a al Povo) 4. 


Substituting (b) in (45.16), and replacing f(z9,yo) by its equal y’(xo) of 
(45.1), we obtain 


(c) y(xo + h) = y(xo) + hy’(z0) 


h® | af(x Yo) 4 at ee Yo) 
+4 aaa y'(@o) ‘Mote 


By differentiation of (45.1)—we assume the derivatives exist—we obtain 


1 Ue ereoiayy dy 
(d) go> ae + oe Fee 


ur 
*By (37.36), the error or remainder term EF, = oo) h? if the series includes the 
OS) 
first two terms of a Taylor series; the error term BE. = aad h3 if the series includes 


the first three terms. Hence Ee < FE, if LOA) pa < y EASY yp Ao ie, Wee (9) < = = y(Xy . 
For a small h, 3/h is large. 
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Hence 
”" Of (Xo, df (: ’ ! 
(e) y'"(xo) = Le oute) 4, LEoito) (x5) 
Therefore by (ce), we can write (c) as 
h? 
(f) y(to +h) = y(to) + hy'(to) + Yeo) + °° 


A comparison of (f) with the Taylor series (37.27) shows, with z = x9 + Ah, 
that the first three terms of each are the same. 


< . sro -, OA, 
Nore. Use of this method is therefore permissible only if ee and 
z 


Of (z,2 
whee exist al (X0,Yo)- 


Example 45.2. Find, by the method of this lesson, an approximate 
value, when x = 0.1, of the particular solution of 


(a) y = arty 


for which y(0) = 1. 

Solution. Comparing the initial condition with (45.11), we see that 
zo = 0, yo = 1. Therefore by (a), y'(0) = 0+1= 1. Hence with 
to = 0, h = 0.1, (45.16) becomes 


(b) (0.1) = 1 + 0.1f(0.05, 1 + 0.08). 


Here f(z,y) = x? + y. Therefore 
(c) (0.05, 1.05) = (0.05)? + 1.05 = 1.0525. 


Substituting (c) in (b), we obtain 
(d) OU 1 ONOSBi= 1.7052. 


The actual value of y(0.1) is 1.1055. In the polygonal method using two 


steps, we obtained a value of 1.1026. Note the greater accuracy of the 


above method. 
EXERCISE 45 


Apply the method of this lesson to solve the problems which follow. 


1.1053, compute (0.2) and y(0.3) of Example 45.2. 


ing Wi 0.1) = a 
> et ~ th the values found in Lesson 44 and in Exer- 


Take h = 0.1. Compare Wi 


2 Bate) of Example 45.2 in two steps, i.e., first find y(0.05) and then 


y(0.05 + 0.05). Compare with actual value of y(0.1) = 1.1056. Do the 
same for (0.2). 
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3. 


Following the steps in Comment 44.3~2, develop error formulas, comparable 
to those in (44.38), for the numerical method of this lesson. Hint. Since 
formula (45.16) is equivalent to the first three terms of a Taylor series, the 
remainder or error term, by (37.36), is y’’’(X)h3/3!, where X is a value of 
x in the interval under consideration of width h. Ans. 


(45.3) B| (20 == ') ap 2 = ; f ( ale = : = lo as »| ) 


10. 


Blzo + h) = 3 f ( 4. 4 a M — y(zo+ nf. 


. Find approximate values when z = 0.05, 0.1, 0.15, 0.2 of the particular 


solution of the differential equation y’ = 2+ y, for which y(0) = 1. Take 
= 0), 


. In problem 4, compute y(0.1) and y(0.2) with h = 0.1. Compare with the 


value of y(0.2) obtained in 4. In the absence of a solution in terms of ele- 
mentary function or an error formula, how many decimal place accuracy 
could you assume in your value of y(0.2). Hint. See Comment 44.3-3 
Solve the equation and compare with actual value of y(0.2). 


. Find approximate values when xz = 1.1, 1.2, 1.3 of the particular solution 


of the equation y’ = x2 + y? for which y(1) = 1. Take h = 0.1. What 
is the approximate formula error in y(1.1)? Hint. Calculate y(1.1) in two 
steps and then apply error formula (45.3). 


. Find approximate values when xz = 0.2, 0.4, 0.6, 0.8, 1 of the particular 


solution of the equation y’ = 1/(1 + x”) for which y(0) = 0. Takeh = 0.2. 
Use this value of y(1) to approximate 7. Hint. See Exercise 44,8. Compare 
results. 


. Find an approximate value when z = 1 of the particular solution of the 


differential equation y’ = y for which y(0) = 1. Take h = 0.1. Use the 
value of y(1) to approximate e. Hint. See Exercise 44,9. Compare results. 


. Find an approximate value when xz = 2 of the particular solution of the 


equation y’ = 1/z for which y(1) = 0. Take h = 0.25. Use this value of 
y(2) to approximate log 2. Hint. See Exercise 44,10. Compare results. 
By formulas (45.16) and the error term as given in problem 3, we have 


y(zo +h) = yao) + ie +3) w+3 (es) +8, 


where HF = y/(X)h3/3! Following the procedure outlined in Exercise 44,11, 
show that the upper bound of the error E in the interval (ro, zo + nh) is 


3 


(45.31) IE| < a nl, 


where AV is the maximum value of y’’’(z) in the interval (z9,z0 + nh). 
(a) Use formula (45.31) to compute the upper bound of the error in the 
value of log 2 as found in problem 9 above. Hint. h = 0.25, n = 4, 


2 ar 
Mt = mal’) = mas | s= 2 in interval (1,2). 


(b 


~~ 


What is the largest value of A which can be used to insure that the upper 
bound of the error in the computation of log 2 is less than 0.005? Hint. 
By (45.31) we want an A such that h3n31/3! < 0.005 and remember 
nh = 1. 
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ANSWERS 45 


» g(OR)e= 1.2837, ¥(0.3) =» 1.3586. 

, 8(0.05) Se 10518, ¥(0.05 + 0:05) = 1.1055, ¥(0.15) = 1.1630, 

#01 = 0.06) = lat. 

%: y(0.05) = 1.0525, 7(0:1) = 1.11038, (0.15) = 1.1736, y(0.2) — 1.2427. 

a. #(0.1)% 1.11, y(0.2) = 12821. Gan Assume two decimal place wccuracy. 
Actual value: y(0.2) = 1.2428. 

G- FOR) = 9102813, ¥(1/2) = 1:°9506, y(1.3) = 2.0106, ¥(1.05) = 1.1077, 
y(1.05 + O05) = 1.2334; (1.1) = 0.0028. 

7. y(0.2) = 0.1980, y(0.4) = 0.3815, y(0.6) = 0.5415, y(0.8) = 0.6757, 
y(1) = 0.7862. 

' = 1.105, y(0.2) = 1.2210, y(0.3) = 1.3492, y(0.4) = 1.4909, 

y(0.5) = 1.6474, y(0.6) = 1.8204, y(0.7) = 2.0115, y(0.8) = 2.2227, 

=124561, yl) = 2.7140. 

9. y(1.25) = 0.2222, y(1.5) = 0.4040, y(1.75) = 0.5578, y(2) = 0.6911. 

10. (a) |E| S 0.0209. (b) A = 0.12 to two decimal places. 


| 


LESSON 46. Starting Mecthod—Taylor Series. 


In Lesson 44, we found a numerical solution of the differential equation 


(46.1) y’ = f(2,y), 
for which 
(46.11) y(xo0) = Yo, 


by a method which is equivalent to using a Taylor series to terms of the 
first order; in Lesson 45 by a method which is equivalent to using a Taylor 
series to terms of the second order. These methods suggest that greater 
accuracy may be achieved if, for a starting method, we use a Taylor senes 
to terms of order greater than two. There are, however, two practical 
difficulties to the use of a Taylor series. 


1. The function f(x,y) may not have a Taylor series expansion over the 
interval in which a solution 1s desired. lor example, if y’ = f(x,y) = 
fe + y*, then y” and higher derivatives do not exist at xc = 0. 

_ If f(x,y) has a Taylor series expansion, it may be extremely difficult to 
obtain the derivatives needed in formula (37.27). Tor example, try 


taking a few derivatives of (ony — Vay + xy. 


difficulties are not present, then a Taylor series is indeed 
), a Taylor series has the form 


te 


If these two 
a good starting method. By (37.2¢ 


2 , W Coles 
(46.12) y(to FY) = y(ro) fb y/(ro) 2 —. h? 4- = i 


(4)/,. 
: yt) ae. 
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It says in effect that if one knows the values of the function y(x) and its 
derivatives at a point x = Xo, then one can find the value of the function for 
a neighboring point h units away. By direct substitution in (46.12), we can 
therefore find y(xo -+ 0.1), y(xo + 0.2), y(zo + 0.3), etc., provided the 
series converges for these values of zx. 


LESSON 46A. Numerical Solution of y’ = f(x,y) by Direct Sub- 
stitution in a Taylor Series. We illustrate this method by meansof 
an example. 


Example 46.2. Find approximate values when x = 0.1, 0.2, 0.3, 0.4 
of a particular solution of the differential equation 


(a) y=ur+y, 
for which y(0) = 


Solution. Yrom (a) we obtain 
bye ty at), eee, «Bie. 
Hence when «+ = O and y = 1, we find from (b) 
() YO)=1, y"@)=04+1=1, yO) =24+1=3, yO) =3. 
By (46.12), with z> = 0, we have 


mr 4 
@ vw) = 10) +0101 + BO, HOw EO we... 


Substituting in (d), the initial condition and the values found in (c), we 
obtain 


h? h? ht 
(e) UN) = 1 ge ete peal ge 
By direct substitution in (e), we have, using only terms to h*/8, 


(f) y(0.1) = 1+ 0.1 + 4(0.1)? + $(0.1)3 + 2(0.1)* = 1.1055125. 


y(0.2) = 1+ 0.2 + 4(0.2)? + 4(0.2)3 + 4(0.2)4 = 1.2242000. 
y(0.3) = 1+ 0.3 + 4(0.3)? + 4(0.3)3 + 3(0.3)* = 1.3595125. 
y(0.4) = 14+ 0.4 + 4(0.4)? + $00.4)? + 4(0.4)* = 1.5152000. 


LESSON 46B. Numerical Solution of y’ = f(x,y) by the ‘‘Creeping 
up”’ Process. By the direct substitution method, more and more terms 
of the series must be included, as A increases, in order to maintain a de- 
sired degree of accuracy. These terms, if the derivatives of f(z,y) are 
complicated functions, may be difficult to obtain. A more accurate 
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method of using a Taylor series with the same number of terms is to keep 
h fixed and “creep up” to the value of y(z9 + nh) in successive steps. We 
shall demonstrate by the example below how this method works. You 
e soon discover that the greater accuracy is purchased at a price—more 
abor. 


Example 46.21. Solve the problem of Example 46.2 by the “creeping 
up” process. 


Solution. Using our basic equation (46.12), with h = 0.1 and 29 
equal successively 0, 0.1, 0.2, 0.3, we obtain 


(a) y(O+0.1) = y(0.1) 
= 90) + 0.1) + 4O 0.1? + 4 on* 


Bo yest 
y(0.1 + 6 PS 3702) 
= ro gonon 422 (0.1)? 


Oe oe, 
(0.2 + 0.1) = y(0.3) 


= 9(0.2) + y'(0.2)(0.1) +20 11)? 


y’""(0.2) (0.2) 
+ 0.1) _ ua a a see 
y(0.3 + 0.1) = y(0.4) 
= (0.3) + y ‘O30 oS a 1)? 


The first equation in (a) is the same as (d) of Example 46.2 with h = 0.1. 
Hence by (f) of that example 


(b) y(0.1) = 1.1055125. 


By (b) of Example 46.2, the values of the derivatives of y(v) when x = 0.1 
and y = 1.10551209 are 


(c) y/(0.1) = (0.1)? + 1.1055125 = 1.1155125, 
y(0.1) = 0.2 + 1.1155125 = 1.3155125, 
y’(0.1) = 2 + 13155125 = 3.3155125, 
y(0.1) = 3.3155125. 
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Substituting (b) and (c) in the second line of (a) gives 


(dr y(O.2) — 10Selzo -- Ol) OeioaiZ5) ow (1.3155125) 


ate ve (3.3155125) 


0.0001 
24 


=i (3.3155125) = 1.2242077. 


When x = 0.2 and y(0.2) = 1.2242077, we find from (b) of Example 46.2, 


(e) y’(0.2) = 1.2642077, 
y’’(0.2) = 1.6642077, 
y’’(0.2) = 3.6642077, 
y? (0.2) = 3.6642077. 


Substituting (d) and (e) in the third line of (a), it becomes 


(f) y(0.3) = 1.2242077 ++ (0.1)(1.2642077) + (0.005)(1.6642077) 
Ta ae (3.6642077) 


0.0001 


+94 


(3.6642077) = 1.3595755. 


And when xz = 0.3, y(0.3) = 1.3595755, we find from (b), Example 46.2, 


(g) y'(0.3) = 1.4495755, 
y"(0.3) = 2.0495755, 
y’(0.3) = 4.0495755, 
y? (0.3) = 4.0495755. 


Substituting (f) and (g) in the fourth line of (a), we obtain 


(h) y(0.4) = 1.3595755 -+ (0.1)(1.4495755) -- (0.005) (2.0495755) 
te ee (4.0495755) 


0.0001 


on 


(4.0495755) = 1.5154727. 


Comment 46.3. The particular solution of (a) of Example 46.2 for 
which (0) = 11s 


(1) y(z) = 3e7 — x? — 2x — 2. 


We can therefore compare the actual values of y with those obtained by 
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the direct substitution method and by the creeping up process, see Table 
46.31. An examination of the table discloses that the direct substitution 


Table 46.31 


Direct Substitution Creeping Up Process ceaalaatee 
See (f) of See (d), (f), (h) of Obtaitved trom a) 
Example 46.2 Example 46.21 
y(0.1) = 1.1055125 1.1055125 1.1055128 
y(0.2) = 1.2242000 1.2242077 1.2242083 
y(0.3) = 1.3595125 1.3595755 1.3595764 
y(0.4) = 1.5152000 1.5154727 1.5154741 


method has given six decimal accuracy for y(0.1), four for y(0.2), and 
three for (0.3) and y(0.4), after being rounded off to these respective 
number of places. On the other hand, the creeping up method has given 
six decimal accuracy for (0.1), y(0.2), y(0.3), and five decimal accuracy 
for y(0.4). 


Comment 46.4. Comment on Error in Taylor Series Method. 


1. By Theorem 37.34, the remainder or error term of a Taylor series 1s 


(n+1) 
Y (X) n+l 
(46.41) a Oar G) Maes 


where X if a value of x in the interval under consideration of width h. 
In Example 46.2, we stopped with y‘? (x). Therefore by (46.41), the limit 
of error in using h = 0.4 is, with n = 4, 

(0.4)° 


(46.42) || S$ Z7— M = 0.000085, 


where M is the maximum value of |y‘>(x)| in the interval (0,0.4) of width 
0.4. In the creeping up process, the limit of error in each calculation 1s, 


by (46.41), with h = 0.1, 
(en. 


(46.43) |E| S$ 7 MF. 


The total upper limit of error for four steps due to formula only, i.e., the 
limit of error in an interval of width 0.4 by the creeping up process, ex- 


cluding cumulative errors, 15 therefore, 


ae 4 eo M = 0.000000333<7. 


(46.44) pein 
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A comparison of (46.44) with (46.42) shows approximately how much 
more accurate the creeping up method is. 
2. Let 


(46.5) E(vo + h) = the error in computing y(r9 + A) by use of formula 
(46.12) including terms to h*. 


Then by (46.41), with n = 4, 
(46.51) E(z9 + h) = ch°, 


where c = y’(X)/5! Let us divide the h interval in half and compute 
y(xq + h) in two steps. If we have some basis for believing that y (zx) 
changes rather slowly in this small h interval, so that the variation in the 
value of y‘>(X) in each h/2 interval is negligible, then we commit a small 
error by using the same c of (46.51) for each half interval. Therefore, by 
(46.51), the error in computing y(ro + h/2) for a half interval h/2 is 
approximately 


h ive 
(46.52) E (2. + t) — (%)' = = si = = spE (to + h). 


fine 
This means that the error in y (=. ae *) is approximately equal to one 
thirty-second the error in y(%p + h). Hence the error in computing in 


h h 
two steps the value of y(z9 + h), which we write as y (2. ae =) =e 4 , 


h 
will have an inherited error in the starting value of y (=. + *) plus its 


own formula error. Since each error equals one thirty-second the error 
in y(to + h), the total error in y(z9 + h) computed in two steps, i.e., the 


h h 
error in y (x + =) + 4 , will be approximately equal to one-sixteenth 


the error in y(to9 + h) computed in one step. Hence 
(46.53) 73 | a ea, 
: Xo a) y i 16 (Xo ) 


approximately. Let Y(ro + h) be the actual value of the solution. Then 
(46.54) Gite Oe — Way ae | = Gaya 1) 


¥ (ao + h) — u|(zo+4) +4 _ E|(20 +2) +4). 


Subtracting the second equation in (46.54) from the first, we obtain 
(46.55) 


u| to +; a) + 4] — yico +) = Blo +m — B[ (zo +4) +4]. 
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Substituting (46.53) in the right side of (46.55), the following equations 
result. 


(46.56) y (26 -4 *) + i = Yo %) 


= 168 | (26 +4) +H = B| (x +4) +4), 


u| (x 6 *) ae | — y(zp +h) = E(zo +h) — PeE(Zo + A). 


and 


Simplification of (46.56) gives 


(46.57) B|(2o a *) it | = ly (20 in *) a 4 ~ y(t + in| , 


and 
Bteo + #) = 18 {y|{ (20 +4) + 8] — vero + oh 


The first formula says that the error in the value of y(zo + h) computed 
in two steps is equal to one-fifteenth the difference in values of y(%o + h) 
computed in two steps and in one step. 

Formulas (46.57) give us a means of, estimating errors at each step. 
Their accuracy does not depend on a knowledge of the size of TOS 
which we do not know, but only on the variation of y‘>(X)/5! over a 
small interval. We have assumed this variation to be negligible, an 
assumption which is not unreasonable if y‘>(x) changes slowly over h. 
For example, from the column headed “creeping up” process in Table 
46.31, we have with ro = Oe, 


(a) u| (2 of 2) + a = y¥(0.1+ 0.1) = y(0.2) = 1.2242077, 


and from the direct substitution column, 
(b) y(to + h) = y(0.2) = 1.2242000. 


Hence by the first equation in (46.57), 


h\ , h ; 
(c) B| (2 a *) + 4 — E(0.1 + 0.1) = ye(1.2242077 — 1.224200) 


— 0.0000005, 


which is the approximate error of y(0.2) computed in two steps. The 
actual error 1s 1.2242083 — 1.2242077 = 0.0000006. 

3. A check on errors which practical people frequently use, and which 
seems to work, 1s to make all calculations over again with an h half the 
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size of the original one. If the results obtained with the smaller h agree 
with those obtained with the larger h to k decimal places, after being 
properly rounded off, then it is assumed that the common numerical 
value has k decimal place accuracy. This method is, of course, meaningful 
only if the creeping up process is used. 

4. This method does not contain a check on arithmetical errors. How- 
ever, if there is little agreement between the values obtained by using h 
and h/2, all arithmetical computations should be checked. If arithmetical 
computations are correct, h should be reduced. 


Comment 46.58. We have headed this lesson “Starting Formula— 
Taylor Series.” It is evident that it may also be used as a continuing 
method to find y(0.5), y(0.6), ete. There is, however, a practical objec- 
tion to its continued use. To insure a desired degree of accuracy, more 
and more terms of the series will be needed as the distance from the 
initial point x9 increases. This means we must evaluate higher and higher 
order derivatives. In many practical cases, these derivatives, as remarked 
earlier, may become extremely complicated or may be even so right from 
the start. Hence, we must seek other starting and continuing methods 
which do not depend on our ability to obtain derivatives. If, however, it 
is not difficult to obtain many derivatives, then a Taylor series is not only 
a good starting method but is also a good continuing method. It can be 
used as long as the x values remain within the interval of convergence and 
as long as you are reasonably sure that you have enough terms in the 
series to give you values that are accurate to the desired number of decimal 
places. A high-speed calculating machine can, for example, add with ease 
100 terms of a series. 


EXERCISE 46 


Apply the methods of this lesson to solve the problems which follow. 
Use Taylor series to terms of the fourth order. 


1. Use the direct substitution method to find approximate values when xz = 0.1, 
0.2, 0.3, 0.4 of a particular solution of the differential equation y’ = x+ y 
for which y(0) = 1. Take h = 0.1. Solve the equation and compare your 
results with actual values. 

2. (a) Solve problem 1 by using the creeping up method. In the absence of a 

solution in terms of elementary functions or of an error formula, how 

could you determine the accuracy of y(0.4)? 

Why could not one use error formula (46.41) to determine the upper 

bound of the error in y(0.4), just as we did in Exercises 44,11 and 45,10 

to find an upper bound of the error in the numerical value of y(2)? 

Ans. Here y’ is a function of x and y; so also is y"+)(z). For exam- 

ple, y¥ = 7" = y"’ =1+y' =1+2+y. Hence one cannot determine 

the maximum value of y"+)(z) in an interval of width h without 
knowing y(z). But y(z) is the solution we seek and do not know. In the 

previous problems y’ was a function only of z. 


(b 


ee 
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3. 


~1 


Start again with the equation y’ = x-+ y for which y(0) = 1. Using the 
values of y(0.2) found in one step in 1 and in two steps in 2, apply formula 
(46.57) to correct y(0.2). (Notre. Formula (46.57) is based on using terms in 
a Taylor series to order four.) Starting with the corrected figure of y(0.2), 
compute (0.4) in one step and in two steps. Correct y(0.4) by means of 
(46.57). Compare results with those obtained in 1 and 2 and with actual 
values of the solution. 


. Error formulas (46.57) are based on stopping with the fourth order term in a 


Taylor series. Find comparable error formulas if one stopped with a third 
order term, with a fifth order term. 


. Using the direct substitution method, find approximate values when z = 0.1, 


0.2, 0.3 of a particular solution of the equation y’ = —zy for which y(0) = 1. 


. Solve problem 5, using the creeping up method. How could you determine 


the accuracy of y(0.3)? Hint. See answer to problem 2(a) above. 


. Can the direct substitution method be used in 5 to find approximate values 


ong (0.4), a(0%5), 700.6), 0-7), y0.8),- = 7 


ANSWERS 46 


. 1,1103417, 1.2428000, 1.3996750, 1.5834667. Actual values: 1.1103418, 


1.2428055, 1.3997176, 1.5836494. 


. (a) 1.1103417, 1.2428052, 1.3997171, 1.5836486. Compute y(0.4) by the 


creeping up method with h = 0.05. Then make use of Comment 46.4-3. 


. Corrected values: y(0.2) = 1.2428055, y(0.4) = 1.5836493. 
. Third order term: 


coe) +S Hl Coed) <4] vee} 


h 
E(zo + h) = : {v| (20 ar 5) ae \ 20. 4 nf 
Fifth order term: 


p|(2o+ 4) +3| = 1 {y[(2o+2) +4] — vio tn} 


i 
Bizo +4) = = Ly | (20 + ‘) — i — y(zo + n 


5. 0.99501, 0.98020, 0.95601. 


6. 0.99501, 0.98019, 0.95598. 


7. Read Theorem 38.14. The maximum interval of convergence given by the 


theorem is |z| < 4. Hence, in the absence of additional information, the 
series found in 5 cannot be used for |z| > 4. 


LESSON 47. Starting Method—Runge-Kutta Formulas. 


The starting method we shall develop in this lesson for finding a nu- 


merical solution of 


(47.1) y’ = f(x,y) 
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satisfying the initial condition 
(47.11) y(Xo) = Yo, 


was developed by the two people after whom it is named, Runge (1856- 
1927) and Kutta (1867-1944). It has an advantage over the Taylor series 
method in that it does not use derivatives. As mentioned in the previous 
lesson, if the function f(x,y) is very complicated, it may be extremely 
difficult to obtain its second derivative, let alone its third and fourth. 
Because of this fact and its high degree of accuracy, it is in practice prob- 
ably the most widely used starting method. 
By (46.12), 


(47.12) y(xo + h) = y(o) + y(o)h + ru h? wae h3 
see y (xo) a hi a 


Differentiating (47.1), we obtain 


(47.13) ¥"(2) = 5 New) + 5 few’). 


Substituting (47.1) and (47.13) in (47.12), and stopping with the h? term, 
we have 


(47.14) y(Zo + h) = y(Xo) + f(z0,Yo)h 
ae pee 


h? 


Sap NE OO! aEeoo! 


a fleoae) | 


Our aim will be to rewrite the right side of (47.14) so that it will have 
the form 


(47.15) y(Xo =F h) 

= y(Zo) + Ahf(ro,yo) + Bhflzo + Ch, yo + Dhf(x0,¥o)], 
and then find values of A, B, C, D so that the right side of (47.15) will 
actually equal the right side of (47.14). 


By (38.12) and (38.13), the Taylor series expansion of a function of two 
variables about a point (%9,yo), is, With z = rg + a,y= yo t+ 8, 


(47.16) 


flo + a, Yo +b) = f(vorya) + a Lave? + 5 Voto) + 


In (47.16) let a = Ch and b = Dhf(xo,yo). There results 
(47.17) — f{to + Ch, yo + Dhf(x0,yo)] = f(Xo,Yo) 


af(zxo, af(xo, 
+ ch Heo¥o) + papg(a,yq) Leoo) conte) 4: 


Lesson 47 STARTING MretTHOp—RunNGE-Kutra FormMuuAs 655 


Substituting (47.17) in (47.15) and simplifying the result, we obtain 
(47.18) yo +h) = y(to) + (A + B)AS(Zo,¥0) 


Comparing (47.18) with (47.14), we sce that both right sides will be alike 
if, for example,* 


(47.19) A+ B= 1, B= Cr I. 0 — 

from which we obtain 

(47.2) A= F, is, Cla Die), 
Substituting these values in (47.15), we have 

(47.21) y(xo + A) = y(to) + BAS (Zo,Yo) + Shflz0 + A, yo + hf(xo,yo)l. 


Formula (47.21) can be written in the simpler form 


(47.3) y(to +h) = y(ro) + F(t + U2), 
where 
(47.31) u; = hf(xo,Yo), 


ug = hf(zo +h, yo + 4). 


If the first four terms of the series (47.12) are used, then the Runge- 
Kutta formula becomes 


(47.32) y(to + A) = W2o) ee ee v3), 
where 
G3) v, = Af(zo,yo) = Ur 


pp hi (20 a gh, yo + $01), 
(2 = hf (xo + h, Yo + 2v2 = V;). 
And if the first five terms of the series (47.12) are used, then the 


Runge-Kutta formula becomes 


(47.34) yo +h) = ylo) + F(wi + 2we + 2wg + Wa), 


where 

(47.35) wy = Af(ro,yo) = 1 
wo = hf(ro + Fh, Yo + 21) = 2, 
wa = Af(to + sh, Yo + $W2), 
we = hf@o +h, Yo + ws). 


“There are other possible choices of A, B, C, D, but these are the simplest. 
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Since (47.3), (47.32), and (47.34) were obtained by includirig the second, 
third, and fourth order terms respectively of a Taylor series, these for- 
mulas have been called respectively the second, third, and fourth 
order forms. 

As in Taylor series, two methods are available for finding y(r» + 0.1), 
y(xo + 0.2), y(xp + 0.3) by the Runge-Kutta method, one by direct sub- 
stitution in formula (47.3) or (47.32) or (47.34), the other by creeping up 
to y(xp + 0.2) and then to y(ao + 0.3) by keeping h = 0.1 fixed and using 
any one of the formulas in succession. 


Example 47.36. Use the fourth order form and the creeping up proc- 
ess to find an approximate value when x = 0.2 of the particular solution of 
(a) ye 
fOr whielr 4.0) = 1. 


Solution. Comparing the initial condition with (47.11), we see that 
Zo — Oyo — Vo) = 1. Hence, by 7 ether — 0 — 1 


(b) y(0.1) = y(O) + g(wi + 2we + 2w3 + wa). 
By (47.35), with x9 = 0, yo = y(zo) = 1,h = 0.1 and f(a,y) = x? + y, 


we have 
= OC = ken = OL. 
we = 0.1f(0.05, 1 + 0.05) = 0.1[(0.05)? + 1.05] = 0.10525, 
w3 = 0.1f(0.05, 1 + 0.052625) = 0.1(0.05? + 1.052625) 
= 01055125, 
wa = 0.1f(0.1, 1 + 0.1055125) = 0.1(0.17 + 1.1055125) 
= (mm e125, 


Hence, by the above values, the initial condition and (b), an approximate 
value of y(0.1) is 


(c) y(O.1) = 1+4(0.1 + 0.2105 + 0.211025 + 0.11155125) = 1.1055127. 
With zo = 0.1 and h = 0.1, (47.34) now becomes 
(d) y(0.2) = y(0.1) + d(w, + 2we + 2w3 + wa). 


By (47.35); with 29 = 0.1, yo =o) ae —_ 11055127 and ja) 
leat 


Wy 


0.1f(0.1, 1.1055127) = 0.100 == 11055128) — On Say 


we = 0.1f(0.15, 1.1055127 + 0.0557756) 
0.1(0.15? + 1.1612883) = 0.1183788, 
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wz = 0.1/(0.15, 1.1055127 + 0.0591894) 
= 0.1(0.15" + 14647021) = 0.1187202, 


w, = 0.1/(0.2, 1.1055127 + 0.1187202) = 0.1264233. 
Hence by (c) and (d), an approximation of (0.2) is 


(e) y(0.2) 
= 1.1055127 + $(0.1115513 + 0.2367576 + 0.2374404 + 0.1264233) 
= 1.1055127 +0.1186954 = 1.2242081. 


Comment 47.37. If we had found y(0.2) in one step, formula (47.34) 
would have become, with h = 0.2, to = 0, y(to) = yo = 1, 


(f) y(0.2) = 1 + $(w, + 2we + 2wz + wa), 


(g) w, = 0.2f(0,1) = 0.2(1) = 0.2, 

ue = 0.2/(0.1, 1 0.1) 0.2101)" 1.1) = w222, 

6, 0.2/0.1, 1 + 111) = O21@.1)> =F 111) = 0.2282, 

wg = 0.2f(0.2, 1 + 0.2242) = 0.2[(0.2)? 4+ 1.2242] = 0.25284. 
Hence by (f) and (g) 
(h) y(0.2) = 1 + $(0.2 + 0.444 + 0.4484 + 0.25284) 

= ] + $(1.34524) = 1.2242067. 
Comment 47.4. Comment on Error in Runge-Kutta Method. 


1. It has been proved that the error for an interval of width Ah, in using 
the Runge-Kutta fourth order form, is 


(47.41) E(t + h) = Ch’, 


where C isa constant. Although the constant C in (47.41) is not the same 
as the c in (46.51), if we start with (47.41) and follow the steps after 
(46.51), we arrive at the same conclusion (46.57). Hence by (46.57), 


1 h h 
(47.42) E (x ae *) Ze | =e f (20 te *) zz 4} —VCo | , 


Tae! ae f f (2 a *) +P | — y(ro + in| 


In Example 47.36, we found, With roe= 0, reswO.2, leeer(c)| 


h } _ , 
(a) y| (ze -}- *) -- 4 = y(0.1 + 0.1) = ¥(0.2) = 1.224208 1, 
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and, in Comment 47.37, 
(b) y(to + h) = y(0.2) = 1.2242067. 
Therefore by (47.42), with x» = 0, h = 0.2, 


(c) | (2 4 *) a 4 ~ £(0.1 + 0.1) = ?e(1.2242081 — 1.2242067) 
= 0.000001, 


which is the approximate error in y(0.2) obtained in two steps. The actual 
error in y(0.2) obtained in two steps is 0.0000002, see Table 46.31. 

2. All other remarks on errors in Comment 46.4 carry over without 
change to the Runge-Kutta method. 


Comment 47.5. This method could also be used as a continuing one. 
The objection to its use for this purpose lies in the large number of com- 
putaticns which must be made at each step. We shall later give a con- 
tinuing method which is less time consuming and just as accurate. 


EXERCISE 47 


In solving the following problems, use the fourth order Runge-Kutta 
method. 


1. Prove error formulas (47.42). 
2. Using direct substitution, find approximate values when xz = 0.1 and 0.2 
of a particular solution of the equation y’ = x-+ y for which y(0) = 1. 
Take h = 0.1. Compare results with actual values. 
3. Solve problem 2 by using the creeping up method. In the absence of a solu- 
tion in terms of elementary functions or of an error formula, how many 
decimal place accuracy could you assume in the value of y(0.2)? Compare 
with actual value. 
4. Using the values of y(0.2) found in one step in 2 and in two steps in 3, apply 
formula (47.42) to approximate the error in y(0.1 + 0.1). Compare with 
actual error. 
5. Using direct substitution, find approximate values when xz = 0.1 and 0.2 
of a particular solution of the equation y’ = x2 + y? for which y(0) = 1. 

. Solve problem 5, using the creeping up method. 

. Using the values of y(0.2) found in 5 and 6, determine, by means of formula 
(47.42), the approximate error in y(0.1 + 0.1). 


SN 


ANSWERS 47 


bo 


. y(0.1) = 1.1103417, y(0.2) = 1.2428000. Actual values: 1.1103418, 
1.2428055. 

. y(0.2) = 1.2428052. Can assume five decimal accuracy, see Comment 46.4-3. 

. E(0.1 + 0.1) = 0.0000003. Actual error = 0.0000003. 

y(0.1) = 1.1114629, ¥(0.2) = 1.2529908. 

y(0.15) = 1.1776978, y(0.2) = 1.2530162. 

. £(0.1 + 0.1) = 0.0000017. 


AnD w 
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LESSON 48. Finite Differences. Interpolation. 


Before we can develop a continuing method which is just as accurate 
as Runge-Kutta but less time consuming, we shall need additional infor- 
mation. We momentarily digress, therefore, to develop this needed 
information. 


LESSON 448A. Finite Differences. 


Definition 48.1. The first difference of a function f(x), written as 
Af(x) (read “delta f of x”) is defined as 


(48.11) Af(x) = f(x +h) — fe), 


where A is a fixed constant. It is the difference in values of the function 
for two neighboring values of z, h units apart. 

The seeond difference A?f(zx) is defined as the difference of the first dif- 
ference of f(x) for two neighboring values of zx, h units apart. By definition, 
therefore, 


(48.12) A(x) = A[Af(x)] = Alf +h) — f(z] = Af@ +h) — Af(a). 


Similarly the third difference A*f(x) is defined as the difference of the 
second difference of f(z) for two neighboring values of z, h units apart. 
Therefore 


(48.13) A f(y) RA), 
And in general, we define 
(48.14) A"f(x) = Alara) epi | eee 


With the aid of the above definitions, we shall now explain how to 
construct a table of differences Apa) Bla), = Sea ee 


Example 48.15. If 
(a) Ja) —"@ 
and h = 0.1, construct a table of differences of e7 for values of x from 


0 to 0.5. 

Sokations (Sec Table 48.16). Since h = 0.1, we shall need values of 
f(z) = &* thas, beginning with z = 0, are 0.1 unit apart. In the first 
column of our table, we therefore write t = 0, 0.1, 0.2, 0.3, 0.4, 0.5. In 
the second column we write the values of f(z) = ce? when 1 = 0). Only 
..+,0.5.* By (48.1 1) Af(z) is the difference in the values of f(x) for two 


vailable that contain tables of values of #, &-*, log z, sin 2, 
bles of values of these and other functions, correct to twelve 
have been published under the sponsorship of the National 
hematical tables project. 


*Various texts are a 
cos z, ete. Excellent ta 
and more decimal places, 
Bureau of Standards, Mat 
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Table 48.16 
ae f(z) = Af(z) = A%f(z) =  A%f(x) = A*f(z) = Af(x) = 
ee = Ae™ = Ate? = Ase* = Ate = Ade™ = 
0 1.00000 0.10517 0.01106 0.00117 0.00010 0.00007 


O.1 — o5l7 0.11623 0.01223 0.00127 0.00017 
0.2 1.22140 0.12846 0.01350 0.00144 

0.3 1.34986 0.14196 0.01494 

0.4 1.49182 0.15690 

0.5 1.64872 


neighboring values of x, 0.1 unit apart. Hence we obtain the third column 
of the table by taking the differences of the second column. For example, 
by (48.11), Ae? = e®? — e°? = 1.34986 — 1.22140 = 0.12846. Anal- 
ogously A?f(x), by (48.12), is the difference of Af(z) for two neighboring 
values of xz, 0.1 unit apart. Therefore we obtain the fourth column by 
taking differences of the third column. For example, by (48.12), A2e°? = 
A(Ae®?) = Ae®*? — Ae®? = 0.14196 — 0.12846 = 0.01350. The elements 
of the fifth column A*e? are the differences of the fourth column, etc. 


Comment 48.17. If you want the fifth difference of f(z), i.e., A*f(zx), 
when x = a, you must know f(a), f(a + h),---,f(a + 5h). And in general 
if you want the mth difference of f(z) when x = a, you must know f(a), 
f(a + h),--+,f(a + mh). In the above example, a = 0, and we therefore 
had to know f(0), f(0.1), ---, f(0.5) in order to evaluate the fifth differ- 
ence of e”, i.e., A°e?, when x = 0. 


Comment 48.18. Call yo, y1, °° +, Yn the values of f(x) corresponding 
tof(to), /(to tt), feo + en). By Deinition 481) 


(48.181) Ayo = Y1 — Yo. 
By (48.12), (48.181) and Definition 48.11, 


(48.182)  A?yo = AlAyo] = A(y, — yo) = Ay — Ayo 
=o — Yr To io — > | os 


By (48.13), (48.181) and (48.182), 


(48.183) A®yo = A[A? yo] = A(yo — 2y1 + yo) = Ayo — 2Ay, + Ayo 
= 3 — Yo — 2y2 + 241+ y1 — Yo = Y¥3 — 8y2+ 3y) — Yo. 


A comparison of the coefficients on the right sides of (48.182) and (48.183) 
with the respective coefficients in the expansion of (x — 1)? and (x — 1)3 
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shows that they are alike. This leads one to suspect that the fourth dif- 
ference of yo 18 


(48.184) ‘Wo = Ya 893 + bys Sa Yo- 


You can verify that this suspicion is indeed correct. In fact it can be 
proved by induction, using an argument similar to the one given m Lesson 
49A, that the coefficients in the expansion of A”yo are the same as the 


coefficients in the expansion of (r — 1)". Therefore 
eS (—1)*n! if 
(48.19) A"y9 = du fim Bt 


where it is understood that A°y9 = yo. Hence, in terms of f(x), (48.19) 
becomes 


(48.191) Alo) = Dy Ge ayy Sto + (2 — Hh 
2» iin — By 


LESSON 48B. Polynomial Interpolation. Let us assume that the 
only information we have about a function is its values when x = Zo, 
ge gee en, ty mh, and that we wish to find a value of the 
function when zp) = xo + dh, d ¥ 0, 1, 2, +--+. This situation occurs, 
for example, when we need the value of sin 0.5245 and the table we con- 
sult gives values of sin 0.5236, sin 0.5265, sin 0.5294, etc., le., it gives 
values over intervals of width h = 0.0029. The usual procedure in this 
case is to add to the value of sin 0.5236, gy of the difference in values be- 
tween sin 0.5236 and sin 0.5265. When we do this, we are implicitly 
assuming that the graph of the sine function between these two points Is 
approximated by a straight line. We are thus in effect using a linear 
interpolation to approximate the sine furction between two points of its 
graph. 

A better method of interpolating the value of sin 0.5245 from the 
tabular values is to approximate the sine function by a polynomial f(x) 
whose graph coincides with the sine function at more than the two pornts 
sin 0.5236 and sin 0.5265. If it coincides with three values of the sine 
function, we get a second degree polynomial to approximate sin x, if it 
coincides with m + 1 values, we get a polynomial of degree m to approxi- 
mate sinz. ‘This approximating polynomial f(r) will then give, when 
x = 0.5245, a more accurate value of sin 0.5245 than will the linear inter- 
polation method described above. Two questions now arise. Given a set 
of values of a funetion f(z) at to; £1, °°°, Sm Does a polynomial exist 
that can take on these values at the given points, and if there 1s such a 


. / ; fn 
‘The fraction n!/[kiin — k)!] is also frequently written as (*) 
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polynomial, is it unique? The answer to both questions is given by the 
following existence and uniqueness theorem which we state without proof. 


Theorem 48.2. Let f(x), f(@1), °° +, f(@m), be m + 1 distinct values of 
a function f(x). Then there is one and only one polynomial F(x) of degree 
less than or equal to m which coincides with these m + 1 values of f(x). 


Definition 48.21. The unique polynomial F(x) of degree less than or 
equal to m, whose values coincide with m+ 1 distinct points of a func- 
tion f(z), is called a polynomial interpolating function of f(x). 


Comment 48.22. We shall be interested only in a polynomial inter- 
polating function, although functions other than polynomials may be used 
for interpolation purposes. 


Comment 48.23. Very few of you have used nonlinear interpolation 
to approximate the value of a function f(x) that is not given in tables, 
from those which are. To use this method, it is necessary to find an inter- 
polating polynomial F(x) which agrees with f(x) at three or more points 
and is of degree 22. It would be troublesome indeed, if each time we 
wished to use polynomial interpolation, we had to find the approximating 
function F(x). We are indebted to Newton (1642-1727) for formulas by 
which we can readily make polynomial interpolations whenever the 
abscissa points, for which the functional values are known, are evenly 
spaced. These formulas are derived in the next lesson. 


EXERCISE 48 


= 


. If f(z) = logzandh = 0.1, construct a table of differences of log x for values 
of z irom | todo. 

2. If f(@) = sin (6) and h = 5°, construct a table of differences of sin @ for 

values of @ from 10° to 35°. 


ANSWERS 48 
1. 
pe aS Af(z) =  A*f(xz) = ABF(z) = A*F(z) = — A(x) = 
loga = “Alora Ines — Alber — en [oe — AP ioe, = 


1.1 0.09531 0.08701 —0.00697 0.00104 —0.00022 0.00004 
1.2 0.18232 0.08004 —0.00593 0.00082 —0.00018 

1.3 0.26236 0.07411 —0Q.00511 0.00064 

14 0.33647 0.06900 —0.00447 

15 0.40547 0.06453 

1.6 0.47000 
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2. 

Fe ee eee 

a= f(@) = Af(@) = NR) = = AS(6) = = A*f(0) = A*s(é) = 
sin @ = Asin@é = A2sin@ = A®sin@ = A‘tsin@d = A*sin#d = 

ee en re 5 ee 

ro 0.17365 0.08517 —0.00197 —0.00063 0.00001 0.00003 


15° =: 0.25882 0.08320 —0.00260 —0.00062 0.00004 
20° = 034202 0.08060 —0.00322 —0.00058 

25° =: 0.42262 0.07738 —0.00380 

30° 0.50000 0.07358 

35° =: 0.57358 


LESSON 49. Newton’s Interpolation Formulas. 


LESSON 49A. Newton’s (Forward) Interpolation Formula. We 
assume that f(z) isa function which is defined on an interval (ro, 2» + mh), 
and that its values have been given only for the m + 1 distinct abscissa 
points: 29, Yo + 2, Te 2h,-++,2%o + mh, as happens, for example, when 
we consult a table of values of the function or when these isolated, distinct 
values have been found experimentally, lig. 49.1. Our object will be to 


f (x9 + 2h) 


f(x9 + mh) 


Xo xoth Xo+2h Xotmh 


Figure 49.1 


find a polynomial F(z), of degree Sm that agrees with f(x) at these 
m + 1 points. By Theorem 48.2, we know that there is such a polynomial 
F(x) and that it is unique. By Definition 48.21, this unique polynomial 
F(z) is an interpolating function of f(x), by which we mean that it will 
give an approximate value of the function f(x) for an 2 which does not 
coincide with the points Zo, Zo + h,+++,2% + mh. To obtain a formula 
for F(x), we proceed as follows. 
By Definition 48.1 
Af(zo) = Sto + h) — flo). 


Solving for f(to + h), we have 
(49.11) f(to + A) = fo) + Af(o). 
Applying 4 to both sides of (49.11) gives 
(a) Af(o + h) = Af(to) + A*f(ag). 
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Again by Definition 48.1, we obtain 
(b) Af(to +h) = f(zo + 2h) — f(zo + A). 


Since the left sides of (a) and (b) are the same, we can equate their right 
sides. Hence 


(c) f(zo + 2h) = f(zo + h) + Af(zo) + A*f(Z0). 


By replacing in (c) the value of f(xo + h) as given in (49.11), we have 
finally 


(49.12) f(z + 2h) = flo) + 2Af(xo) + A?f(z0). 
Applying A to both sides of (49.12) gives 

(d) Af(zo + 2h) = Af(eo) + 2A7f(xo) + A°f(z0). 
By Definition 48.1, 

(e) Af(zo + 2h) = f(zo + 3h) — f(xo + 2h). 


Hence equating the right sides of (d) and (e), we obtain 
(f)  — f(eo + 3h) = feo + 2h) + Af(eo) + 24°F@o) + A*f(2o)- 


Replacing in (f) the value of f(zo + 2h) as given in (49.12), we have 
finally 


(49.13) f(xo + 3h) = f(xo) + 3Af(xo) + 3A7f(z0) + A*f(zo0). 


If you will compare the constant coefficients in the final expressions for 
f(zo +h), feo + 2h), f(xo + 3h) as given in (49.11), (49.12), and (49.13), 
with the coefficients in the respective expansions of (x + 1), (x + 1)?, 
(x + 1)%, you will discover that they are the same. This observation 
leads one to suspect that the coefficients in the expansion of f(xo + nh) 
will be the same as those in the expansion of (x + 1)”. We shall now 
prove by induction that this suspicion is indeed correct. 


Proof. We assume that the coefficients in the expansion of 
flxo + (k — 1)h] are the same as the coefficients in the expansion of 
(x + 1)*~!. That is we assume 


(a) flat & — DA firodiae — 2) Ais) 
+ a A24(a 0) 


Se ee a) 


is a valid equation. We must then prove, by Comment 24.1, that the 
coefficients in the expansion of f(a 9 + kh) are the same as the coefficients 
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in the expansion of (x + 1)*. Applying A to both sides of (a), we obtain 
(b) Affto + (k — 1h] = Af(eo) + (& — 1) A°F@o) 

+ Ea WEA a2ptee) +--+ + ala). 
Adding the left sides of (a) and (b) there results, by (48.11), 


(c) f(to + (& — 1h) + Aflzo + (K — 1A] 
= f[zo + (& — 1)h] + flto + kA) — flzo + (A — 1A) 
= f(to + kh). 

The addition of the right sides of (a) and (b) gives 


(4) $0) ++ & Af(zo) + E= VER DF MEAD 924(0) 


4 GHD = ME = 9+ IE DED geyG99) 4 
(e — 1)(k — 2)---& — m) + mk — I)(k — 2) amt I) 
+r m! 


x A™f(zo) + +--+ A°S(Z0); 
which simplifies to 


fo) flea) + Aslan) + ESD a%9(@9) + ER VER arpcas 
se oe me — = 2 mY AM y(ep) 4 + Ape 


Since (c) is the sum of the left sides of (a) and (b), and (e) is the sum of 
their right sides, we can equate these two to obtain 


Of) leo + Bh) = Slt) + & aftes) + FS a%7t20) 


4 be — Wk — A'f(zo) ++ °: 
n ke = Y& = 2) Em) AT f(x0) +++ - + A*f(z0). 


The coefficients in the expression on the right side are the same as those 
“n the expansion of (x -F 1)*. Hence our suspicion is proved. 
We therefore can now write, by (f), 
no 


a9.1d) fle +h) = Slee) + 2 Aflan) + Xho) 
Be nn — In — 2) A'f(to) Fo: 


it n(n — 1)(m — 2)++- m= M+ DV gmp y 


m! 


eee 0 2, 
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[Note that when n = m, the last term simplifies to A“f(xo).] For each 
n = 1, 2,--+,™m, the right side of (49.14) gives a formula for computing 
the respective ordinates f(zo), f(to + A), «++, f(to + nh) in terms of 
f(xo) and the differences of f(r9).* 

Since the right side of (49.14) is meaningful even when n is not zero or 
an integer, we can let 


) 


(49.15) F(a) = feo) +n Afleo) + ™™— a%4(a9) 
ae n(n = (n= 2) eS) AB mo) + 
fees eee -(n — m+ 1) 


Af (xo) ’ 


oe 
where n is any number between 0 and m, and where 


dG = 26K) 


(49.16) = 2%¢o4- nk n= j 


Since the right side of (49.15) is the same as the right side of (49.14), we 
know that 


(49.161) Fito + nh) = fae + uh), n= 0,1) 2,:-- ae 


Substituting the second equality of (49.16) in (49.15), we obtain 


(49.17) F(z) = f(eo) + Vo (@ — Pees ee fy) 


2!h2 
4 SSO) (¢ — 24) (a — ap — )(e— 29 — 28) Ho 
ee eee 


mihm 
X (@ — wp — 2h) --- (2 — 29 — [m — Ih). 
By (49.17), we see that F(x) is a polynomial of degree =m. 
We have thus proved, by (49.161) and (49.17), that: 


1. The function F(x) defined by (49.15) or (49.17) agrees with the func- 
tion f(z) at the m+ 1 points for which z = xo, to +h, x + 2h, 
» vO a mh, 
2. F(x) is a polynomial of degree S m. 


Therefore, by Theorem 48.2 and Definition 48.21, F(x) is the unique 


*Note the resemblance between this formula and the Taylor series formula (37.27) 
by which one can compute a value of f(zo + nh) in terms of f(z9) and the derivatives 
Of f(z) at a= x0. 
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polynomial interpolating function of the given function f(x). This means 
that if we wish to find an approximate value of f(r), when 
r — 


(49.18) X= % + nh, r= - 7 = 9 real, 


we can use the function F(z) defined by either of the two formulas (49.15) 
or (49.17). These formulas are known as Newton’s (forward) inter- 
polation formulas. 


Example 49.19. Use Newton’s (forward) interpolation formulas 
(49.15) and (49.17) and the following table of values 


(a) e®! = 1.105 17, 
e®? = 1.221 40, 
e®3 = 1.349 86, 
04 = 1.491 82, 
e® > = 1.648 72, 


14 
to find an approximate value of Cae 


Widows Byaiseof G9.15). Bevrer{(2) = cao = 0.1 anid” fae "'O- 1, 
Since we have been given five equally spaced values of the function e*, by 
Comment 48.17, we shall be able to find only the fourth difference, namely 
Aef(xr_), in formula (49.15) or (49.17). We shall therefore have to stop with 
m = 4. And since we seek the value of e'4 the x in these formulas is 

0.14 — 0.1 ne 
0.14. Therefore by (49.18), n = eae = 0.4. Substituting the 
above values in (49.15), it becomes 


(b) F(0.14) = $0.1) + 4) Af0.1) + Oa ee A*s(0.1) 


4, (0.4) (0.4 plus = 2) 437(0.1) 


te 


f ois — VO es A*s(0.1). 


The needed differences have already been calculated in ‘Table 48.16 in the 
row beginning with 0.1. Therefore (b) becomes 


fe) (0.14) = 1.105 17 + (0.116 23)(0.4) — (0.012 23)(0.12) 
4 (0.001 27)(0.064) — (0.000 17) (0.0416) 
=f 1507, 


; 0.14 
which is the approximate value of eo". 
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Solution. By use of (49.17). In this formula x — 2 = 0.14 — 
0.1 = 0.04. As before h = 0.1, m = 4. Substituting these values in 
(49.17), it becomes 


(4) (0.14) = f(0.1) + 3% ag(0.t) + S108 (0.04) (0.04 — 0.1) 
A ee 
+ Fins (0.04)(0.04 — 0.1)(0.04 — 0.2) 
4 4FO1) (,4)(0.04 — 0.1)(0.04 — 0.2)(0.04 — 0.3), 


4'(0.1)4 
which is equivalent to (b) above. 


Comment 49.191. The actual value of e°'* to five decimals is 
1.150 27, the same as that obtained in (c) above by using a fourth degree 
polynomial interpolating function. If you had used linear interpolation, 
j.e., obtained the value of e°!* by adding to ce’ two-fifths of the dif- 
ference in values between e°! and e°-?, you would have obtained 1.151 66 
which is correct to only two decimal places. 


LESSON 49B. Newton’s (Backward) Interpolation Formula. New- 
ton also gave a formula by which it is possible to interpolate backward 
instead of forward. Let V, which is an upside down delta, called “del,” 
be defined by 


(49.2) Vi(x) = f(z) — fle — h). 


As before we assume we have been given values of f(x) only for those 
points whose abscissas are 2p, 9 — hh, Xo — 2h,- ++, 2% — mh, Fig. 49.21. 


f (Xo - 2h) 


f[xo -(m—-1)h] f(Xo) 


Xp-mMh xo-(m-1)h Xo - 2h Xg-h Xo 


Figure 49.21 


By following the procedure outlined in Lesson 49A, you will obtain, in 
place of (49.15), 


Let F(x), of degree S m, be a polynomial interpolating function of f(z). 
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n(n 


(49.22) F(x) = fo) — n¥f(t0) + 22S) v4 (00) 


_ see ee 


3! 
n(n — I)(n — 2)--- (rn — m+ nae 
ne = De = 2) a ED (ya), 
where 
(49.23) c= 49 — ny ae a —— 5 70, nreal. 


We have left the proof to you as an exercise. 
If, in (49.22), we replace n by its value as given in (49.23), we obtain 
the alternate form 


7 2 
(49.24) Fle) = flee) + LE) (e — 20) + BRE (w — 20)(e — 20 +8 


3 
+ THEO) ( — 9)(@ — to + A) z= 0+ 2h) > 


OO) = eee 


mih™ 
x (x — to + 2h)--- (2 — to +l[m — ae 


Formulas (49.22) and (49.24) are known as Newton’s (backward) inter- 


polation formulas. 


Example 49.25. Use the values of e7 given in (a) of Example 49.19, 


and Newton’s backward interpolation formula to find an approximate 


0.46 
value of e”’. 


Solution. As in the previous Example 49.19, f(z) = ¢7, h = 0.1 and 
since we have been given five evenly spaced values of e”, the m in (49.22) is 
05 = 0 


four. Here, however, to = 0.5, x = 0.46 and by (49.23), n = aa 


0.4. Substituting these values in (49.22), we obtain 


meee 
(a) F(0.46) = (0.5) — 0.49f(0.5) + we ¥(0.5) 


4(—0.6)(—1.6) _. , (0.4)(—0.6)(=1.6)(—2.6) 94 
a 040K 734(0.5) + PPE v"9(0.5). 


The needed differences are given in Table 49.26. They are slightly dif- 
ferent in this case from those in Table 48.16. Here xp = 0.5. We must 
find differences of f(0.5) instead of f(0.1), and remember 
0 


therefore ei, . 
0.4 OF tere 
04 yeot= ¢ ce} ete. Substituting im (a) the 


ver -_ & o ( 


670 NumericaAL METHODS Chapter 10 


Table 49.26 

ee fa Melle) V*f(z) = V3f(z) = Vif(z) = 
— er = Vere V2er = V3er = Viez = 
0.1 UO ok? 
0.2 1.22140 0.11623 
0.3 1.34986 0.12846 0.01223 
0.4 1.49182 0.14196 0.01350 0.00127 
0.5 1.64872 0.15690 0.01494 0.00144 0.00017 


figures shown in the row beginning with 0.5 of Table 49.26, we obtain 


(b)  F(0.46) = 1.64872 — 0.4(0.15690) — (0.12)(0.01494) 
— (0.064) (0.00144) — (0.0416)(0.00017) 
— 1.64872 — 0.06465 
= 1.58407, 


which is the approximate value of e°*® Its actual value to five places is 


1.58407 which agrees with (b) to five places. By a linear interpolation, 
you would have obtained 1.58596. 


LESSON 49C. The Error in Polynomial Interpolation. When we 
use a polynomial F(x) of degree Sm as an interpolating function for f(z), 
we know only that both agree at those points whose abscissas are 29, 
Io +h, +++, X + mh. For other values of zx, the difference between 
F(x) and f(x) may be very small or very large depending on what the 
graph of f(x) looks like for these intermediate values. 

The following error formula (49.31), which we state without proof, is 
based on the assumption that f(z) has a continuous derivative of order 
m -+ 1inan interval J:a = x S b, which contains the points x9, t9 + A 
ogee eenLet 


(49.3) at) =o) Seay 


where E(x) is the error function or the remainder function. It is the 
difference between the value of the function f(z) and the interpolating 
function F(x). Then 


(49.31) E(x) = Hole — By) to) fem 05, 


where wo, 2} = to th, %2 = 2X0 + 2h, ---, tm = 1%o + MA Are the 
values of x for which f(2) and F(x) agree, and X is a number between the 
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smallest and largest values of a, 21, °°°, %m and x. Unfortunately the 
formula does not tell us how to choose X. However, if we can determine 
the minimum and maximum values of |f°*!(x)| in the given interval J, 
then (f'"t)(N)]| must be between them. Therefore by (49.31), 


C=) = — a) 


(49.32) m+ 11 [nine ce) ee 
< cS oe aaa -o— =a [max [fort (x) |], xin I. 


Formula (49.32) is also valid if 2; = to — h, %2 = Zo — 2h, 8 
tm = to — mh. Hence (40.32) is valid for both Newton's forward and 
backward interpolation formulas. 


Example 49.33. Find the maximum error incurred in using Newton’s 
forward interpolation formula in Example 49.19. 


Solution. In Example 49.19, h = 0.1, 29 = 0.1,2 = 0.14, f(z) = @*, 
m= 4. Hence xz; =atoth= 0.2, 72 = Xo + 2h = 0.3, 73 = Xo + 3h = 0.3, 
t4 = to + 4h = 0.4. Since m = 4, we must, in (49.31), stop with x — 24. 
HetiGe fe" ee f'e% = e*. In the interval (0.1,0.5), e” has the largest 
value when x = 0.5. Therefore by (49.32), 


(OMe 00M 02), 0.14 — 0.3) 


x (0,14 — 014) (Oe 0.5) -o. 
5! i 


iA 


(a) |E@)| 
< 0.0000005. 


EXERCISE 49 


1. Use Newton’s (forward) interpolation formulas (49.15) and (49.17) and the 
following table of values, 09-3 = 1.34986, e9-4 = 1.49182, °° = 1.64872, 
oP) = 1.82212, 0° e= 20137g, to find an approximate value of e®:3°. 
Compare with actual value and valuc obtained by a linear interpolation. 

2. Use (49.15) and (49.17) and the following table of values, log 1.1 = 0.09531, 
log 1.2 = 0.18232, log 1:3 = 0.26236, log x4 = 0.33647, log 1.5 = 0.40547, 
log 1.6 = 0.47000, to approximate log 1.12. Compare with actual value and 
value obtained by a linear interpolation. Hint. The needed table of differ- 
ences is given in answer to Exercise 48,1]. ; 

8 The following temperatures were recorded at hourly intervals: 6 A.M., 2°; 


7 aM., 12°; 8 am., 17°; 9 AM., 20°: 10 a.M., 22°. What was the approximate 


temperature at 6:30 A.M.? 
4 ah formula (49.22). Hint. Follow the procedure used to obtain (49.15). 


Use Newton’s (backward) interpolation formulas (49.22) and (49.24) and 
the table of values given in 1 and 2 to approximate respectively (a) @”>, 
(b) log 1.53. Compare with actual valucs and with those obtained by a 


linear interpolation. 


on | 
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ANSWERS 49 


e935 = 1.41906. Actual value: 1.41907. Linear interpolation: 1.42084. 

. log 1.12 = 0.11333. Actual value: 0.11333. Linear interpolation 0.11271. 

. Approximately 7.9°. 

(a) e965 = 1.91554. Actual value 1.91554. Linear interpolation 1.91794. 
(b) log 1.53 = 0.42527. Actual value 0.42527. Linear interpolation: 0.42483. 


1g No 


LESSON 50. Approximation Formulas Including Simpson’s Rule 
and Weddle’s Rule. 


We are now ready to continue our study of the problem of finding a 
numerical solution of 


(50.1) y = f(x,y) 
satisfying the initial condition 
(50.11) y(xo) = Yo. 
Let y(x) be a solution of (50.1) fulfilling (50.11). Then, by (50.1), 


(50.12) y = flz,y(z)], 


where f is now a function of x alone. Integration of (50.12) and insertion 
of the initial condition gives 


y x be 

(50.13) | dy = | fiz,y@)ldz, y= Yyot+ | f[x,y(«)] de. 
Yy=Yo CeCe Xo 

If x = x9 + nh, (50.13) becomes, with yo replaced by its equal y(zxq) of 

(SOs11), 


Zgo+nh 
(50.14) y(zo + nh) = y(xo) + [ flz,y(a)] dx. 


Since y(x) is the unknown solution of (50.1), the function f[z,y(x)] is 
also unknown. Hence we cannot possibly hope to perform the integration 
in (50.14). However, we can use a polynomial interpolating function 
F(x) for f[x,y(x)] Just as we did in the previous lesson for f(z). 

Let F(x) be such a polynomial interpolating function, agreeing with 
flz,y(z)] at the m+ 1 points whose abscissas are xo, 29 + h, 2p + 2h, 

-, 9 + mh. Therefore, by (49.17), with f(z) replaced by f[xo,y(z0)] 
which, by (50.12), is equal to y’(29), 


(50.15) F(z) = 1 eat ha Cie el ZV 


Oh? 
(x — xX) (x — xo — h)(x — Zo — 2h) 
+ = sole — fo WG — to 2) sy, 
a Sy a] Wey: 
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where for convenience in writing we have placed y'(x9) outside the brackets. 


Comment 50.16. If we stop with the A? term in (50.15), then m = 2 
and F(x) becomes a polynomial of degree less than or equal to two agreeing 
with f[z,y(x)] = y'(z) at the three points whose abscissas are xo, Zo + A, 
ro + 2h, see 1 after (49.17). If we stop with the A® term, then m = 3 
and F(x) becomes a polynomial of degree less than or equal to three that 
agrees with f[z,y(x)] = y'(x) at the four points whose abscissas are 
ip, -* > , &o + 3h, ete. 


By (50.15), an approximation to the integral in (50.14) is, therefore, 


Zg+nh 
(50.2) \ F(x) dx 


0 


— tv — to (ee oe ee 2 
-{ i ae t= oe 


{( — x9)(x — Xo — h)(e — Xo — 2h)--- 


a 1 


Pigs A lay Goda 


+ 


To simplify integrating the right side of (50.2), we make the substitution 
u = rt — Xp. Therefore du = dz,u = 0 when x = 2% and u = nh when 
t = 2%) + nh. Hence we can replace (50.2) by 


Igtnh 
(50.21) | F(x) dz 
Zo 


ee 
0 


a h 2 3th3 
ae u(u = h)(u = 2h) ; a (u a [7m ia 1Jh) a") y! (to) du 
ete 
i 2 B 2 2 
u i — he 5 — Bnei us 
~A+——— <A 
= (1+fa+ me 313 


ue — Chu Linea’ ere AS 
41nd 
w®> — 10hut + 35h2u® — 50h2u? + 24h*u AS 
5 ths 
oa Sarr — oeank./ 
4. 274h4u? — 120h°u 
Oth 


eer ) y' (Xo) du. 


ae 
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Integration of (50.21) gives 


Lgtnh 
(50.22) i H(t) d= 


Xo 
1 17h? 1 (n>h3 n7h? 2 
[an +1 2 atap (Be 2 + 
4,4 
aa (“e = nh + nh') A3 
1 nh? 3n*h® — 1In®h? 2,3 4 
+ ota (7 - 7 a 
1 /(n®n® oon heen: a me 
+ agp (Se — 2th + Lee wee 
1 nih’ 5n®a? 5.8 © 225nth! 
+ ate (7 pee 4 
274n>h! 


3 = 60n*h” ) AoE. | Valen). 


Simplification of (50.22) results in 


Igtnh 
(50.23) F(x) dx 


Xa 2 3 
+ ag (Be — Spt rant — Be 2d” _ gon) a® 
1 Juco. 


Ifin = 1 in @023) erebtain 
oth 
(50.24) i F(a) aoe ht + 4.4 — gpa? + aka? — aia 
~0 
+ 85° — wotteoA® +--+ y'(a0). 


Therefore, by (50.14) and (50.24), an approximation to y(ao + h) in 
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terms of forward differences of y’(x9) is 


(60.25) y(ro +h) = y(ro) + H, 


where / is the expression on the right of (50.24). 

If in (50.23). we stop with the.A term, then by Comment 50.16, the poly- 
nomial interpolating function F(x) is of degree less than or equal to one, 
agreeing with f[x,y(x)] at the two points for which x = xo and xo + A. 
With n = 1 and using only terms including A of (50.23), we obtain, with 
the help of (48.11), 


roth 
(50.3) fl F(x) dx = h{l + $A) y’(20) 
, = hfy'(t0) + Hy/(to + A) — y' (ao) )}. 


h 

3 (y' Ges) 1 Go + 4). 

Therefore, by (50.14) and (50.3), an approximation of y(xo + h) is 
h 

(50.31) y(ro +h) = y(to) + 5 (ioe te dor 


Formula (50.31) is known as the trapezoidal rule for approximating a 


numerical solution of (50.1) satisfying (50.11). 

If in (50.23), we stop with the A? term, then by Comment 50.16, F(x) 
is the polynomial interpolation function of flx,y(x)] of degree less than or 
equal to two, agreeing with fat the tliree points for which % ="Fo,%o lk 
to + 2h. With n= 2, and using only terms including A* of (50.23), we 
obtain, with the help of Comment 48.18, 


rot2h 
(50.32) ‘ “ F(x) dx = 2h{1 +- 4+ 4(§ — 1)47] y'@o) 
. only’ (aro) -+ dy'(x0) + $47y/(r0)] 
= 2hhy'(ro) + y/(zo +h) — y'(r0) 
4Afy!(xo + 2h) — 2y’(to +h) + yo) 


= ; [y’(ro) + 4y’Qvo +A) + y/o + 2h). 
Therefore by (50.14) and (50.382), an approximation to yo + 2h) 1s 
h / / a e , a 6 
(50.33) y(to + 2h) = y(o) + 3 ly (vo) + 4y'(to + h) + y' (to + 2h). 


' — we 
r1) 22) ic k as : ; rule for approximating a nu- 
Formula (50.33) 18 known as Simpson’s rule for ap} g 


merical solution of (50.1) satisfying (50.11). 
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If in (50.23), we stop with the A® term, then by Comment 50.16, the 
polynomial interpolation function F(x) is of degree less than or equal to 
three, agreeing with f[x,y(x)] at the four points for which x = 2%, to +h, 
to + 2h, xo + 3h. With n = 4,* and using only terms including A? of 
(50.23), we obtain, with the help of Comment 48.18, 


xo+4h 

(50.34) i FQ) dz 
= 4h{1 + 24 + 48 —2) A? + 416 — 16 + 4)A*]y/(20) 
= 4h[y’(x0) + 2Ay'(xo) + $A7y' (xo) + Ay’ (xo))] 

Ahly! (x0) + 2ly'(wo +h) — y'(x0)] 
ree eee) — 27a 1) (15) | 
ae Seo uty 4 2)) 
+ 8y'(xo +h) — y'(xo)]} 

& [2u'(wo +h) — y (to + 2h) + 2y'(to + 3A). 


| 


Therefore, by (50.14) and (50.34), an approximation of y(%o + 4h) is 
(50.35) y(xo + 4h) = y(xo) 
4h 
+ FS By'(wo +) — y'@o + 2h) + 2y'(xo + 3h)], 


Proceeding as we did above, we can obtain approximating polynomials 
F(x) of still higher degrees, agreeing with f[z,y(x)] at more and more 
points. The only other two approximating formulas, however, that will 
interest us are those in which F(z) is of degree five and six; see Exercise 
50,2 for the case when F(x) is of degree four. For a fifth degree poly- 
nomial interpolating function, (50.23) will give 


xo+5h 
(50.36) i F(x) dx 
x0 


h 


tee toy (%o 4 4h) = Loy (zp -F on). 
Therefore, by (50.14), an approximation of y(vp + 5h) is 
(50.37) y(xo + 5h) = y(xo) + K, 
where K is the expression on the right of (50.36). 


*The reason for taking n = 4 instead of n = 3 will become apparent when we use 
the resulting Formula (50.35). For the case when n = 3, see Exercise 50,1. 
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For a sixth degree interpolating function, (50.23) will give 


ro+6h 
(50.38) i F(x) dt 


0 
= 2 tayo) + 216y/(0 + h) + 27y'(to + 2h) 
+ 272y' (x0 + 3h) + 27y"(zo + 4h) 
+- 216y'(%o + 5h) + 41y’{(xo + 6h). 

Hence, by (50.14), an approximation of y(xo + 6h) is 

(50.39) y(ro + 6h) = y(xo) + G, 

where G is the expression on the right of (50.38). 

Formula (50.39) is usually replaced by the following formula, 


(50.4) -y(xo + 6h) = y(Xo) 


4 Bh pyoy'(z0) + 210y' (xo + h) + 42y' (20 + 2h) 


420 
4. 252y'(axq + 3h) + 42y'(x9 + 4h) + 210y' (xo + 5h) + 42y’(Z0 + 6h)]. 
Note that it adds a little to some terms in (50.38) and subtracts a little 


from others, so that its overall accuracy is very close to that given by 
(50.38). Its advantage over (50.38) lies in its being reducible to the 


simpler form 
(50.41) y(to + 6h) = y(Zo) 
sli a [y’ (xo) + 5y’(co +h) + y/o + 2h) + By’ (Zo + 3h) 
+ y' (ro + 4h) + 5y'(x0 + 5h) + y'(20 + 2h)]- 


This last formula is known as Weddle’s rule. 

We obtained (50.23) by using Newton’s forward interpolation formula 
(49.17). As an exercise, start with Newton’s backward interpolation for- 
mula (49.24) and show that 


all ; Re Life et 9? 
os) f Fede nblitgr tals +3 


3 1 f(n®  3n® | 11n? 
+E an) tg (Ee + : Ve 
ae: 


35n° 50n? 


i a @ (es OS ea 12n) y oes. | y' (x0). 


) 


Por convenient reference we collect the approximation formulas de- 


veloped in this lesson. 
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[v9 + 02) A + (yg + O2),fig + (yp + O2),A + (yg + 02), Ag + 


(1F-08) (uz + 02), + (y 4 02) Aig + (02), A] = + (02)h = (yg + 0n)A 


[(yo + x) ,AGI + (yp + 02),Acy + (ye + 92) fgg + 


(26°09) (YZ + Ox),fog + (Y + 9x) fig, + (02) figT] = + (Ox)h = (yg + Ox)h 
(e¢"08) [(ve + 92),fe + (4e + 02), — (y +92), Ag] + (02) = (yy + 028 
(£€'08) [4% + 9x) A + (y + 02) Ap + (02) fA] : + (Oz)A = (yg + Ox)h 
(1€°08) [ey +02),0 + (02) A] + (0n)t = (y + 92)f 
aouasa fay (1109) Suahifsuvg (T'0¢) fo uoynjog yonsawn yy ayourxosdd y 


9[N1 8, 97PPoAd 


[eturoudsyod veiZap YLT 


Jeturoudjod vo1Z0p ply J, 


(a[n1 s uosdutg) 


peed © 


(o[nI [eprozodesy) 


rq -+0 


jormouhjog buryojodsaquy 


(79'0¢) 


(€9°0¢) 


(Z9'0¢) 


(19°09) 


(9°08) 
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We also collect below for convenience, the error term associated with 
each of the above formulas. * 


Interpolating Polynomial Error 
3 
h 
(50.7) a + bx (trapezoidal rule) _— 8 ye eS) 
— ee, h° (oye 
(50.71) a+ bx + cr” (Simpson’s rule) ey oe 
2 ae. 29: 45 (5); x: 
(50.72) Third degree polynomial 90 ig CN) 
218 Dee 
(50.73) Fifth degree polynomial = anon avy’ ree) 
7 9 
ss h (Gai = 9h COR 
(50.74)  Weddle’s rule rani ete) — ame 


In all the above error formulas, NX is a value of zx in the interval 
(ro, Zo + nh), corresponding to the ro + nh in the respective formulas 


(50.6) to (50.64). 


Comment on Approximation Formulas (50.6) to (50.64). We 
assume in the discussion which follows that y(x) is a solution of 


(50.8) y = S(x,y) 
satisfying the initial condition 

(50.81) y(Xo) = Yo- 
Henee when « = Zo, y’ by (50.8), has the value 
(a) y' (zo) = f[xo,y(~o)]. 


Since y(ro) 1s the initial condition given in (50.81), we can calculate y’ (29) 
of (a). Again by (50.8), when x = Xp + h, 


(b) y'(to + h) = flzo + hy ylto + h)}. 


To determine y/(%o + h) of (b), we must therefore know the value of 
y(to +h). But we cannot know y(ao + h) unless we know y(z). And 
since y(r) is the very solution we seek, we cannot hope to “he 
y'(ro + h) by use of (b). It therefore follows that we cannot, for aia e, 
use formula (50.6) unless we have other means available by which we can 
estimate a value of the y'(vo + h) term which appears 1n It. 


, j ee 
umerical Calculus, Princeton University Press, Princeton, 


Willi D Jilne, N i 
ey — ey or! guations, John Wiley & Sons, New York, 


N.J., 1949; Numerical Solutions of Differential E 
1955. 


680 NumericaL MeTHODS Chapter 10 


All the remaining formulas (50.61) to (50.64) have a similar drawback. 
Formula (50.61), for example, can be used only after we have been able 
to obtain, in addition to y(xo), estimated values of y(r 9 + h) and 
y(xp + 2h). With them, we can then, by (50.8), estimate values of the 
terms 


y'(xo + h) = flzo + h, yo + A)) 
and y’(xo + 2h) = flo + 2h, y(xo + 2h)] 


that appear in the formula. The last formula (50.64) requires six pre- 
liminary estimates in addition to y(zo), before it can be used, namely 
estimates of y(xp +h), ---, y(to + 6h). By (50.8), we can then estimate 
values of y’(zp +h), +--+, y'(Xo + 6h). 

With the exception of (50.62), there is another unusual feature about 
all these formulas. Consider for example formula (50.61). After the 
needed two preliminary values of y’(xo + h) and y’(2p + 2h) have been 
estimated by finding approximate values of y(ro + h) and y(xo + 2h) by 
other means, all (50.61) will do is give a value of y(xo + 2h) all over 
again. Why then is the formula necessary at all? If we have approximated 
y(to + 2h) by some other method, why calculate y(vo + 2h) once more? 
It turns out that formula (50.61) is actually a corrector formula, 1.e., re- 
peated application of the formula will improve an estimated approxima- 
tion of y(to + 2h) computed by a less accurate formula than itself (as 
determined by their respective error terms). We shall clarify this point at 
the time we use the formula. It is therefore called appropriately a corrector 
formula. If you will carefully examine all the other formulas in this list, 
you will find that, with the exception of (50.62), all are corrector formulas. 
All they will do is correct the last estimated approximation of y(29 + nh) 
[needed to approximate y’(xo + nh) in the formula] obtained by other less 
accurate methods. 

Formula (50.62) on the other hand is a continuing formula. With 
it, we can evaluate y(v%p + 4h) provided we have obtained estimated values 
of y(vo) and y“(ro + A), y’(Xo + 2h), (xo + 8h). 

It is evident, therefore, that we cannot start to use any of the formulas 
(50.6) to (50.64), whether to correct or to continue, unless we have a cer- 
tain number of preliminary estimates. It is for this reason that the for- 
mulas developed in previous lessons, since they do not require preliminary 
estimates for their use, have been called appropriately starting formulas. 

There are, therefore, as mentioned in the introduction to this chapter, 
three types of formulas in numerical methods. 


1. Starting formulas. 
2. Continuing formulas. 
3. Corrector formulas. 


We have already developed various starting formulas. In the next lesson, 
we shall describe a simple continuing and corrector combination formula. 
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EXERCISE 50 


I. In (50.23), take n = 3 and stop with the A? term. The polynomial in- 
terpolating function F(z) is therefore of degree less than or equal to three, 
agreeing with f[z,y(xz)] of (50.1) at four points. Prove that 


zqg+3h 

Sh. , 

| P(x) de = 3 ly'(zo) + 3y’(zo0 + A) + 3y(zo + 2h) + y'(z0 F 3h). 

x9 
This formula is known as the three-eighths rule. 

2. In (50.23), take n = 4 and stop with the A‘ term. The polynomial inter- 
polating function F(z) is therefore of degree less than or equal to four, agree- 
ing with f[{z,y(x)] of (50.1) at five points. Prove that 


45 
F + 32y'(20 + 3h) + 7y'(xo + 4h)]. 
. Prove (50.36) by taking n = 5 and stopping with the A® term in (50.23). 
. Prove (50.38) by taking n = 6 and stopping with the A® term in (50.23). 
. Prove (50.5). Hint. Start with Newton’s backward interpolation formula 
(49.24) and follow the procedure used in the text to arrive at (50.23). 
6. Prove that, ifn = 1, (50.5) reduces to 


zot4h 
(50.82) | F(x) dx = a [7y’(x0) + 32y’(zo + h) + 12y'(x0 + 2h) 


Gi wm GW 


zo+h 
(50.83) i F(x) dz 
"AIL + AV + av? + BV) + HEE! + ale” + | ly’ Go). 
Hence an approximation to y(xo + nh) of (50.14), with m = 1, in terms of 
backward differences, 1s 
(50.84) y(zo + h) = y(zo) + &, 


where & is the expression on the nght (50.83). The method which makes use 
of formula (50.84) is known as Adams’ method of approximating a nu- 
merical solution of y’ = f(z,y) satisfying y(zo) = yo. To calculate vny (x0), 
ou must know m-+ 1 evenly spaced values of y’(x), namely y'(zo0), 


2 rin 

y’(x0 — h),----,y'(@o — mh), see Lesson 49B. These values can be 
obtained from the given differential equation y’ = f(z,y) only after corre- 
sponding values of (20), °° welt — mh) have been found by starting 


formulas. Hence (50.84) is a continuing formula. : 
By means of Adams’ method, find an approximate value, when z = 0.5, 


of the particular solution of the differential equation y' =-7’+t+y for which 
y(0) = 1. Take” = 0.1 and stop with the V4 term in (50.84). Hunt. By 


(50.84), with ro = 0.4 and h = 0.1, 


50.85 0.5) = y(0.4) + O.1[y/(0.4) + $¥y'(0.4) + PeV7y'0.4) 
re + gv3y/(0.4) + F34V4y'(0.4)]. 


v4y'/(0.4), you must know y’ (0.4), y’(0.3), y’(0.2), y’(0.1), y'(0). 
‘ — 

From the given equation, @hen « = 0, 7 = 1, (0) = OF 1 = 1. Use 

Table 46.31, creeping up process column, to find the other needed values 

of #.” Thea construct a table of differences of y'(0.4). Head the first 


column y’ = 22+ y and enter the values of y’(0), y/(0.1), y/(0.2), y’(0.3), 


To calculate 


*The actual values will, of course, give a more accurate result for y(0.5). However, 


we assume these actual values are unknown. 
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y’(0.4). Head the second column Vy’ and enter in it the differences of the 
first column—remember Vy’(0.1) = y/(0.1) — y’(0.0), Vy’(0.2) = y/(0.2) — 
y’'(0.1). Head the third column V2y’ and enter in it differences of the second 
column. Head the fourth column V?y’ and enter in it differences of the third 
column. Head the last column V*y’ and enter in it differences of the fourth 
column. The last row should then contain all the differences needed in the 
above formula (50.85). 

7. In (50.1), let f(z,y) be a function only of x so that y’ = f(x) for which 
y(to) = yo. Hence, by (50.14), 


Zgtnh 
(50.9) y(zo + nh) = y(xo) + | f(x) dx. 


Let F(z) be the interpolating function for f(z), agreeing with f(z) at the 
n-+ 1 points whose abscissas are zo, zo-+h, ro + 2h,:-+, to + nh, 


fixo+@=1)h}= 
f(xoth)= oe Ely t C2 1h] 


eS F(x9 +h) ae 
=e “ f(xo + 2h) = 
F(xo+2h) 


7 


Se Xoth Xp + 2h Xopt(n-Wh Xgtnh 
Figure 50.91 


Fig. 50.91. Let the graph of F(x) be the straight line joining the end points 
of these ordinates. Then an approximation of y(xo + nh) of (50.9) is 


Zo+tnh 


(50.92) y(zo + nh) = y(xo) + | Epa: 


0 


where F(z) is the function whose graph consists of these straight lines. 
By (50.6) and (50.7), with y’ replaced by its equal f(x), we have 


(50.98) (ao th) = (zo) + 5 [fla0) + feo + M+ B, 


where EF = —A3f’(X)/12, and X isa value of x in the interval (zo,z0 + A). 
} 

The term 5 [f(2o) + f(zo + h)] may also be looked at as the area of a 

trapezoid of width A and heights f(zo), f(zo +h), Fig. 50.91; hence the 


name trapezoidal rule. 
(a) By adding the areas of each trapezoid in Fig. 50.91, show that 


Zotnh 
(50.94) i F(a) de = 5 {flzo) + 2f(20+ h) + 2flzo + 2h) + 
Be i iar ge nelly S| perk eta bee 


Hence an approximation to (50.9) is 
(50.95) y(zo + nh) = y(zo) + H, 
where H is the right side of (50.94). 
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(b) Following the procedure outlined in lxercise 44,11, show that the 
upper bound of the error in formula (50.95) due to using F(x) to ap- 
proximate f(z) 1n (50.9), is 

nh? M 


50.9 ae 
(50.96) |E| s is 


d 


where A is the maximum value of |f’’(z)| in the interval (zo, zo + nh). 
8. (a) Use formula (50.95), with n = 4, h = 4, to obtain an approximate 
value, when z = 2, of the particular solution of the equation y’ = 1/z 
for which y(1) = 0. Show how this value of y(2) can be used to ap- 
proximate log 2. Hint. Here zo = 1, y(xo) = 0, nh = 1. The solution 
of y’ = 1/z for which y(1) = Ois y = log z. Therefore y(2) = log 2. 
(b) Use (50.96) to find an upper bound to the error in the result obtained 
in (a). Compare with actual error. Hint. n = 4,h = 4, f(x) = 1/z, 
if = max, (f’(z)| = max. |2/r°| = 2 in interval (1,2). 
(c) What is the largest value of h which can be used to insure that the error 
F in the computation of log 2 is less than 0.0005? Into how many parts 
would it be necessary to divide the interval (1,2)? 
9. In (50.1), let f(z,y) be a function only of z, so that y’ = f(z) for which 
y(ro) = yo. Hence, by (50.14), 


zo+nh 
(50.97) y(xo + nh) = y(zo) ai S(x) dz. 


Let F(x) be the interpolating function for f(x), agrecing with f(z) at the 
n + 1 points whose abscissas are z, ro + h, To + 2h,* ++, 0 ++ mh, where 
nis even. Let the graph of F(x) consist of the parabolic arc connecting the 


three ordinates f(zo), f(zo + h), f(2o + 2h), solid curve in Fig. 50.91, plus 
the parabolic arc connecting the three ordinates f(xro -+ 2h), f(to + 3h), 
f(zo + 4h), etc. Then an approximation to y(zo + nh) of (50.97) is 


zo+nh 
(50.98) y(zo + nh) = y(xo) + | F(x) dz, 


where F(z) is the function whose graph consists of these parabolic arcs. 
By (50.61) and (50.71), with y’ replaced by its equal f(z), we have 


(50.99) (xo + 2h) = y(zo) + ; [f(zo) + 4f(xo + h) + flzo + 2h)) + #, 


where KE = —h5f(X)/90, and X isa value of z in the interval (z0,70 -+ 2h). 


The term ; (f(z0) + 4f(z0 + h) + f(zo + 2h)), it has been proved, see a 


calculus text, is the arca under a parabolic arc joining the ends of three 


ordinates (10), f(z0 + ie fo 2). 


(n) By adding the arcas under each parabolic arc in Fig. 50.91, show that 
zotnh ; 
j =35 2) 
(50.991) ih F(a) dr = 3 t f(20) + 4f(zo + h) + 2f(z0 + 2h) 
+ 4f(to + 3h) + 2f(ro + 4h) + °°: 


-- 2f[zo + (n — 2)h] 
+ Afro +- (nw — WK) + feo + nay}. 
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Hence an approximation to (50.97) is 
(50.992) y(zo + nh) = y(zo) + &, 
where & is the right side of (50.991). Formula (50.992) is known as 


Simpson’s rule. 

(b) Following the procedure outlined in Exercise 44,11 (note that here the 
interval is (zo, Xo + 2h) instead of (xo, ro + h)], show that the upper 
bound of the error in formula (50.992) due to using F(x) to approximate 
f(x) in (50.97), is 

ne 

180 ” 

where JM is the maximum value of |f(z)| in the interval (z0,z0 + nh). 

10. Use formulas (50.992) and (50.993), with n = 4,h = 4 to answer questions 
(a), (b), (c) of problem 8. Hint. Here Mf = max. |f“(zx)| = max. |24/z5| = 
24 in interval (1,2). 


(50.993) [Z| s M, 


ANSWERS 50 

6. y(0.5) = 1.6961610. 

8. (a) y(2) = 0.69702. Actual value: log 2 = 0.69315. (b) |E] < 0.01042. 
Actual error = 0.00387. (c) h = 0.05 to two decimal places. Therefore 
we need to divide the interval (1,2) into twenty parts. 

10. (a) y(0.2) = 069325. (b) |E| < 0.00052. Actual error = 0.00010. 
(c) h < 0.24. Since n must be even, we need to divide the interval (1,2) 
into six parts. Compare with 8(c). 


LESSON 51. Milne’s Method of Finding an Approximate 
Numerical Solution of y’ = f(x,y). 


The method we are about to describe for finding a numerical solution 
of the differential equation y’ = f(z,y) satisfying the initial condition 
y(Xo) = Yo is probably the one most widely used today. It is simple in 
form and has a relatively high degree of accuracy. The method uses con- 
tinuing formula (50.62) to estimate or predict a value of y(xq + 4h) and 
then employs Simpson’s formula (50.61) to correct it. For convenience 
we rewrite these formulas below, using a subscript p for the formula we 
shall use as a predictor or estimator and a subscript c for the one we shall 
use as a corrector. 


(51.1) Yp(to + 4h) = y(z0) 
+ 3 [2y'(eo + h) — y'(eo + 2h) + 2y'(zo + 3h), 
(51.11) Yc(Xo + 4h) = y(Xo + 2h) 


tf # [y'(xo + 2h) + 4y'(zo + 8h) + Yp'(xo + 4h)]. 


When these two formulas are used in combination, they are known col- 
lectively as Milne’s method. In order to use (51.1) we must know 


Lesson 51 Mitne’s Metuop Appritp to y’ = f(x,y) 685 


y (to +h), y'(to + 2h), y'(to + 3h). We can determine these values 
from the given differential equation y’ = f[x,y(v)] only after we know the 
corresponding values of y(ro +h), y(to + 2h), y(vo + 3h). Hence we 
must use starting formulas in order to obtain these needed preliminary 
estimates. Formula (51.1) will then predict or estimate a value of 
y(%o + 4h); formula (51.11) will correct this estimate. The new value of 
y(to + 4h) thus found can in its turn be used as a new estimated value 
and (51.11) used over again to correct it. It has been proved that, if the 
original estimate is not too far away from the true value and if h is suffi- 
ciently small, the repeated use of (51.11) will give a sequence of values of 
y(«tq + 4h) which will eventually converge. 


Example 51.12. Use Milne’s method to find an approximate value 
when « = 0.5 of the particular solution of the differential equation 


(a) yf = 2 EY, 
for which y(0) = 1. 
Solution. In Example 46.21, we found by Taylor series methods, 


5, y'(O.1) = 1.115512 
7, y'(0.2) = 1.264207 
5, y'(0.3) = 1.4495755. 


(b) y(0.1) = 1.105512 
y(0.2) = 1.224207 
y(0.3) = 1.359575 


oF 
c 


By (51.1) and (51.11) mith 26 = OO, 
(c)—yp(0-4) = (0) + [2y'(0.1) — 0.2) + 2y'0.3)), 
ye(O4) = (0.2) + 9* fy'(0.2) + 40.3) + u9'(O-ND). 


Substituting the values of (b) and the initial condition y(0) = 1, in the 
first equation of (c), we obtain 


0.4 ri 2 aa NE 
(a) yp(04) = 1 + =p (2(1.-1155125) — 12642077 + 2(1.4495755)] 
= 1.5154624. 


By (a) and (qd), 
yp (0.4) = 0.16 + 1,.5154624 = 167548624. 


Hence the second equation of (c) becomes 


(0.4) = 1.224207 + ie [1.2642077 + 4(1.4495755) 
+ 1,6754624] = 1.2242077 + 0.2912657 = 1.5154734. 


(e) 
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We now make use of (51.11) once more to see whether it will correct the 
value in (e). Using the value in (e) as a new estimate, we have 


(f) yn (O04) 0.42 4 15154734 no 7oses, 


Our corrector formula (c) becomes, with the help of (b) and (f), 


(g)  y-(0.4) = 1.2242077 + “2 [1.2642077 + 4(1.4495755) 
++ 1.6754734] = 1.5154738. 


You can verify that a third application of (51.11), using the value in (g) 
as a new estimate, will not change this value. Since our corrector will 
make no more corrections, we accept this value of y(0.4). 

Irom here on we continue to make use of our predictor and corrector 
formulas, using the first to estimate an approximation, the second to cor- 
rect this estimate; the corrector formula being used repeatedly until no 
further correction results. By (51.1), with h = 0.1 and xp = 0.1, 


(b) —yp(0.5) = (0.1) + [2y'(0.2) — y'(0.3) + 2y'(0.4)]. 
By (a) and (g) 
(i) y’'(0.4) = 0.16 + 1.5154738 = 1.6754738. 


Therefore by (b) and (i), (h) becomes 


G) _-¥(0.5) = 1.105125 1 “4 [2(1.2642077) — (1.449575) 
4+ 2(1.6754738)] = 1.6961508, 


which is an estimated value of y(0.5). Using this value in (a), we obtain 
(k) Yp (0.5) = 0.25 + 1.6961508 = 1.9461508. 
By G11), with: — 0.172, — 0.1, 


(1) ye(0.5) = (0.8) + 5 ly'(0.8) + 4y/(04) + yp'(0.5)] 
By (b), (i), and (k), (1) becomes 


(m) y-(0.5) = 1.8595755 + “ [1.4495755 + 4(1.6754738) 
+ 1.9461508] = 1.6961629. 
Using the value y(0.5) = 1.6961629 as a néw estimate, we find by (a), 


(n) yp'(0.5) = 0.25 + 1.6961629 = 1.9461629, 
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and by (51011) 
(0) (OB) ae 1 2505750—- “e [1.4495755 + 4(1.6754738) 

+ 1.9461629] = 1.6961633. 


You can verify that further use.of (51.11) will not change the value in 
(0). We therefore accept this estimated value of y(0.5). 


Comment 51.2. In this manner, alternately using predictor formula 
(51.1) and corrector formula (51.11) as many times as needed, you can 
obtain y(0.6), y(0.7), y(0.8), ete. It will be found desirable to construct a 
table in which to record all relevant calculations as they are found. Its 
form is given in Table 51.22 below. The letter D which appears in it is 
defined as 


(51.21) D(wo + 4h) = yc(to + 4h) — yp(o + 4), 


where y, is the estimate computed by (51.1) and y, is the first correction 
of this yp computed by (51.11). Its important purpose will be explained 
later. We have left it to you as an exercise to complete the line beginning 


with 0.6. 


Table 51.22 
TS 


1 D of Actual 
. ve eee Up ue Clea) Value 
0.4 1.5154624 1.5154734 1.6754624 1.6754734 0.0000110 
1.5154738 1.6754738 1.5154741 
0.5 1.6961508 1.6961629 1.946) 508 1.9461629  0.0000121 
1.6961633 1.9461633 1.6961638 
1.9063564 


0.6 
i nee ee es 


Comment 51.23. Yormula (51.1) is @ continuing formula. However, 


it is rarely, if ever, used for this purpose since, as we shall show below, it is 
considerably less accurate than corrector formula (51.11). By (50.72), the 


error term /¢, of (51.1) 1s 

(51.24) EB, = BBh Py (X)). 
By (50.71) the error term iol (lgll) as 
(51.25) Be = —agh®y!(X2). 


at h is sufficiently small so that the variation in value 


If we may assume th | . , 
NX.) in an interval of width 4h [X1 is a value of x in 


of y'” (Ma) and y°°'( 
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the interval (xo, to + 4h); Xe is a value of x in the interval (to + 2h, 
to + 4h)] is negligible, then we see from error formulas (51.24) and (51.25) 
that the corrector formula at each single step is approximately 28 times 
as accurate as the predictor formula. 


Comment 51.3. Comment on Error in Milne’s Method. 

1. Call E(x9 + 4h) the error in computing yp(to + 4h) by using for- 
mula (51.1); call £.(z9 + 4h) the error in computing ye(%o + 4h) by 
using formula (51.11) to correct this predicted value of yp(xo + 4h). 
Let Y(xo + 4h) be the actual value of y(xp + 4h). Then 


Ey(ao + 4h) = V(xq + 4h) — yp(to + 4h). 
Subtracting the first equation from the second, we have 
(S132) yeu) — Yoo 4) — 2 ao a) — og 


If we may assume that h is sufficiently small so that the variation between 
y(X,) of error formula (51.24) and y®(X¢) of error formula (51.25) is 
negligible, then we commit a small error by using y®(X) as their approxi- 
mate common value. Hence subtracting (51.25) from (51.24) and re- 
placing y®(X 1) and y® (Xo) by y(X), we obtain 


(51.33) E,(xo + 4h) — E.(ap + 4h) = B8n®y(X). 


By (51.21), the left side of (51.32) is D(xp + 4h). Hence by (51.32), 
(51.33), and (51.25), we have 


Therefore by (51.34), 
(51.35) Eg 4h) = — Seo a 


lormula (51.35) tells us that the approximate formula error in the first 
corrected value of y-(~o + 4h) is —sg5 the difference between the first 
corrector and predictor values of y(to9 + 4h). 

2. The column headed D in Table 51.22 thus serves a very useful pur- 
pose. Dividing it by 29 will give an estimate of the formula error in the 
first corrected value of ye over one h step. If therefore we want |E| < 
0.000005, then |D/29| must be <0.000005 or |D| must be <0.000145. 
As long as |D] remains less than this figure, we assume that the error in 
our first corrected estimate y., over each h step, is less than 0.000005. 

3. As long as D/29 is less than the desired accuracy, we may continue 
to use the same h interval. As soon as D/29 becomes greater than desired 
accuracy, we must reduce h. Conversely, if D/29 is considerably smaller 
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than desired accuracy, we can safely increase h. The method of reducing 
and increasing A in the course of an extended computation is discussed in 
the next Lesson 52. 

4, The corrector formula may be used repeatedly at each step, until 
there is no difference between two successive values of y(vp + 4h). How- 
ever, as the difference between predictor and first corrector values in- 
creases, you will find that you must use the corrector more and more 
times at each step. When this happens, even though D/29 may still be 
less than desired accuracy, it will usually be found best to reduce A. 

5. The column headed D serves another useful purpose. It controls in 
some measure arithmetical accuracy at each step. Whenever an entry in 
D shows a sudden change from a definite behavior pattern, the preceding 
and current calculations should be checked. 

6. If predictor and corrector values agree to k decimal places after being 
properly rounded off, then k decimal accuracy is assumed. 


EXERCISE 51 


. Complete line 0.6 in Table 51.22. 

2. Replace (b) of Example 51.12, by the actual values of y(0.1), y(0.2), y(0.3) as 
given in Table 46.31. Following the method of this lesson, compute y,(0.4), 
y-(0.4), and D(0.4). Then use (51.35) to correct y-(0.4). Add this corrected 
value of y(0.4) to your table. Now proceed to compute y,(0.5), y-(0.5), and 
D(0.5). Use (51.35) to correct y-(0.5). Add this corrected value of y(0.5) to 
your table. Calculate y,(0.6), y-(0.6), and D(0.6). Correct y-(0.6). Compare 
these values with those obtained previously and with actual values given in 
Tatsle 51.22. 

3. Using the six preliminary results obtained in 2, compute y.(0.6) by means of 

Weddle’s rule (50.64). In the absence of a solution, how many decimal place 

accuracy could you assume in y(0.6)? Hint. See 3 after “3, Cumulative 


Errors,” Lesson 52A. , 
4. Find numerical approximations when xz = 0.4, 0.5, 0.6 of the particular solu- 


tion of the differential equation y’ = c+ y for which y(0) = 1. ‘Take h = 
0.1. Follow the method employed in Example 51.12, using first the predictor 
formula, then the corrector formula as often as is necessary until no further 
correction results. For preliminary values, take y(0.1) = 1.1103418, y(0.2) = 
1.2428055, (0.3) = 1.3997176. Solve the equation and compare your results 
with actual values. . . 

5. Using the six preliminary results obtained in 4, compute Yw(0.6) by means of 
Weddle’s rule (50.64). In the absence of a solution, how many decimal place 
accuracy could you assume in y(0.6)? See Hant mn 3: . ae 

6. Find numerical approximations when xz = 1.4, 1.5 of the particular solution 
of the differential equation y’ = zy for which yQ) =]. Take h = a 
Follow the method used in Example 51.12, employing first the pgs - 
then the corrector formula as often as necessary. For Oe a i ia 
take y(1.1) = 1.1 1071, hd = ak y(1.3) = 1.41199. * olve the equa- 

ion compare results with actual values. 

T aie tit muds obtained in problem 6, compute y(1.5) by ea a ane 
formula (50.63). Here to = 1, y(xo) = 1, = Ome si the absenee of as 
tion, how many decimal place accuracy could you assum 


pel 


e? See Hint in 3. 


690 NumericaL MetHops Chapter 10 


ANSWERS 51 
1. yp(0.6) = 1.9063415, y-(0.6) = 1.9063561, D(0.6) = 0.0000146. 
2. yp(0.4) = 1.5154627, y-(0.4) = 1.5154742, D(0.4) = 0.0000115. 
y(0.4) = 1.5154738, yp(0.5) = 1.6961512, y-(0.5) = 1.6961638, 
D(0.5) = 0.0000126, (0.5) = 1.6961634, y,(0.6) = 1.9063424, 
y-(0.6) = 1.9063561, D(0.6) = 0.0000137, y(0.6) = 1.9063556. 
3. y»(0.6) = 1.9063563. Can assume six decimal place accuracy if rounded 


off to six decimals. 
4. y-(0.4) = 1.5836497, y-(0.5) = 1.7974429, y-(0.6) = 2.0442384. Actual 
values: 1.5836494, 1.7974425, 2.0442376. 


5. yy(0.6) = 2.0442377. Can assume six decimal place accuracy. 
6. y-(1.4) = 1.61609, y-(1.5) = 1.86826. Actual values: 1.61607, 1.86825. 
7. y(1.5) = 1.86825. Can assume four decimal place accuracy if rounded off to 


four decimals. 


LESSON 52. General Comments. Selecting h. Reducing h. 
Summary and an Example. 


LESSON 52A. Comment on Errors. 


1. Formula Errors. With each approximating formula we have also 
given a companion error term which measures the magnitude of the error. 
Since these error formulas cannot usually be used, we have also suggested 
practical means by which the magnitude of error can be estimated. Unless 
a numerical method has associated with it a useful error formula, the 
method is of little value. 

2. Rounding off Errors. In a practical problem, the number of steps 
needed will usually be known, also the accuracy desired. It will thus be 
possible to estimate the number of decimal places that should be used at 
the start in order to offset rounding off errors under the most unfavorable 
circumstances. [Tor example, suppose you want four decimal accuracy 
and expect to use eight steps. If you round off to six decimals, then the 
maximum possible absolute value of the error due only to rounding off, 
i.e., due to dropping the seventh and later decimals, is, after eight steps, 
0.0000005 x 8 = 0.000004. It must be remembered, however, that the 
use of a formula may considerably magnify, at each step, the effect of the 
rounding off error. 

3. Cumulative Errors. At each step of a building up process, two errors 
occur. One, because we start off with an inherited error, and two, because 
we are using an approximation formula. Since each succeeding step de- 
pends on the previous estimate, it will be unusual indeed if we obtain 
increasing accuracy as we proceed. It may happen in a rare case that one 
error may be offset by a succeeding one. In the usual case, it will not 
happen, and accuracy will decrease at each step. 


Although formulas exist which will give the upper limit of error at the 
end of each step due both to formula and cumulative errors, they are not 
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easy to use. We give below three practical suggestions for estimating 
accuracy, ones which have been found adequate in most cases. 


1. Start with many more decimals than you need. 


to 


Make all calculations over again with an A equal to one half its pre- 
vious value. If the new final result agrees with the previous one to k 
decimal places, after being properly rounded off, then k decimal place 
accuracy is assumed. 


3. Apply corrector formula (50.63) after five preliminary estimates have 
been obtained or Weddle’s corrector (50.64) after six steps. If the re- 
sult obtained by these corrector formulas agrees with the last estimate 
used in the formula to k decimal places, after being properly rounded 
off, then k decimal place accuracy is assumed. Weddle’s rule, in par- 
ticular, is simple in structure and is extremely good at discovering 
errors. If there is little agreement between the last estimated value 
and its corrected value, then either an arithmetical error has been 


made or h is too large. 


A final word of caution. In most problems, the practical approach to 
errors as outlined above, will within reasonable certainty, assure you of a 
result which is correct to k decimal places. However, only a formula 
which gives the upper bound of the error duc to rounding off, formula and 
cumulative errors, can give, with certainty, the magnitude of the error in 


a numerical computation. 


LESSON 52B. Choosing the Size of h. You may have been saying 
to yourself, “How does one know what size A to select at the start?” 
We used h = 0.1 in our examples, but what made us pick 0.1 instead of 
0.2 or 0.05 or 0.3? If it is posstble to use an error formula for a given 
method, then it is also possible to determine h so that the error due to the 
approximating formula will remain within the desired limits. I*'requently 
a knowledge of the problem plus practical experieuce will determine a 
starting value of A. 

In the absence of a useful error formula or practical information, then 
all you can do is to start with an h which seems reasonable. Say you decide 
to start with h = 0.3 and to use the Runge-Kutta method to get your 
first approximations. Calculate y(0.3) in one step and then in two steps, 
calculate y(0.3) and y(0.15 +> 0.15). Formula (47.42) will then give 
you an approximate value of the magnitude of the error. It states that 
the approximate error in y(0.15 + 0.15) is one-fifteenth the difference 
between y(0.15 + 0.15) and y(0.3). If one-fifteenth this difference is 
greater than the desired error, you must reduce A; if it is reasonably less 
than the desired error, you may retain A; if it is very much less than the 


1%, 


desired error, you may ierease h. 
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Let us assume h = 0.3 is satisfactory. Starting with the value of (0.3) 
found in two steps, we then proceed to find y(0.6) and y(0.9). The initial 
condition plus these three preliminary estimates, y(0.3), y(0.6) and (0.9), 
will enable us to switch to Milne’s method. From here on, we begin to 
watch the size of the column D in our table. By (51.21), it is the differ- 
ence between the predictor value computed by using (51.1) and the first 
corrected value computed by using (51.11). Dividing D by 29 will keep 
us posted as to the approximate magnitude of the error in the first y, 
figure in our table. When it becomes larger than the desired error, we 
must reduce h. This brings up the question of how to reduce A in the 
course of an extended computation; also how to increase h. 


LESSON 52C. Reducing and Increasing h. As we proceed step by 
step, an h which is satisfactory in early stages may become too large in 
later ones. Suppose, for example, we are satisfied that the values of 
y(0.1), y(0.2), y(0.3) found by a starting method have the desired accuracy. 
We switch to the Milne method and determine that the values of y(0.4), 
y(0.5), y(0.6), y(0.7) still have the desired accuracy. However to obtain 
y(0.8), we find it necessary to reduce h to 0.05. The next value we must 
find is, therefore, y(0.75). To use Milne’s predictor formula (51.1) with 
h = 0.05, x9 = 0.55, we must know y(0.55), (0.6), y(0.65), (0.7). We 
already know y(0.6) and y(0.7). How do we find y(0.55) and y(0.65) 
without the necessity of starting from the beginning all over again with 

= (0058 

One way of obtaining ¥(0.55) and y(0.65) is by use of Newton’s back- 
ward interpolation formula (49.22). Since we know eight evenly spaced 
values of y(x), 0.1 unit apart, namely y(0), y(0.1), ---, y(0.6), y(0.7), we 
can use terms in this formula to V’y(0.7). By (49.23), with x9 = 0.7 
ti— 060 andgia— Olewe find 7 — (7 —-0.65)/01 — Se With — = 


Figure 52.1 
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and the needed values in the formula obtained by constructing a table of 
differences of y(0.7), we ean determine y(0.65). Similarly, by taking 
r= 0.55 so that n = 3, we can approximate y(0.55). 

A second and perhaps easier way to obtain these values is by use of a for- 
mula which has approximately the same order of accuracy as Simpson’s 
rule, Let the third degree polynomial F(x) = a + bx + cx? + dr? be an 
interpolating function for y(x). Since F(x) is a third degree polynomial, we 
may assume by Theorem 48.2, that it agrees with y(x) at four points whose 
abscissa values are h units apart. Call these four abscissas 79, to — A, 
Xo — 2h, Xo 3h, and their respective ordinates Yo, Y1, Y2, Y3, Vig. 52.1. 
For convenience in calculation, we take the origin at x9, so that the coordi- 
nates of the points at which F(x) and y(xr) agree are (0,¥o0), (—h,y1), 
(—2h,yo), (—3h,y3). Since each of these points satisfies the equation 


(62011) F(x) =a+t be cr ae dx? 
we have 
(5212) ewer 


i= oe h?c — hid, 
yg = a — 2hb + 4h?c — Bhd, 
‘= 6 Sh) | 9h2c — 27h*d. 


Solving (52.12), for a, b, c, d, we obtain 


(522813) 1 =e, 
Te 11y¥o — 18y¥1 + 9¥2 — 2¥s | 
a Oh 
24 = Oh ae Sve 
an Qh? 
ce BY1 ode 08 | 
a 6h3 


Substituting (52.13) in (52.11) will give the equation of the interpolating 
function F(x) for y(2). Therefore when « = —h/2, F(—h/2) will give the 
approximate value of y(—h/2). Making the substitution (52.13) in 
(52.11) and replacing x by —h/2, we have 


h 1lyo — 18¥1 + 9y2 — 23 
(52.14) F — =Vo~ 12 
2¥o — By1 tye — ys _ Yo — 3¥1 + 32 — YB 
+ 8 48 


5yo + 15y1 — 5Y¥2 + Ys | 
di 16 
Hence in terms of our original 


—_— . 
which is an approximation of y(mh/2). 
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abscissas, see I'ig. 52.1, we obtain the approximation formula, 


Telouo) = lou, — = Spee) a a. 


Comment 52.16. To double h is a simple matter. If you decide that 
the h you have been using can be safely doubled, all you need do is to 
take every other preceding estimate. I*or example, if you have been using 
h = 0.1 and find h = 0.2 will be satisfactory, you need use only the pre- 
vious estimates, y(%o + 0.2), y(vo + 0.4), ete. 


LESSON 52D. Summary and an Illustrative Example. We have 
given various starting, continuing, predictor, and corrector formulas. 
Which ones you should choose in a particular problem will be determined 
by the degree of accuracy desired, the relative difficulty of the method, 
and the amount of labor involved. If you have many occasions to use 
numerical methods, experience will be your best guide. 

It is the usual practice to start with the Runge-Kutta method. After 
the needed preliminary estimates have been obtained, it is then customary 
to switch to the Milne method. In solving problem 52.2 below, we shall 
assume that we know nothing about its solution. Hence we shall have to 
depend for a determination of the approximate accuracy of our result on 
the suggestions made in Lesson 52A. 


Example 52.2. Find an approximate value when x = 0.6 of the par- 
ticular solution of the differential equation 
(a) oS, 
for which y(O) = 1. Assume we wish the error to be less than 0.00005. 


Solution. To bring more methods into the discussion, we shall start 
with Taylor series instead of with the usual Runge-Kutta formulas, then 
switch to Runge-Kutta and end finally with Milne. 

Tirst we must choose an h. We decide to try h = 0.1, and proceed to 
calculate y(0.1) in two steps and in one step in order to see how much 
agreement there is in the two results. Using our basic equation (46.12) 
with h = 0.05 and zo equal successively to 0 and 0.05, we obtain 


(b) y(O + 0.05) = y(0.05) = y(0) + y CORY 05) 
+ ¥O (6.05)? + HO (0.05)? + AO .08)4, 
y(0.05 + 0.05) = aa 1) = y(0.05) ‘i 1/(0.05)(0.05) 


a a (0.05)? + y!" (0.05) a 05) (0.05)3 + y' au 05) (0.05)*. 
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The derivatives of (a) to order four are 

() ysatty yl Saety, yy s2t+y", yay’. 
Hence when x = 0 and (0) = 1, we find from (c) 

(dd) y@O=1, yO) =1, yO) =3, yO) = 3. 
Substituting these values in the first equation of (b), we obtain 


(ce) y(0.05) = 1 + 0.05 + 3(0.05)? + $(0.05)° + 4(0.05)* 
— 1,05 + 0.00125 + 0.0000625 + 0.0000008 = 1.0513133. 


With z = 0.05, y(0.05) = 1.0513133, we find from (c) 


(f) y'(0.05) = 1.0538133, y/’(0.05) = 1.1538133, 
y’"(0.05) = 3.1538133, y“4(0.05) = 3.1538133. 


Substituting (ec) and (f) in the second equation of (b), we obtain 


(g) y(0.05 + 0.05) 
1.0513133 + 1.0538133(0.05) + $(1.1538133) (0.05)? 
+ 2(3.1538133)(0.05)* + 3x(3.1538133) (0.05) * 


1.0513133 + 0.05269067 + 0.00144227 + 0.00006570 
+ 0.00000082 = 1.1055128. 


| 


I 


In Example 46.2, we found the value of y(0.1) in one step. By (f) of 
that example, y(0.1) = 1.1055125. We now note that the value of (0.1) 
obtained in one step agrees, when rounded off, to six decimal places with 
the value of y(0.1) obtained in two steps. We note also by (46.57), that 


(h) E(0.1) = $4ly(0.5 + 0.5) — y(0.1)] = +$(0.0000003) = 0.00000032. 


Since this error is sufficiently smaller than the desired one, and because 


y(0.1) and y(C.05 + 0.05) agree to six decimals, we accept h = 0.1 as a 


proper starting value. 

Our next task is to determine how many decimal places to carry. Since 
h = 0.1 and we want y(0.6), there will be, if h does not need to be re 
duced, a total of six steps. If therefore we carry seven decimal places, 
dropping the eighth, the absolute value of the error due only to rounding 
ble cireumstances, is less than 6(0.00000005) = 


off, in the most unfavora 
affect the sixth place. Since we want our error 


(.000000:3, which does not 2 ) a 
to be <0.00005, we decide that seven decimals wall give us a suflicient 


margin of safety. We are now ready to calculate y(0.2). With ro = 0.1 
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and h = 0.1, our basic equation (46.12) becomes 
@) 2) = 40.1) + 0.1) 0.1) + 299 Coy? 
ay ee Oe ae 


Although the value of y(0.1) = 1.1055128 found in two steps with h = 
0.05 is more accurate than y(0.1) = 1.1055125 found in one step with 
h = 0.1, we shall use the last figure because of the adoption of a 0.1 
interval. We shall then be able to use those error formulas that are based 
on fe O11, 

By <(c), with 2 = 08, — 1055125; 


(j) y’(0.1) = 1.1155125, (0.1) = 1.3155125, 
y’"(0.1) = 3.3155125, yy“? (0.1) = 3.3155125. 


Substituting the above values in (i), we obtain 


(k) y(0.2) = 1.1055125 + (0.1)(1.1155125) + _ (1.3155125) 


a, Lalo 0. _ (3.3155125) + 0. aaa 


(3.3155125) = 1.2242077. 


Before proceeding to find y(0.3) we shall check the accuracy of y(0.2) = 
1.2242077 as given in (k). By (46.57), 


(1) (0.1 + 0.1) = zely(0.1 + 0.1) — y(0.2)]. 
By (k) 

(m) a Olas Ob es e224 207 7. 

By (f) of Example 46.2 

(n) y(0.2) = 1.2242000. 

Hence 


E(0.1 + 0.1) = ye(1.2242077 — 1.224200) = 0.0000005, 


which is the approximate error in y(0.2) of (k) found in two steps. Since 
this error is still much less than the desired one of 0.00005, we continue 
tO Useeh = Ode 

To find y(0.3), we switch to the Runge-Kutta method. By (47.34), 
with 29 = 020k =O yO) — ea. 


(0) y(0.3) = 1.2242077 + 2(w; + 2we + 2we + wy). 


By (47.35), with h = 0.1) 29 = 012,95 = igo) =") O12 oer 
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f(xy) = x* ~ ig Y, 
(p) io; = 0.1/(0,2, WO242077) = 0.1(0.2? + 1.2242077) 

= 0.12642077, 


we = 0.1f(0.25, 1.2242077 + 0.0632104) 
= 0.1(0.25? + 1.2874181) = 0.1349918, 


w3 = 0.1/(0.25, 1.2242077 + 0.0674959) 
— 0.1(0.25? + 1.2917036) = 0.1354204, 


ws = 0.1f(0.3, 1.2242077 + 0.1354204) 
= 0.1(0.3? + 1.3596281) = 0.1449628. 


Substituting (p) in (0), we have 


(q) y(0.3) 
= |,2242077 + 4(0.1264208 + 0.2699836 + 0.2708408 + 0.1449628) 


= ].2242077 + 0.1353680 
== 51 Bolo ToT. 


We are now ready to proceed with Milne’s method. For convenience, we 
collect the results thus far obtained. 


(52.21) y(0) = 1.0000000, y’(0) = 1.0000000; 
y(0.1) = 1.1055125, —-y'(0.1) = 1.1155125; 
y(0.2) = 1.2242077, al(0.2) = ge2082077 [by (a) and (k)); 
y(0.3) = 1.3595757, y/(0.3) = 1.4495757 [by (a) and (q)]. 


The Milne formulas are, by (5) and: (otal, 


(52.22) yp (to + 4h) = ylro) 
+ Spay ceo + 8) — veo + 28) + 20 + BAL 


(52.23) ye(to + 4h) = y(tot 2h) 
ia ; Ly! (to + 2h) + 4y'(x0 + 3h) + Yp (Xo +4h)]. 


Using (52.22) and the values in (52.21), we have with ro = 0,h = 0.1, 


A if / ‘ ¢ / ‘ 
te) yplOd) = 900) +S 2y'O.1) — 70.2) H2y'O-3)I 
10+ os (2(1.155125) — 1.2642077 + 2(1.4495757)] 


= 1.5154625. 
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By (a) and (r), 
(s) yp'(0.4) = 1.6754625. 
Byi@2 23) saute pe ee 


(t) ye(0.4) = (0.2) + S* fy'(0.2) + 4y’(0.8) + yp"(0.4) 
= 1].2242077 + os [1.2642077 + 4(1.4495757) + 1.6754625] 
—— oe WSS) 
And by (a) and (t), 
(u) 


Using the value in (u) as a new estimated value in Simpson’s formula 
(52.23), we have, with the help of (52.21), 


ye'(0.4) = 1.6754735. 


YU e222 = [1.2642077 + 4(1.4495757) + 1.6754735] 
= 1.5154738. 


(v) 


A third application of Simpson’s formula will not change the value in 
(v). By (a) and (v), 


(w) 


In Table 52.24, we start to record the Milne values, keeping a careful 
watch on the column headed D, which by (51.21), is the difference between 


ye'(0.4) = 1.6754738. 


Table 52.24 
Up of Ye of , / D= 9 
(52.22) (52.23) ae oe first Ye — Yp OPA es 
0.4 1.5154625  1.5154735  1.6754625  1.6754735 0.0000110 0.0000004 
1.5154738 1.6754738 
0.5 1.6961508  1.6961631  1.9461508 1.9461631 —0.0000123 0.0000005 
1.6961635 1.9461635 
0.55 1.7972722  1.7972764  2.0997722 2.0997764  0.0000042 0.0000002 
1.7972765 2.0997765 
0.6 1.9063602  1.9063573  2.2663602 2.2663573 —0.0000029 0.0000001 


the predictor value and the first corrector vaiue. And, by (51.35), the 
error in the first corrector value for one step is approximately — D/29. 
Since, for y(0.4), |D/29] is less than the desired error of 0.00005, we con- 
tinue with h = 0.1. 
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Be 6288) Vath 4 = 0.), a5 = 0.1, 
— Of a 
(x) yp(0.5) = y(O.1) + J [2y'O.2) — ¥'(0.3) + 2y'(0.4)] 


= 1.1055125 + “a [2(1.2642077) — 1.4495757 + 2(1.6754738)] 
= 1.6961508. 

By (a) and (x) 

(aa) yp (0.5) = 1.9461508. 


Therefore by (52.23) with h = 0.1, to = 0.1, 


(bb) ye(0.5) = y(0.3) + [y"(0.3) + 4y' OA) + yp'(0.5)) 


Saar al San 
= 505101 & os (1.4495757 + 4(1.6754738) + 1.9461508] 
= 1.6061631. 


A second application of Simpson’s corrector will change the value in (bb) to 
(ec) y (0.5) = 169G1Gs> 


A third application of (52.22) will not change the value in (cc). With 
this value of y-(0.5), we find from (a), ye'(0.5) = 1.9461635. Although 
| D/29, is still much less than desired accuracy, and we may safely continue 
to use h = 0.1, we shall calculate y(0.6) by reducing A to 0.05 in order to 


demonstrate how to use formula 62.15). 
With Ah now equal to 0.05, we cannot use the predictor formula (52.22) 


to find y,(0.55) unless we know four preceding values of y, 0.05 unit 
apart, namely y(0.5), y(0.45), y(0.4), and y(0.35). We already know 
y(0.5) and y(0.4). To find y(0.45) and y(0.35), we make use of formula 
(52015). Wath 2 = 0.1, the formula becomes 


(dd) (0.45) 
= y(0.5 — 0.05) 
4e(5y(0.5) + 15y(0.4) — 5y(0.3) + y(0.2)] 
— ef5(1.6961635) + 15(1.5154738) — 5(1.3595757 +. 12242077] 


I 


— 1,6024534, 
y (0.35) 
y(0.1 —0.05) 
= pe[dy (0-4) + 15y (0.3) — 5y(0.2) + y(0.1)] 
[5 (1.5154738) + 15(1.3595757) — 5(1.2242077) + 11055125] 


1 MATES. 
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By (a) and (dd), 
(ee) y’(0.45) = (0.45)? + 1.6024534 = 1.8049534, 


We now have the needed preliminary values to use the predictor formula 
(52.22) to estimate y,(0.55). With h = 0.05, x9 = 0.35, it becomes 


(ff) yp(0.55) 
= (0.35 + 0.20) 


= (0.35) + 429) oy(0.4) — y'(0.45) + 2y'(0.5) 


= 1.4347174 + re [2(1.6754738) ~ 1.8049534 + 2(1.9461635)] 


= 92721 
By (a) and (ff) 
(gg) 7) (0:55) (00) le 202721 OS OT 211. 


The corrector formula (52.23), with h = 0.05, z9 = 0.35, now becomes 
(hh) (0.55) 
= Hes =U 20) 


y(0.45) + 5” [y'(0.45) + 4y'(0.5) + y9"(0.55)] 


= 1,6024534 + ae (1.8049534 + 4(1.9461635) ++ 2.0997721] 


= 1.7972764. 


A second application of the corrector formula changes the value in (hh) 
to 


(ii) ye(0.55) = 1.7972765. 


With this walue of y.(0.55), we imd from (@), 7, (0.55) = 2.0997765. 
Returning to the predictor formula (52222)mwith h = 0.05975 = 04, 


(JJ) Yp(0.6) 
= y,(0.4 + 0.2) 


= (0-8) + 22° tay(0.45) — y'(0.5) + 2y'(0.58)] 


= 1.154738 + "s [2(1.8049534) — 1.9461635 + 2(2.0997765)] 
— 1,9063602. 

By (a) and (jj) 

(kk) Yp (0.6) = (0.6)? + 1.9063602 = 2.2663602. 
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By (52.23) with’? = 0:05,@) = 0M 
(il) y-(0.6) = y(04 + 0.2) 


4 (65) + = [y'(0.5) ty’ (0:55) + yp’(0.6)] 


2 , OM 
= 1/696.1635 + a [1.9461635 + 4(2.0997765) + 2.2663602] 


= 19063573. 


A second application of formula (52.23) does not change the value in (Il). 
Hence, by (a), 


(mm) p06) = 22265307.. 


As a final check on the overall accuracy of our result, we make use of 
Weddle’s corrector formula (50.64). With h = 0.1, ro = 0, it becomes 
(we use the subscript w for Weddle) 


I 


oe ; ; ae 
(0) -F 70 [y’(0) + 5y’(0.1) + y’(0.2) + 6y'(0.3) 
+ y'(0.4) + 5y’(0.5) + y'(0.6)] 
1 + 0.03[1 + 5(1.1155125) + 1.2642077 + 6(1.4495757) 
+ 1,6754738 + 5(1.9461635) + 2.2663573] 
— 1,9063562, 


(nn) yw(0.6) 


I 


which is a closer approximation to the true value of y(0.6) than is the one 
in (Ih). Since the difference between y-(0.6) and yw(0.6) is not significant, 
we assume their common value 1.90636 rounded off to five decimals is 
accurate to five places and its error is therefore < 0.000005. [‘The actual 
value of y(0.6) is 1.9063564 so that the error in the value of y(0.6) in (nn) 
is 0.0000002. Rounded off to five decimal places, the actual value of 
y(0.G6) is 1.90636, a figure which agrees with our final result rounded off 


to five decimal places.] 


EXERCISE 52 


1. In Example 52.2, we found y(0.1) = 1.1055125 and (0.05 = 0.05) an 
1.105512S. Use formula (46.57) to correct y(0.1). Using this corrected figure of 
y(0.1), compute by series methods y(0.2) and y(O.1 =-°0).1) eres; compute the 
value of y(0.2) in one step and tn two steps. lhe value of y(0.2) = 1.2242000, 

1 in one step can be found in (n) of this example. Use formula (46.57), 

with zo = 0. & = 0.2, to correct y(0.2). Starting with this corrected value 

of y(0.2), switch to the Runge-Kutta method, fourth order form, and com- 
pute y(0.2 + 0.1) and y{(0.2 + 0.05) 4- 0.05], i-c., compute y(0.3) in . step 

Apply formula (47.42) to correct y(0.3). Replace (52.21) 

figures just obtained. Use Milne’s method to find 

Apply formula (51.35) to correct y-(0.4) and add this 


computec 


and in two steps. 
by these new corrected 
y7(0.4), y (0.4), D(0.4). 
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corrected figure to your table. Compute y,(0.5), y-(0.5), D(0.5). Correct 
y-(0.5) by (51.35). Do the same for y.(0.6). Finally apply Weddle’s rule 
(50.64) to compute y,,(0.6). How many decimal place accuracy do you now 
have? Compare all results with previous figures and with actual values. 

2. Use the method of this lesson to find an approximate value when x = 0.6 of 
the particular solution of y’ = x-+ y for which y(0) = 1. Assume you know 
nothing about the solution and that you wish the error to be less than 0.00005. 
Use Taylor series for the first two approximations, Runge-Kutta for the third 
approximation. Then switch to Milne’s method. In the course of your com- 
putations reduce h by one-half even though it may not be essential. Use 
formula (50.63) to check the accuracy of y(0.5) and Weddle’s rule (50.64) 
to check the accuracy of y(0.6). In the absence of a solution, how many 
decimal place accuracy could you assume in y(0.5), in y(0.6)? See 3 after 
“3. Cumulative Errors,” Lesson 52A. Solve the equation and compare your 
results with actual value of y(0.5) and y(0.6). 

3. Follow the instructions in 2 to find an approximate value when z = 1.6, 
of the particular solution of y’ = zy for which y(1) = 1. 


ANSWERS 52 
1. y(0.1) = 1.1055128, y(0.2) = 1.2242085, y(0.3) = 1.3595771, 


yp(0.4) = 1.5154628, y,(0.5) = 1.6961512, y,(0.6) = 1.9063429, 
ye(0.4) = 1.5154745, y-(0.5) = 1.6961646, y-(0.6) = 1.9063565, 
D(0.4) = 0.0000117, D(0.5) = 0.0000134, D(0.6) = 0.0000136, 
y(0.4) = 1.5154741, y(0.5) = 1.6961641, y(0.6) = 1.9063560, 


Yw(0.6) = 1.9063566. Can assume five decimal place accuracy. Actual value: 
y(0.6) = 1.9063564. 

2. y = 2e7 — x — 1. Actual values: y(0.5) = 1.7974425, 
y(0.6) = 2.0442376. 

8. y = e?-D?. Actual value: y(1.6) = 2.1814723. 


LESSON 53. Numerical Methods Applied to a System 
of Two First Order Equations. 


We consider a system of two first order equations 


dx 
dy _ 
at = g(t,x,y), 
for which 
(53.11) t(to) = xo, —-y(to) = Yo. 


In Lesson 39, Example 39.17, we showed how to find a series solution of 
a system such as (53.1). Hence we can use this method to obtain starting 
approximations, provided the derivatives can be obtained without exces- 
sive difficulty. If they cannot, we can use the following Runge-Kutta 
fourth order formulas. 


(53.12) (to + h) = x(to) + d(v1 + 2ve + 2v3 + v4), 
y(to +h) = ylto) + e(wi + 2we + 2wz + wa), 
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where 


(6813) ty) = hf(to,r0,Yo), 
w, = hg(to,Xo,Yo); 
fe = Mito BF, xo + St, yo + Sw); 
We = hg(to + $h, ro + 3%, Yo + 31), 
v3 = Af(to + gh, ro + bv2, Yo + 32), 
w3 = hg(to + $h, to + 302, Yo + 3U2), 
Af(to + h, %o +3, Yo + ws), 
ws = hg(to + h, to + U3, Yo + Ws). 


The Milne predictor and corrector formulas for the system (53.1) are 
im 4h / / / 
(53.14) tp(lo + 4h) = x(to) + 3 [2.r' (to + h) — 2’ (to + 2h) + 2x’ (to + 3h)], 


4 
Yp(lo + 4h) = y(lo) + ° [2y'(to +h) — y'(to + 2h) + 2y'(to + 3h)], 


(53.1) x-(to + 4h) 
= alo + 2h) + fa! (lo + 2h) + Ae’ (lo + 3h) + 29'(lo + 48), 


Y c(to ae 4h) 
= y(to+ 2h) +4 [2"(lo + 2h) + 4y/'(lo + 3h) +p" (lo + 40) 


All comments and formulas in regard to errors, made in connection 
with the numerical solution of the equation y’ = f(x,y), apply to each 
function making up the solution of a system. The fifth degree formula 
(50.63) or Weddle’s formula (50.64) can be used to check the overall 
accuracy of the values of x(t) and of y(t). 


Example 53.16. Jind approximate values when zt = O.4andy = 0.4 
of a particular solution of the system 


(a) x) = ty, 
y(t) = zy, 


for which 2(0) = 1 and y(0) = 1. 


To bring into the discussion all the above formulas, we be- 


Solution. 
* The series solution of (a) has already been 


gin by using Taylor series. 
- eel, EIA, 


ample 39.17, the interval of convergence is |t| < 0.0625. We, therefore, 
cannot use Taylor series to find 2(0.1), y(0.1), 2(0.2), y(0.2) unless we can establish a 
larger interval of convergence. The chances are that the series solution does actually 
have such a larger interval since the theorem gives only a mimmum interval. But 
unless we can prove both series converge for t = (0.1, ¢ + 0.2, we would need to use 
Runge-Kutta or some other starting method in place of Taylor series. We have used 


Taylor series only for illustrative purposes. 


*By (f) of Ix 
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found in Example 39.17. It is [see (k)] 
at ae 
(b) (0) se ie oe eens 
ee ie 
y(t) = oe ae or ae ome 
Hence, by (b), with t = 0.1 and 0.2 respectively, we obtain 
Ce Ol en 


(@)) 2(Gl al oe 3 oo. 1053, 
3 4 
Ono eens SL oe + WO pes = 1.1084, 
2D: 3 4 
Ais ee ee ~ te “3 ee Oe - = 1,0229, 
3 4 
y(0.2) = 1+ (0.2) + OS ape OO 4 OD 4... = 1.0281, 


Remark. We have used direct substitution to find 2(0.2) and y(0.2). 
It would have been more accurate, but have involved much more labor, 
if we had used the creeping up method. 


To find x(0.3) and y(0.3), we switch to the Runge-Kutta method. 
With (9 = 0.2; ho s0 1072) 0229 ae Oe) — 182231, (3.12) 
becomes 


(d) x(0.3) = 1.0229 + d(v, + 2v2 + 2v3 + v4), 

HO2E— 22 uy(2.4) — ead Gta) — 27 (95. 1o) becomes 

(6) 0p = 0170-2, 10229, 1.2231) = O11 Oai 2281) — 0 02446. 
wy — "0. 1g(0.2, 1.0229, 1,223) ea OmiGl.0229) 2231) = 0/125), 


ve = 0.1f(0.25, 1.0229 + 0.0122, 1.2231 + 0.0626) 
= 01 (0i25) e357) — 0.0321, 


we = 0.19(0.25, 1.0229 + 0.0122, 1.2231 + 0.0626) 
=O 10351) 2857 —" 01331, 


v3 = 0.1f(0.25, 1.0229 + 0.0161, 1.2231 + 0.0666) 
= 0.1(0.25) (1.2897) = 0.0322, 


w3 = 0.19(0.25, 1.0229 + 0.0161, 1.2231 + 0.0666) 
0.1(1.0390) (1.2897) = 0.1340, 
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ry = 0.1f(0.3, 1.0229 +- 0.0322, 1.2231 + 0.1340) 
= 10.1(0.3)(1.3571) = 0.0807, 


wy = 0.19(0.3, 1.0229 + 0.0322, 1.2231 + 0.1340) 
= 0.1(1.0551)(1.3571) = 0.1432. 
Hence (d) becomes 
(f) 2(0.3) = 1.0229 + 3[0.0245 + 2(0.0321) + 2(0.0322) + 0.0407] 
= 1.0552, 
y(0.3) = 1.2231 + [0.1251 4- 2(0.1331) + 2(0.1340) + 0.1432] 
= 1.3588. 


Since we now have the needed number of preliminary estimates, we switch 
to Milnc’s method to find r(0.4) and y(0.4). Before we can use formulas 
(53.14) and (53.15), however, we must know v (Ol) 2 OP 2 (C3) and 
y'(0.1), y’(0.2), y’(0.3). We obtain these values by use of (a) and the 
values of x(0.1), 1(0.2), (0.3), y(0.1), y(0.2), y(0.3) as found in (c) and 
(f) above. Therefore 
(g) 2'(0.1) = 0.1y(0.1) = (0.1)(1.1054) = O1105, 

x'(0.2) = 0.2y(0.2) = (0.2)(1.2231) = 0.2446, 

x'(0.3) = 0.3y(0.3) = (0.3)(1.3568) = 0.4070, 

y'(0.1) = 2(0.1)y(0.1) = (1.0053)(1.1054) = 1.1113, 

O02) = 702) y0.2)— (1.0229) (1.2231) = 1.2511, 

p08 = 2O03)y03) = (1.0552) (1.3568) = 1.4317, 
Hence with fp = 0, A = 0.1, and with the initial conditions x(0) = 1, 
y(0) = 1, we can write (53.14) as 


(h) 2,(04) = 1+ 9 (22"(0.1) — 2'(0.2) + 22’(0.3)] 


mn “3s (20.1105) — 0.2446 -+ 2(0.4070)] = 1.1054, 


I 


yp(04) = 1 + 9S [2y'(0.1) — ¥'0.2) + 2y'03)] 


I 


+ SA oqa.an13) — 1.2511 + 2(1.4317)] = 1.56118. 


By (a) and (h), we obtam 


(1) p, O4)= 0.4y(0.4) = 0.401.5113) = 0.6045; 
yp (0.4) = (0.4)y(0.4) = (1.1054)(1.5113) = 1.6706. 


706 NuMeERIcAL METHODS Chapter 10 


The corrector formulas (53.15) are therefore 


(j) 


ie 


x (0.4) 


2(0.2) + * (2'(0.2) + 42/(0.3) + xp/(0.4)] 


= 1.0229 + “ [0.2446 + 4(0.4070) + 0.6045] 
ne 
ye(0-4) = y(0.2) + [y'(0.2) + 4/03) + ¥p'O4)] 


lee ee = [1.2511 + 4(1.4317) + 1.6706] 
= 1.5114. 


EXERCISE 53 


Using the values of 2(0.4) and y(0.4), given in (}) of Example 53.16, as new 
predictor values, use corrector formulas (53.15) to see if they will correct these 
results. If they do, repeat the process until two successive values of x(0.4) 
and y(0.4) agree. Then compute z(0.5) and y(0.5) by means of the predictor 
formulas and the repeated use of the corrector formulas. With five values of 
x(t) known in addition to the initial condition, use corrector formula (50.63) 
to check the accuracy of z(0.5). Do the same for ¥(0.5). How many deci- 
mal place accuracy can you assume in 2(0.5), y(0.5)? Hint. See 3 after 
“3. Cumulative Errors,” Lesson 52A. 


. Find approximate values when z = 0.1, 0.2,---, 0.5, y = 0.1, 0.2,---, 


0.5 of the particular solution of the first order linear system 
x’ (t) Sd Us y’(t) = —4z ae Y; 


for which z(0) = 1, y(0) = 1. Take A = 0.1. Use Taylor series to the fourth 
order, direct substitution method, to calculate z(0.1), y(0.1), x(0.2), y(0.2); 
Runge-Kutta method to calculate z(0.3), y(0.3); Milne’s method to calculate 
x(0.4), y(0.4), x(0.5), y(0.5). Finally apply corrector formula (50.63) to 
compute +(0.5), y(0.5). How many place accuracy can you assume in 2(0.5), 
y(0.5)? Now solve the system and compare results. 


. In problem 2, compute 2(0.2), y(0.2) by the creeping up method. Then apply 


(46.57) to correct z(0.2), y(0.2). With these corrected values of x(0.2), y(0.2), 
use Runge-Kutta method to compute z[(0.2 + 0.05) + 0.05], 2(0.2-+ 0.1). Do 
the same for y(0.3). Correct x(0.3), y(0.3) by means of (47.42). Compute 
rp(0.4), x-(0.4), D(0.4). Correct z,(0.4) by means of (51.35). Do the same for 
y-(0.4). Compute r,(0.5), x-(0.5), D(0.5). Correct z,(0.5). Do the same for 
y-(0.5). Finally apply corrector formula (50.63) to compute 2x(0.5), y(0.5). 
How many decimal place accuracy can you assume in your results? Compare 
with results obtained in 2 and with actual solution. 


ANSWERS 53 


. 2(0.4) = 1.1055, y(O.4) = 1.5114; 2(0.5) = 1.1776, y(0.5) = 1.6938. 


Corrector (50.63): 2(0.5) = 1.1776, y(0.5) = 1.6939. Can assume four and 
three decimal place accuracy. 
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2. x(t) values: 1.01609, 1.06940, 1.17026, 1.33246, 1.57490. y(t) values: 0.68234, 
0.31740, —0.11807, —0:65395, —1.33021. Corrector values (50.63): x(0.5) = 
1.57504, (0.5) = —1.33050. Can assume three and two decimal place 
accuracy respectively, if we round off to this number of decimals. 

Solution: x = 3(e3! + 3e-'), y = 4(—e3! + 3e-). 
Actual values: r(0.5) = 1.5753203, y(0.5) = —1.3310485. 


& @(0:2) = 1.06058, 9(012).= 0131705; 
r{0V3) = 1.1705), (0:3) = —0.11855; 
xr(0.4) = 1.33274, y(0.4) = —0.65450; 
tO 815756, (OS) = = 158091. 
Corrector values (50.63): r(0.5) = 1.57530, y(0.5) = —1.33101. 


LESSON 54. Numerical Solution of a Second Order 
Differential Equation. 


In the proof of Theorem 62.22, we show how a second order differential 
equation y” = f(x.y,y’) can be reduced to a system of two first order 
equations. A numerical solution of this equation can therefore be found 
by the method of Lesson 53. However, it is also possible to find a numerical 
solution of such an equation without the necessity of reducing it to a 
system. We illustrate the method by an example. 


Example 54.1. ind an approximate value when x = 0.4 of a par- 
ticular solution of the equation 


(a) i eed, 


for which y(0) = 1, y’(O) = 1. 

Solution. In order to bring into the discussion Taylor series, Runge- 
Kutta and Milne methods, we shall find y(0.1) and y(0.2) by Taylor series 
method, y(0.3) by Runge-Kutta’s method and y(0.4) by Milne’s method. 

By Theorem 37.2, if 


(54.11) y(ro + h) = y(to) + y’@o)h 


Mea fae Wan. (47, 
aie y (xo) h? a Uy] a2) ha ae ye h* le : 


Z ) 


then 


/ ”" y'"" (xo) 2 y (x0) 
(54.12) eo hy=y Coa (tole sey eer yee ee 


From (a), and by differentiation of (a), we obtain 


we 


(by y= 2 tary, y= er ay aS 


By the mitial andinom® ~= 0 y= 1, 7 = 1. Substituting these 


values in (b), there results 


() y’O) = 4, of!" (0) & 2 1 8, y(0) = 2-38 = —1. 
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Substituting the initial conditions and (c) in (54.11) it becomes, with 
£6. = 0, 


3 4 
(a) Oe) eee 


As in the first order case, two methods are available to us to find y(0.1) 
and y(0.2). By direct substitution, we obtain from (d), 


(e) y(0.1) = 14+ 0.1 + 4(0.1)? + 4(0.1)? — A(0.1)* = 1.105496, 
y(0.2) = 14+ 0.2 + 4(0.2)? + 4(0.2)? — (0.2)* = 1.223933. 
The creeping up method involves much more arithmetic, but insures 


greater accuracy. By our basic equations (54.11) and (54.12), withh = 0.1 
and xo equal successively 0.0, 0.1, we find 


6 TOL Sun 
= 40) + yO.) + (1)? 


Sor ee! oe 
y’ (0.1) 
a io ah 


Gi) se 0:1) 


ree a) (Ce 
y(0.1 + 0.1) = (0.2) 
saci sree hil 


y’(0.1 + 0.1) = »'(0.2) 
7B Ban 


4 ¥O.1) —O1) 0,1)' sibs 


Substituting the initial conditions and (c) in the first two lines of (f), we 
obtain 


(g) y(0.1) = 14+ (1)(0.1) + $00.1)? + 20.1)? — s4(0.1)* = 1.105496, 
y’(0.1) = 1+ (1)(0.1) + $(0.1)? — 20.1)? = 1.114833. 


Thereforé with x = 0.1, 9(0.1) = 1M0aSe@) (001) — as eine 
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(h) y" (0.1) = 2(0.1) + 2(1.105496) — 1.114833 = 1.296159, 
y’’(0.1) = 2 + 2(1.114833) — 1.296159 = 2.933507, 
y(0.1) = 2(1.296159) — 2.933507 = —0.341189. 


Substituting (g) and (h) in the third and fourth lines of (f), there results 


GQ) (0.2) = 1.105496 -+ (1.114833)(0.1) + a (0.1)? 
2.933507 
sf, 2.9B BO 5 jyorNOII"L 189K WEA ag in 
6 D4 
y'(0.2) = 1.114833 + (1.296159)(0.1) + 2 Oe 


0.341189 


(0.1)? = 1.259060. 


We now switch to the Runge-Kutta method to find (0.3). The fourth 
order form for the second order equation y” = f(x,y,y’) for which y(vo) = 


Ho, y' (to) = ya is 


(54.13) y(to + A) = ylxo) + F(v1 + 2v2 + 2r3 + v4), 
y' (xy + h) = y'(to) + FCW) + 2we -- 2w3 + W4), 


where, with yo’ = y'(%o); 


(54.14) n = hyo’, 
w, = Af(ro,yo,Yo ); 
Poe—eo = ete) 
Wo = Af(xo + Sh, yo +41, Yo + 3), 


ts = hyo + 5w2), 

wg = hf(ro + BAA + 4v0, yo + 4wz), 

vg = hyo’ + ws), 

14 =) fo + hy yo ++ we, Yo aiaws).- 
Therefore With ry = 0.2,4 = 01, ¥(to) = y(0.2) = 1.223948, y'(0.2) = 
1.259060, (54.13) becomes 
y'(0.3) = y' (0.2 + 0.1) = 259060 —- $ (wy -+- 2we + 2w3 + iis). 


() 


With kh = 0.1, yo’ = y'(ro) = y'(0.2) = 1.259060, yo = y(ro) = y(0.2) = 
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1.223948, and f(x,y,y’) = 2x + 2y — y’, (54.14) becomes 


(k) vy = 0.1(1.259060) = 0.125906, 


w, = 0.1f(0.2, 1.223948, 1.259060) 
= 0.1[2(0.2) + 2(1.223948) — 1.259060] = 0.158836, 


ve = 0.1(1.259060 + 0.0794418) = 0.1338502, 


w2 = 0.1f(0.25, 1.223948 + 0.062953, 1.259060 + 0.079418) 
= 0.1(0.5 + 2.573802 — 1.338502) = 0.173530, 


v3 = 0.1(1.259060 + 0.086765) = 0.1345825, 


w3 = 0.1f(0.25, 1.223948 + 0.066925, 1.259060 + 0.086765) 
= 0.1(0.5 + 2.581746 — 1.345825) = 0.173592, 


v4 = 0.1(1.259060 + 0.173592) = 0.1432652, 


ws = 0.1f(0.3, 1.223948 + 0.1345825, 1.259060 + 0.173592) 
= 0.1(0.6 + 2.717061 — 1.432652) = 0.188441. 


Substituting (k) in (j), there results 


(1) y(0.3) = 1.223948 + 4(0.125906 + 0.267700 + 0.269165 + 0.143265) 
1.223948 + 4(0.806036) = 1.358287, 


y’(0.3) = 1.259060 + 3(0.158836 + 0.347060 + 0.347184 + 0.188441) 
1.259060 + 4(1.041521) = 1.432647. 


We summarize the results thus far obtained 


(m) y(0) = 1.000000, (0) = 1.000000; 
y(0.1) = 1.105496, y’(0.1) = 1.114833; 
y(0.2) = 1.223948, y’(0.2) = 1.259060; 
y(0.3) = 1.358287, y’(0.3) = 1.432647. 


The Milne predictor formulas for the second order equation y’’ = 
f(x,y,y’) for which y(xo) = Yo, y'(%o) = yi are 


(54.15) (a) up"(o + 4h) = y'(n0) 
+ 3 2y/"(wo +A) — yao + 2h) + 2y!"(o + 3h)], 
(b)  Yp(zo + 4h) = y(xo + 2h) 
+ 5 ly'(vo + 2h) + dy! (xo + 3h) + yp! (eo + 4h)] 


The corrector formulas are 


(54.16) (a) Yye'(to + 4h) = y'(Xo + 2h) 
h 
ai 3 [y"’(ro + 2h) + 4y!(x9 + 3h) + yp’ (x9 + 4h)], 
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(b)  ye(ro + 4h) = y(xq + 2h) 
h 
+ a [y’ (ro LL. 2h) + Ay'(2x9 els 3h) a ye (ro ai 4h)). 
As in the first order case, formulas (54.16) can be used again and again 


until two successive values of ya(xo + 4h) agree. 
By (54.15) and) (5416),.with x = 0,2 = 0.1, 


(mn) -yp!(0.4) = 9/(0) + [2y"(0.1) — y'(0.2) + 2¥"(0.3)], 
yo(0.4) = (0.2) + [y'(0.2) + 4y'(0.3) + yp'(0.4)], 
yl(0.4) = y'(0.2) +S y'(0.2) + 40.3) + yp"(0-4)] 


y(0.4) = y(0.2) + “ (ese) 4g (Oro) ye 0). 


/ 


Before we can use these formulas, we must know the value of y’’ when 


zt = 0.1, 0.2, 0.3. By (a) and (m), these necded values are 

(0) y’(0.1) = 2(0.1) +- 2(1.105496) = 1.114833 = 13296159, 
y’(0.2) = 2(0.2) + 2(1.223948) — 1.259060 = 1.588836, 
y’’(0.3) = 2(0.3) + 2(1.358287) — 1.432647 = 1.883927. 


Substituting in (n), the initial conditions and the values in (m) and (0), 
we obtain 
0.4 Ss 
(p) y,p’(0.4) = 1+ 3 (2(1.296159) — 1.588836 + 2(1.883927)] 
= O20 7S, 
1.223948 + "e (1.259060 + 4(1.432647) + 1.636178] 


yp(0.4) 
ae 1.510076: 


To use the third formula in (n), we need to know Up (0.4). Withieny nr 
and y,(0.4), yp (0.4) having the values in (p), we obtain from (a), 


GC) we OM= 208) + 2.6476) — Vesela — 2.186774. 


Hence the last two formulas in (n) become 


oe ) 97) + 2.186774 
(rt) yel(0.4) = 1.259060 + =~ [1.588836 + 4(1.883927) + 


1.636104, 
1.223948 -t ot [1.259060 + 4(1.432647) + 1.636104] 


I 


ll 


y (0.4) 
= 1.511473. 
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EXERCISE 54 


1. Using the value of y(0.4), given in (r) of Example 54.1, as a new predictor 
value, apply corrector formulas (54.16) repeatedly until two successive values 
of y(0.4) agree. Then find y(0.5) by means of the predictor formulas and re- 
peated use of the corrector formulas. Do the same for y(0.6). Finally apply 
Weddle’s rule (50.64) to compute y,,(0.6). How many decimal place accuracy 
can you assume in y(0.6)? See 3 after “3. Cumulative Errors,” Lesson 52A. 
Solve (a) of Example 54.1 and compare your results with actual values. 

2. Apply the method of this lesson to find an approximate value when z = 0.5 
of a particular solution of the equation y” = z+ 2y-+ y’ for which y(0) = 1, 
y’'(0) = 1. Apply corrector formula (50.63) to evaluate y(0.5). How many 
decimal place accuracy can you assume? Solve the equation and compare 
your results with actual values. 

3. The Adams method, see Exercise 50,6, can also be used as a continuing formula 
for finding a numerical solution of a second order equation. The needed 
formulas are 


(54.2) (a) y(to + h) = y(Zo) 
+ hAly’(x0) + 4Vy' (x0) + e5V7y' (x0) + §V3y’(z0)]. 
(b) y/(zo -+ hk) = y’(a0) 
+ Aly’’(z0) + 4Vy" (x0) + F5V2y’" (x0) + 3V3y’’(z0)). 


Use these formulas to find approximate values of y(0.4) and y’(0.4) of the 
particular solution of the equation y’’ = 2x + 2y — y’ for which y(0) = 1, 
y'(0) = 1. Hint. With ro = 0.3, h = 0.1, you must know y’(0), y‘(0.1), 
y’(0.2), y’(0.3); y’”(0), y’’(0.1), y’”(0.2), y’”(0.3) in order to set up the needed 
tables of differences. You will find these values in Example 54.1. 

4, Use Milne’s method to find an approximate value of (0.4) of the particular 
solution of the equation y’/” = y+ xy’ + 2y for which y(0) = y/(0) = 


(0) = 1, Phe uecessan Etim ot omnes ane 
s"(0.4) = (0) + = y"(0.1) — y"(0.2) + 2y"(0.8)], 
yol(O4) = y/(0.2) += [y"(0.2) + 4y"(0.3) + ys!"(0.4)) 
ye(OA) = y(0.2) + 5 [y'(0.2) + 40.3) + yp/(04)). 


Obtain the needed preliminary values by means of Taylor series, direct 
substitution. 


ANSWERS 54 


1. y(0.4) = 1.511473, y(0.5) = 1.686538, y(0.6) = 1.886643. y1,(0.6) = 1.886640. 
Can assume five decimal place accuracy. Solution: y = $e? — de—2= — x — 3. 
Actual value: y(0.6) = 1.886666. 


Boe 1 
2y= See a = 7: Actual value: y(0.5) = 2.038711. 


4 
3. y(0.4) = 1.51145, y’(0.4) = 1.63612. 
1.520. 


4. (0.4) 
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LESSON 55. Perturbation Method. First Order Equation. 


In physical problems, we frequently encounter a differential equation, 
as for example, the differential equation 


(55.1) yty?=0, y(1) = 1, 


which has been disturbed by a small effect, so that (55.1) has to be modi- 
fied to read 


(65.2) yt+y =e, y(1) = 1, 


where € is small. It then becomes necessary to determine by how much 
the solution of (55.1) has been altered because of the presence of the dis- 
turbing function ez. We refer to this change in the solution as a per- 
turbation. 

A precise perturbation theory is extremely difficult. In this lesson, we 
shall aim to give only a rough outline of a method by which this problem 
can be handled. Call yo(z) a solution of (55.1) satisfying y(1) = 1, and 
denote the solution of (55.2) by 


(55.3) y(z) = yo(r) + plz) 

where p(x) is the perturbation. We next expand y(x) in a series in powers 
of €, so that 

(55.4) -y(z) = yolx) + eyr(z) + yal) + e*y3(z) +o: 
Comparing (55.3) with (55.4), we see that 

(55.5) p(x) = eys(x) + e?yo(x) + €ys(e) +: 

The first term €y;(Z) 18 called the first order perturbation; the second 


term €2yo(zx) is called the second order perturbation, etc. 
Substituting (55.4) in (55.2), we obtain 
Died) 3, 
(55.6) yo + yi + ye + Ys aoe 
+ (yo + yr + €Y2 + ey3 +--+)? = et. 
Carrying out the indicated multiplication, then collecting coefficients of 


like powers of €, we have 


55.7) (yo! + yor) + (yi! + 2youre ; | | 
ali A fom! Oates + Ye eG yer + mer. 


Next we equate like powers of ¢. There results 
(55.8) yo t+ yo = 9, 

yy + 2y@1 — % 

yo’ + 2yoy2 + yi” = 0, 
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By solving each equation of (55.8) in succession, we can thus determine 
the functions y;(x), ye(x), --- in (55.4). Each of these functions, how- 
ever, must satisfy an initial condition. Since the initial condition asso- 
ciated with the original equation (55.1) is y(1) = 1, and since yo is a 
solution of (55.1) so that yo(1) = 1, this initial condition will be satisfied 
if, in (55.4), we assume 


(55.81) yo(1) = 1, yi(1) = 0, Ys eee 


We illustrate the details of the above method by solving Example 55.9 
below. In practice the first and second order perturbation terms of (55.5) 
are usually sufficient. 


Example 55.9. Jind the first and second order perturbation terms in 
the solution of 


(a) y’ + y? = 0, for which (1) = 1, 
due to the presence of a disturbing function ex, where € is small. 


Solution. Because of the disturbing function ex, (a) must be modified 
to read 


(b) a ed 


for which y(1) = 1. Following the procedure outlined above we let, see 
(55.4) and (55.81), 


(c) y(x) = yo(r) + eyi(e) + e*ya(x) + ---, 

with initial conditions 

(d) yoly = i ie 0, a) — ae 

Substituting (c) in (b), we obtain, see (55.7), 

(e) yo’ + yo?) + (yr’ + 2yoyrde + (y2’ + 2yoye + yr2)e? +--+ = ex. 


Equating coefficients of like powers of €°, €, e€?, we obtain from (e) the 


system of equations 
@) We ae ee yr’ + 2yoy. = 2, Ue Se Loa oe ll) 


A solution of the first equation of (f), satisfying the initial condition 
youl) net (ais 


] 
(g) Utes a 
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Substituting (g) in the second equation of (f), we obtain 
F ee 

(h) yp ei — | 

A solution of (h) satisfying y,;(1) = 0 of (d) is 

: if ] 

(i) =e eo 
Substituting (g) and (i) in the third equation of (f), we obtain 

_ eee 1 

(3) Y2 a (2 -2+4). 


A solution of (j) satisfying yo(1) = 0 of (@), is 


Vs el D 
k oe fee 
() nm 16 € 3 +) 21x? 


Be eS ey cee ee 
(1) Pear a (: 5) anG (s0 1 es ay 


The solution of (a) satisfying y(1) = 1, i.e., its solution if there were no 
disturbing function ez present, 1s 1/x. Because of the disturbing function 
ex, the first and second order perturbation terms are, respectively, the 
second and third terms in (1). 


EXERCISE 55 


1. Find the first and second order perturbation terms in the solution of y’ a 
y? = 0, for which y(1) = 1, due to the presence of a disturbing function cle, 


where ¢e is small. 


ANSWERS 59 
2 
] € 7 2 18 , 26 
1. First order: : (:* — 2) - second order: — 450 (2. — 9x — a3 -f- 8), 


LESSON 56. Perturbation Method. Second Order Equation. 


In Lesson 55, we outlined a method of determining the perturbation of 


a solution of a first order differential equation due to a small disturbance. 
We shall now apply this method to determine the perturbation of a solu- 
tion of a second order equation. Consider the differential equation 


(56.01) y’ +y = 0, 
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for which 
(56.02) y(0) = 0, 7 (0) — 1. 


Note that (56.01) is the differential equation of simple harmonic motion. 
Let the disturbing function be —2e(y’)?, where € is small. Therefore 
(56.01) becomes 


(56.1) jy — er 
for which 
(56.11) y(0)= 0, y(0)=1. 


We wish to find the first and second order perturbation terms of a solution 
of (56.01) satisfying (56.02) resulting from the presence of a disturbing 
function —2e(y’)”. 

Call yo(x) a solution of (56.1) satisfying (56.11). Let 


(56.12) y= yoteyr + eyet--:; 


therefore 
y”’ = Uae at en alle Cie au a, 


In order that (56.12) may satisfy the initial conditions (56.02), we assume 
yo (0) ae Ls y1'(0) i 0, y2’ (0) =a 0, yes 
Substituting (56.12) in (56.1), we obtain, using only terms to e?, 


(56.14) yo” + eyi’”” + €*yo”” + yo + Ey + C72 
= 2c (Yo)® eG” eG =F eyo yy 
+ Qe? yoyo’ + 2e°yi’yo']. 

Collecting coefficients of like powers of €, we have 
(56.15) (yo + yo) + (iy + yile + (y2” + yo)e* 

= —2(yo’)’e — 4yo'yi'e?. 
Equating coefficients of like powers of €°, €, €?, we obtain from (56.15), 
(56.16) yo" +yo=0, yr” t+ yi = —2(yo')*, yo + y2 = —4yo'y1’. 


A solution of the first equation of (56.16) satisfying y9(0) = 0, yo’(0) 
==)" Is 


(5622) Vo = sie, Uo == cos f- 


Substituting (56.2) in the second equation of (56.16), we obtain 
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(56.21) fy. ee = 2 cos? x. 
A general solution of (56.21) 1s 


(56.22) y; = ¢,sinz + cygcosx — $sin? x — 3 cos’ z, 


yj,’ = c, cOS x — Cosine — $sinz cosz. 
A particular solution of (56.22) satisfying y:(0) = 9, y,'(0) = Ois 


(56.23) y; = $cosx — $sin? ax — 3 cos? 2, 
f 


y, = —$sinz — 8sin x cos x + % sin % cos x 


= —2sinz — $sin «cos z. 


Substituting in the third equation of (56.16), the values of yo’ and y;’ as 
given in (56.2) and (56.23), we obtain 


(56.24) yo" + yo = —4(—#sinzcosr — Fsinz cos? 2) 
8 sin x cos x + 18 sin x cos? x 
= &sinzcoss +4) sin z — 18 sin? z. 


I 


The complementary function of (56.24) 1s 
(56.25) Ye = Cj SIN & > Cp COM. 


A particular solution 
Ge25)) ofya” -ya— 8 sin z cos x, is yo = —$SinzcosT, 
of yo” + yo = 7g sin z, is yo = —8x cosz, 
of yo’ + y2 = 18 sin? x, by Example 21.32, 
is yo = Sin 3x -— 27 cose. 


Hence a general solution of (56.24), by (56.25) and (56.251), 1s 


(56.26) Yo= sin z + co cosz — §sin x cosx — $2 cosx — $5in Jz, 
yo’ = c, cosx — C2 sing + &(sin? x — cos” x) 
+ 2(xsinz — cosz) — } cos 3z. 
By (56.13), yo(0) = 9, yo'(0) = 0. Inserting these values in (56.26), 


we find 


(56.27) ie «5 c, = $+24+4= %. 
Therefore by (56.26) and (56.27), a particular solution of (56.24) satisfying 
yo(0) = 9, yo’ (0) = O's 


(56.28) y2= a7 sinc — & sin x cos x — Zr cosx — ¢ sin 3z. 
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Substituting, in (56.12), the values of yo, y1, and ye as found in (56.2), 
(56.23), and (56.28), we obtain 


(56.29) y = sinz + &3cosx — $sin* x — 2 cos’ z) 
+ e®(22sinz — $sinzcosz — 3xcosx — sin 3z). 


The solution of (56.01) satisfying (56.11), i.e., its solution if there were no 
disturbing function present, is sin z. Because of the disturbance function 
—2e(y’)”, the first and second order perturbation terms are, respectively, 
the second and third terms in (56.29). 


EXERCISE 56 


1. Find the first and second order perturbation terms in the solution of y’’ — 
y = 0 for which y(0) = 0, y’(0) = 2 due to the presence of a disturbing 
function ey’, where « is small. 


ANSWERS 56 


re 8 86re 
1. First order: « & — =) ; 


—z 
é 


second order: €° fe (-lta+ x”) = 3 


ate— 24] 


Chapter ll 


Existence and Uniqueness Theorem 
for the First Order Differential 
Equation y’ = f(x,y). Picard’s Method. 
Envelopes. Clairaut Equation. 


Introductory Remarks. As we have repeatedly emphasized, differ- 
ential equations whose solutions can be expressed explicitly or implicitly 
in terms of clementary functions are relatively few in number. Even a 
first order differential equation 


(57.1) y’ = f(x,y) 


will usually not have an elementary solution. In these cases, it is desirable 
to have theorems which will answer the following questions for us. 


1. Does (57.1) have a 1-parameter family of solutions? See Examples 
4.21 and 4.22 for differential equations which have no solutions; I¢xam- 
ple 4.2 for one which has only one solution; (4.652) or Example 5.3 
for one which has two I-parameter family of solutions. 

9. If (57.1) has a I-parameter family of solutions, is it a general solution 
as we defined this term in Definition 4.7, i.e., does it contain every 
particular solution? See the first example in Lesson 4C for a 1-para- 
meter family which does not contain every particular solution. 

3. Is there a particular solution of (57.1) valid on some interval and satis- 
fying a given ‘nitial condition y(t0) = Yo? 

4. Is a particular solution satisfying an initial condition y(to) = Yo 
unique? See (b) of Example 5.3 where the point (0,1) lies on an infinite 


number of particular solutions. 


Fortunately there are theorems which will give us, under appropriate 
hypotheses the answers to these questions. A theorem which answers 
co sini ' ‘ ; 
one which tells us whether a solution exists 1S 


questions ], 2, and 3, ive., 
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called an existence theorem. A theorem which answers question 4, i.e., 
one which tells us whether a solution is unique is called a uniqueness 
theorem. 

It should be emphasized that an existence and uniqueness theorem only 
guarantees or assures the existence and uniqueness of a solution. It will 
not tell you whether the solution can or cannot be expressed in terms of 
elementary functions, or help you to find the solution. For example, the 
particular solution of the differential equation 


Gril y =e 
for which y(r%) = yo is 


Gq) 1 — sf) en? dr. 


It has been proved that this integral cannot be expressed in terms of ele- 
mentary functions. However, the existence and uniqueness theorem, 
which we shall state later, will not help you to discover this fact. All the 
theorem will tell you, is that since the function e~*’ and the point (x9,yo) 
satisfy its hypotheses, an unique particular solution satisfying (57.11) and 
the initial condition exists. 

There are several ways of proving the existence and uniqueness theorem 
for the first order differential equation y’ = f(x,y), satisfying the condi- 
tion y(%o) = yo. The one we shall use is dependent on a method which is 
known as Picard’s approximation method, named after the French 
mathematician, Charles Emile Picard (1856-1941). Hence before we can 
prove the theorem, we shall first need to explain Picard’s method. 


LESSON 57. Picard’s Method of Successive Approximations. 


We assume for the moment that a unique particular solution of the 
differential equation 


(57.2) y — Jey), 
satisfying the initial condition 
Gra) y(Xo) = Yo, 


exists. Let y(z) be the required particular solution. Then by (57.2), 
y’ = f[z,y(x)], where f[z,y(z)] is now a function only of xz. Integrating 
this equation between the limits zo and x and noting, by (57.21), that 
when % = %o, Yy = Yo, we obtain 


(57.22) [ dy = || flty@lat, yx) = yo i flt,y(d)] at. 


Lesson 57 Picarp’s Mretuop 721 


In employing numerical methods to approximate the particular solution 
y(x) of (57.22), we used a polynomial interpolating function in place of the 
integrand, f[x,y(x)]. In Picard’s method we also use the idea of an approxi- 
mation but of a totally different kind. In this method, we obtain a sequence 
of functions yo(r), yx(x), -* +, Ya(x), each of which satisfies the initial con- 
dition (57.21). The existence and uniqueness Theorem 58.5 which follows 
will then give the conditions that f(r,y) of (57.2) must fulfill in order 
that an interval about xo exist, on which, as n — oo, this sequence of 
functions approach the particular solution y(x) of (57.22). Furthermore, 
each function in the sequence is an approximation of the particular solu- 
tion y(x): a later one, in general, being a better approximation than a 
preceding one. Hence the name successive approximations. 

We illustrate the method by means of examples. We concentrate for the 
moment only on the mechanics of the method without considering the size 
of the interval about x9 for which the sequence of functions thus obtained 
converges to the particular solution y(x) of (57.22). (For the meaning of 
the convergence of a sequence of functions, see Definition 58.1 and 
Example 58.13.) 

The first approximation of a solution of (57.2) satisfying (57.21) is called 
yo(x). The function yo(z) may, as we shall show later, be any arbitrary 
continuous function defined in a neighborhood of xo. In the absence of 
additional information, it is usually taken to be the constant function 


(57.23) Yo(t) = Yo; 


where yo is the initial value given in (57.21). It is evident that this ap- 
proximation to the solution is not a very satisfactory one. It is the equa- 
tion of a straight line parallel to the x axis and yo units from it. 

The subsequent members of the sequence of approximating solutions of 
(57.2) satisfying (57.21) are called y,(z), ye(x),--°, yn(x),-°*, and are 
obtained in the following manner. 


vr 

qr 
“J 
bo 
pe 
4 


yi(t) = Yo +f S[z,yo(x)] dz, 
yo(x) = Yo at flz,yi(r)] ae 


y3(x) = Yo +f flxye(a)) de, 


= ea 8 Um a 6) ke ee 


Yn(t) = Yo al f{x,yn—1(x)] de, 


where %o and Yo are given 10 Or), (Remember f[x,yo(2)] means replace 
y in f(4,y) by yo(r); f{xc,yr(2)] means replace y in f(v,y) by yi (2), etc.) 
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Comment 57.241. For different permissible starting approximations 
yo(x), different sequences yo(x), y1(2),°°+, Yn(x) will result. However, 
each will have the property that for an x in an interval about Zo, 

lim yn(x) = y(z), 
where y(x) is the solution of (57.2) satisfying (57.21). The rapidity with 
which the sequence of approximations will converge to the solution y(z) 
will depend on how closely the starting solution yo(x) approximates the 
actual solution y(x); the closer the approximation, the quicker the con- 
vergence. 


Example 57.25. Find the first four Picard approximations if 
(a) y’ = wy, 
ama (O) ==" 1. 


Solution. Comparing (a) and the initial condition with (57.2) and 
(57.21), we see thet fay) — zy, 25 — 0 vp — 12 By (723), ourmirct 
approximation is therefore yo(x) = 1. The succeeding approximations, 
by (57.24), are 


Zz ae 2 
(b) n@) =1+f feuds 14 f ede= 14%, 


Yy2(x) i =|) fide 


= 2 2 4 
ee | f e( ey de = ee a 
aa ei ry) ae agar -e 


Zz Zz ne a! 
y3(tz) = 1+ f(x,yo) de = 1+ v (1 + Di _ =] au, 
0 0 


2 4 6 
Ss tet et 


Comment 57.251. If we solve (a) by the method of separation of 


variables, we obtain the particular solution.y = e”/? whose series expan- 
sion 1s 5 4 5 
Note that each succeeding function in the sequence yo, 71, Y2, ¥3,°°° 18 a 


closer approximation to the actual solution than is the previous one. 
Example 57.26. Find the first three Picard approximations if 

(a) y= aay 

anny) — ae 
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Solution. Comparing (a) and the initial condition with (57.2) and 


(5h 2h), eweteee that fey) =U Seep — 1, yot=2.. By (57.23) our 


first approximation is therefore yo(r) = 2. The succeeding approximations 
are, by (57.24), 

26 
(b) ne) =24f seve) ds 

1 


| 
we) 


. 3 
a 
“if (x 2)\de = 3 2u + -s, 


=a ah f(a,y1) dx 


‘ a 
— 2 9 awl 
24 f (: 3 te 2) ar, 
5 ; 


eee oe 


imag 
to 
= 
= 
| 
to 


oe 
3 12 


Picard’s Method Applied to a System of Two First Order Equa- 
tions. Picard’s method of successive approximations can also be applied 
to a system of first order equations. We illustrate the method for the pair 


of first order equations 
5 ae dy _ 
(57.3) at a fi (033); dt a fo(t,x,y), 
satisfying the initial conditions. 
(57.31) a(lo) = 20, Yylto) = Yo. 


The first approximations of the solution of the system (57.3) satisfying 
(57.31) are called xo(t) and yo(t). In the absence of additional information, 
they are usually taken to be the constant functions 


(os 4) xo(t) = Xo, yo(!) = Yo 


where ro and yo are given in (57.31). The subsequent approximations are 
t 

(57.33) 1. ri(t) = To ra Filt,ro(), yo] a, 
0 


yi) = Yo + if folt,ro(t),yo(t)] at. 


I 


Ue ro(t) 


tO "3 I fil6r1O yi) dt, 
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yo(t) = Yo || folt,x1(),y1 (0) de. 


N. In(t) = Xo | Gry) ct, 


Yn(t) = Yo fh Nl een Denti dt. 


Picard’s method thus yields two sequences of functions, 29, %1,°-- , 
¥n,°°*, and Yo, ¥i1,°°°, Yn,°°*, each satisfying the appropriate initial 
condition in (57.31). The existence Theorem 62.12 which follows, will then 
give the conditions which f; and f2 of (57.3) must fulfill in order that an 
interval J about tg exist, on which, as nm — ow, the first sequence approach 
a limiting function x(t) and the second sequence approach a limiting func- 
tion y(t). This pair of functions is, on J, the unique solution of (57.3) 
satisfying (57.31). Tor different permissible starting approximations, dif- 
ferent sequences will result but each will have the property that on J, 

lina) —— a (incl linet oe et) 

nro tn 
The rapidity with which each sequence will converge to its limiting func- 
tion will depend on how close the starting approximations are to the 
actual solutions. 


Example 57.34, ind the first three Picard approximations if the first 
order system is 


(a) ae ee Ai) eee 


and a0) — 1 97(0) —~—)., 


Solution. Comparing (a) and the initial conditions with (57.3) and 
(5731), weesceetitat yf) (x1) Doh ee gua 0, Spal, 
yo = —1. By (57.32) our first approximations are z9(t) = 1, yo) = —1. 
By (57.33), the succeeding approximations are 


2 
t t 
yi(t) = —1 a) fo(t,20,yo) dt = —1 + || (— iat 


{? 
= a 
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{ t 2 
£2.) =— 1+ | 1,@2n71) @= 7 a) (: + 1 + 5 “+ » dt 


S 
2 l 
L+44+P 45 


t 
yo(t) = —1 et fo(t,x1,y1) dt 
0 


\ 
| 
nt 
ot 
Pa 
a 
| 
— 
| 
to] To 
| 
eee, 
= 


— 
~ 


Example 57.35. Find the first four Picard approximations if the first 
order system 1s 


d 
(a) a Ly, me 
and x(0) = 1, ¥(0) = 1. 


Solution. Comparing (a)-and the initial conditions with (57.3) and 
(57.31), we see that fi(t,z7,y) = ty, fo(t,x,y) = ry, lo = 0,70 = l,yo=l. 
By (57.32), our first approximations are Zo(t) = 1, yo(t) = 1. By (57.33), 
the succeeding approximations are 


(f 
(el re — +f fi(t,20,Yo) at = 1+ ' idt = 1+ 5 
t t 
yi(t) = | i) folt,x0,yo) dt = 1+ ; Go — ler fF: 
t t 
> 7,0 = 4 +f filt.rijyi) dt = 1 + ; Cee 1°) dt 
ip 
at a 
: (oe 
go(ije= 1 + [ fo(t,v1,y1) dt = 1+ ( tae 3 a 5) dt 


4 


2 4° 
tty ea 


I 


: in 3 
2 
3 ae) = 14 “(4845454 5)e 
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I 


5 
y(t) eal ia +2 eglt “4 alae si ca 


Ri 


lige ee 
120 1008 192 


=14+t+5 aa ee ee 


EXERCISE 57 


Find the first k Picard approximations after yo(v), of the particular 


solution of each of the following equations 1-5, where k is the number 
shown alongside each equation. 


Sees 


y =x—y,y(0) = 1,k = 4. 
y = a2? + y, y(1) = 3,k = 3. 
y = 2+ y?,y(0) = 0,k = 3. 
y = 1+ zy, y(1) = 2,k = 3. 
y = e+ y, y(0) = 0,k = 4. 


Find the first k Picard approximations after x9(t), yo(t), of the particular 


solution of each of the following systems, where k is the number shown 
alongside each system. 


dx = dy i 2 _ - am 
Ces | tele C20) 2 0) = 3, 
da 2 dy _ _ ae va 
Ve, nie Riera: ta) — "Oe — 3 
dx dy t 
8. a= xt, a pe eh) = La) = ee 
9. Picard’s method of successive approximations can also be applied to a system 


of first order equations greater than two. For the system of three first order 
equations: dx/dt = fi(t.x,y,2), dy/de— foda.ue), dz/di = fs2y2) for 
which xz(to) = zo, y(ts) = yo, z(to) = 20, the successive approximations are 


(57.4) 0. xzo(t) = zo, yo(t) = yo, zo(t) = 


1. x1(t) = xo a) filt,zo,Yo,20) dt, 
yitt) = real fa(t,z0,yo,20) dt, 
zi(t) = otf f(t,£0,yo,20) dt. 

2. x(t) = 29 + i Filta ee 


t 
yo(t) = et) fo(t,x1,y1,21) db, 
£9 


Lesson 57—Evercise 


a(t) = @o-+ [ fay aay rye) dee 
J to 


w. te(t) = | fi(Gan—1,Yn—1;2n—1) a, 
to 

yn(t) = gre fC Hn —1) dt, 
Ti) 


t 
iglt) = ef PE lo 1 Uo Er 1) dt. 
Tt) 
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Use (57.4) to find the Picard approximations 23, y3, 23 of the particular 


solution of the system 


for which x(0) = 1, y(0) = 0, 2(0) = 


ANSWERS 57 


2 x x! oa 
1 f= ae 
- ed + 79 ~ 720 
Na ee ee 
2, y3 = OF | 0 Mage 
vs = @9° 197 a 
ae ee ge Fe 
3..us = > +99 Teo * 4400 
5 6 
i hee z A x 
ty =gteta® +37 eT 2 
8 
Pe a — See Se 
a ek a ee ee zo, 
ee eee a ee 3245 + yt? — ahs’. 
2 4 ¢ 3 4 6 
roo { eae 
io = tt stato M13 12 t 720 
2 4 6 3 5 7 
ee ae aaleeey 
8 ne lto te ag’ La | aoe 
3 5 @ 3 4 
Oe ee: ii | 
== new oe. 2 ee 
bam et Sty tg wrth 42g = 1+ 
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LESSON 58. An Existence and Uniqueness Theorem for the 
First Order Differential Equation y’ = f(x,y) 


Satisfying y(xo) = yo- 


For a clearer understanding of the proof of the existence and uniqueness 
Theorem 58.5 which follows, it will be necessary to know the meaning of 
the convergence of a sequence of functions, the meaning of the uniform 
convergence of a sequénce of functions, the meaning of a Lipschitz condi- 
tion, and to be acquainted with certain theorems from analysis. Hence, 
before beginning the proof, we shall briefly discuss these topics and list the 
needed theorems. 


LESSON 58A. Convergence and Uniform Convergence of a Se- 
quence of Functions. Definition of a Continuous Function. 


Definition 58.1. A sequence of functions 


(58.11) Oey nl 


each defined on a common set S is said to converge to a function f(z) 
on S, if for each x in S and for each fixed € > 0, no matter how small, 
there is an NV such that 


(58.12) lfn(z) — f(z)| < 6 whenn > N. 


In words the definition says the following. Pick any x you wish in this 
set S and choose any positive number € as small as you like. For this x 
calculate f(z), fo(x), f3(z),--- and f(x). If the sequence of functions 
fi(z), fo(z),- ++, fn(x), +--+ converges to f(x), then according to the defini- 
tion you must eventually reach a function fy+(x) in the sequence, such 
that |fv4i(x) — f(x)| is less than this chosen positive «. Further every 
function in the sequence after fy .,(x) must also differ from f(x) in absolute 
value by an amount less than e. 


Example 58.13. Show that the sequence of functions 
I 1 1 


(a) UI) Serre A gle c= ees 
1 
In (2) ean ae 


converges to the function f(z) = O0Oon J:0 < z S 1. 


Solution. Let x be any number in the interval J: 0 < x S 1, and 
let € be any positive number. Here f,(x) of (58.12) is 1/(1 + nx) and 
f(x) = 0. Hence by Definition 58.1, we must show that there exists an 
N such that 


(b) 


| i 


it < €, whenn > N. 
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The inequality (b) is equivalent to 
(c) i 1 1/1 
= 2 eas —~— | > — > — 1]: 
€ a Ne 


If, therefore, 


(d) N= E fe =, 1)}) 
x € 


then (b) will hold when n > N. [Norve. If 1/e — 1 is negative, take 
N = 0.] For example, if we choose x = 4 and € = 0.02, then by (d), 
E1960 — 1)g=s, lwehouwld therefore follow that the value of each 


’ ] ] 
function after the 98th, namely, fo9(4) = —~ga 9 ‘) = ——_,,::: 
y, foo(2) Ta 99727 F100) 1450’ 


should be less than € = 0.02. You can easily verify that each such func- 
tion is indeed less than 0.02; remember, with a fixed numerator, the value 
of a fraction decreases as the denominator increases. And if we choose 
pee \VihMhoen bya), 2 = 100(50 — 1) = 4900. We would therefore 
need to go to the 4901 th function in the sequence before coming to the first 
one whose value differs from zero by less than ¢ = 0.02. And if we pick 
xz = 1/1,000,000, then by (d), N = 1,000,000(50 — 1) = 49,000,000, i.e., 
we shall need to go to the 49,000,001st function in the sequence before 
coming to the first one whose value differs from zero by less than 0.02. 

It is evident from (d) and the above examples, that for cach fixed posi- 
tive €, and for each different 7, a different N will be required in the sequence 
to insure the validity of (58.12) ae, NV depends on both the values of 
rand e. This dependency of N on both z and € is common to a great many 
sequences. On the other hand, there are certain sequences where N does 
not depend on z but only on the value of €, i.c., fora fixed e > 0, no miatver 
how small, it may be possible to find an N such that (58.12) will be valid 
for every xin J whenn > N. In other words, we do not, in this case, need 
to hunt for a different NV for each different +. We find an N once and for 
all which will hold for every + in /. In this event, we say the sequence of 
functions (58.11) converges uniformly on I to the function f(2). 


Definition 58.14. A sequence of functions (58.11), each defined on a 
aid to converge uniformly on 5S to a function f(x), lf 


common set 5 1s § 
atter how small, there 1s an N such that 


for a fixed positive €, nom 


(58.15) ener) — f(z)| < © @xhou™ >. 


for every x in 5. 

that here fora fixed € > 0, we pick an N only 
absolute value of the difference of each of the 
and f(z) will be less than €. 


We emphasize once more, 
once, For éach x in S, the 
funetions fy 41(2); fv-ol®), °° 
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Example 58.16. Show that the sequence of functions 


1 1 
14 2x’ (Be grace ae 


(a) fil) = at fo(x) = 


i 
fa) eee 
converges uniformly to the function f(r) = 0 on /: 1 S &. 


Solution. Note that this sequence of functions is the same as that of 
Example 58.13, but that the interval is different. Here we must show, by 
Definition 58.14, that for a given € > 0, 


< ¢€, whenn > N, 


i 
(b) ten? 


for every xin I: 1 S x < w. By (c) of the previous example, 


tia 
(c) ee z € = 1) : 
For a fixed € > Oand foranzin /: 1 S 2, the expression on the right of 


(c) will have its largest value when x = 1. And when x = I, (c) becomes 


if 
n > -—— 1. If therefore 
€ 


il 


then (b) will hold for each 2 in J when n > N. For example, if € = 0.02, 
then by (d), N = 49. You can verify that ne functional value in the 


1 
sequence after the 49th, namely, fso9(1) = a ee 151’ 
is less than 0.02. Hence for « > 1, each functional value in the sequence 
after the 49th is surely less than 0.02. Our given sequence of functions, 
therefore, converges uniformly on /: 1 S x < « to the function f(x) = 


Definition 58.17. A function f(x) is continuous at a point x = a 
if f(a) exists and if 


(58.171) Inia en a))e 
ta 
Definition 58.172. A function f(x) is continuous on, or in, an 
interval / if it is continuous at every point of J. 


Definition 58.18. A function f(x,y) is continuous at a point (a,b), 
if f(a,b) exists and 


(58.181) lim Ric tie | (abe 


ry a.b 
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Definition 58.19. A function f(x,y) is continuous on, or in, a 
region S if it is continuous at every point of S. 


LESSON 58B. Lipschitz Condition. Theorems from Analysis. 
(The theorems from analysis which we shall need have been stated without 
proof. Their proofs can be found in advanced calculus text books.) 


Definition 58.2. If f(x,y) is a function of x and y in a region S such 
that, for every two p ints (x,y) and (2,9) in 4S, 


(58.21) fay) — fen <Nly — ol 


where N is a positive constant, then f(x,y) is said to satisfy a Lipschitz 
condition in S (sec lig. 58.57). 


Theorem 58.22. Law of the mean. See Vig. 58.57. EG) se 


function of x and y that has a continuous partial derivative with respeel to y 
ina region S, then for each x there exists a number Y such that 


i f(x,y) - SCQW) —_ oO in ta 
(58.23) i na. f@,¥), 


where (x,y) and (x,7) are any (wo points in S and Y lies between y and 9. 


0 : : 
Remark. The notation a Y) means the value of the partial deriv- 
y 


ative of the function f(7,y) with respect to y when y = ye: 


Gonimeit 58.249 lf f(my) has a continuous partial derivative with 
respect to yin a region S, and if this partial derivative as a function of the 
two variables x,y is bounded in S, then f(x,y) satisfies a Lipschitz condi- 
tion. The proof procecds as follows. Since of(z,y)/dy 1s bounded in 8S, 


there exists a constant N such that 


(a) 2 1ew |<, 


for every point (w,y) In S Let (x,y) and (1,7) be any two points in 8. 
Then by Theorem 58.22 there exists a number Y between y and ¥, such that 


(b) : =" |= |S san 


Since (x, )’) isa pot in S, we can substitute the inequality (a) for the right 


side of (b) and thus obtain (58.21). 


, ae = 
Theerann 58.25. If f(r) 1s a Riemann-integrable funelion on ia & 


x sb, then 


b b 
(58.26) Lf f(x) de = ik lfCr)| ae. 
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Theorem 58.3. If f(x) is a continuous function on the interval I: 
Ge b4= bland 7h 


(68.31) F(z) =| JO Gia @ = 2 yee 0; 


then F(x) 1s continuous on I, and 
(58.32) MG ania a <a: 


Theorem 58.4. If a sequence of continuous functions f(x), fo(x),--:, 
fn(z), +++, each defined on a common interval I, converges uniformly on 
I, to a function f(x), then f(x) ts continuous on I. 


Comment 58.41. The preceding theorem is not true if, on J, the 
sequence of functions merely converges to f(x), but not uniformly. For 
instance, the sequence of continuous functions of Example 58.13 converges 
on J: 0 S$ x S 1, but not uniformly. The sequence converges on 0 < 
x = 1 to the function f(x) = 0. But when x = 0, each function in the 
sequence has the value one. Hence on the interval 7:0 S$ x S 1, the 
limiting function of the sequence is 


O90" al 
1, «<= 0. 


uN 


(a) fo) = 


The function f(x) is therefore discontinuous on I. 


Theorem 58.42. If asequence of continuous functions f(x), fo(x),-+-, 
Fn(z), +++, each defined on a common interval I, converges uniformly on 
I to a function f(x), then 


(58.43) im | In(%) de =| lite rae =| SQ 


where the interval (x9,x) 1s contained in I. 


Definition 58.44, A series of functions 


PTE) So aie Ne) = 


each defined on a common interval J, is said to converge uniformly on I 


to a function f(x), if the sequence of partial sums F';(z), Fo(z), + -- ele a) 
where 


F() =e oi) a ye SF Ale. 


converges uniformly on J to f(z). 


Theorem 58.45. If each function f; (x), fo(x), --- , In(x) ts defined and 
bounded on a common interval I, 2.e., if 


(58.46) f(2)| Se, ee 
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and if the infinite series of positive terms 

(58.47) M,+W.4.---4+™M,4+--- 

converges, then the series 


(58.48) J) fae) > see 


converges uniformly on I to a function f(x). 


Comment 58.481. By the above theorem, if each |f,;(x)| S M;, and 
>; converges, then for a given € > 0, there is a positive N such that 


(fi(z) + fo(r) +--+ + faz) — f(z)| < €, when n > N, 
for every xin J. 


Example 58.49. Show that the series of functions, 


2 l 
(a) > f(z) = > oi : TO" Se 1g, 
1 7 


converges uniformly on J. 
Solution. Take M; = 1/2'. Therefore 


— ak 1 
() SM = Mi tet Mat: Sata tat 


i=] 


By (a), and foreach rsuch thatO Sus le 


= ] 
(c) > fiz) = jig EE tog 


t=] 


IIA 


The last series on the right of (c) Is a geometric series which converges to 
one. Hence the first series of functions, which is the given series (a), by 
Theorem 58.45, converges uniformly on / to a function f(r). 


LESSON 58C. Proof of the Existence and Uniqueness Theorem 
for the First Order Differential Equation y = f(x,y). In Theorem 
38.14, we gave a sufficient condition for the existence of a power series 
solution of y’ = f(x,y) satisfying an initial condition y(to) = Yo- Com- 
pare it with the theorem we now state, which gives a sufficient condition 
for the existence and uniqueness of a solution of y! = f(a,y) for which 


y(ro) = Yo: 


/ 
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Theorem 58.5. Sce Vig. 58.57. Let f(x,y) be a bounded, continuous 
function of x and y in a region S of the xy plane and let (xo,yo) be a point 
of S. In S, let the function f satisfy the Lipschitz condition (58.21), namely 


for every two points (x,y) and (x,7) mS. 
Then an interval 


(58.52) Loo |e eel a ee, 


exists on which there is one and only one continuous function y(x), with a 
continuous derivative on Io, satisfying the differential equation 


(58.53) y’ = f(x,y) 
and the initial condition 
(58.54) y(xo) = Yo- 


Remark. The above theorem is a special case of the more general 
Theorem 62.12 on systems of first order equations. 


Proof. The proof of the theorem will be based on Picard’s methods of 


successive approximations. By (57.23) and (57.24), these approximating 
functions are 


(58.55) yo(r) = Yo; : 
yilz) = Yo |) flt,yo()) dt, 


Yn(2) == YH ae | fg) dt, 


where f(z,y) is the continuous function of (58.53), yo is the constant of 
(58.54) and the interval (ro,x) 1s contained in S. Because the proof is 
long, we have divided it into four parts. Norse. We shall use I: |z — xo| 
< h to denote the closed interval (58.52). 


A. First we shall show how to determine the interval J of (58.52). 

B. Second we shall prove that on J each of the functions yo(x), y1(2), 
-++, Yn(v) of (58.55) is continuous and its graph lies in a rectangle R 
contained in the given region S. 

Third we shall prove that this sequence of functions yo, ¥1, °° °, Yn of 
(58.55) converges uniformly on J to a function y(x) which, on Jo, is a 


solution of (58.53) satisfying (58.54). We thus establish the existence 
of a particular solution y(x). 


OQ 
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PD. Iinally we shall prove that this solution y(x) is, on J, the unique par- 
ticular solution of (58.53) satisfying (58.54). 


A. Determining an interval I. Since the given function f(x,y) is, by 
hypothesis, bounded in S, there exists a positive constant Af such that 


(58.56) ‘f(ixy)| <M, 


for every pomt (r,y) in S. The point (v9,Yo) of (58.54) is by hypothesis a 
point of a region S. (See lig. 58.57 and keep referring to it.) Hence we 


f(x,y) 
}ire29) 103) 
i= 3 
I: |x-Xo| Zh 
Xo 
a— a a 
wf py eZ 
‘Vo “abi Yyy 


hd. MUL a 
ha LlI9 


Figure 58.57 


can find a positive number h such that the rectangle of dimensions 
ve = @)| = * ly — yol| < Afh which has this point (0,70) at its center, 
and where M is the constant in (58.56), lies entirely in S, Call this rectangle 
R. Therefore all points in 2 (since they are also in S) whose x coordinates 


are in the interval 

(58.58) Seto — hee € ero + A, lr — x] SA, 

satisfy (58.51) and (58.56). This interval /, without its endpoimts, 1s the 
interval I of (58.52) referred to in the theorem. 


Proof of B. Each function volt), yale), *° Y yn (2) of Co) is, on the 
interval I of (68.58), continuous and its graph lies in RR. Consider the first 


F 
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function yo(z) = Yo. Its graph is a straight line parallel to the x axis 
and yo units distant from it. Hence for all x in J, the graph of yo(x) = yo 
lies in & (keep referring to Fig. 58.57). To complete the proof, we use the 
inductive method of reasoning described in Lesson 24A. We assume the 
graph of the function y,_;(x) hes in R and must then show that the graph 
of the function y,(x) is also in R. 

Hence we assume that for all x in J of (58.58), the graph of y,_1(x) les 
in R. This means we assume that for each x in J, yn_1(x) will give a value 
of y which isin R. Therefore [z,y,_1(x)] is a point of R. Hence by (58.56) 


(a) f[z,Yn—1(x)]| < A. 


By the last equation of (58.55), by (58.26), (a) and (58.58), in the order 
listed, we obtain 


(b) Dig) = aia) if Alans] at = if ely at 


[ a 
x0 


Equation (b) says that for each z in J, the distance from yn(z) to yo < 
Mh (see Fig. 58.57). Therefore the graph of y,(zx) lies in R. 

We have thus proved that for each x in J of (58.58), [x,y,(x)], k = 0, 
1, 2,-++,n,+++1is a point of R contained in S. Hence, by the hypothesis 
of the theorem, each integrand f[x,y,(x)], k = 0, 1, 2,---, n,--> of 
(58.55) is, in R, and therefore on J, a continuous function. It therefore 
follows by Theorem 58.3, that each function y;(x), ---, yn(z), --- of 
(58.55) is also a continuous function on J. And since yo(x) = yo, a con- 
stant, it too is a continuous function on J. 


<M = Ml|z — xo| S Mh. 


Proof of C. There exists a particular solution of (58.53) satisfying 
(58.54). By the second equation in (58.55) and Theorem 58.25, 


[ fléyo(d)] i < if \f[t,yo(t)] ai. 


In B, we proved that for each z in I of (58.58), the point [z,yo(zx)] is in R. 
Therefore by (58.56) and (58.58), (c) becomes 


x 


(c) — [ys(z) — yo(2)| = 


(d) ie — Youn) =< ae 


_ af = = M|z — xo| < Mh. 


Subtracting the second equation of (58.55) from the third, we obtain 


(e) ly2 — yal 


/ {féxi@] — fltyo)} i 


AN 
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For each xr in J, both points [r,y;(r)] and {z,yo(x)] are, by B, mn R. 
Hence by (58.51), we can write (e) as 


(f) lye — nla 


ih iO = yo) iy ; 


Replacing the integrand in (f) by its value Af|t — zxo| as given in (d), we 
obtain with the help of (58.58), 


. ee 2 2 
@) lwo — yi) nen | Veer, a — MN ane < MN = 
Zo . ° 


Repeating the above procedure, we find, with the help of (58.55), (58.51), 
(g), and (58.58), in the order listed, 


(h) vo — ual s | f tevato1 — stan conta 


x 


IA 


v ; lyo(t) — yr(t)| al 


“Waal go a ae? be = zal 
f "Set dt) Sy Ne 


< MN? 


he 
/ 2 ie 
< MN 31 


And in general, it can be shown by the same type of inductive argument 
we used in B, that for every x in J and every 1, 


rt es ome |" 
(i) lyn(2) — Yn—1(z)| < MN" ! ae 

ani kh) ae CNG)? 

< MN ai WV "a 

By (1) 

M Nh 
(j) lyi — yol < a7 FT’ 

M (Nh)? 


\Yn a Yaa < N ‘ 


The sum of yo and the positive terms on the right side of (j) is 


m[Nh , (NAY? |, (RD of, 
yo 4 a “oT i n! a 
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M : 
a series which, by (37.42), converges to yo -r- W (e*" — 1), Menee, by 


Theorem 58.45, the series 
(k) Loe Uae Oy aie Ge eee I olan) 


which is the sum of yo and the functions on the left side of (j), converges 
uniformly on J to a function y(r). But the sum (k) is yp. We have thus 
proved that on the interval J of (58.58), 


(1) lim Yyn(v) = y(2) 
uniformly, i.e., the sequence of continuous functions yo(x), yi(%),---, 
Yn(v), defined in (58.55), converges uniformly on J to a function y(z). By 
Theorem 58.4, therefore, this function y(v) is continuous on J. Moreover, 
it follows by Definition 58.14 since the graph of y,(x) is in R, that the 
graph of y(x) must also be in R. 

Since for every x in J, [x,y(v)] and [x,yn(x)] are points of R, we have, 
by (58.51), 


(m) f[t,yn(x)] — fley@)l S Nlyn(e) — y@)|. 


By (1), the sequence yn(v) — y(xv) uniformly on 7. Therefore, by Defini- 
tion 58.14, there exists an index 7 such that |yn(v7) — y(v)| < €/N, when 
nee Tf forevery™ in 7. Hence, by (m): 


[f[v,yn(x)] — flry@)|| <¢, whenn > P, 


for every x in J. Therefore, by Definition 58.14, the sequence of con- 
tinuous functions f[.v,yo(r)], f[zjyi(e)]), - +>, f[t,yn(e)], «++, converges uni- 
formly on 7 to j{layr)|, i.e. 

lim f[z,yn(x)}] = flz,y(x)] 
uniformly. Therefore, by Theorem 58.4, f[7,y(v)] is a continuous function 
on J. 


Hence by (1), the last equation of (58.55), Theorem 58.42, and the equa- 
tion immediately above, in the order listed, 


(n) y(x) = him yn(t) = yo + lim | fltyn—1())] de 
= Yo lim fli gpe) dt 
Ig 2-2 


I 


Yo a flt,y()) dt. 
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We showed above that f[.v.y(x)] is. a continuous function on J: |x — x9] S A. 
It therefore follows by (n) and Theorem 58.3, that 


ye) = Flee, Fo: le = Bol < A. 
By (n), we see also that 
at 
y(Xo) = Yo Fil {hy dt = yo + 0 = yo. 
Zo 
We have thus proved the existence on /9 of a particular solution of 


(58.53) satisfying (58.54). It is the limiting function -y(.r) of (). We must 
still prove that this particular solution y(x) is unique. 


Proof of D. The function y(x) of (1) ts the unique particular solution of 
(58.53) satisfying (58.54). Assume g(x) is another particular solution of 
(58.53) satisfying (58.54). Therefore we assume 


(0) g(x) = flr,g()], 


for which g(xo) = yo. By integrating (0) and inserting the initial condi- 
tions g(to) = Yo, we obtain 


g(x) = Yo i, fit,g(O) dt. 


Subtracting (n) from the equation immediately above, we have 


= 


(p) lg(xz) — y(z)| = 


WA 


fF nuoo) Sey) de 


We proved in B, that for every vin / of (58.58), the graph of each function 
Vo Vin: ale of (58.55) lies ina rectangle / contained in S. We proved 
in C. that this sequence of functions converges uniformly on /, to a continu- 
ous function y(v) whose graph also lies in ?. Similarly, it ean be shown 
that g(r) is a continuous funetion on J whose graph lies in a rectangle 
dépeeived ia SS. Thercforesforveach aeine/ of (58.58), the points [.r.y(7)] 
and [,g(xr)} are in S. We may therefore apply (58.51) to the last expression 
on the right side of (p). We thus obtain 


pe 


i Io) — ¥)| u, 


(q) gia) — W)| BON 


ror every @ in J, the graphs of g(r) and y(v) are in bounded rectangles 


contained in S. Call D the maximum value of g(r) = y(e)| for x in 7. 


/ 
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[a 
Zo 


Substituting (r) for the integrand in (q), we obtain 


Then by (q) 
(r) lg(x) — y(x)| = DN 


rol” 


(s) — [g(z) — y(2)| = DN? i! le 20 al = py? Ee 


Again substituting (s) for the integrand in (q), we obtain 


a‘ 2 3 
i aol a OG yc eae 
Zo 


(t) g(x) — y(z)| = DN’ = = 


Continuing in this manner, we find, with the help of (58.58), 


n |@ — tol” — DN*h" (Nh)” 
(u) g(x) — y(a)| S$ DN = ose 


In the last term of (u), D is a constant and (Nh)"/n! is, by (37.42), the 
general term of the series expansion of e¥* which converges for all Nh. 
Its nth term, therefore, epproaches zero as n > ». Hence D(Nh)"/n! 
approaches zero as n approaches «. Since |g(x) — y(zx)| can be made 
less than any number no matter how small, it follows that 


(v) g(x) — y(x) = 0, — g(x) = y(). 


We have thus proved finally that the particular solution y(zx) of (1) is 
unique. The assumed second solution g(x) is the same as y(z). 


Comment 58,59. It is now evident why in Picard’s method the first 
starting approximation yo(x) need not be the line yo(z) = yo, where yo is 
the initial condition given in (58.54). It can be any continuous function 
through the point (%9,y7o9) whose graph is in R. Each such starting function 
will determine a sequence of functions whose limiting function is a par- 
ticular solution of the given equation satisfying the given initial condition, 
valid on the interval J of (58.52). By the theorem there can be only one 
such particular solution. 


Comment 58.6. Let to be a fixed value of x. Then each point (29,c) 
of S, where c is an arbitrary constant, determines a unique solution y(z) 
of (58.53). Hence the solution y(x) is a function not only of x but also of 
the ordinate c, 1.e.,y = Y(z,c). There is therefore a 1-parameter family of 
solutions of. (58.53) cutting across each line x = “po. 


Comment 58.61. Theorem 58.5 gives only a sufficient condition for 
the existence and uniqueness of a particular solution of a differential equa- 
tion y’ = f(x,y) for which y(r9) = yy. It is not a necessary condition. 
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The sufficient condition means that if a region S contains only points which 
fulfill (58.51) and (58.56). then the conclusion of the theorem must follow, 
1.e., cach point of S lies on one and only one particular solution of (58.53). 
That the condition ts not necessary tmplies its conclusion may still be true 
for points in S which do not fulfill (58.51) and (58.56), i-e., these points 
may still lic on one and only one particular solution. 


Comment 58.62. Theorem 58.5 serves another useful purpose. By 
Definition 5.4, an ordinary point of a first order equation y = f(z,y) les 
on one and only one integral curve. Hence every point (709,Yo) of a region S 
that fulfills (58.51) and (58.56) must be an ordinary point since, by the 
theorem, each such point lies on one and only one integral curve. Assume 
that S contains only ordinary points and that we are able to write a 
1-parameter family of solutions of a differential equation explicitly or im- 
plicitly in terms of elementary functions. If for each point (o,Yo) of S, 
the l-parameter family yields a particular solution through it—and by the 
theorem there is only one such solution—then this family, by Definition 4.7, 
must be a general solution since it contains every particular solution of the 
differential equation. In this special case, therefore, the theorem makes 
us aware whether our n-parameter family of solutions is a general one or 


not. 


Example 58.63. Obtam four Picard approximatious if 


/ 


(a) Te Nae 


and y(0) = 0. Find an interval for which the sequence of Picard approxi- 
mations will converge to the actual solution. 


Solution. Following the method outlined in Lesson 57B, we find 


(b) yo(z) = 0, 
yi(x) = | a= &, 
0 


a 3 
yo(xr) = i (42%) dx =x + & 


3 2 ; 
a wv 2 5 ] ; 
TC) a i 14 (. 4. 5) dx = x+ 3 -{- 15° + 5a" 


Of(ry) _ 
OY a 
bounded region S, no matter how large, f(x,y) is continuous and satisfies 
(58.56). Its partial derivative is also continuous and bounded in S. Hence, 
by Comment 58.24, f(y) satishies (58.51). Let us take for S the region 

- Zy< 5 @e ne. 58.64). Then the AP of (58.56) ts found as follows. 


() fry) m= lh - y 


- - : ny ryy . . 
Here f(x,y) of Theorem 58.5 1s I + y* and 2y. Therefore in any 


<1+4+ 25 = 26= M™. 
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We must now choose h, according to A of the theorem, so that the rec- 
tangle R of dimensions (here ro = 0 and yo = 0) |2| S A, ly| < 26h 
which has the point (0,0) at its center lies in S. Remember S is now 
bounded by the lines y = 5 and y = —5. If therefore we choose h = 


I: \x| 40.19 


Figure 58.64 


0.19, then the rectangle R of dimensions |x| S 0.19, |y| < 4.94 which has 
(0,0) at its center will lie in S. The interval J of (58.58) and the rectangle 
R are shown in I'ig. 58.64. Hence the sequence of functions yo, ¥1,°°°, Yn 
will converge on the interval —0.19 < x < 0.19, toatunction y(x) which, 
on this interval, is the actual solution of (a) satisfying y(0) = 0. 


Comment 58.65. The actual solution of (a) satisfying y(0) = 0 is 
(d) i wi: 


Its Maelaurin series is 
Pen cd Mies 62x° 

(e) NE Oe mae Me 
which converges for |x| < 2/2. A comparison of (e) with y3(x) of (b) 
shows that the first three terms of each series are the same. If we had 
obtained additional Picard approximations, subsequent functions in the 
sequence would contain more and more terms in agreement with (e) and 
would approach the actual solution tan. Note, however, how much 
smaller the interval /, obtained from the theorem, is than the interval 
(—1/2, 7/2) for which the series (e) is valid. In the absence of a solution, 
we would know by the theorem only, that for |z]| < 0.19, the sequence of 
approximating functions yo(r), yi(v),---, Yn(v) converges to a function 
y(x) which is the particular solution of (a) satisfying y(0) = 0. We would 
thus know, for example, that y,(0.1) is an approximation to tan (0.1). 
However, we could not know from the theorem whether yo(0.5), 
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y1(0.5), +--+, yn(0.5) converges to the actual solution tan (0.5) unless we 
could find a larger h. The theorem therefore docs not always give us a maxt- 
mum interval of convergence. 


to 


. Show that the sequence of functions 


EXERCISE 58 


3 


. Show that the sequence of functions z, 2°, x3,°-+, 2" converges on J: 


0 < x < 1, tothe function f(z) = 0, but not uniformly. What is the limiting 
function of this sequence if J is the interval 0 S zx S 1? Is the limiting 
function continuous? 

z ae ne 
eg ee ieee 
on /:0 < x < & to the function f(z) = 1, but not uniformly. What is the 
limiting function of this sequence if J is the interval 0 S tr < ©? Js this 
limiting function continuous? 


converges 


. Show that the sequence of functions 1/z, 1/2z, 1/3z,---, 1/nz converges 


uniformly on J: 1 S xz < © to the continuous function f(z) = 0. 


. Show that the series 


x x x x° x 
—= 4 (_S_ _ 47 _) + (4 - 4] +. 
1 -+ 2x? 1+ 2 1+ x? 1+ x® l+2 
whose sequence of partial sums is 
oe ah ar 
1+ 22 14721 1+ (x2) 


converges to the function 


f(z) = 0, |z| < 1, 
g, [2] = 4, 
— 7-4 |2| emilee 


_ In comment 58.59, we stated that the first Picard approximation need not 


be the function yo(z) = yo, Where yo is the given initial value. In Example 
58.63, our first approximation was yo(x) = 0. Show that yo(r) = x would 
have been a better first approximation. Solve the problem starting with this 
new first approximation. 


_ Solve the problem in Exercise 57,1, starting with the approximation yo(z) = 


1 — r. See 5 above. Is it a better or poorer approximation? 


_ Find an interval of convergence for cach sequence of Pteard approximations 


obtained in Exercise 57,1, Sxercise 57,2, Exercise 57,5. 


ANSWERS 58 


f(z) =0,0S82< 1; f(z) = Ie = 1, Limiting function ts discontinuous. 
f@) =1,0<B< o:f(z) = 0,2 = 0. Limiting function is discontinuous. 


Better approximation. Actual solution is y = 2e-? 2—1=1l—2r+ 
x pam — ae 
~"® tue” 60 


Lid 
do 


¥ 


14 
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7. (1) |f(z,y)| S |x| + ly| < Af. Any values of x and y are permissible tor 
region S. Choose h so that rectangle of dimensions |z| S h, |y — 1] < dfh 
which has (0,1) at its center lies in S. The interval is |z| < h. 

(2) |f(z,y)| S |x| + |y| < Af. Any values of x and y are permissible for 
region S. Choose h so that rectangle of dimensions |r — 1| S$ h, |y — 3| < 
Mh which has (1,3) at its center lies in S. The interval is |x — 1] < h. 


LESSON 59. The Ordinary and Singular Points of a First Order 
Differential Equation y’ = f(x,y). 


In Lesson 5, we introduced the concept of an ordinary point and of a 
singular point of a first order equation 


(59.1) y = f(x,y). 
Tor convenience we repeat these Definitions 5.4 and 5.41. 


Definition 59.11. An ordinary point of a first order differential equa- 
tion (59.1) is a point in the plane which lies on one and only one member 
of a 1-parameter family of solutions, 1.e., it lies on one and only one integral 
curve. 


Definition 59.12. A singular point of the first order differential equa- 
tion (59.1) is a point in the plane which meets the following two require- 
ments. 


1. It lies on none or more than one integral curve of (59.1). 
2. If a circle of arbitrarily small radius is drawn about this point, there is 
at least one ordinary point in its interior. 


Comment 59.13. By Definition 59.11 and Comment 58.61, all points 
(x,y) of a region S, in which f(z,y) satisfies (58.51) and (58.56), are ordinary 
points of (59.1). They lie on one and only one integral curve of its family 
of solutions. If the region S contains points which do not fulfill (58.51) 
or (58.56), then by Definition 59.12 and Comment 58.61, they may be singu- 
lar. Hence in hunting for singular points, we need only examine those 
which fail to fulfill (58.51) or (58.56). There is certainly no need to look 
for them among those which do. 


Example 59.2. Determine whether the differential equation 
(a) y’ = 22 
has singular points. 


Solution. Here f(z,y) of Theorem 58.5 is 2x and df(z,y)dy = 0. 
Therefore in any bounded region S, f(x,y) is continuous and satisfies 
(58.56). Its partial derivative with respect to y is also continuous and 
bounded in S. Therefore by Comment 58.24, f(z,y) satisfies (58.51). 
Hence, by Comment 59.13, each point of S is an ordinary point. There 
are no singular points. 
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Remark, The solution of (a) is 
(b) y=rrte 


which is a family of parabolas with its vertices on the y axis. Tor each 
point (x9,.yo) in the plane, (b) will give an unique particular solution of (a) 
satisfving the point (r79.¥0). Hence, by Comment 58.62, we now also know 
that (b) is a general solution of (a). 


Example 59.21. Determine whether the differential equation 
(a) Ma er le i 


has singular points. 


IIA 


Solution. Since \/1 — y?2 is defined only for values of y for which 
—] < y S 1, we confine our attention to a region which is contained 
between these lines. Here f(z,y) of Theorem 58.5 is —V/1 — y? and 


af(z,y)/dy = y/V1 — y?. Let us take for S the region defined by 
—1 < y <1, |z| < A, where A is a positive number, Fig. 59.22. Let 


Figure 59.22 


(x9,yo) be a point of S. Since it is an interior point of S, it can be sur- 
rounded by a rectangle contained in S. In this rectangle, f(2,y) 1s con- 
tinuous and satisfies (58.56). Its partial derivative with respect to y is 
also continuous and bounded. Therefore, by Comment 58.24, f(x,y) satis- 
fies (58.51). Hence each point in this rectangle, by Comment 59.13, is an 
ordinary point. Since each point of S can be similarly surrounded by a 
rectangle, all points of S are ordinary poiits. 

If we enlarge 5S to include the linés'y = 1 and y = —1, then for these 
values of y, (58.51) 1s not satisfied. [In (58.51), take ¥ = 1. Then as 
yl, (- o/1 way? + 0)/(¢ — 1)| > ».) Heme the points on these 
lines may, by Comment. 59.13, be singular points of (a). That they are 
sn fact singular points can be seen from the solutions of (a). These are 


(b) y= cos (x Ie Cc) 
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where cis the usual arbitrary constant, and the functions 
(c) y= ceL 


Each point on the line y = 1, i.c., each point (2,1) lies on the integral 
CUIvVes;) — COs (ec — v,) andi = Idearc port omeiie lime 7 — —1, ice 
each point (v 9,—1), lies on the curves y = cos (27 + 7 — Zo), and y = 
—1. For example, the point (0,1) hes on the integral curves y = cos x 
and y = 1, the point (—2,1) lies on the integral curves y = cos (x + 2) 
and y = 1, the point (3,—1) lies on the integral curves y = cos (a + 7 — 3) 
and y = —l. Hence, by Definition 59.12, the points on the lines y = 1 
and y = —1 are singular points. 


Comment 59.23. If the region S in the above example excludes the 
lines y = +1, then each point of S, as remarked above is an ordinary 
point. Hence by Definition 59.11, there is one and only one particular 
solution through each point of S. Since for each point of S the family (b) 
yields a particular solution through it, we now know, by Comment 58.62, 
that the l-parameter family (b) is, in S, a general solution of (a). If, how- 
ever, S includes the lines y = +1, then in the absence of further informa- 
tion, we cannot know whether (b) is a general solution of (a), 1.e., whether 
it contains every particular solution. Jor since (7,41) may be singular 
points, there may or may not, by Definition 59.12, be solutions through 
these points. Actually, as we saw above, y = +1 are particular solutions 
of (a) not obtainable from the family (b). Hence for this enlarged region S, 
(b) is not the general solution of (a). 


Example 59.24. Determine whether the differential equation 


(a) y = (y+ 1)*/y, y #9, 
has singular points. 


Solution. Here f(x,y) of Theorem 58.5 is (y + 1)?/y and df(z,y) /dy = 
(y? — 1)/y?. Let us take for S the region defined by —B S y < 0, 
|x| < A, where A, and B > 1, are positive numbers, Fig. 59.241. Let 
(X9,¥o) be a point of S. Since it is an interior point of S, it can be sur- 
rounded by a rectangle contained in S. In this rectangle f(z,y) is continu- 
ous and satisfies (58.56). Its partial derivative with respect to y is also 
continuous and bounded. Therefore, by Comment 58.24, f(x,y) satis- 
fies (58.51). Hence, each point in this rectangle, by Comment 59.13, is an 
ordinary point. Since each point of S can be similarly surrounded by a 
rectangle, all points of S are ordinary points. Therefore, by Definition 
59.11, each point in S lies on one and only one integral curve of (a). 

The n-parameter family of solutions of (a) is 


a 


(b) | oa 


+logly+ifj=rte yx —I. 
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We now note that (b) excludes particular solutions of (a) that lie on points 
whose y coordinate is —1. Hence we now also know that (b) cannot be 
the general solution of (a) and that there must be an additional solution 
(or solutions) of (a) that lie on the points (r,—1). This particular solution 


(0,0) 


Figure 59.241 


is, in fact, the line y + 1 = 0. This solution together with (b) contain 
every solution of (a). There are no others. Note the role played by the 
existence theorem in warning us that (b) cannot be the general solution 


of (a). 
EXERCISE 59 


Determine the singular points, if there are any, of each of the following 
equations. 
i eee 


ay — | 
ey — = or. 


3 yi =V1i—y, Whe ly # 0. 


4, y' = V4; if te 


ANSWERS 59 


None. 29. None in each half plane z > 0,2 < 0. 
. line, = 2. } 


— 
° 


4. Line y = 0. 5. None in each of the two regions 
divided by the line z — y = 0. 


LESSON 60. Envelopes. 
described various techniques for finding a I- 


In this text, we have 
) = 0, for special types of first. order 


parameter fainily of solutions ee ae 
dy 


differential equations of the form F (su =) — (0. If this I-parameter 


/ 
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family of solutions is not a general one, then the problem of finding par- 
ticular solutions, if there are any, that are not obtainable from the family 
is usually a complex and difficult one. However, there is one case where 
a standard method exists for finding such particular solutions. The method 
we shall describe is closely associated with the notion of an “envolope” of 
a family of curves. Hence we shall first discuss the meaning of an envelope 
of a family of curves. 


LESSON 60A. Envelopes of a Family of Curves. Consider the 
family of circles (x — c)? + y? = 1, with centers at (c,0) and radius 1, 
Fig. 60.01. Each circle is tangent to the lines y = +1. Since these two 


CANA WAN 
AVENE D, 


Figure 60.01 


lines may be looked at as enclosing the family of circles, and since the 
word envelope means a wrapper for enclosing something, each has been 
called an envelope of the given family of circles. More generally, we de- 
fine the envelope of a family of curves as follows. 


Definition 60.1. Let f(x,y,c) = 0 be a given family of curves, Fig. 
60.2. A curve C will be called an envelope of the family if the following 
two properties hold. 


1. At each point of the envelope there is a unique member of the family 
tangent to it. 


Envelope curve a 


Members of family f(x, y,c)=0 


Figure 60.2 


Lesson 60A ENVELOPES OF A FamiLy oF Curves 749 
2. Every member of the family is tangent to the envelope at a distinct 
pot of the envelope. 


Definition 60.21. A function f(x,y,c) is said to be twice differentiable 
if all its first and second partial derivatives exist. 


We now state without proof* a theorem which gives a szffictent condition 
for the existence of an envelope of a family f(r,y,c) = 0. 


Theorem 60.22. If f(x,y,c) ts a twice differentiable function defined for 
a set of values of x,y,c, and if, for this set of values, 


(60.23) f(zyse) = 0, Ue?) — 9, 
and 
(60.24) ot z 9 
#0, = 0, 
pafma fi on 
\0xdc AYydC 


then the family of curves f(x,y,c) = 0 has an envelope whose parametric 
equations are given by (60.23). 


Assume that f(z,y,c) is a function which satisfies the hypothesis of 
Theorem 60.22 so that we can be sure the family of curves 


(60.25) S(amy,c) = 0 


has an envelope. In place of the difficult proof of the above theorem 
which we have omitted, we shall now describe a formal method of finding 
this envelope. At the same time, we shall discover how the equations m 
(60.23) originated. No attempt will be made to justify each step rigorously. 
For each value of c, we obtain a member of the family (60.25). Hence if 
¢ = Co andc = Co + AC, where Ac * 0 is small, then 


(60.26) f(xyyjeco) = 0 and f(x,y,¢o + Ac) = 0 


are two neighboring members of the family (60.25). By Definition 60.1, 
each of these two curves is tangent to the envelope of the family (60.25). 
Let us call Py, P2 their respective points of tangency, Fig. 60.20, "The 
two curves themselves will usually intersect if a point, called ? in the 
figure, which is not too far distant from P, and P»,. Since the coordinates 
of the point P satisfy each of the equations of (60.26), it will also satisfy 


the equation 


(60.27) f(miy,co Ae) = f(ay,co) = 9. 


*A proof can be found in William F. Osgood, Advanced Calculus. 
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(The point P lies in each curve; its coordinates will therefore make each 
term zero.) Since Ac ~* 0, we may divide (60.27) by it to obtain 


F(x,Y,Co SE Ac) a f(x,y,Co) i 


(60.28) ae 


noe. Cot Ac)=90 


Envelope 


f(x, ¥, Co) =0 


Figure 60.29 


By the definition of a derivative, which we assumed exists, 


(60.3) lim L6ts¥220 + Ac) — f(x,¥,c0) _ Af(a,y,c) | 
Ac—0 Ac 0c 


evaluated at c = Co. 
Therefore as Ac —> 0: 


0 
(a) The expression on the left of (60.28) approaches df{z,¥,0) : 
c 
(b) The points P2 and P approach P. 
(c) The curve f(x,y,co + Ac) = 0 approaches the curve f(z,y,co) = 0 
so that both are tangent to the envelope at P;. 


Since Co is an arbitrary value of c, we have thus proved that if a family 
of curves has an envelope, then each point of the envelope, by (c) and (a) 
above and (60.28), must satisfy the two equations 


(60.31) f(x,y,c) = 0, Heke = 


These two equations may be regarded as the parametric equations of an 
envelope of the family (60.25). Note that they are the same as (60.28). 


Comment 60.32. It may not always be possible to eliminate the 
parameter c between the two equations in (60.31), but if it can be elimi- 
nated, then the resulting Cartesian equation y = g(x) is called the elimi- 
nant of (60.31). An eliminant, however, may introduce additional loci 


Lesson 60A ENVELOPES OF A FamILy oF Curves 751 


which are not part of the envelope. For example, 
(a) ee 4/2 2c, oi 2 — 


are the parametric equations of that part of a circle of radius two that hes 

in the first quadrant (since x and y are positive). Their eliminant is ge? + 
2 . e e . 

y* = 4, which is the entire circle. 


Comment 60.33. Not every family has an envelope. For example, 
the family of concentric circles 2? + y? = c* has no envelope. 


Comment 60.34. Theorem 60.22 gives only a sufficient condition for 
the existence of an envelope, not a necessary one. This means that if a 
family satisfies the hypotheses of Theorem 60.22, it must have an en- 
velope; if it does not, it may or may not have an envelope. 


Example 60.35. ind the envelopes, if there are any, of the family of 
curves 


(a) Ve cond - ¢. 
) } ,C . 
Solution. Here f(x,y,c) = y — cos (x + ¢) and ee = sin (x -ae). 
The determinant (60.24) is therefore 
Mies c) 1) 
(b) on ee cos (x + ¢). 


Mio offic? = coma c). I a+ cx w/2, then cos (x +c) # 0. 
Hence, by Theorem 60.22, the sets of values, excluding x + c = 1/2, that 
satisfy the parametric equations 


(c) y — cos (x + c) = 0, 
gin (x +c) = O, 


are envelopes of the family (a). Writing the first equation of (c) as 
cos (x +c) = y, then squaring both equations of (c) and adding, we obtain 


the eliminant, 
(d) y= 1, weSesal. 
The two curves y = 1 and y = —1 are the envelopes of the family (a). 


Comment 60.36. Tiwe write (a) as 


(c) Arc cosy = «+ ¢, 
then f(r,y,c) = Arecosy — r— ¢ and df/ac = —1. Hquations (60.23) 
therefore become 
(f) Are cosy — « — c = 0, 
ie 


752 EXIsTENCE THEOREM: y’ = f(z,y). PicaRpD. CLAIRAUT. Chapter 11 


Since —1 + 0, the parametric equations are not satisfied. Yet we showed 
above that (a) has two envelopes, y = +1. The trouble is that now 
a7f/ac? = 0 for all z,y, so that one of the hypotheses of Theorem 60.22 
is not fulfilled. The fact that the family (e) has an envelope shows that 
the theorem gives only a sufficient condition, not a necessary one. 


Example 60.37. Jind the envelopes, if there are any, of the family of 
circles 


(a) = oye, 
where c is & parameter. 
Solution. Here f(z,y,c) = (x — c)? + y? — 1, df/ac = —2(x — c). 
The determinant (60.24) is therefore 
2(r — c) 2y 


a°f 
= 4y ~ 0 ify ~ Oand 5 = 2 # 0. 


(b) 


= ()) 


Hence by Theorem 60.22, the sets of values, excluding y = 0, which satisfy 
the parametric equations 


(c) Cee Ones il = 
=—26 —2) — 0 ae — 0 
are envelopes of the family (a). Substituting the second equation of (c) in 
the first, we obtain the eliminant 
(d) ye=l, y= +1. 


Therefore by Theorem 60.21, y = 1 and y = —1 are envelopes of (a). 
See Fig. 60.01. 


Comment 60.38. A trouble similar to that mentioned in comment 
60.36, occurs if we write (a) as 


(e) c=2rt v1 — y?. 

Equations (60.23) therefore become 

(f) = = yy | — a2 — 
Lie): 


Since 1 # 0, (f) cannot be satisfied. But here 0?f/dc? = 0 for all z,y,c, 
so that one of the hypotheses of Theorem 60.22 is not fulfilled. The fact 
that the family (e) has an envelope shows again that the theorem gives 
only a sufficient condition, not a necessary one. 


Example 60.39. Jind the envelopes if there are any of the family 


(a) 0 = ep ce. 
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Solution. You can verify that (60.24) is satisfied if y # 0. The 
parametric equations (60.23) are: 
(b) y? — 2x +c? = 0 
ae 4-20 arc. 


Substituting the second equation of (b) in the first, we obtain the elimi- 
nants 


(c) y2— Qe? +27=0, yP—2z?=0, x«-—y=0, zt+y=0. 
Hence r = y and zs = —y, y * 0, are envelopes of (a). See Fig. 60.4. 


mail 


Example 60.41. Vind the envelopes, if there are any, of the family of 
curves 
(a) (x — c)? == By? ay”. 

Solution. Here f(x,y,c) = (4 — c)? — 3y? + y?, af/de = —2(x — Cc). 
The determinant (60.24) is therefore 


Figure 60.4 


2 2 
(b) Q(z —c) —6y+ 3¥"| 29 ify ~ Oand 2; an ia 
2 0 
By Theorem 60.22, sets of values, excluding y = 0 and 2, that satisfy the 


parametric equations 


(c) (¢ —c)* — oy ae we 0, 
A(x —c) = 0, (x —c) =0 
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are envelopes of (a). Substituting the second equation in the first, we 
obtain 


(d) —3yVr +y¥=0, y=0, y=. 


The eliminant y = 0 is excluded by (b). However, since Theorem 60.22 
gives only a sufficient condition, we cannot assert without further study 
that y = 0 is not an envelope. (Actually it is not, see Example 60.53.) 
However, y = 3 is an envelope. 


Example 60.42. Find the envelopes, if there are any, of the family of 
curves 


(a) Co i 
Solution. Here f(x,y,c) = ce’ — x + y+ 1, Of/dc = e”. The deter- 
minant (60.24) is therefore 
(b) —1 ce? +1 
0 e 


Hence one of the hypotheses of Theorem 60.22, namely 07f/dc? # 0, is not 
satisfied. The family (a), therefore, may or may not have envelopes. 
(It actually has none, see Example 60.54.) 


2 
= —e" ~ 0, but 24 = 0. 


LESSON 60B. Envelopes of a 1-Parameter Family of Solutions. 
Let f(x,y,c) be a 1-parameter family of solutions of the differential equation 
y’ = f(x,y). The family may or may not have an envelope. If it has, then 
by Definition 60.1, at each point of the envelope, there is a member of 
the family of solutions that is tangent to it. Hence the envelope, at each 
of its points, has the same slope y’ as an integral curve. It therefore follows 
that each envelope of the family of solutions, excluding those points of the 
envelope where the tangent is vertical, also satisfies the given differential 
equation y’ = f(x,y). Hence an envelope of a family of solutions of y’ = 
f(x,y) ts also a solution of this differential equation. 

Unless an envelope is coincident with an integral curve of a family, it is, 
by Definition 59.12, a locus of singular points. For each point of the en- 
velope lies on two integral curves: the envelope itself and an integral curve 
of the family. Hence an envelope is a particular solution of a differential 
equation y’ = f(x,y) that cannot be obtained from a 1-parameter family 
of solutions by assigning a value to the arbitrary constant. The converse, 
however, need not be true. A particular solution not obtainable from a 
l-parameter family of solutions is not necessarily an envelope. If, there- 
fore; we can find an envelone of a 1l-parameter family of solutions of a 
differential equation y’ = f(x,y), we shall at the same time have succeeded 
in finding a particular solution of the equation, not obtainable from the 
family. 
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Comment 60.43. By Theorem 60.22, we know that if f(z,y,c) = 0 
is a twice differentiable function and satisfies (60.24) over a set of values 
of xr.y.c, then the parametric equations of its envelope are given by 


(60.44) fety.c) =O, of(asu,6) = 105 
Oc 

If the parameter c can be clminated between these two equations, the 
resulting equation y = g(r), which we called the climinant, gives an en- 
velope. However, as noted in Comment 60.32, the eliminant may introduce 
extrancous loci. It is essential, therefore, to verify by actual substitution 
ina given differential equation whether each factor of the eliminant satisfies 
the equation. If it does, it is a particular solution not obtainable from the 
family. See Example 60.53 below for an eliminant which is not a solution. 


Example 60.5. Find, by means of envelopes, particular solutions, if 
there are any, of the differential equation 


(a) ie Vee, 
not obtainable from the family of solutions 
(b) yj meee Cc) 


Solution. In Example 60.35, we found that y = 1 and y = —1 are 
envelopes of the family (b). You can verify by direction substitution that 
each is a solution of the given differential equation (a). Hence each en- 
velope is a particular solution of (a) not obtainable from (b). 


Example 60.51. Vind by means of envelopes, particular solutions, if 
there are any, of the differential equation 


’ Vly? 
(a) he — 
not obtainable from the family of solutions 
(b) @—c)?+y=1. 
Solution. In Example 60.37, we found that y = 1 and y = —1 are 


envelopes of (b). Since each funetion satisfies (a), cach is a particular 
solution of (a), not obtainable from the family (b). 


Example 60.52. Vind, by means of envelopes, particular solutions, if 
there are any, of the differential equation 


i Oc Rare 
1 ES 
y 


not obtainable from the family of solutions 


a 


(a) UT] 


(b) Te Jor é: 
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Solution. In Example 60.39, we found that y = +2 are envelopes 
of (b). Since these functions satisfy (a), they are particular solutions of 
(a), not obtainable from the family (b). 


Example 60.53. Find, by means of envelopes, particular solutions, if 
there are any, of the differential equation 


(a) 9(y’)*(2 — y)* = 48 — 9), 
not obtainable from the family of solutions 
(b) (0) tee ee 


Solution. In Example 60.41, we found two eliminants, namely y = 3 
and y = 0. The first satisfies (a), and is therefore a particular solution 
of (a), not obtainable from (b). The second y = 0, however, does not 
satisfy (a). Hence, we now also know that y = 0 is not an envelope of (b). 
(In example 60.41, we remarked that in the absence of further information, 
we could not know whether or not y = 0 is an envelope.) 


Example 60.54. Find, by means of envelopes, particular solutions, if 
there are any, of the differential equation 


1 
—_a 


/ 


(a) y 


not obtainable from the family of solutions 
(b) 0 =i — i) 


Solution. In Example 60.42, we found that (60.24) of Theorem 60.22 
was not satisfied. Hence we did not know whether or not the family (b) 
had an envelope. However, if we apply the existence Theorem 58.5 to the 
function f(x,y) = 1/(@ — y) of (a), we find that the only possible singular 
points lie on the line « — y = 0. Since the function y = x does not 
satisfy (a), it cannot be an envelope of the family (b). In this example, 
therefore, a particular solution not obtainable from (b), if there is one, 
cannot be found by means of envelopes. 


EXERCISE 60 


lind the envelopes, if there are any, of each of the following family of 
curves. 


1 = ee 3 y = cx+ 38V14 c2,y>0 
2y=rt+h(r4+ 0)’. 6. (yta—c)*® = 4zy. 
3.y = (x — ¢)°. 7 y = sin [(z — c)?). 
1/3 
4. y = 
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Find, by means of envelopes, particular solutions, if there are any, of 
each of the following differential equations, not obtainable from the given 
family of solutions. 


ey = Wy —a@et Ly =rtirto eS ySr+i. 
oy = By" 
10. y = ry + 38V14 (y’)2,y = @e + 314+ c2, y > 0,22 < 9. 


ll. y! = 2/(1 — y?) VAre sin y, x = VAre sin y +c. 


5 3 
= 6 = 


ANSWERS 60 


1. None. 6. ry = 0. 

- y = I. | % = 2). 

cy = 0. 8. y = 2. 

4. y = 0. See problem 3 and read 9.9 = 0. 
Comments 60.36, 60.38. 10. y = V9 — 2. 

5. y = V9 — x. i yen, fF cel. 


LESSON 61. The Clairaut Equation. 


The simplest type of family of curves is a family of straight lines. Irom 
analytic geometry we know that 


(61.1) 1) ee, 


represents such a family. The stope of each line of the family is m, and 
its y intercept is b. The family (61.1) is thus a 2-parameter family. We can 
form a ]-parameter family from it by requiring that b be a function of the 
slope m, i.c., that b = f(m). Hence (61.1) becomes 


(61.12) y Swe a Sm). 


To find a differential equation whose I-parameter family of solutions Is 
the family of Imes (Gleal2), we proceed as we did in Lesson 4B. Differenti- 
ation of (61.12) gives y’ = m. Substituting this value of m in (61.12), we 
obtain the differential equation 


(61.13) 7 = ee I )- 


Squation (61.13) is called Clairaut’s equation. * 
Comment 61.14. If we start with the differential equation (61.13), 
its solution (61.12) is easily found. Replace y! by the parameter m (or, if 
ae Cor eX! soluu airaut equation 
you prefer, by c). For example, the solution of tie Gla q eo 
y= yr 4 (y')* is the family of nonvertieal lines y= 9 — Mm” OI 


y= ae ra. 


‘Named alter the French mathematician, Alex Claude Clairaut (1713-1765). 
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As we pointed out in Lesson 60B, if the family (61.12) has an envel- 
ope, then this envelope is a particular solution of (61.13) not obtainable 
from the family of solutions (61.12). By Theorem 60.22, a sufficient 
condition, among others, for the existence of an envelope of the family 
(61.12) is that points of the envelope satisfy the parametric equations 


(61.15) y — cx — f(c) = 0, 

z+ fi(c) = 0. 
The first equation in (61.15) has the same form as (61.12). It therefore 
satisfies Clairaut’s equation (61.13). The eliminant of (61.15) also satisfies 
this first equation. (A solution of two simultaneous equations satisfies 
each equation.) Hence, if (61.15) yields an eliminant, then this eliminant 
by Comment 60.43, may be a particular solution of (61.13). It is if it 
satisfies (61.13). 


Example 61.2. Find a 1-parameter family of solutions of the Clairaut 
equation 
(a) y= yz + (y’')?. 

Also investigate for envelopes of the family of solutions. 

Solution. First we note by (61.13), that (a) is a Clairaut equation 
with f(y’) = (y’)®. Hence by Comment 61.14, its 1-parameter family of 
solutions is 
(b) y = ce + c?. 

You can verify that (b) satisfies (60.24). Therefore, by Theorem 60.22, a 
set of values that satisfies the parametric equations (60.23), 
(c) y—c—c?=0, 

eee — Oe 2 


is an envelope of (b). Substituting the second equation of (c) in the first, 
we obtain the eliminant 
2 4 2 

z 3 x 
td) —a 
which is an envelope of the family of nonvertical lines (b). Since this 
function (d) satisfies (a), it is a particular solution of (a) not obtainable 
from the family (b). 


Example 61.21. FY ind a 1-parameter family of solutions of the Clairaut 
equation 


(a) y = y’x + logy’. 


Also investigate for envelopes of the family of solutions. 
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Solution. First we note by (61.13) that (a) is a Clairaut equation 
with f(y’) = log y’. Hence by Comment 61.14, 


(b) ‘ja von + lORre, 


is a family of solutions of (a). You can verify that (b) satisfies (60.24). 
Therefore, by Theorem 60.22, the set of values that satisfies the para- 
metric equations (60.23), 


(c) y — cx — loge = 


0 
po =O, Co 
C 


is an envelope of (b). Substituting the second equation of (c) in the 
first, we obtain 


which is an envelope of the family of nonvertical lines (b). Since this 
function (d) satisfies (a), it is a particular solution of (a) not obtainable 


from the family (b). 
Example 61.3. A source of light or sound which strikes a curve in the 
same plane with it, 1s reflected in a fixed direction. Find the equation of 


this curve. 


me=vyv'(x) 


~v=y(x) 


Reflected direction 


Figure 61.31 


(See Vig. 61.31.) We place the origin at the source of the 
axis be parallel to the fixed reflected direction. 
We assume y(x) 1s 


Solution. 
light. or sound, and let the x 
Let y = y(x) be the equation of the curve we seck. 


defined and differentiable on an interval J. 
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Call: 
(a) 12 the angle the incident ray OP makes with the normal to the required 
curve, 


r the angle the reflected ray PQ makes with the normal to the re- 
quired curve, 

y’ the slope of the tangent to the required curve y = y(x) at P(z,y), 
m, the slope of the normal to the required curve at P(z,y), (=—1/y’), 
my the slope of OP (=y/z). 


By a law of physics 


(b) (Aneel, 


and by a formula of analytic geometry 


Sloss 
ee ei Te ee 0) 
Cc tant = ————— = = C 
(©) l+mm, , ly Lie 
y & 
From Fig. 61.31, we see that tan (180° — r) = —1/y’. Hence, tanr = 


1/y’. Therefore by (b), tanz = 1/y’. Substituting this value of tan 7 in 
(c), we obtain 

Tse ae 2 
d “7 — i, ae = 2x : : ° 
(d) ; oe y Yeu) 
The equation is almost like a Clairaut equation, but not quite. If, however, 
we multiply it by y, we obtain 


(e) Ue ey (y). 
Now let 

Baer oe ! ! eae 
(f) u=y, wu = 2Qy', (y')* = ae 


Substituting (f) in (e), we have 
(g) u= wa + 3(u')’, 
which is a Clairaut equation in u. Hence its 1-parameter family of solu- 
tions is 
02 


Substituting in (h) the value of wu as given in (f), we obtain the family of 
parabolas 


(i) yy =cr+—- 
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Geometric Problems Giving Rise to a Clairaut Equation. In Les- 
sons 13 and 36D, we solved geometric problems which gave rise, respec- 
tively, to a first order equation and to a special type of second order 
equation. A curve whose tangents have properties which are independent 
of the point at which the tangent is drawn will lead to a Clairaut equa- 
tion. Since the solution of a Clairaut equation is a family of straight 
lines. and since these straight lines will have the properties of the tangent 
lines, the envelope of the family will give the curve we seck. 


Example 61.4. every tangent to a curve has the property that the 
sum of its intercepts has a constant value k. lind the curve. 


Solution. By Exercise 13,1(a) and 1(b), the x and y intercepts of a 
tangent line are respectively x — y/y’ and y — xy’. Hence the curve must 
satisfy the condition 


oe t— a yor =k ory my ty — 2’) = by, 
ky’ 
if as 


vg — = ay —— 1) ee = ay 


The last equation in (a) is, by (61.13), a Clairaut equation. Hence its 
solution, by Comment 63.14, is 


we ce BR Cr ee 


C — 
which is a family of straight lines. You can verify that (b) satishes (60.24). 
Therefore, by Theorem 60.22, the c-eliminant of 
(c) re? — (2 ty —Hety=0 
Je ee! 


9xc — (x ty — bk) = 9, C= ae 


may be an envelope of (b). Substituting the second equation of (c) in the 
first, we obtain the chminant 


(e+ yp ee - 
(a) oe 


(x+y — )* — 4ry = 9, Coe 
a oe Og fe ay = pie yi? -_ gaye? 


1/2, 1/8 
ae: 


y 


Since it satisfies (a), it is the required solution. 


EXERCISE 61 
lind a I-parameter family of solutions of each of the following Clairaut 


equations | 6. Also investigate for envelopes. 
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ly = ay’ — (y’)’. 4,4 = xy — (y')”. 

2. y = ay + [+]. 5. y = ay + V1 

3 ey (y)?. 6. y = zy’ — e”. 


7. 


Solve the equation y = 3zy’ + 6y?(y’)?. Hint. Multiply by y?. Then make 
the substitution u = y°, du/dx = 3y7y’ to obtain the Clairaut equation 


In problems 8-13, every tangent to a curve has the property indicated. 
I'ind the curve. 


12. 


i: 


. The sum of its intercepts has a constant value 9. 
. The product of its intercepts has a constant value k. 
. The length of the segment intercepted by the coordinate axes has a constant 


value k?. Hiint. Set the square root of the sum of the squares of its intercepts 
equal to k?. 


. Its distance from the origin has a constant value k. Hint. First show that 


the equation of a tangent line at a point (z,y) on the required curve is given 
by yX — Y+y-— zy’ = 0, where (X,Y) is a point on the tangent line. 
Then use the fact that the distance of a point (A,B) to the line aX + bY + 
c = Ois +(ai+ bB+c)/Va2+ 62. Here A = 0, B = 0. 

The sum of its distances from the points (a,0) and (—a,0) has a constant 
value k. In the distance formula from a point to a line, as given in 11, take 
the positive square root. 

The segment intercepted by the coordinate axes forms with these axes a right 
triangle whose area has a constant value k?. 


In each of problems 14-16, find the Clairaut equation whose family of 
solutions of straight lines has the envelope indicated. Hint. First find x 
and y in terms of y’ and then solve (61.13) for f(y’). 


14. 


ps LS ae i la 


10. 
11. 


ee ia 16. zy = —k. 
ANSWERS 61 
y= cx —c*,y = x*/4. 
y=cexr+1+c?, 22+ 4y = 4. 
y = cx — c®/3, W7x*y ++ 4 = 0. 
Cl a ee 
y=ceertvVlt+e,y = V1 — 22,y> 0. 
y = cx — e, y = zlogz — x. 
yo =a oe ec 12. 4(z2 + y?) = k?. 
fe ye aS, 13. 2ry = +k?, 
«4k: iat oe 
2y 
213 2/3 413 (y')” 
ee | ilar ens S 15 = 


one 16. y = y/x + 27 ky’. 


I 
< 


Chapter 1 y) 


Existence and Uniqueness Theorems 

for a System of First Order 

Differential Equations and for Linear 
and Nonlinear Differential Equations 

of Order Greater Than One. Wronskians. 


LESSON 62. An Existenee and Uniqueness Theorem for a 
System of n First Order Differential Equations 
and for a Nonlinear Differential Equation of 
Order Greater Than One. 


LESSON 62A. The Existence and Uniqueness Theorem for a Sys- 
tem of n First Order Differential Equations. In Theorem 39.12 we 
gave a sufficient condition for the existence of a power series solution of a 


system of n first order equations 


dy 

(62.1) a a Si(yr Ye, cy Yn) 
di 
A ee foll,yisY 2, aN ae) Wen) 
“ne = fr(hy Ya Ye, eM 


satisfying the initial conditions, 

(62.11) yr(to) = 4%) (0) saa elo) = 

Yompare it with the theorem we now state, which gives a sufficient condi- 
tion for the existence and uniqueness of a solution of (62.1) satisfying 


(62.11). 
763 
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Theorem 62.12. Let the functions f,, fo,:--, fn of the first order system 
(62.1) be continuous in a region S defined by 


(62.13) jt — tol S Xo, uel Ss 


= k 
ly2 aa a2| = ka, eas lyn = aa Ser 
In S, let each function satisfy a Lipschitz condition 


(62.14) [filt,vr,Y2, es Yn) ie F:,91,92, Sas Tn) 
= N(\y1 — 9:|+ly2 — Fol +--+ + lyn — Fal), i= 12 a 


where (t,Y1,Y2,°°*, Yn) and (t,91,92,°°°, Jn) are any two points in S. 

Then an interval Io: |t — to] < h,h > O, exists in which there is one and 
only one set of continuous functions y;(t), y(t), -- >, Yn(t) with continuous 
derivatives in I satisfying the given system (62.1) and the inttral conditions 
(62.11). 


Note. The theorem does not always give a maximum interval of con- 
vergence; read Comment 58.65. 


Remark. When n = 1, the system (62.1) reduces to a first order 
equation yi’ = fi(t,y,). Theorem 58.5, which we proved previously for 
this first order equation, is thus a special case of the above more general 
theorem. 


The proof of Theorem 62.12, which we have omitted, although more 
complicated than the proof of Theorem 58.5, follows its pattern exactly. 
We find the interval Jo of Theorem 62.12, for example, in practically the 
same manner we found the interval J) of Theorem 58.5. Since the region S 
consists of closed intervals and the functions f,, fo,:--, fz are each con- 
tinuous in S, each is bounded in S. Hence there is a positive number Af 
such that 


(62.15) Cur oie, Yn) | < M, = Ly 2, Rte, 
forevery polite yy is,°-:.%.) imo. BY (O23) (pan =a, eicean 
interior point of S. It is therefore possible to pick an h such that the 
n + 1 dimensional rectangle R, 
(62.16) le = to| = h < ho, ly a a| < Mh < ky, carn 
l¥n — @n| < Mh S kp, 

which has this point (¢9,@1,@2, °° +, @,) at its center, lies entirely in S. The 
M is given by (62.15); the k’s are given in (62.13). 

We then find sets of sequences of Picard approximations 

Yr, Y12, °°", Yin, 


U21, U2 °° sage, 


Yniy Yn2,°**, Unn; 
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in a manner similar to that given in (57.33) for a system of two first order 
equations. The graph of each function in each approximating set, it 1s 
then proved, lies in the n + 1 dimensional rectangle 2, and cach set of 
sequences of approximating functions converges uniformly on J: lt — to 
< h to the respective set of functions yi(!), yo(O, «++, Yalt), which on Lo 
is a solution of (62.1) satisfying (62.11). Finally we show that this set of 
functions yy. Yao'**. Yn is Unique. 


Example 62.17. Vind an interval, for which the approximating func- 
tions obtained in Example 57.35 converge to the actual solution. 


Sohuiion. Indhis Btamples,(@27,yo= yy folb2,y) = rv. Comparing 
the initial conditions of this example with (62.11) we see that fo = 0, 
4, = Uo as = &."Sinve/, and //are continuous for all t,2,y, we may take 
for S any bounded region, say one defined by | == Bo ie 1 = 
10 = ki, ly — 1] S$ 15 = ke. Hence = Tye) = iG and 


(a) |fa{ se S80, fol S 176 = M. 
We must now choose h according to (62.16) so that 


(b) Wishes, |e -1< 176k 510, [y—1| < Iv6h = 15. 


If h = 0.056, all three inequahties m (b)} will be satisfied. The Picard ap- 
proximations obtained in Example 57.35, will therefore converge to the 
actual solutions x(t), y(é) for at least lt] < 0.056. 


LESSON 62B. Existence and Uniqueness Theoren for a Non- 
linear Differential Equation of Order n. In Theorem 39.32, we gave a 
sufficient condition for the existence of a power series solution of the nth 


order nonlinear differential equation 


d” y 


} va) 
dx” 


= HEU. ow 


satisfying the initial conditions 


(62.21) ylro) = 4, y'(to) = 41, y' (to) = Gat 
y"—V(ro) = emer. 


Compare it with the theorem we now state which gives a sufficient condi- 


4 é Say 6 a Ae afar 
tion for the existence and uniqueness of a solution of (62.2) satisfying 


(62.21). 


Ps 9 0! in the nth order differential equation 
Theorem 62.22. Let the funchon f Rae 


, , . , * of 
(62.2) be a continuous function of tts arguments Lyi). al 
region S defined by 
ay}, Sk 


», 


a / 
(62.23) jr #o S ko, lym in| sac’ Bi, ly 
y"’ r a»| S Ks, Poe, yo” Uy r| = hineg 
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and let f satisfy a Lipschitz condition, 


(62.24) Wc oieen aren alae was f(x, Y2,Y2'; ny is) jean) 


< N(yi — yol + lys’ — yo’! + ly” — ye” | +--- 
+ [yy *—P = yo®I), 
where (2,Y1,Y1', °° +) yi?) and (x,y2,yo’, +++, yo") are any two points 
in S. 


Then an interval Ig: |x — Xo| < h, h > O, exists in which there is one 
and only one continuous function y(x) with a continuous derivative of order n 
satisfying (62.2) and the initial conditions (62.21). 


Proof. Assume that y(z) is a solution of (62.2). We now define new 
functions y;(x), yo(z),-°*, Yn(v) by the following relations 


(62.25) y(x) = yi (2), 


y(t) = yr’ (x) = ye(a), 
y'(x) = yi" (x) = yo (x) = ys(z), 


yl P(e) = yr P(e) = yo P(e) = = Yaa’ (2) = yn(2). 
Differentiating the function in the last line of (65.25), we obtain 
(62.251) 0 y™(x) = yy (a) = yo) = 0 = yn" (2) = yn'(2). 
By (65.251) and (62.25), we can therefore write (62.2) as 
(62.26) Yn (t) = f(z,yi,y2,y3, °° +, Yn)- 
Hence, because of (62.25) and (62.26), the set of functions y1,yo,°°*, Yn 
satisfies the system of first order differential equations 
(62.27) yi (x) = ye(x), 


Yo’ (x) = y3(x), 
y3 (x) = ya(z), 
Yn—1 (z) = y,(Z), 
Ve) = S(2L,Y 1 Y2,Y3, aes: UE). 
By (62.25), yi(to) = y(Xo), Yo(%o) = y’(£o),-+°, Yn(to) = y"—~? (2). 
We can therefore replace the initial conditions (62.21) by the conditions 
(62.28) yi (xo) = 40, Y2(to) = a, y3(Xo) = aa,-°-, 


Yn(Xo) = Gn—1. 
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Conversely, if we start with the system (62.27) and the initial conditions 
(62.28), and define 


(62.281) y(x) = yi (2), 


then the relations in (62.25), (62.251), and (62.26) hold; the last equation 
of (62.27) becomes identical with (62.2), and the initial conditions (62.28) 
become (62.21). Hence if there exists a set of functions y1,Y2,°-*, Yn 
which is a solution of the system (62.27) satisfying (62.28), then, by 
(62.281), the function y;(x) of this set 1s the solution y(z) of (62.2) satis- 
fying (62.21). 

You can verify that the system (62.27) with imitial conditions (62.28) 
satisfies the hypotheses of Theorem 62.12. Hence by the theorem, an 
interval J about xo exists on which there is one and only one set of par- 
ticular solutions y;, y2,°°*, Ya satisfying (62.27) and (62.28). Since yi(z) 
exists and is unique, it follows, by (62.281), that its equal y(x) exists and 
is the unique solution of (62.2) satisfying (O22). 


Comment 62.282. We wish to emphasize that it is always possible, 
by means of (62.25) and (62.26), to replace a single differential equation of 
order n > 1 by an equivalent system of n first order equations. 


Example 62.29. Set up a system of first order equations equivalent to 
the third order nonlinear equation 


(a) je) = a a 
for which 
(b) y(0) = |, y'(0) = —1, y (0) = 2. 


Solution. Let y(x) be a solution of (a). As suggested in (62.25), we 
define 


(c) y(x) = yil2), 

y(t) = yr'(x) = yet); 

y(xz) = yr (ze) = ya'(z) = ys). 
Differentiating the last equation in (c), we obtain 
(d) y(r) = yi (2) = 92") = y3 (2). 
By (d) and (¢), we can write (a) as 
(c) ig) = sty2 = yi Ys. 


Hence, by (c) and (¢), we ean replace the single equation (a) by the system 


768 OTHER EXISTENCE THEOREMS. WRONSKIAN. Chapter 12 


of first order equations 


(f) yi (x) = ye(z), 
Yo (x) = y3(z), 
y3' (x) = 3ry2 — yi7ys, 


and the initial conditions (b) by 
(g) yi(0) = (0) = 1, yeo(0) = y'(0) = —1, a0) = y (0) = 2. 


The function y;(x) of the solution of the system (f) satisfying (g) will be 
the solution y(x) of (a) satisfying (b). 


LESSON 62C. Existence and Uniqueness Theorem for a System 
of n Linear First Order Equations. In Theorem 62.12, no restrictions 
were placed on the degree of the dependent variables in the functions 
fi, fo,° ++, fn of (62.1). In Theorem 62.3 below, each of the dependent 
variables y;, Yo,° °°, Yn appears linearly, i.e., each of these variables has 
exponent one. 


Theorem 62.3. Given a system of n linear first order equations 


(62.31) > a IG oe ee ae 2 ae Ne, ey), 


= Saran + fealtye + +++ + fon()yn + Qa), 


“at Frilyi + fnalQy2 +--+ + fan yn + Qrld), 


whenesalueiunenons | uand (ete 1, 2, sae, 9 — lee. arecon- 
tinuous on a common interval I. Then there 1s, on Io, 1.e., I without its end 
points, one and only one set of continuous functions y(t), yo(t), --+, yn(t) 
with continuous derwatives, satisfying the system (62.381) and the initial 
conditions 


(62.32) yi (to) cet’) aan Yn(to) = Qn; 
where to is a point in Ig. 


Remark. In Theorem 39.22, we gave a sufficient condition for the 
existence of a power series solution of (62.31) satisfying (62.32). Compare 
it with the above theorem which gives a sufficient condition for the exist- 
ence and uniqueness of a solution of (62.31) satisfying (62.32). 


Proof of Theorem. The proof of the theorem will consist in showing 
that the continuity requirement of the functions f;; on J is equivalent to 
the requirement that each function satisfy a Lipschitz condition (62.14) 
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in J, provided J is finite and closed. If J is not finite and closed, then it is 
sufficient, as we shall show, that cach function satisfy this Lipschitz con- 
dition on a slightly smaller closed subinterval J’ contained in J. And since 
all functions on the right of (62.31) are, by hypothesis, continuous on this 
common, closed interval J or I’, the hypotheses of Theorem 62.12 will be 
satisfied. Hence its conclusion will follow. Let 


ay (iGanhe fd — FOr Peet One On), 
jean ta te — feat + feoltige fon(Yyn + Qed), 


TGA Wen Yn) = IP One Ue CO es a Jan(QYa + CG 


We assume the interval J of Theorem 62.3 is finite and includes its end 
points. If it is not, we take a finite closed subinterval J’ of 7. Hence in I’, 
whether it is a subinterval of J or the whole interval J, each function f;;(d) 
and Q,(t) of (62.31) is, by hypothesis, continuous, All are therefore bounded 
‘n I’. This means that the absolute value of each function forall 7ain tl” 
is less than some positive number. Let N be the largest of these numbers. 
Then for each function f;;(t) of (62.31) and for every ¢ Nay fee 


(b) ee =%, a 2 ey j= 1,230 
Let yi, Yo,---» yn and Yi, F2,°°°s Yn be two sets of values of the de- 
pendent variables. Therefore by @) 
(c) filyrsYor tty Ya) = falOur + fiolt)yo +++ + Sin(Qun + OO), 
Ft Jos ways) Un) = FAT, = fie V2 ia per aig fain 5 Q;(t), 
it ouchiae= 1, 2,---, a Subtfacting the second equation in (c) from the 
first, we obtain 
(d) RAG ce eae 5) Yn) a fi(t,T1,92, es Tn) | 
= far — Fi) + fee 2 — Ge) + °° + fin(t)\(yn — Tol, 


2 ee] ale re 


,and since, by (b), lfij] << N, we obtain from (d) 


Since ja — b| S lal + |b 


(ce) filGyn, are, Yn) fA. 5 Un) = fir (| [yi — yl 
i lfio(t)| ls = pe +::- a Fer) “om a 
s Ny Z 7 | +R lyo = Fe| Sie IG [yn =< Tnl)- 


If you will compare (e) with the Lipsehitz condition (62.14), you will find 
that both are alike. Hence we have proved that for the special system zi! 
linear equations (62.31), the continuity requirement 4 the funetions fi; in [ 
is equivalent to the Lipschitz condition (62.14) of Theorem G2N2: 
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If the interval J of the theorem is finite and closed, then J = I’. If it is 
not, then since it is always possible to surround each ¢ in J by a finite, 
closed subinterval J’ contained in J, in which the theorem is valid, it 
follows that the theorem is valid on J. In this last case J = Jo. 


EXERCISE 62 


The following problems refer to the solutions of the systems in Exercise 
57. For each find an interval for which the approximating solution con- 
verges. 


jl. Problem 6. 2. Problem 7. 3. Problem 8. 4. Problem 9. 


Set up a system of first order equations with appropriate initial condi- 
tions cule to each of the following ed 


5. y"(x) = Sn) = 0 7) 
6. y/"(z) = ae 2 — Byy" + xy, y(0) 


O = = 


ANSWERS 62 


1. In Theorem 62.12, f; = ¢+ ¥, f2 =f — 2 ty — Ono — 92 oe — lesion 
be any bounded region: |t| S ko, |z — 2| S ha, ly — 1| & ke, where ko, 
ki, ko are arbitrary. Af is the larger of My and Mg in lvl S [d+ ly| < Ata, 
fo| S |t} + |2z?1 < Me. Choose h so that |t| S h S ko, |x — 2| < Afh S hy, 
al <wWih = ke: 

2. See answer to problem 1 for method. 

3. This system is a first order linear one. See Theorem 62.3: fii(t) = ¢t, foi(t) = 1, 
Qeo(t) = —e'. Each function is continuous for all ¢. Therefore the approximat- 
ing functions converge for every . 

4. In Theorem 62.12, fi = y*, fo=atz, fz = ae to = 0, ay = 1, 
az = 0, a3 = 1. S can be any bounded region: |t| S ko, jz — 1| S 1, 
[eke lz — I= ks, where ko, ki, kg are arbitrary. M is the larger of My, 
Mo, eve in \f| < y? < 4, | fal S | SP |z| < Ma, | fs| <S |2| + ly| < fs. 
Choose Ah so that |t] S A S ko, |x —1| < MA S ky. |y| < Mh S ke, 
lz — 1| < Mh S ks. 

) = y2, y2 ‘(2) = 3x7y2 — yi? "3 y1(0), = 0, y2(0) = 

6. yi’ (x) = iE y2 (rt) = ¥e y3 (x) = 2xy2? — 38y1y3 + oe yi(O) = 
Ot i = 


LESSON 63. Determinants. Wronskians. 


LESSON 63A. A Brief Introduction to the Theory of Deter- 
minants. In this lesson, we shall outline only those essentials of the 
theory of determinants that we shall need for our purposes. We have al- 
ready given the definition of a 2 X 2 and a 3 X 3 determinant in 
Comment 31.35 and (31.72). For convenience we recopy them here. 


(63.1) a, by 


= 0 agb,, 


a2 be 
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(63.11) 

f@ 0b, Cj 
G2 be Ca 
a3 b3 c3 
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= aybocz3 + agb3cy + agbico — agbecy — aegbic3 — ayb3Ce. 


We observe that each term in a determinant, as written on the right, 
contains one and only one element from each row and each column. Hence 


we conclude: 


Theorem 63.12. 


If each element in a row or in a column of a deter- 


minant ts zero, then the determinant ts zero. 


Consider a system of two equations 
(G22) a,x + bry 
agx + bey 


in 


I 


two unknowns. 


Ne 


CQ. 


Multiplying the first equation by be, the second by —b,, adding the two 


and then solving for x, we obtain 
(63.21) qo 


By (63.1), we can write (63.21) as 


(63.22) 


a2 


Cy)e — Coby, 
abe — aod, 


Note that the elements of the denominator determinant are the coefficients 


of x and y in : 
tained by replacing the coefficients 


(63.2); the clements of the numerator determinant are ob- 
of x by the constants ¢, and co and 


recopying the coefficients of y. Similarly you will find, if you solve (63.2) 


for y, that 


ay a 
Pio: lea 
(63.23) Te ae _ 

ao bo 


where the 


numerator determinant 1s obtained by replacmg the coeflicients 


of y by C1 and Co, and the denominator is the same as that im (63.22). 
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Comment 63.24. From (63.22) and (63.23), we infer the following: 


1, Hia; 6, 
a2 bo 
solution. 

2. If the determinant in 1 equals zero and the numerators of (63.22) and 

(63.23) are ~ 0, the system has no solutions. 
3. If the determinant in 1 equals zero and the numerators of (63.22) and 


(63.23) also equal zero, the system has an infinite number of solutions. 


~ 0, the system of equations (63.2) has one and only one 


Each of these three possibilities is illustrated in the examples below. 
Example 63.25. Solve the system 
(a) De se ay 1. 
60 a ota 
Solution. By (63.22) and (63.23), 


1 } k : 
ee ee ee Shee 
ee a S.  & ” 
oe je] 


Hence (a) has an unique solution. Note that the denominator determinant 
~ 0. 


Example 63.26. Solve the system 


G@ 2 oye 1) 
Ay A 


Solution. By (63.22) and (63.23), 


ed - 

Soa ee oes oF 

(b) “me . a le 
ane 4 6 


Hence there are no solutions for x and y. Note that the denominator de- 
terminant is zero but the numerator determinants are not. [The lines in 
(a) are actually parallel lines.] 


Example 63.27. Solve the system 


(a) 2 By == 1; 
eee — 
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Solution. By (63.22) and (63.23) 


1 "3S rl 
2 § 0 Me ge 0 
+ 6 4 6 


Note that both numerator and denominator determinants are zero. As 
you can easily verify, the system (a) has an infinite number of solutions. 
Give xr any value you wish in the first equation of (a). Solve it for y. You 
will find that these values of x and y will satisfy the second equation of (a). 
(The lines in (a) are in fact coincident.] 


Comment 63.24 is also applicable to a system of n equations in n unknowns. 
For n = 3, the system becomes 
(63.3) Ql ide - biy +. Ee = dy, 
dox + boy -+ coz = da, 


a3x + bgy + c3z = dg. 
Its solution is 


(63.31) 
dy, Wy Cy a, dy C a; by dy 
i\dg be C2 ag dg Co ao bo do 
ds bg C3 _ 143 dg C3 ees bs dg 
eee aE aa ier ae _ 7 : 
a, b) ¢ a et Q, Oy C4 | 
ag bo C2 ao bo C2 ag bo C2 
a3 bg C3 ag bs C3 ag bs C3 


The system will have an unique solution for zw, y, and z if the denominator 
~ 0; no solution if the denominator equals zero and at least one numerator 
is not equal to zero; an infinite number of solutions if denominator and all 


numerators are equal to zero. 
Our primary purpose in introducing determinants 1s to enable you to 


prove the following two important theorems. A lthough for convenience, we 
have stated the theorems for three unknowns, they are applicable to a system 


of n equations in N unknowns. 
Theorem 63.4. The system of equations 
(63.41) aye + byy + cy2 = dh, 
dow -+ boy + Coz = dy, 
agc + bgy + cgz = ds, 
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has one and only one solution for x, y, 2 if the determinant formed by their 
coefficients 1s not equal to zero. It has none or an infinite number of solutions 
if this determinant equals zero. 


Theorem 63.42. The system of equations 
(63.43) a,x + by + cyz = 0, 


aot + boy + coz 
a3x + bsy + cgz = 0, 


I 
i 


always has the trivial solutionx = 0,y = 0,z2 = 0. It has an infinite num- 
ber of nontrivial solutions, 7.e., 1t has an infinite number of sets of values of 
x, y, and z satisfying (62.43), where at least one of x, y, z 1s not zero, if and 
only tf the determinant formed by their coefficients 18 zero. 


LESSON 63B. Wronskians. In Lesson 19A, when we discussed the 
linear dependence and independence of a set of functions, we stated that 
we would in time produce theorems by which their linear dependence or 
independence could be determined. Since these theorems are closely asso- 
ciated with the concept of a Wronskian, we shall first discuss this subject 
below. 


Definition 63.5. The Wronskian* of a set of functions f)(z), fe(x), 
-++ fn(v), each of which possesses derivatives of order n — 1, is defined 
to be the following determinant. 


(63.51) fi (x) fo(x) De ence) 
Fitz) 3) eee Ge) 
PGA Rig 2) Sad ee) 


eae ee Gm (a) 


Note that the elements of the determinant are the given set of functions 
and their derivatives through order n — 1. We denote the Wronskian 
(63.51) by 


(63.52) W (Site, ae “ilps @). 
If n = 2, the Wronskian of f; and fe is, by (63.52) and (63.51), 


er 
oa Bio. 


(63.53) W (fife; x) = = fife’ — fofi. 


*Pronounced Vronskian and named for Hoéné Wronski, a Polish mathematician. 
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Definition 63.54. A function f(x) is said to vanish identically on 
an interval /: a < x S Db, or to be identically zero on J, if for every 
xin J, f(x) = 0. We indicate this fact by writing f(z) = 0. 


Theorem 63.55. If a set of functions fi, fo,-++, fn, each of which 
possesses a derivative of order n — 1, is linearly dependent on an interval 
I:a S x S b, then its Wronskian vanishes identically on I. 


Proof. Since the set of given functions f,, fo,--*, fn is linearly de- 
pendent on J, there exist, by Definition 19.1, constants ¢), ¢2,°+*, Cn not 
all zero such that 


(a) efi + cofe t-+: + ¢nfa = 9, 
for every xz in J. By differentiating (a) (n — 1) times, we obtain 


(b) ficy + foce ala ne + fntn = 0, 
file, + fo'cg + --> + inca = 9, 


Pea ele a ee ee meee sc me CMe a pie a Oe ie ee NC 


wean to fm es eee a a ==) 


The system (b) is a set of m equations, each equal to zero for every x in J. 
The c’s in each equation are not all zero. There is therefore a set of c’s 
not all zero that satisfies each equation in (b). Hence this set of c’s 1s a 
solution of the system of equations (b). It therefore follows by Theorem 
63.42, that the determinant 


(c) fi fo ioe 1A 


a ee he i Ce SC a el ate at 


which is the Wronskian of the given set of functions, Is Zero. 


Comment 63.56. Theorem 63.55 gives a necessary condition for the 
dependence of a set of functions. It says that if a set of functions ts de- 
pendent on J, then its Wronskian is identically zero on J. Unfortunately 
it is not a sufficient condition. If the Wronskian of the set of functions 1s 
identically zero on J, one cannot conclude that the set is mearly dependent 
on J. It need not be. Here ts an example. Let fi(7) = ef te) = Fill, 
Fig. 63.57. Let the ‘nterval J include x = 0. By (63.53), the Wronskian 
of the functions is 


(a) 


x* xa 


2x alz\' + |z| 


= x\el' + x7 |2| — Pea eae 
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When x >. 0, |z| = a. Therefore |z|’ = z’ = 1. The right side of (a) 


thus becomes x? ++ 2? — 223 = 0. When x = 0, |z| = « = 0,.and again 
the right side of (a) is zero. When x < 0, |z| = —zx and therefore 
|x|’ = —2’ = —1. The right side of (a) now becomes 23(—1) — 2? + 


2x? = 0. We have thus shown that the Wronskian of the two given func- 


Figure 63.57 


tions is identically zero on an interval J which includes x = 0. However, 
we shall now show that the two functions are linearly independent on J. 
Form with them the linear combination ¢c,x? + coa|z] = 0. If x = 1, 
then c, + co = 0, and if x = —1, then ce; — cg = 0. The only solution 
of this pair of equations is c, = 0, co = 0. Hence by Definition 19.1, the 
functions x? and z|z| are linearly independent. 

On the other hand, if the Wronskian of a set of functions is not equal to 
zero for only one x in an interval J, then the set, by Theorem 63.55, must 
be linearly independent on J. In short, no conclusion can be drawn as 
regards the linear dependence or independence of a set of functions on J, 
from the fact that its Wronskian is identically zero on J. But if the 
Wronskian of the set is not equal to zero for only one value of x in J, then 
the set must be linearly independent on J. 

In Exercise 63,5, you will find a necessary and sufficient condition for 
the linear independence of a set of functions on an interval. 


EXERCISE 63 


1. Determine, for each of the following systems, whether it has one, none, or 
infinitely many solutions. 


(a) c+ 4y = 1, (d) + 2y = 0, 
22 — y = 3. 22 + 4y = 0. 

(b) z+ y = 5, (ey) —2 > ¥en, 
20 + 2ye= 10, z—y = 0. 

(¢) 22 2 (f) 5e+y = 0, 


—2x — y = 3. x — 3y 
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to 


. Set up the Wronskian of each of the following set of functions. 


(‘“e). & (b) 1, @. (c) B76. (ad) aya. () &, re", 3r. 


(f) .sin & sin Bz. (2) Bin, cOs,7. (h) az, br +e, e # 0. 

(i) €* 6" a # Db. (j) x — cos 2z, 2r — 2 cos 2z. (Ck) lone a. 

(1) ae? ce7, Qe. (m) I, &e™ (n) x, 68.38". (o) 1, sin? 2, 
cos? z, (p) sin? z, sinz — 4 sin 8z. 


. Determine, by Comment 63.56, which of the sets in 2 are linearly independent 


over a suitable interval. For those sets whose Wronskian is zero, use Defini- 
tion 19.1 to determine which are dependent and which are independent. 


. Prove that any two nonconstant functions that differ by a constant are 


linearly independent. 


. Theorem 63.55 gives only a necessary condition for the linear independence 


of a set of functions. The following theorem gives a neeessary and suffievent 
condition for the linear independence of a set of functions. A set of funetions 
filr), fo(r),-:-, fa(x), each eontinuous on an interval I: aS xs b, 18 
linearly dependent on I, if and only if the determinant 


| b b b 
f sta [ pras ve [ pas 
b b 


b 


G = [seh as [sas vee | setae = 0 


b b b 
[sae | snt0 ae os [sas 


on I. The determinant G is called the Grammian of the set of functions. 
Use this theorem to prove that 

(a) xz, 27, 3a is # linearly dependent set on 7: -1 S 7 S|, 
(b) e?, e27 is a linearly independent set on J: —1 <= |, 


= 
(c) 2, |a| isa linearly independent set on 7: -—1 S278 


— 


. Prove Theorem 63.4. 
. Prove Theorem 63.42. 


ANSWERS 63 


. (a) one. (b) Infinitely many. (c) None. (d) Infinitely many. (e) Infinitely 


many. (f)z = 0,y = 0. 


. (a) 1 e" ne oy an =re. 
0 e- ] re. -f- e 
(b) 1 2 (e) ja re 3x 
e 1 1 re +e 3);,=0. 
Q re + 2e 0 
ule et Te An (f) |sin x sin 27 ii oa 
z cosz 2cos 2r 
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(g) |sinz cosz = as (1) W(z,e",xe7,2e"; x) = 0. 
cosx —Ssin x 

(h) jax br+ec (m) Qe. 

= —ac. 
a b 
‘ az & 2 

(i) |e e = (b — act, (ean — 2), 
Wee hee 

Gye costzn 22 cos ie 0 (o) 0. 
1+ 2sin 2x 2(1+ 2 sin 2z) 

(igen lanes 2° (p) 0. 
OP 2a |e 
U0 z 


3. Linearly independent sets are (a), (b), (c), (d), (f), (g), (h), G), (kK), (m), (n). 
Linearly dependent sets are (e), (j), (1), (0), (p)—see Example 21.32. 


LESSON 64. Theorems About Wronskians and the Linear 
Independence of a Set of Solutions of a 
Homogeneous Linear Differential Equation. 


In the previous lesson, we proved that if a set of functions is linearly 
dependent on J, then their Wronskian is identically zero on J. We also 
showed by an example, that the converse need not be true. If, however, 
the set of functions are n solutions of a homogeneous linear differential 
equation of order n, namely of 


(64.1) falr)y? + farar(eyyr? + + fhilz)y’ + foxy = 0, 


where fo(x), f:(%), °°: , fn(x) are each continuous functions on an interval 
I, and f,(x) # 0 when 2 js in J, then, as we shall show (see Comment 
64.15 below) the vanishing of their Wronskian is a necessary and sufficient 
condition for the linear dependence of the set on [. 


Theorem 64.11. If each function y1, yo,°°+, Yn tS a Solution of (64.1) 
on an interval I:a S x S b, then the Wronskian of this set of functions 7s 


either rdentically zero on I, or it 1s not zero for any xin I. 


Proof. We shall prove the theorem only for n = 2. Call y1,y> the 
two solutions of (64.1) when n = 2. Since each function satisfies a linear 
equation of the second order, their first and second derivatives exist. 


By (63753) 
(a) Yi 2 


W Give; &) = = yiyo’ — yoy’. 


/ / 
Yr. Ye 
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Differentiating both sides of (a) with respect to 1, we obtain 
(b) W’(yi.yo3 t) = yiye”’ + yi'ye) — yoy — Your” = Yiy2” — yoy. 


By hypothesis, each of the functions y; and y2 is a solution of (64.1) with 
*= 2. Meee, 


(c) ee, + iiCwi = folz)y1 = 0, 
fo(x)y2” + filz)ye’ + folz)y2 = 9. 


Since we assumed fe # 0, we may divide each equation in (c) Dy eitato 
obtain 


(d) y= — fiyr’ + foyr yy = — fiyo’ + foye | 
fo fo 


Substituting these values in (b) gives, with the help of (63.53), 


(c)  Wynyai 2) = —M (fave! t fous) (dau! + fobs) 
fo Se 


= -# (yiye’ — yay’) = — a W(yry2; 2). 


By (ce), therefore 
in 

(f) Ww'+—W = 0, 
Se 


an equation which is linear in W. Its solution is 


(64.12) Wings) — oC, 


where F(x) = —f(h dz/f2). Since, by (18.86), the exponential function 
eF =) is never zero, we conclude from (64. 12\ithet, if c= 0, tens 0 
if every xin J; if c # 0, then W = Ofor every xin J. 


Remark. Formula (64.12) is known as Abel’s formula. 


Theorem 64.13. If each function yi, Ya" ° +s Yn is a solution of (64.1) 
in an interval I: a < x S b, and ay 


(64.14) W(yi,2, py Yme, x) = 0 
ala point x = om I, then the set of functions ts linearly dependent on I. 


Proof. We shall prove the theorem only for n = 2. By hypothesis, 
there is a point Zo in J, for which 
(a) W (yi,y2i to) = 0 


where y; and y2 are two solutions of (64.1) with n = 2. Hence, by (63.53) 
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and (a), 


(b) Yi(Zo) —-Y2(Xo) 


= 0. 


y1'(Zo) Yo’ (Xo) 


Using the elements of the determinant (b) as coefficients, we form the two 
equations 


(c) yi(to)c: + Yo(to)c2 = 0, 
y1'(Zo)e1 + Yo’ (xo)co = 0. 


Since the determinant whose elements are the coefficients of c; and Ce of (c) 
is, by (b), zero, it follows, by Theorem 63.42, that there is an infinite num- 
ber of pairs of nontrivial solutions of (c) for c¢; and cz. With any one such 
pair, form the linear combination 


(d) y3(x) = cyy(z) + ceye(z), 


where y; and yo are the two given solutions. Therefore, by Theorem 19.3, 
y3(z) is also a solution of (64.1) with n = 2. By (qd) and (c), y3(%o) = 
C1Y1(Lo) + CoY2(%o) = O and y3’(xo) = c1y1'(Xo) + C2Y2’(Xo) = 0. 

We have thus proved that y3(x) of (d) is a solution of (64.1), with 
n = 2,1.e., it is a solution of 


(e) folz)y” - falz)y - folz)y = 0, 
satisfying the conditions 
(f) ys(to) = 0, = y3. (%o) = 9. 


But you can easily verify that y(z) = 0 is also a solution of (e) and that 
this solution satisfies y(zp) = 0, y’(ao) = 0. By the uniqueness Theorem 
19.2 (which we still have not proved but shall soon, see Theorem 65.2) 
the two solutions y3(x) of (d) and y(x) = 0 are identical. Hence by (d) 


(g) C1¥1(z) + coye(x) = 0. 


We remarked after (c), that c, and c2 are nontrivial solutions of (c) and 
hence not both are zero. Therefore by Definition 19.1, the functions y; 
and y2 are linearly dependent. 


Comment 64.141. If the Wronskian of a set of solutions of (64.1) is 
zero at a point xo in J, then it is easy to show, by Theorem 64.13, that the 
Wronskian is identically zero on J. We prove the statement, which is 
equivalent to Theorem 64.11, form = 2. Let yi, ye be two solutions of 
(64.1). Since W = 0 at a point x9 in J, the solutions, by Theorem 64.13 
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are linearly dependent. Therefore 

(a) Ciy1 + cCoy2 = 0 

on 7, where c, and c2 are not both zero. Differentiation of (a) gives 
(b) c1y1’ + coye’ = 0. 

Since c; and ¢g are not both zero, it follows by Theorem 63.42, that 


(c) Y1 = Y2 


= 0. 


yr ye! 
But the determinant in (c) is, by (63.53), the Wronskian of y1 and Yo. 


Nore. Although the above proof is much shorter than the one m 
Theorem 64.11, the latter proof was given in order to obtain (64.12), 
an equation which will be needed later. 


Comment. 64.15. Theorems 63.55 and 64.13 together give a necessary 
and sufficient condition for the linear dependence of a set of functions that 
are solutions of the linear differential equation (64.1). The first says that if 
the set is dependent on /, then its Wronskian is = 0 on J. The second 
says that if its Wronskian is zero for only one x in J (and therefore by 
Theorers64. 11 it iseaee@ Gh /) then the set is linearly dependent on J. 
Hence you now have a test to determine whether a set of solutions of a 
homogeneous linear differential equation (64.1) is linearly dependent or 
independent. If its Wronskian is zero for one x in J, the set is linearly 
dependent ; if its Wronskian is not equal to zero for one xin J, the set 1s 
linearly independent. 


Example 64.2. Show that if mj, me, mg are distinct, then the set of 
functions 
myz 


(a) Une } Ugeaame ’ OF ) 


which are three solutions of a third order homogencous linear equation, 
are linearly independent on [: ~w < 2% < @. 


Solution. By (63.51), the Wronskian of the given functions ts 


(b) gmt emt ems? 
men” moe” mae” 
my egal mo7e"* ~=mg’e™* 
By (63.11), (b) is equal to 
(c) com tmat™3)4 Cm omy” -- m3m2”) — (mym3” — m3my_) 


+ (mymy” = mgm,”)), 
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which can be written as 


(d) gm tmatms)2 (im, — m2)(m2 — m3)(m3 — m,). 

Since we have assumed m, m2, m3 are distinct and since, by (18.86), the 
exponential function e°11™2t™s)? is never zero, it follows that (d) cannot 
be zero for any x. Hence the Wronskian (b) is not zero for any x. By 
Comment 64.15, the set of solutions in (a) is therefore linearly independent 
Oli): ca a nos 


Remark. The above proof can be extended to show that if my, 
Mo,°**, Mn are distinct, then the set of n functions y; = e™!7, yo = 
Mot 


e727 «++ yy, = e™n® each of which is a solution of (64.1), is linearly inde- 
pendent on 1: —wm <4 < mw. 


Example 64.21. Show that the set of functions 


xz az 


(a) i Yo — 16, 


which are the solutions of y’’ — 2ay’ + a?y = 0, are linearly independent 
OMe oo e100, 


Solution. By (63.53), the Wronskian of the given functions is 
(b) 


2 
— are az ae Ge = axe?” ot grat 


fest axe™ ac. Bee 


Since e?** = 0 for every x, the given functions are independent on 7: 
On 10. 


Example 64.22. Show that the second solution y2(x) of (23.28) ob- 
tained by the reduction of order method described in Lesson 23B, is inde- 
pendent of the solution y;(z). 


Solution. Let F(x) = f,(x)/fo(x) and 


—J F(2)dz 
e 
(a) g(x) = — dz. 


Then, by (23.28), yo = yig and, by (63.53), the Wronskian of the two 
solutions is 


(b) Wyiyo; 7) = [91 9 


e 


Vy Unga Yang 


= yy 9 + yiyi'9 — yi'yg 


= 1g. 
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By (a) and Theorem 58.3 
(c) Le 
Substituting (c) in the right of (b), we obtain 


(d) W(yaiyes 2) = el Pee, 


Since the exponential function is never zero, it follows, by Comment 64.19, 
that the given functions are linearly independent solutions on any interval 
IT over which the functions y; and ye are defined. 


EXERCISE 64 


1. Show that the set of functions 1, z, z® which are three solutions of y’” = 0 
are linearly independent. 

9. Show that each of the functions y1 = sin z — 4 sin 3z and y2 = sin? z, is a 
solution of y’” + (tanz — 2cotz)y’ = 0, but that y = ciy1 + cey2 is not 
the general solution of the differential equation. Hint. Show that the two 
functions are not linearly independent; see Exercise 63.3(p). 

3. Prove that y = ci sinz + c2cosz is a general solution of y’+y = 0. 
Hint. Show that each function satisfies the equation and that the two func- 
tions are linearly independent. 

4. Prove that y = (ci + coz)e* is a general solution of y”’ — dy’ +y = 0. 

$. Prove that y = ciez + c2e?* + cgze** is a gencral solution of y/” — Sy” + 
8y' — 4y = 0. 


LESSON 65. Existence and Uniqueness Theorem for the Linear 
Differential Equation of Order n. 


We are ready at last to prove the existence and uniqueness Theorem 19.2 
for the linear differential equation of order n. Since on the interval J in 
which we shall be interested, fn(z) # 0, we can divide (19.21) by fu(x) to 
obtain a linear differential equation 


Gal) 9° @) + far(cy*—? +--+ h@y' + fo y = (Q(x). 


Theorem 65.2. If the coefficrents Wee ig beg eee fn—r1(x) and Q(x) in 
the linear differential equation (65.1) are each continuous functions of x on a 
common interval I, then for each point xo in I and for each set of constants 
ee i there is one and only one function y(x) thal satisfes @5.1) 


and the initial conditions 
Goa = 
(65.21) y(Xo) = a0, y' (Xo) = @),°°'°,Y a (ro) = An—-)- 


oe ry. 3 ‘ rc 4 nt @ ee reel ; 
Remark 65.22. In ‘Theorem 37.51, we gave a sufficient condition for 


the existence of a power series solution of (65.1) satisfying (65.21). Compare 
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it with the above theorem, which gives a sufficient condition for the exist- 
ence and uniqueness of a solution of (65.1) satisfying (65.21). 


Proof of the Theorem. Assume y(x) is a solution of (65.1). We now 
define new functions y;(xz), yo(z), °° °, Yn(x) by the following relations. 


(65.23) y(z) = yi(z), 
y (xz) = yi'(x) = yo(x), 
y' (x) = yi" (x) = yo’ (x) = ya(x), 


ya) = ii oe = Venn (2) ae i a) 


= = Yass (2) = Ya). 
Differentiating the function in the last line of (65.23), we obtain 
(65.231) y™(@) = yi ™@) = yo? PG) = ++ = yon () = yn’ (2). 
By (65.231) and (65.23), we can therefore write (65.1) as 
(65.24) — n’(x) + fn—i(@)yn(a) + ++ + fi(e)ye(x) + folz)yi (x) = Q(2). 
Solving (65.24) for y,’(x), we obtain 


(65.25) Un! (2) Sa Sai Soe Soy 1. 

Hence because of (65.23) and (65.25), the set of functions y1, yo,°°*, Yn, 
satisfies the system of linear first order equations 

(65.26) 


yi'(x) = yalz), 
y2'(x) = ya(zx), 


Yn—1 (©) = Yn(2), 
7) ae) ee) — fen eee 


By (G53) via — Yin) ec) = a), ic) | eo 
We can therefore replace the initial conditions (65.21) by the conditions 


(65.27) yi (x0) = @o, Yo(Xo) = G1,°°*, Yn(Xo) = Gn—1. 


Conversely if we start with the system of equations (65.26) and the 
initial conditions (65.27), and define 


(65.28) y(x) = yi(z), 


then the relations in (65.23), (65.231), and (65.24) hold; the last equation 
of (65.26) becomes identical with (65.1), and the initial conditions (65.27) 


- 
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become (65.21). Hence if there exists a set of functions ij (2 yi epee, 
yn(x) that is a solution of the system (65.26) satisfying (65.27), then, by 
(65.28), the function ¥;(x) of this set is the solution y(x) of (65.1) satisfy- 
ing (65.21). 

All the functions fo(z), f1(z), °° +, fa—1(Z), Q(z) in the last equation of 
(65.26), are, by assumption, continuous on J. The functions yo, ¥3, "°°, Yn 
are also continuous since their derivatives exist. Therefore the hypotheses 
of Theorem 62.3 are satisfied. Hence, by the theorem, there Olle OF 
I, if I is closed, one and only one set of particular solutions y;(x), y2(z), 
-++ y,(x) that satisfies (65.26) and (65.27) where zo is a point in Io. 
And since y;(zr) exists and is unique, it follows that its equal y(z) also 
exists and is the unique solution of (65.1) and (65.21). 


Example 65.3. Set up a system of linear first order equations for the 
second order linear equation 


(a) y” — 3y += 2 


and show that the solution y;(z) of the resulting system is the same as the 
solution y(x) of (a). 


Solution. Let y(z) be a solution of (a). As suggested in (65.23), we 
define 


(b) gle) =" af), 
y'(x) = yi'(z) = ye(z). 


Differentiating the last equation of (b), we obtain 
(c) y' (x) = yr (z) = y2'(2). 
By (c) and (b), we can write (a) as 

(d) yo'(x) — 3y2(z) + 2yi(2) = F. 


Hence, by (b) and (d), we can replace the single equation (a) by the sys- 
tem of linear first order equations 


(e) yi'(z) = y2(z), 

yo (x) = 3y2 — 2y1 + 2. 
In operator notation we can write (e) as 
(f) Dy, — y2 = 9, 

2 (D — 3)y2 = fF. 


Multiplying the first equation in (f) by D — 3and adding it to the second, 


we obtam 


(g) (D? — 3D + 2)y1 = % yy — 8yr + 2y1 = % 
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Comparing the second equation in (g) with (a), we see that the solution 
y1(x) of the system (f) will be the same as the solution y(z) of (a). 


In Theorem 19.3, we stated that a homogeneous linear differential equa- 
tion of order n has n linearly independent solutions, but proved this part 
of the theorem only for the case when the coefficients in the equation are 
constants. We now prove the statement for nonconstant coefficients. 


Theorem 65.4. If fo(x), f:(@), > ++, fn(x) are each continuous functions 
of x on a common interval I, then the homogeneous linear differential equation 


(65.41) y™ + froi(zyy™—P +--+ + filz)y’ + folz)y = 0, 


has n linearly independent solutions y1, Yo,° °°, Yn- 


Proof. We consider first a special set of solutions, gi(x), go(x), °° 
gn(x) of (65.41), each satisfying respectively the initial conditions 


(a) gi(Xo) = |, gi (Xo) = 0, gi’ (Xo) = Or Ge a. (ao) = 0, 
go(xo) = 0, 92 (Xo) = 1, 92 (Xo) =) oe, go”? @) = 0, 
@a(z0) = 0, ate = Opa Gou—  --g, 0, 


9n(Xo) = 0, Jn (Xo) = 0, ie (ey) = 0, ees, dae (op = 1 


where zo is a point in J. By Theorem 65.2, each function g), g2,°-°-, gn 
exists. We form a linear combination of this special set of solutions, set it 
equal to zero, and take its successive derivatives. We thus obtain 


(b) CGI) ap Coo) 4, apnea c) nw), 
Cig a Cogs (ered, (0, 
Cig ye Coo (2) = + leg) (2) — 0; 


Let « = 2. Then the first equation in (b), by the first column of values in 
(a), simplifies toc} = 0; the second equation in (b), by the second column 
of values in (a), simplifies to co = 0,---, the last equation in (b), by the 
last column of values in (a), simplifies toc, = 0. We have thus shown that 
each constant c), Co, °°, Cn in (b) and in particular each such constant in 
the first equation of (b) is zero for % 9 in J. Therefore by Definition 19.1, 
the set of functions g;, g2, -*:, gn is, on J, a linearly independent set. 
Since each function is, by assumption, a solution of (65.41), they form 
collectively a set of n linearly independent solutions of (65.41). 

Let y(x) be a solution of (65.41), and let x9 be a point in J. By Theorem 
19.3, the function 


(c) h(x) = y(xo)gi(z) + y'(Xo)g2(2) +--+ y(t) gn(2), 
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is also a solution of (65.41) since it is a linear combination of m independent 
solutions. [Remember the coefficients in (c) are constants. ] Taking suc- 
cessive derivatives of (c), we obtain 


(d) 
h'(x) = ylto)91' (et) + y'@odge'(@) +00 + po (ang), 
hi (x) = y(odgr (2) + y'(odge” (x) £ + ty (ro) gn (2), 


ner) = ylro)gr® (a) Fy! (wo)ga— (0) Fe hy"? o)gn™ PQ). 


Let © = Xo. Then (c), by the first column of values in (a), simphifies to 
h(to) = y(to); the first equation in (d), by the second column of values 
in (a), simplifies to h’(t9) = y'(to), +++, the last equation in (d), by the 
last column of values in (a), simplifies to me 6 yt) (xo). We have 
thus shown that the two solutions h(x) and y(z) of (65.41), and their first 
n — 1 derivatives are equal when zr = 2. Hence, by the uniqueness 
Theorem 65.2, the two solutions h(x) and y(x) are identical. We can there- 
fore replace h(x) by y(x) in (c) to obtain 


(e) y(x) = y(ro)gi(x) + y'(to)ga(z) + + y'™—? (xo)gn(x), 


where rp isa point in J. Since y(x) is an arbitrary solution of (65.41), it 
follows that every solution of (65.41) can be expressed as a linear combi- 
nation of the special set of n linearly independent solutions 91, g2,*** 5 9n- 

Let yi(z), yo), -" Yn) be n solutions of (65.41), and let ro be a 
point in J. Therefore by (e), 


(f) yy(2) = yi(to)g1 (x) an y1'(Xo)g2(r) i. ae a7? @ooen@), 
yor) = yo(ro)gi (2) ate Yo’ (Xo)G2(2) se tte (oon): 


are each valid equations. The set of functions 91, J2,°°° > gn are linearly 
independent. Hence the system (f) can be solved for g1, 92° °°) Gn In 
terms Of Y¥1, Yar °° + Uae This means, by Theorem 63.4, that the determ1- 
nant formed by the coefficients of the g’s is not zero. Therefore, 


(g) y1(Xo) y1' (Xo) tet ye" een) 
Yo(Lo) Ya' (aq) yo” (Xo) x 0. 
Yn(to) Un (£0) yaa ue Gp | 


A theorem of determinants now permits us to interchange rows and 
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columns to obtain from (g) the equivalent determinant 


(h) Y1(Zo) Y2(Xo) = aloo) 
y1' (Zo) Y2' (Xo) Tl ag) ¥ 0. 


ai ay) ee Gl ee eg 


By Definition 63.5, the determinant (h) is the Wronskian of a set of solu- 
tions ¥1, Y2,°°*, Yn of (65.41) evaluated at x = 2, where Zo is a point 
in J. And since this Wronskian is not zero for one x in J, the set of solu- 
tions, by Comment 64.15, is linearly independent on J. We have thus 
proved the existence of a set of n linearly independent solutions of (65.41). 


Theorem 65.5. If y1, y2,°°*, Yn are n linearly independent solutions 
of (65.41), then 
(65.51) Yo = C1Y1 + Coe + +++ + CnYn 


is a general solution of (65.41), 1.e., every solution of (65.41) can be obtained 
from (65.51) by a proper chotce of the constants c1, C2,°°~*, Cn- 


Proof. We prove the theorem for n = 2. Let y,, yg be two linearly 
independent solutions of 


(a) y’ + filx)y’ + folx)y = 0. 
Therefore, by Theorem 19.3, 
(b) Yo = C1Y1 + CoYe2 


is also a solution of (a). Assume 73 is a solution of (a) not obtainable from 
(b). In the proof of Theorem 64.11, we showed that for each two solutions 
of (a), equation (64.12) is valid. Therefore, by (64.12), 

(c) W(yi,Y2; 2) = Gee 


W(yisys;t) = cise", 


: am F(x) 
W (y2,¥33 2) == Ca3¢ oe 


where Cj9, C13 and Co3 are constants. Multiplying the first equation in 
(c) by y3, the second by ye, the third by y,, and adding the resulting 
equations, we obtain 
(d)  — ysW(yi,y2;t) + y2V (41,93; t) + yi (y2,ya; 2) 

= (y3C12 + YoC13 + yiCea)e 


By (63.53), the left side of (d) is 


Eh ) 


(e) y¥3(yiy2) — yoy1') + yolyiy3 — y3¥i) + yilyey3’ — Y¥3Yo), 
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which reduces to zero. Hence the right side of (d) must also be zero. And 
. , es Pi . 
since, by (18.86), e* # 0 for every 2, it follows ili, 


(f) ysCi2 + YoC13 + Yil23 = 0. 


The solutions y:, y2 are, by assumption, linearly independent. Therefore, 
by Comment 64.15, the first Wronskian in (c) is not zero, 1.¢., Cie # 0. 
Hence dividing (f) by c1:2, we obtain 


Cc Cc 
(g) yy = — yo —-  , 
6 12 


from which we see that y3 is obtainable from (b) by a proper choice of the 
colistants c, and cg in (b). Hence our assumption that y3 1s not obtain- 
able from (b) is false. 


Tieerom 65.6. [vel Ya, Yo,- °° Yn bem linearly independent solutions 
of the homogeneous linear differential equation (65.41), and let 


(65.61) Ye = CY. + Coe t+ *  CnYn 


be its complementary function. Let Yp be a particular solution of the non- 
homogeneous linear differential equation (Goa: 
Then 


(65.62) = Vo Up 
is a general solution af (05.1), Hee (65.62) includes every solution of (68.1). 


Proof. By Theorem 65.2, at least one particular solution yp of (65.1) 
exists. Assume g is a solution of (65.1) not obtainable from (65.62). Since 
Yp and g are each solutions of (65.1), we have 


(a) ee May, oO ee Q(x), 
ae ile eer (9 a Q(x). 


Subtracting the first equation from the second, we obtam 


oo eye — 2 eae = ye 


Hence y = 9 — Up <a solution of the homogeaeous linear equation 
(65.41). Therefore, by Theorem 65.5, (g — Yp) can be obtamed from 
(65.61) by a proper choice of the constants ¢), €2, °° 7) Gr Therefore, 

(Cc) a) =~ ayy. -+- agye en + AnYny 


== Gp + (ayy | @gye + °* + ay Yn). 


1 . ms y . ef W) 
We have thus shown that the solution g can be obtained from (65.62). 


Hence our assumption that g 1s not obtainable from (65.62) ts false. 
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All statements made in Theorems 19.2, 19.3, and Comment 19.41, in 
connection with a linear differential equation of order n, have now been 
proved. 


EXERCISE 65 


1. Set up an equivalent system of linear first order equations for each of the 
following. Then show that solution yi(x) of the resulting system will be 
identical with the solution y(x) of the given equation. 


OO ae Si = I, (oy 4 2y = dy —miane, 
(b) yo 3y "Aye ee ae. Qe a ey AO: 


2. Set up an equivalent system of linear first order equations for each of the 
following. 


(a) y” — 4y/ + 2y = 2+ 27, y(0) = 1, y’(0) = —1. 
(b) y'” + 8y” — y +y = e, y(0) = 1, y'(0) = 0, y’() = 1 
OR ey ey Oy — 0 0 (0) i 2: 


y’""(0) = 


ANSWERS 65 


Le) oy, (2) ae. (c) yi’(x) = ya, 
yo (rz) = yo — 8y1 + 2? 4-1. yo (x) = —2yo — 3y; + tan x. 
(b) yi’ (x) = ys, (d) yi'(x) = ya, 
yo (x) = —3ye+ 2y;+ e7+ 2. y(t) = ys, 
y3 (2) = 5y3 — 8yo + 4y1. 
2. (a) yi (x) = ya, 
yo (z) = 4ye — 2yi + e+ 27, yi(0) = 1, ye(0) = —1. 
(b) yi'(x) = ye, 
yo (x) = ys, 
ya () == 2y3 yo ye 10) — 1, veOR=— 0, aaQ— 1. 
(c) yi’(z) = ya, y3 (x) = y4, 
1) ne, ya (x) = 3y4 — y3 — 5yo + by, 
yi(0) = 0, y2(0) = 1, ys(0) = 2, y4(0) = 3. 
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Note: A boldfaced number refers to a problem in the exercises. 


Abel's formula, 779 
Absolute value of a complex number, 198 
Acceleration, definition of, 138 
due to gravity, 140 
in polar coordinates, 461 
in rectangular coordinates, 460 
Aceretion problems, 122-124 
Adams’ method, y’ = f(z,y), 681 
second order equation, 712—3 
Air resistance, 141 
Airplane problems, see Pursuit curves 
Algebra, of complex numbers, 200-201 
fundamental theorem of, 197, 198 
of operators, 255-259 
Amplification ratio, 363 
Amplitude, 317 
damped, 351 
modulated, 345 
slowly varying, 345 
Analog computation, 375-376 
Analytic function, 537, 548 
on an interval, 537 
Analytic geometry, review af, 62 
Angular momentum, 472 
Apogee, 490 
Approximations, to ¢, 639—9, 644—8 
to integrals, see Numerical methods 
towlog 2, 639—10, 6449 
to pi (r), 639—8, 644—7 
by Picard method, see Picard’s method 
of successive approximations 
by polynomial interpolation, see Poly- 
nomial interpolation 
Arbitrary constants, 129, 130 
Arc length of a curve, 111 
Are tan z, expansion of, 533, sire 
Archimedes’ principle, 335 
Arguinent (Arg) of a complex number, 199 
Aritlumetical errors, 636 
Associative law for operators, of addition, 
256 
of multiplication, 257 
Atmospheric pressure, 186 188 
Axis of a beatn, 383 


Backward differences (V, del), 668-670 
Beams, axis of, 383 

bendimg of, 883 389 

bending moment of, 38d 

cantilever, 884 

condition of continuity of curve of, 387 


Beams, (continued) 
condition of continuity of slope of, 387, 
388 
elastic curve of, 384 
modulus of elasticity of, 385 
neutral surface of, 384 
simple, 384 
simply supported, 384 
Young's modulus of, 385 
Beats, 346 
Bending of beams, see Beams 
Bending moment, 384 
Bernoulli equation, 95-96 
Bessel equation, 579, 583, 609-622 
equations leading to a, 615-619 
of index 1/2, 579 
of index zero, 583 
Bessel functions, 611-622 
of the first kind, Jx(z), 611-615 
Jolt ho), ome 
J_x(x), 613 
modified Bessel functions of the first 
kind, 619 
properties of Bessel functions of the 
first kind, J,(x), 619-622: integral, 
620-622; orthogonal, with respect to 
weight function z, 622; zeros, 619-620 
of the second kind, —N,(z), 612 
Beta function, 806 
Binomial series, 599 
Biological problem, 447-451 
Body falling in water, 144 
Bounded region, T4 
Bridge, over gorge, 362 
troops crossing a, 3862 
Buoyaney, 335 


Cable, hanging, 507°512 
suspension, 507*514 
Calorie, 185 
Cantilever beam, 384 
Capacitance, 370 
Capacitor, 369 
in series, 455 3 
Carbotr 14 test, 5 
Catenary, 510 
Cave, prehistoric, 2 
Center of attraction, 470 
Central foree, 880, 170 
See also, Particle in nrotron in space 
subject to a central foree 
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Centrifugal force, 380 
Centripetal force, 380 
Chain around a cylinder, 188-189 
Chain sliding from a table, 190 
Characteristic equation, 212-220, 444 
definition of, 212 
roots of: real and distinct, 213-214; real 
but some multiple, 214-217; imagi- 
nary, 27-220 
Charcoal problem, 2 
Charge, electric, 370 
Circuit, closed electric, 369 
See also, Electric circuits 
Clairaut equation, 757-760 
geometric problems giving rise to, 761 
parabolic reflector, 759-760 
Closed electric circuit, 369 
Coefficient, of friction, 160 
of inductance, 370 
of resistance, 348 
of sliding friction, 160 
of static friction, 160 
Combination, linear, 205 
Commutative law for operators, of addi- 
tion, 256 
of multiplication, 258 
Complementary function, 210 
Complete elliptic integral of the first kind, 
333 
Complex electric circuits, 451-455 
Complex functions, 201-203 
exponential, 201 
hyperbolic, 203 
trigonometric, 201 
Complex numbers, 197-201 
absolute value of, 198 
algebra of, 200-201 
argument (Arg) of, 199 
conjugate of, 198 
definition of, 197 
imaginary part of, 197 
polar form of, 199 
real part of, 197 
rectangular form of, 199 
Complex variables, 201-203 
solution by use of, 230 
Compound interest, 128—5, 6 
Computation, analog, 375-376 
Condition of continuity, of a curve, 387 
of a slope, 387, 388 
Conductivity, thermal, 185 
Conic, equation in polar coordinates, 
483 
Conjugate of a complex number, 198 
Conservation, of angular momentum, 
472 
of energy, 329, 475 
Conservative field, 473 
Construction of a table of Laplace trans- 
forms, 302-306, 309-311 


Continuing formulas, Adams, 681, 712—3 
improvement of polygonal method, 
641-643 
polygonal, see Polygonal method 
Runge-Kutta, see Runge-Kutta method 
Taylor series, 645-652 
third degree interpolating polynomial, 
676 
Continuing methods, 632 
Continuous function, 732 
on an interval, 730 
at a point, 730 
in a region, 731 
Convergence, of improper integral, 292, 
294 
interval of, 532 
of power series, 531-532 
ratio test for, 532 
of a sequence of functions, 728, 732 
uniform: of a sequence of functions, 
729, 732; of a series of functions, 
732-733 
Coordinates of a point, 6 
Corrector formulas, 680 
fifth degree polynomial, 676 
Simpson, 675 
sixth degree polynomial, 677 
three-eights rule, 681 
trapezoidal, 675 
Weddle’s rule, 677 
Corrector methods, 632 
Cosine, hyperbolic, 203 
Cosine z, cosine z, expansions of, 201 
Coupled springs, 440-443 
Critically damped, 350 
Cumulative errors, 636, 690 
Current, electric, 369, 370 
induced, 185 
steady state, 372 
transient, 372 
Curvature, radius of, 528 
Curve, elastic, 384 
Curves, envelopes of a family of, 748- 
754 
of pursuit, 168-175, 523-525 
Cycloid, 335 


D, differential operator, 251 
D~", inverse operator, 270 
Damped, amplitude, 351 
critically, 350 
frequency, 351 
harmonic motion, 348-353 
motion, 347-353, 359-364; definition, 
347; forced, 359-364; free (damped 
harmonic), 348-353 
period, 351 
periodic, 351 
Damping factor, 351 
Decomposition problems, 131-132 


Decrement. logarithmic, 356 
Degenerate systems, 413-415 
Dependence. see Linear dependence of 
functions 
Determinant, definition of, 399, 770, 771 
Grammian, 777 
of a system of equations, 400 
theory of, 770-774 
Wronskian, 774 
Diagram, lineal element, 39 
Differences, backward, 668- 670 
finite, 659-661 
forward, 659-668 
tables of, 660, 662, 663, 670 
Differential, exact, 72 
operator, 25] 
total, 72 
Differential, of a function, 47-51 
of one independent variable, 48 
of two independent variables, 50 
Differential equations, Bernoulli, 95-96 
Bessel, 579, 583, 609-622 
Clairaut, 757-760 
definition of ordinary, 20 
Euler, 247 
exact, 70-78, 248—26: definition of, 73; 
recognizable, 80-S2 
existence of solutions of, see Existence 
and uniqueness theorems 
explicit solution of a, 22 
finding a, from its n-parameter family, 
31-33 
finding an integrating factor, 84-90, 
94-95, 248: for first order, 84-90, 
for linear first order, 94-95; for linear 
second order, 248 
of first order, sce First order equations 
Gauss’s, 587 
gencral solution of, 28-37: definition, 35 
Hermite, 607 
with homogencous coefficients, 57-60 
homogencous in z, 505 
hypergeometric, 589 
implicit solution of, 24 
initial conditions, 36 
integral curve of, definition, 39 
integrating factor of, see Integrating 
factors 
Laguerre, 624-630 
Legendre, 586, 591 605, 606—138 
with linear coefficients, 63-08 
linear: of first order, 91-95; of Inigher 
order, see Linear differential equations 
iniscellancous first order, 101-103 
multiplicity of solutions of, 28 
n-paraineter family of solutions of, 80 
nonlinear, see Nonlinear equations 
uumerical solutions of, see Numerical 
methods 
order of, 21 
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Differential equations, (continued) 
ordinary, 20 
partial, 20 
particular solution of, 35 
recognizable exact, 80-82 
Riccati, 97, 247—22, 23, 24 
with separable variables, 51-55 
singular, point of, 43: solution of, 34 
solution of a, definition, 22 
systems of, see System of equations 
Tschebyscheff, 589 
variables separable, 51-55 

Dilution problems, 122-124 

Dirae §-function, 344 

Direction field, 39 
construction of a, 38-41 
isoclines of a, 40-41 

Distributive law of multiplication for 

operators, 258 
Divergence of improper integrals, 292 
Domain of independent variable, 9, 11 


e, an approximation to, 639—9, 644—8 
e7, 7, expansion of, 201 
Elastic curve, 384 
Elastic helical springs, 324-326 
parallel, 330—13 
in series, 330—I4 
Elasticity, modulus of, 385 
Electric circuits, complex, 451-455 
first order, 184-185, 377—7, 10 
simple, 369-375 
Electromotive force, 369 
induced, 185 
Element, line, 39 
lineal, 39 
of a set, 6 
Elementary functions, 17 
Eliminant, 750 
Ellipse, equation in polar coordinates, 483 
Elliptic integral of the first kind, complete, 
303 
incomplete, 334 
Energy, inverse square law, 487-488 
kinetic, 329, 475 
law of conservation of, 329, 475 
potential, 329, 473 
Envelopes of a family, of curves, 747-754 
definition of, 748 
eliminant of, 750 
of solutions, 754-757 
Equation, indicial, 574 
Equilibrium position, ole 
Equivalent triangular system, 405, 4106, 
416 
Zrror, in fifth degree polynomial, 679 
function, 670 
in an improvement of polygonal 
inethod, O443 
in Milne method, 688689 
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Error, (continued) 
in Newton’s interpolation formulas, 
670-671 
in polygonal method, 636-638 
in polynomial interpolation, 670-671, 
679 
in Runge-Kutta, 657-658 
in Simpson's rule, 679-684 
in Taylor series, 537, 649-652, 653—4 
in third degree polynomial, 679 
in trapezoidal rule, 679, 683 
in Weddle’s rule, 679 
Errors, arithmetical, 636 
cumulative, 636, 690 
formula, 636, 690 
general comment on, 636, 690-691, 703 
rounding off, 636, 690 
Escape velocity, 148 
Euler equation, 247 
Exact differential, 72 
Exact differential equation, 70-78, 
248—25 
definition of, 73, 248—25 
necessary and sufficient condition for, 
73, 248—25 
recognizable, 80-81 
solution of, 73, 76 
Existence and uniqueness theorems, 720 
first order equation y’ = f(x,y), 734-743 
linear equation of order n, 783-786 
nonlinear equation of order n, 765-767 
system: of n first order equations, 763- 
765; of n linear first order equations, 
768-770 
Explicit solution, 21-23 
definition of, 22 
Exponential complex function, 201 
Exponential shift theorem, for inverse 
operators, 277 
for polynomial operators, 260 


F-2 region of atmosphere, 155 
Factorial function (n!), 306-308, 596 
Factors, integrating, see Integrating 
factors 
of polynomial operators, 258 
Falling bodies, see Vertical motion 
Faltung theorem, 303 
Family, of curves, envelopes of, 748-754 
n-parameter, of solutions, 30, 31-33: 
envelopes of, 754-756 
Field, of force, 473 
conservative, 473 
direetion, 39 
slope, 39 
Fifth degree interpolating polynomial, 
676, 678, 679 
Finite differences, 659-661 
First order equations, Bernoulli, 95-96 
Clairaut, 757-760 


First order equations, (continued) 
exact, 70-78 
existence and uniqueness theorem for, 
734-743 
with homogeneous coefficients, 57-60 
integrating factors of, 84-90, 94-95 
linear, 91-95 
with linear coefficients, 63-68 
miscellaneous, 101-103 
perturbation theory, 713-715 
problems giving rise to, see Problems, 
first order equations 
recognizable exact, 80-82 
Riccati, 97, 247—22, 23, 24 
with separable variables, 51-55 
solution of y’ = f(x,y): by numerical 
methods, see Numerical methods; by 
Picard’s method, 720-723; by series 
method, 548-553 
First order, processes, 137 
systems, see System of first order 
equations 
Flow through an orifice, 183 
Force, central, see Particle in motion in 
space subject to a central force 
centrifugal, 380 
centripetal, 380 
damping, 349, 350, 351 
electromotive, 369 
field, 473 
field of, 473 
frictional, 160 
function, 473 
of gravity, 140 
impressed (forcing function), 338, 360 
induced electromotive, 185 
intermittent, 344 
inversely proportional: to cube of dis- 
tance, 521-522; to square of distance, 
481-488, 494 
moment of, 381 
proportional to distance, 476-479 
Forced motion, with damping, 359-364 
undamped, 338-342 
Forcing function, 338 
Formula errors, 636, 679 
Forward differences, (A, delta), 659- 
668 
Fourth degree interpolating polynomial, 
681—2 
Fractions, partial, 283-284 
of inverse operators, 287, 289 
Free motion, damped, 347-353 
undamped, 313-329 
See also, Simple harmonic motion 
Frequeney, damped, 351 
impressed, 339 
natural (undamped), 318, 319 
normal, 443 
resonance, 373, 443 


Frequency, (continued) 
undamped resonant, 341 
Friction, coefficient of, 160 
sliding. 160 
static. 160 
Frictional force, 160 
Frobenius. method, 572; sce also, Solution 
about a regular singularity 
series, 572 
fia), definition of, 11 
f(b.y), meaning of, 1S—10 
f(z,a\, definition of, 13 
Function of one independent variable, 
6-11, 14-17, 48 
definition of, 6, 9 
definition of fia), 11 
differential of a, 48 
elementary, 17 
implicit, 14-17 
range of, 9 
Function of two independent vartables, 
11=14, 18,680, 57458 
definition of, 11 
definition: of f(z,a), 13; of f(b,y), 18- 
10 
differential of a, 50 
domain of definition of a, 11] 
homogeneous, of order n, 57, 58 
range of, 11 
Functions, analytic, 537: on an interval, 
537 
Bessel, sce Bessel functions 
beta, 306 
complementary, 210 
complex, see Complex functions 
continuous, 730, 731: on an interval, 
730; at a point, 730; in a region, 731 
Digan, 3,54 
elementary, 17 
elliptic, 333, 334 
error, 670 
factorial ('), 306-3808, 596 
foree, 473 
forcing, 338, 360 
gamma, 306~ 309 
homogeneous, of order 7, 57, 58 
livpergeomet ric, 587 
Legendre, 504: of second kind, Qx(x), 
O07 
lincar dependence of, see Linear 
dependence of functions 
linear independence of, see Linear 
independence of functions 
orthogonal, 602 
polynomial interpolating, 662 
remaimder, 670 
sequence of, 728, 729, 732 
series of, 782° 733 
uit mnpulse, dt4 
yeetor pomt, 478 
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Fundamental theorem, of algebra, 197, 198 
of ecaleulus, 70 


Gamma functiton, 306-309 
definition of, 307 
Gauss’s equation, 587 
General solution, of a differential equation, 
28-37 
definition of a, 35 
of a first order linear equation, 93 
of a homogencous linear equation, 210, 
788 
of a nonhomogencous linear equation, 
210, 789 
Geometric problems leading to, Clairaut 
equation, 761 
first order equation, 107-111 
special types of second order equations, 
528-530 
Grammian, 777 
Graphical solutions, 38-44, 424-438 
Gravitation, Newton’s universal law of, 
491 
Gravitational constant, 139, 491 
Gravity, force of, 140 
specific, 153 
Growth problems, 131-132 


Halley's comet, 492 
Hanging cable, 507-514 
Harmonic motion, damped, 348-353 
simple, see Simple harmonic motion 
undamped, see Simple harmonic motion 
Harmonic oscillators, 323-329, 377 
elastic helical spring, 324-326 
siinple pendulum, 327-329 
Heat, specific, 130 
steady state flow of, 185-186 
Helical spring, see Elastic helical springs 
Hermite, equution, 607 
polynomials, 607 
Homogeneous function, order of a, 57, 58 
Homogeneous linear equations, see Lmear 
differential equations 
Homogeneous in 2, equation, 505 
Hooke’'s law, 324 
Horizontal motion, 100-162 
Hyperbolic, cosine, 2038 
sine, 203 
tangent, 203 
Hypergeometric, equation, 587 
funetion, 587 
series, 587 


i (current), 369, 370 
i (amaginary unit), 197 
Identiealy zero, meaning of, 775 
Imaginary nuntber, part of a complex 
ber, 107 
number, 107 
pure, 197 

Impedance of a crreurt, pie 
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Implicit function, 14-17 
definition of, 16 
Implicit solution of an equation, 24-27 
definition of, 24 
Impressed, frequency, 339 
force (forcing function), 338 
Improper integrals, convergence of, 292, 
294 
divergence of, 292 
Improvement of polygonal method, 
641-643 
Impulse function, unit, 344 
Impulsive response of a system, 344 
Inclined motion, 164-166 
Incomplete elliptic integral of the first 
kind, 334 
Independence of functions, see Linear 
independence of functions 
Independent solutions of linear equation, 
number of, 208, 786 
Indicial equation, 574 
Induced, current, 185 
electromotive force, 185 
Inductance, coefficient of, 370 
mutual, 454 
Induction, mathematical, 250 
Inductor, 369 
Inertia, 381 
moment of, 381 
rotational, 381 
Infinite series, see Series 
Initial conditions, 33-37 
definition of, 36 
number of, 36 
Input of a system, 341, 360, 372 
Integrable combinations, 81 
Integral, elliptic of the first kind, 
complete, 333 
incomplete, 334 
Integral, improper, 292, 294 
convergence of, 292 
divergence of, 292 
Integral, Riemann, 70 
Integral curve, definition of, 39 
Integrals, approximations to, see 
Numerical methods 
Integrating factors, 82-90 
definition of, 82 
of first order equation, 84-90, 94-95 
of second order linear equation, 248 
Interest problems, 126-127 
Intermittent force, 344 
Interpolation, see Polynomial inter- 
polation 
Interval, 6 
Interval of convergence, 532 
Inverse Laplace transform, definition of, 
296 
linear property of, 296 


Inverse operators, 268-282 
definition of, 269, 270 
exponential shift theorem for, 277 
meaning of, 269-271 
partial fraction expansion of, 287 
series expansion of, 272-277 
solution of linear equation by, 272-282, 
288-291 
Inverse square law, 481-488, 491, 494 
Irregular singularity, 572 
Isoclines of a direction field, 40-41 
Isogonal trajectory, 115-117 
definition of, 115 
Isothermal surface, 185 


Kepler’s laws, 492 
Kinetic energy, 329, 475 
Kirchhoff’s, first law, 451 
second law, 370 
Kutta, see Runge-Kutta formulas 


Laguerre equation, 624-630 
Laguerre polynomials, L;(x), 625-630 
properties of, 627-630: analogue of 
Rodrigue’s formula, 627-629; inte- 
gral property, 629-630; orthogonal 
with respect to weight function e”’, 
630 
Laplace transforms, construction of table 
of, 302-306, 309-311 
definition of, 294 
Faltung theorem, 303 
inverse, 296 
properties of, 295-296 
solution of a linear equation by, 
296-302 
solution of a system by, 418-420 
tables of, 306, 310 
Law of conservation, of angular momen- 
tum, 472 
of energy, 329, 475 
Law of the mean, 731 
of universal gravitation, 491 
Legendre equation, 586, 591-605, 606—13 
comment on solution of, 593-594 
functions, 594: of the second kind, 
Qk (xz), 597 
Legendre polynomials, P;(x), 597-605 
properties of, 598-605: coefficients in 
binomial series expansion, 598-600; 
orthogonal property, 602-604; other 
integral properties, 604-605; recur- 
sion formula, 601; Rodrigue’s for- 
mula, "602; walues of P,,(0), P,(1), 
P,,(—1), 600-601 
Libby, Dr. Willard F., 5 
Line elements, 39 
Lineal element diagram, 39 


Lineal elements, 39 

Linear coefficients, 62-69 

Linear combinations. definition of, 205 
Linear dependence, of functions, 205, 


775—Comment 63.56, 777—5 

definition of, 205 

of solutions, 781—Comment 64.15 

Linear differential equations, Bessel, see 
Bessel equation 

characteristic equation of, 212-220: defi- 
nition, 212; roots imaginary, 217-220; 
roots real and distinct, 213-214; roots 
real but some multiple, 214-217 

complementary function of, 210 

definition of, 92, 196 

Euler, 247 

exact, 248 

existence theorem for, see Existence and 
uniqueness theorems 

first order, 91-95: definition of, 92; 
general solution of, 93; integrating 
factor for, 94; solution of, 92 

form of solution of, 211-220 

fundamental theorems for, 207, 208 

Gauss’s, 587 

general solution of, 93, 210, 788 

Hermite, 607 

homogeneous, with constant coeffh- 
cients, 211-220: definition of, 196; 
with nonconstant coefficients, 241- 
246 

hypergeometric, 587 

integrating factors for, 94, 248 

Laguerre, 624-630 

Legendre, see Legendre equation 

n linearly independent solutions of, 208, 
786 

nonhomogencous, 221-246: with con- 
stant coefficients, 221-240; definition 
of, 196; with nonconstant coefficients, 
236-237, 241-246 

ordinary point of, 570 

reduction to a system, 784-785 

singularity of, 570: irregular, 572; regu- 
bar, 571 

solution of, by: complex variables, 230- 
231; inverse operators, 272-282, 288- 
291; Laplace transforms, 296-302; 
method of Frobenius, 572-584; par- 
tial fraction expansion of inverse 
operators, 288-291; polynomial op- 
erators, 262-265; power series, 537 
546; reduction of order, 242 246; un- 
determined coefficients, 221-230; va- 
riation of parameters, 233 240 

systems of, see System entries 

Tschebyscheff, 589 

uniqueness theorem for, see Existence 
and umiqueness theorems 
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Linear independence, of functions, 205, 
775—Comment 63.56, 777—5 
definition of, 205 
of solutions, 781— Comment 64.15 
Linear property of, inverse operators, 296 
Laplace transformation, 295 
polynomial operators, 253 
Linearization of first order systems, 424- 
438 
Lipschitz condition, 731, 734, 764, 766 
Liquid, owing through an orifice, 183 
rotating in a cylinder, 193-194 
Logarithmic decrement, 356 


Maclaurin series, 535 
Magnification ratio, 363 
Mass, variable, 191-193 
Mathematical induction, 250 
Mean, law of the, 731 
Method of, Frobenius, 572; see also, Solu- 
tion about a regular singularity 
reduction of order, 242-246 
undetermined coefficients, 221-230 
variation of parameters, 233-240 
Milne method, comment on error in, 688- 
689 
for second order equation, 710-711 
for system of two first order equations, 
703 
for third order equation, 712—4 
for -=) ley), 684203) 
Modulated amplitude, 345 
Modulus, of elasticity, 385 
Young’s, 385 
Moment, bending, 384 
of force, 381 
of inertia, 351 
Momentum, angular, 472 
Motion, of a complex system, 189-191 
damped: forced, 359-364; free (damped 
harmonic), 348-353 
forced: damped, 369-364; undamped, 
338-342 
free: damped (damped harmonic), 348- 
353; undamped, see Simple harmonic 
motion 
horizontal, 160-162 
inclined, 164-166 ; 
of a particle: on a circle, 3168317; an 
space, see Particle in motion in space 
subject to a central force; on a 
straight line, 138-166, 314-316 
period of, 318, 333, 351, 477 
planetary, 491-492 
of a projectile, 463-465 
simple harmonic, see Simple harmonic 
motion 
stable, 339 
steady state, 361 
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Motion, (continued) 

transient, 361 

undamped: foreed, 338-342; free, see 

Simple harmonic motion 

unstable, 340 

vertical, see Vertical motion 
Multiplicity of solutions, 28-31 
Mutual inductance, 454 


Natural (undamped) frequency, 318, 319 
Neutral surface, 384 
Newton’s, first law of motion, 138 
interpolation formulas, 663-671: back- 
ward, 669; error in, 670, 671; for- 
ward, 667 
law of universal gravitation, 491 
proof of inverse square law, 494-495 
second law of motion, 138, 459 
Nonhomogeneous linear equation, defini- 
tion of, 196 
Nonlinear equations, existence and 
uniqueness theorem for, 765-767 
numerical solution of, see Numerical 
methods 
reduction to a system, 766-767 
series solution of, 562-567 
See also, Special types of second 
order equations 
Normal, coordinates, 444 
frequencies, 443 
n-parameter family of solutions, definition 
of, 30 
finding a differential equation from an, 
31-33 
Number, complex, 197 
pure imaginary, 197 
real, 197 
Numerical methods, 631-718 
Adams , vel; 712—3 
choosing size of h, 691-692 
continuing, 632 
corrector, 632 
decreasing h, 692-694 
difference tables, 660, 662, 663, 670 
errors, see Error; Errors 
fifth degree polynomial, 676, 678, 691, 
703 
finite differences, 659-661 
for first order equation y’ = f(z,y), 632- 
658, 681—6, 684-688, 690-701, 713- 
715 
fourth degree polynomial, 681—2 
illustrative example and summary, 694- 
701 
improvement of polygonal method, 641- 
643 
increasing and reducing h, 692-694 
Milne, see Milne method 


Newton’s interpolation formulas, 663- 
671: backward, 669; forward, 667 

perturbation theory, 713-718: first order 
equation, 713-715; second order equa- 
tion, 716-718 

Picard's, see Picard’s method of succes- 
sive approximations 

polygonal, 632-638 

polynomial interpolation, see Poly- 
nomial interpolation 

reducing and mcreasing h, 692-694 

Runge-Kutta, see Runge-Kutta for- 
mulas 

for a second order equation, 707-711, 
712—3, 715-718 

series, 645-652 

Simpson’s rule, 677, 678, 684 

sixth degree polynomial, 677 

starting methods, 632 

See also, Starting methods 

summary and an example, 694-701 

for a system of: three first order equa- 
tions, 726—2; two first order equa- 
tions, 702-706, 723-726 

Taylor series, 645-652 

third degree polynomial, 676, 678 

for a third order equation, 712—4 

three-eighths rule, 681 

trapezoidal rule, 675, 678, 682 

Weddle's rule, 677, 678, 691, 703 


Oceanic pressure, 186-188 
Operator, differential, 251 
Sce also, Inverse operators; Poly- 
nomial operators 
Order, of a differential equation, 21 
of a hoinogeneous function, 57, 58 
Ordinary differential equation, definition 
of, 20 
Ordinary point, of y’ = f(z,y), 48, 744-747 
of a linear differential equation, 570 
Orifice, flow through an, 183 
Orthogonal, definition of, functions, 602 
property: of Bessel functions, 622; of 
Laguerre polynomials, 630; of 
Legendre polynomials, 602-604 
Orthogonal trajectory, in polar coordi- 
nates, 118 
in rectangular coordinates, 117 
Oscillator, harmonic, 323-329, 377 
Output of a system, 341, 360, 372 
Overdainped, 349 


Parabolic reflector, 759-760 
Parameters, number of, 30 
variation of, 233-240 
Parasite problem, 447-451 
Partial differential equation, meaning of, 20 


Partial fraction expansion, 283-284 
of inverse operators, 287, 289 
Particle, moving, inva circle, 3169317 
in a plane, see Partiele in motion in 
space subject to a central force 
in rotating tube, 380 
on a straight line, 138-166, 314-316 
Particle in motion in space subject to a 
central force, 470-496, 521-522 
force inversely proportional to cube of 
distance, 521-522 
feree inversely proportional to square 
of distance, 481-488, 494: determin- 
ing constants of integration, 484-486; 
energy considerations, 487-488; plan- 
etary motion, 491-492 
force proportional to distance, 476-479 
Kepler's laws, 492 
law of conservation: of angular momen- 
tum, 471-472; of energy, 475 
moves in plane, proof that particle, 
470-471 
period of, 477, 492 
satisfies law of conservation: of angular 
momentum, 471-472; of energy, 475 
special central force problem, 521-522 
sweeps out equal areas in equal times, 
proof that particle, 472 
Particular solution of a differential equa- 
tion, 33-37 
definition of, 35 
Pendulum, simple, 327-329 
actual period of, 333 
amplitude of, 328 
period independent of amplitude, 
334—34 
weight of wire not negligible, 331—29 
Perigee, 490 
Period, 318, 477 
actual, of a simple pendulum, 333 
damped, 35] 
Perturbation method, 713°718 
first order equation, 713-715 
second order equation, 715-718 
Phase and phase angle, 318 
Picard’s method of successive approxima- 
tions, 720-726 
for first order equations, 720-723 
for a system: of three first order equa- 
tions, 79G—9; of two first order equa- 
tions, 723° 726 
Plane analytie geometry, @ review of, 
62-63 . 
Plane motion of a particle, see Particle in 
motion in space subject to a central 
force 
Plane motion of a projectile, 463 465 
Planetary motion, 491-492 
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Point, ordinary, see Ordinary point 
singular, 48, 744-747 
Polar form of a complex number, 199 
Polygonal method, 632-638 
comment op errors in, 636-638 
an improvement of, 641-643 
Polynomial interpolation, 661-684 
Adoms’, 681, 712—-3 
error in, 670-671, 679 
Hfth degree polynomial, 676, 678, 679 
function, 662 
Newton's: (backward) formulas, 669; 
(forward) formulas, 667 
Simpson's rule, 675, 678, 679 684 
sixth degree polynomial, 677 
third degree polynomial, 676, 678, 679 
three-eighths rule, 681 
trapezoidal rule, 675, 678, 679, 682 
Weddle's, 677, 678, 679 
Polynomial operators, 251-265 
algebraic properties of, 255-259 
associative law: of addition, 256; 
of multiplication, 257 
commutative law: of addition, 256; 
of multiplication, 258 
definition of, 251 
distributive law of multipheation, 258 
exponential sbift theorem for, 260: 
corollaries to, 261 
factoring of, 258 
linear property of, 253 
of order n, 251 
P(D + a), definition, 259 
P(D)y, definition, 252 
product of h(xv) by, 256 
product of two, 257 
solution: of linear equations by, 262- 
265; of systems of linear equations 
by, 398-417 
sum of two, 255 
Polynomials, Hermite, 607 
interpolation by, see Polynomial inter- 
polation 
Laguerre, 625-630 
Legendre, 597-605 
Tschebyseheff, 589 
Potential, 473 
energy, 329, 473 
Power series, see Series; Solution by series 
methods 
Pressure, atmospheric and oceanic, 186- 
ISS 
Principal value of @, 199 
Principle of superposition, 211, 25-4 
Problem involving « centrifugal foree, 380 
Problems, first order equations, 107-195, 
OTe dy LU 
accretion, 122-124 
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Problems, first order equations, (continued) 
atmospheric pressure, 186-188 
body falling in water, 144 
chain around a cylinder, 188-189 
decomposition, 131-132 
dilution, 122-124 
electric circuit, 184-185, 377—7, 10 
first order processes, 137 
flow of heat, steady state, 185-186 
flow through an orifice, 183-184 
geometric, 107-111 
growth, 131-132 
horizontal motion, 160-162 
inclined motion, 164-166 
interest, 126-127 
isogonal trajectory, 115-117 
moon, 151—6, 7, 8; 156—38, 39 
motion of a complex system, 189- 
191 
oceanic pressure, 186, 187 
orthogonal trajectories, 117-120 
pursuit curves, 168-175 
raindrop, 143 
relative pursuit curves, 177-182 
rocket motion, 191-193 
rope around a cylinder, 188-189 
rotation of a liquid in a cylinder, 
193-194 
second order processes, 134-137 
steady state flow of heat, 185-186 
straight line motion, 138-166 
temperature, 129-130 
variable mass, 191-193 
vertical motion, 139-151 
Problems, linear second order equations, 
313-389 
bending of beams, 383-389 
circle, particle moving on circumference 
of, 316-317 
damped harmonic motion, 347-353: 
definition of, 347 
damped motion: forced, 359-364; free, 
347-353 
elastic helical spring, 324-326: in paral- 
lel, 330—13; in series, 330—14 
electric circuit, simple, 369-375 
forced motion with damping, 359-364 
forced undamped motion, 338-342 
free damped motion, 347-353 
free undamped motion, 313-329 
See also, Simple harmonic motion 
particle moving: on circumference of a 
circle, 316-317; on a straight line, 
314-316 
pendulum, simple, see Pendulum 
problem involving a centrifugal force, 
380 
rolling bodies, 381-383 
simple electric circuit, 369-375 


Problems, linear second order equations, 
(continued) 
simple harmonic motion, 313-329 
See also, Simple harmonic motion 
straight line, particle moving on, 314- 
316 
twisting bodies, 383 
undamped motion, 313-342: examples 
of, 323-329; forced, 338-342; free, 
313-321 
Problems, special types of second order 
nonlinear equations, 506-530 
central force, 521-522 
geometric, 528-530 
pursuit, 523-525 
special central force, 521-522 
suspension cable, 507-514 
Problems, system of equations, 440-492 
biological, 447-451 
central force, see Particle in motion in 
space subject to a central force 
electrical, 451-455 
mechanical, 440-443 
particle in motion in space, see Particle 
in motion in space subject to a central 
force 
plane motion: of a projectile, 463-465; 
of a particle, see Particle in motion in 
space subject to a central force 
planetary motion, 491-492 
projectile in plane, 463-465 
Product of two operators, 257 
Projectile, motion of a, 463-465 
Proof by mathematical induction, 250 
Properties of, Bessel function of first kind, 
619-622 
Laguerre polynomials, 627-630 
Laplace transforms, 295-296 
Legendre polynomials, 598-605 
polynomial operators, see Polynomial 
operators 
Pure imaginary number, 197 
Pursuit curves, 168-175, 523-525 
relative, 177-182 


Radioactive material, 2 
Radius of curvature, 528 
Raindrop problem, 143 
Range of a function, 9, 11 
Ratio test for convergence, 532 
Real number system, 197 
Real part of a complex number, 197 
Rectangular form of a complex number, 
199 
Recursion formula, 577 
for Bessel equation, 610 
for Hermite polynomial, 607—18 
for Laguerre equation, 625 
for Legendre polynomial, 601 


Reduction of order method, 241-246 
Region, bounded, 14 
F-2 of atmosphere, 155 
simply connected, 71 
Regular singularity, 571 
at oc, 586 
Relative pursuit curve, 177-182 
Remainder function, 670 
Resistance, coefficient of, 348 
electric, 370 
Resistors, 369 
in series, 454—2 
Resonance, 373, 443 
undamped, 341 
Resonant frequency, undamped, 341 
Response of a system, impulsive, 344 
Riccati equation, 97, 247 
Riemann-integrable, 70, 731 
Riemann integral, 70 
Rocket motion, 191-193 
Rodrigue's formula, 602 
Rolling bodies, 381-383 
Roots, in conjugate pairs, 204—9 
imaginary, 217-220 
of indicial equation, 574-584 
real and distinct, 213-214 
real but some multiple, 214-217 
Rope around a cylinder, 188-189 
Rotating tube, particle in a, 380 
Rotation of a liquid, 193-194 
Rotational inertia, 381 
Rounding off errors, 636, 690 
Runge-Kutta formulas, comment on 
error in, 657-658 
for second order equation, 709 
for system of two first order equations, 
702-703 
for y’ = f(x,y), 653-658 


Satellites, 488-491, 496 
Second order equations, 500-504, 707-711, 
712—1,%3 
numertcal solution of, 707-711: by 
Adams’ method, 712—3; error in, 
712—1; by Milne’s method, 710-711; 
by Runge-Kutta method, 709 
special types of nonlinear, 500-504 
Second order processes, problems, 134- 
137 
Separable variables, 52 
Separated variables, 52 
Sequence of functions, convergence of a, 
728, 782 
uniform convergence of a, 729, 732 
Series, binornial, 599 
convergence of, 531, 532 
for cos xz and cos 2, 201 
defines a function, 533 
determination of coefficients of a, 534 
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Series, (continued) 
differentiation of a, 534 
for e7 and e’, 201 
equality of, 534 
expansion of inverse operators by, 
272-277 
Frobenius, 572: solution of homo- 
geneous linear equation by, 572-584; 
solution of nonhomogeneous linear 
equation, 585—18 
of functions, 732-733: converges uni- 
formly, 732, 733 
hypergeometers, 587 
interval of convergence of, 532 
Maclaurin, 535 
partial sums of, 732 
power, 531 
ratio test for convergence of, 532 
for sin z and sin z, 201 
solutions by, see Solution by series 
methods 
for tan z, 742 
Taylor, 535: with remainder, 537 
Set, elements of a, 6 
meaning of a, 5-6 
Simple beam, 384 
Simple electric circuit, 369-375 
Simple harmonic motion, 313-329 
amplitude, 317 
definition of, 314 
description of the motion, 315, 317 
elastic helical spring, 324-326 
equilibrium position, 317 
examples of bodies moving in, 323-329 
frequency, natural (undamped), 318, 
319 
harmonic oscillators, 323-329 
natural (undamped) frequency, 318, 319 
particle moving: on circumference of a 
circle, 316-317; on a straight line, 
314-316 
pendulum, 327-329 
period, 318 
phase and phase angle, 318 
simple pendulum, 327-329 
spring, helical, 324-326 
Simply, connected region, 71 
supported beam, 384 
Simpson’s rule, 675, 678, 679, 684 
Simultaneous equations, see entries under 
System 
Sine, hyperbolic, 203 
Sine z, sin z, expansions of, 201 
Singular point of y’ = f(z,y), 43; 7aa-787 
Singular solution, 34 
Singularity of a linear equation, 570 
irregular, 572 
regular, 571 
regular at oo, 586 
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Sixth degree interpolating polynomial, 677 
Sliding friction, 160 
Slope field, 39 
Slowly varying amplitude, 345 
Solution about a regular singularity, 572- 
584, 585, 586 
of a homogeneous linear equation, where 
roots of indicial equation: differ by 
an integer, 578-582; do not differ by 
an integer, 574-578; equal, 583-584 
at oo, 586 
of a nonhomogeneous linear equation, 
585—18 
Solution by series methods, 537-584 
by Frobenius series, see Solution about 
a regular singularity 
by Taylor series: of a linear equation, 
537-546; of a nonlinear equation of 
order n, 562-567; of a system of first 
order equations, 555-559; of a system 
of linear first order equations, 559- 
562; of y’ = f(x,y), 548-553 
Solution of a system of equations, 394-420 
of a first order linear system, 396-397 
of a first order system, 394-396 
of a linear system with constant coeff- 
cients, 398-420: by Laplace trans- 
forms, 418-420; by polynomial opera- 
tors, 398-417 
by numerical methods, 702-706 
by Picard’s method, 723-726, 726—9 
by series method, 555-562 
See also, each heading under 
System 
Solutions of differential equations, by 
choice of method, 99 
by complex variables, 230-231 
definition of, 22 
existence of, see Existence and unique- 
ness theorems 
explicit, 21-23 
general, 28-37: definition of, 35 
implicit, 24-27 
by integrating factors, 82-90, 94 
by inverse operators, 272-282, 288-291 
by Laplace transforms, 296-302 
by lineal element diagram, 39 
linear combination of, 208 
by method of Frobenius, 572-584 
multiplicity of, 28-31 
number of independent, 208, 786 
by numerical methods, 631-718 
by operators, 262-265, 272-282, 288-291 
n-parameter family of, 30, 31-33 
by partial fraction expansion of inverse 
operators, 288-291 
particular, 35 
by Picard's method of successive 
approximations, 720-726 


Solutions of differential equations, 
(continued) 
by polynomial operators, 262-265 
by power series, 537-553, 562-567 
by reduction of order, 242-246 
by separation of variables, 51-55 
by series, 537-553, 562-567 
singular, 34 
steady state, 361, 372 
by substitution and other means, 101 
by successive approximations, 720-726 
transient, 361, 372 
by undetermined coefficients, 221-230 
uniqueness of, see Existence and unique- 
ness theorems 
by variation of parameters, 233-240 
Wronskian of, 781—Comment 64.15 
Solve a differential equation, meaning of, 
22, 81 
Special central force problem, 521-522 
Special types of second order equations, 
500-504 
xz absent, 503-504 
xz and y’ absent, 500-501 
y absent, 502-503 
Specific, gravity, 153 
heat, 130 
weight, 512 
Speed, of escape, 148 
terminal, 142 
Spring, helical, see Elastic helical springs 
Spring constant, 324 
Sputnik, 491—7 
Stable motion, 339 
Starting formula, 680 
Starting methods, 632 
polygonal method, see Polygonal 
method: an improvement of, 641-643 
Runge-Kutta, see Runge-Kutta 
formulas 
Taylor series, 645-652 
Static friction, 160 
Steady state, current, 372 
flow of heat, 185-186 
motion, 361 
solution, 361, 372 
Stiffness coefficient of a spring, 324 
Stiffness constant, torsional, 383 
Straight line motion, 138-166, 314-316 
Subnormal, 112—1 
Substitution, solving an equation by, 101 
Subtangent, 112—1 
Successive approximations, see Picard’s 
method of successive approximations 
Sum of two operators, 256 
Superposition principle, 211, 254 
Surface, isothermal, 185 
neutral, 384 
Suspension cable, 507-514 


System of equations, meaning of a solution 
of a, 393 
Nee also, System of first order equa- 
tions; Svstem of hnear equations 
with eonstant eoefheients; Sys- 
tem of linear first order equations 
System of first order equations, definition 
of a, 394 
errors in numerical solution of, 703 
existenee and uniqueness theorem for, 
703-765 
linearization of, 424-438 
Mulne formula for a, 703 
Pieard’s method of solution of a, 723- 
726, 726—9 
problems giving rise to 4, see Problems, 
system of equations 
Runge-Kutta formula for a, 702-703 
series method of solution of a, 555-562 
solution of a: by numerical methods, 
702-706; by Picard’s method, 723- 
726, 726—9; by series methods, 555- 
562 
special types of seeond order equations 
giving risé to a, 500-504 
System of linear equations with constant 
coefficients, definition of a, 398 
degenerate, 413-445 
determinant of, 399, 400 
equivalent triangular, 405-413 
general solution of a, 398, 399 
problems giving rise to a, see Problems, 
system of equations 
solution of a: by Laplace transforms, 
418-420; by operators, 398-417 
of three equations, 415-420 
System of linear first order equations, 
396-397 
definition of a, 396 
existence and uniqueness theorem for a, 
768-770 
problems leading to a, see Problems, 
system of equations 
solution of a: by numerical methods, 
702-706; by Picard's method, 723- 
726, 726—9; by series methods, 555- 
562 
See also, System of first order equa- 
tions; System of linear equations 
with constant coeffieients 


Table, chain shding from, 190 
Tables, of differences, 660, 662, 663, 670 
of Laplace transforms, 306, 310 
Tangent, hyperbolic, 208 
Tan z, expansion of, 742 
Taylor series, 585 
with remainder, 537 


y 
review of, 531-537 


InpDEx 807 
Tavlor series, (continued) 
solution by, 645 652: eomment on error 
in, 649-652, 653—4; creeping up 
process, 646-647; direet substitution, 
646; See also, Solution by series 
Tehebycheff, see Tschebyscheff's 
Temperature problems, 129 
Terminal velocity, 142 
Thermal eonduetivity, 185 
Third degree interpolating polynomial, 
676, 678, 679 
Three-eighths rule, 681 
Time eonstant, 351 
Torque, 381 
Torsional, resistance eonstant, 499 
stiffness constant, 383, 498 
Total differential, 72 
‘Tractrix, 176— 6 
Trajectories, 115-120 
isogonal, 115-117: definition of, 115 
orthogonal, 117-120: definition of, 117; 
in polar coordinates, 118; in rectangu- 
lar coordinates, 117 
Transform, Laplace, see Laplace trans- 
forms 
Transient, current, 372 
motion, 361 
solution, 361, 372 
Trapezoidal rule, 675, 678, 679, 682 
Triangular system, equivalent, 405, 406, 
416 
Trigononietric funetions of complex 
numbers, 201 
Tsehebyscheff's, equation, 589 
polynomials, 589 
Twice differentiable function, definition 
of, 749 
Twisting bodies, 383 


Undainped frequency, 318-319 
Undamped motion, 313° 342 
examples of, 323-329 
free, see Simple harmonie motion 
forced, 338-342 
Undamped, resonance, 3-41 
resonant frequency, 341 
Underdamped, 351 
Undetermined coefficients, 221-230 
Uniform convergence, of a sequence of 
functions, 729, 732 
of a series of functions, 732-733 
Uniqueness theorems, see Existence and 
uniqueness theorems 
Unit impulse function, 344 
Universal gravitation, Newton's law of, 
491 
Unstable motion, 340 


Vanish identienlly, definition of, 775 
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Variable mass, 191-193 
Variables, separable, 52 
separated, 52 
Variation of parameters, 233-240 
Varying amplitude, slowly, 345 
Vector, point-function, 473 
quantities, 164, 459 
Velocity, of escape, 148 
formulas in polar coordinates, 461 
terminal, 142 
Vertical motion, 189-151 
body near earth’s surface: air resistance, 
142-145; no resistance, 140-141 
body far from earth’s surface, 146-151 
Volt, 369 


Voltage drop, 369 


Weddle’s rule, 677, 678, 679, 691, 703 
Weight, specific, 512 
Wronskian, Abel’s formula for, 779 
definition of, 774 
determinant of, 774 
determining linear dependence and inde- 
pendence by, 775—Comment 63.56 
determining linear dependence and inde- 
pendence of solutions by, 781—Com- 
ment 64.15 
theorems about, 778-780 


Young’s modulus, 385 
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DOVER BOOKS 


IN SCIENCE AND MATHEMATICS 


CATALOG OF DOVER BOOKS 


Astronomy 


BURNHAM’S CELESTIAL HANDBOOK, Robert Burnham, Jr. Thorough guide 

to the stars beyond our solar system. Exhaustive treatment. Alphabetical by constel- 

lation: Andromeda to Cetus in Vol. 1; Chamaeleon to Orion in Vol. 2; and Pavo to 
Vulpecula in Vol. 3. Hundreds of illustrations. Index in Vol. 3. 2,000pp. 6' x 94. 

Vol. I: 0-486-23567-X 

Vol. II: 0-486-23568-8 

Vol. III: 0-486-23673-0 


EXPLORING THE MOON THROUGH BINOCULARS AND SMALL TELE- 
SCOPES, Ernest H. Cherrington, Jr. Informative, profusely illustrated guide to locat- 
ing and identifying craters, rills, seas, mountains, other lunar features. Newly revised 
and updated with special section of new photos. Over 100 photos and diagrams. 
240pp. 84 x 11. 0-486-24491-1 


THE EXTRATERRESTRIAL LIFE DEBATE, 1750-1900, Michael J. Crowe. First 
detailed, scholarly study in English of the many ideas that developed from 1750 to 
1900 regarding the existence of intelligent extraterrestrial life. Examines ideas of 
Kant, Herschel, Voltaire, Percival Lowell, many other scientists and thinkers. 16 illus- 
trations. 704pp. 5% x 84. 0-486-40675-X 


THEORIES OF THE WORLD FROM ANTIQUITY TO THE COPERNICAN 
REVOLUTION, Michael J. Crowe. Newly revised edition of an accessible, enlight- 
ening book recreates the change from an earth-centered to a sun-centered concep- 
tion of the solar system. 242pp. 5% x 81h. 0-486-41444-2 


A HISTORY OF ASTRONOMY, A. Pannekoek. Well-balanced, carefully reasoned 

study covers such topics as Ptolemaic theory, work of Copernicus, Kepler, Newton, 

Eddington’s work on stars, much more. Illustrated. References. 521 pp. 5% x 814. 
0-486-65994-1 


A COMPLETE MANUAL OF AMATEUR ASTRONOMY: TOOLS AND 
TECHNIQUES FOR ASTRONOMICAL OBSERVATIONS, P. Clay Sherrod 
with Thomas L. Koed. Concise, highly readable book discusses: selecting, setting up 
and maintaining a telescope; amateur studies of the sun; lunar topography and occul- 
tations; observations of Mars, Jupiter, Saturn, the minor planets and the stars; an 
introduction to photoelectric photometry; more. 1981 ed. 124 figures. 25 halftones. 
37 tables. 335pp. 6'4 x 94. 0-486-40675-X 


AMATEUR ASTRONOMER’S HANDBOOK, J. B. Sidgwick. Timeless, compre- 
hensive coverage of telescopes, mirrors, lenses, mountings, telescope drives, microm- 
eters, spectroscopes, more. 189 illustrations. 576pp. 5% x 8%. (Available in U.S. only.) 

0-486-24034-7 


STARS AND RELATIVITY, Ya. B. Zel’dovich and I. D. Novikov. Vol. 1 of Relativistic 
Astrophysics by famed Russian scientists. General relativity, properties of matter under 
astrophysical conditions, stars, and stellar systems. Deep physical insights, clear pre- 
sentation. 1971 edition. References. 544pp. 5% x 8%. 0-486-69424-0 
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Chemistry 


THE SCEPTICAL CHYMIST: THE CLASSIC 1661 TEXT, Robert Boyle. Boyle 

defines the term “element,” asserting that all natural phenomena can be explained by 

the motion and organization of primary particles. 1911 ed. vilit232pp. 54 x 84. 
0-486-42825-7 


RADIOACTIVE SUBSTANCES, Marie Curie. Here is the celebrated scientist’s 
doctoral thesis. the prelude to her receipt of the 1903 Nobel Prize. Curie discusses 
establishing atomic character of radioactivity found in compounds of uranium and 
thorium: extraction from pitchblende of polonium and radium, isolation of pure radi- 
um chloride; determination of atomic weight of radium; plus electric, photographic, 
luminous, heat, color effects of radioactivity. ii+94pp. 5% x 8%. 0-486-42550-9 


CHEMICAL MAGIC, Leonard A. Ford. Second Edition, Revised by E. Winston 
Grundmeier. Over 100 unusual stunts demonstrating cold fire, dust explosions, 
much more. Text explains scientific principles and stresses safety precautions. 
128pp. 5% x 84. 0-486-67628-5 


THE DEVELOPMENT OF MODERN CHEMISTRY, Aaron J. Ihde. Authorita- 
tive history of chemistry from ancient Greek theory to 20th-century innovation. 
Covers major chemists and their discoveries. 209 illustrations. 14 tables. 
Bibliographies. Indices. Appendices. 851 pp. 5% x 84. 0-486-64235-6 


CATALYSIS IN CHEMISTRY AND ENZYMOLOGY, William P. Jencks. 
Exceptionally clear coverage of mechanisms for catalysis, forces in aqueous solution, 


carbonyl- and acyl-group reactions, practical kinetics, more. 864pp. 5% x 84. 
0-486-65460-5 


ELEMENTS OF CHEMISTRY, Antoine Lavoisier. Monumental classic by founder 
of modern chemistry in remarkable reprint of rare 1790 Kerr translation. A must for 
every student of chemistry or the history of science. 539pp. 54 x 8%. ()-486-64624-6 


THE HISTORICAL BACKGROUND OF CHEMISTRY, Henry M. Leicester. 
Evolution of ideas, not individual biography. Concentrates on formulation of a coher- 
ent set of chemical laws. 260pp. 54 x 8%. 0-486-61053-5 


@ SHORT HISTORY OF CHEMISTRY, J.B. Partington. Classic exposition 
explores origins of chemistry, alchemy, early medical chemistry, nature of atmos- 
phere, theory of valency, laws and structure of atomic theory, much more. 428pp. 
5% x 8%. (Available in U.S. only.) 0-486-65077-1 


GENERAL CHEMISTRY, Linus Pauling. Revised 3rd edition of classic first-year 
text by Nobel laureate. Atomic and molecular structure, quantum mechanics, statis- 
tical mechanics, thermodynamics correlated with descriptive chemistry. Problems. 
Qy2pp. Sk x Bt. 0-486-65622-5 


BRON ALCHEMY TO CHEMISTRY, John Read. Broad, humanistic treatment 
focuses on great figures of chemistry and ideas that revolutionized the science. 50 
‘lustrations. 240pp. 54 x 84. 0-486-28690-8 
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Engineering 


DE RE METALLICA, Georgius Agricola. The famous Hoover translation of great- 
est treatise on technological chemistry, engineering, geology, mining of early mod- 
ern times (1556). All 289 original woodcuts. 638pp. 6% x 11. 0-486-60006-8 


FUNDAMENTALS OF ASTRODYNAMICS, Roger Bate et al. Modern approach 
developed by U.S. Air Force Academy. Designed as a first course. Problems, exer- 
cises. Numerous illustrations. 455pp. 5% x 84. 0-486-60061-0 


DYNAMICS OF FLUIDS IN POROUS MEDIA, Jacob Bear. For advanced stu- 
dents of ground water hydrology, soil mechanics and physics, drainage and irrigation 
engineering and more. 335 illustrations. Exercises, with answers. 784pp. 6'4 x 914. 


0-486-65675-6 


THEORY OF VISCOELASTICITY (Second Edition), Richard M. Christensen. 
Complete consistent description of the linear theory of the viscoelastic behavior of 
materials. Problem-solving techniques discussed. 1982 edition. 29 figures. 
xiv+364pp. 6% x 94. 0-486-42880-X 


MECHANICS, J. P. Den Hartog. A classic introductory text or refresher. Hundreds 
of applications and design problems illuminate fundamentals of trusses, loaded 
beams and cables, etc. 334 answered problems. 462pp. 5% x 8. 0-486-60754-2 


MECHANICAL VIBRATIONS, J. P. Den Hartog. Classic textbook offers lucid 
explanations and illustrative models, applying theories of vibrations to a variety of 
practical industrial engineering problems. Numerous figures. 233 problems, solu- 
tions. Appendix. Index. Preface. 436pp. 5% x 8's. 0-486-64785-4 


STRENGTH OF MATERIALS, Jj. P. Den Hartog. Full, clear treatment of basic 
material (tension, torsion, bending, etc.) plus advanced material on engineering 
methods, applications. 350 answered problems. 323pp. 5% x 87. 0-486-60755-0 


A HISTORY OF MECHANICS, René Dugas. Monumental study of mechanical 
principles from antiquity to quantum mechanics. Contributions of ancient Greeks, 
Galileo, Leonardo, Kepler, Lagrange, many others. 671 pp. 5% x 8'%4. 0-486-65632-2 


STABILITY THEORY AND ITS APPLICATIONS TO STRUCTURAL 
MECHANICS, Clive L. Dym. Self-contained text focuses on Koiter postbuckling 
analyses, with mathematical notions of stability of motion. Basing minimum energy 
principles for static stability upon dynamic concepts of stability of motion, it devel- 
ops asymptotic buckling and postbuckling analyses from potential energy considera- 
tions, with applications to columns, plates, and arches. 1974 ed. 208pp. 5% x 84. 
0-486-42541-X 


METAL FATIGUE, N. E. Frost, K. J. Marsh, and L. P. Pook. Definitive, clearly writ- 
ten, and well-illustrated volume addresses all aspects of the subject, from the histori- 
cal development of understanding metal fatigue to vital concepts of the cyclic stress 
that causes a crack to grow. Includes 7 appendixes. 544pp. 5% x 8%. 0-486-40927-9 
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ROCKETS, Robert Goddard. Two of the most significant publications in the history 
of rocketry and jet propulsion: “A Method of Reaching Extreme Altitudes” (1919) and 
“Liquid Propellant Rocket Development” (1936). 128pp. 5’ x 8%. 0-486-42537- 1 


STATISTICAL MECHANICS: PRINCIPLES AND APPLICATIONS, Terrell L. 

Hill. Standard text covers fundamentals of statistical mechanics, applications to fluc- 

tuation theory, imperfect gases, distribution functions, more. 448pp. 54% x 84. 
0)-486-65390-0 


ENGINEERING AND TECHNOLOGY 1650-1750: ILLUSTRATIONS AND 
TEXTS FROM ORIGINAL SOURCES, Martin Jensen. Highly readable text with 
more than 200 contemporary drawings and detailed engravings of engineering pro- 
jects dealing with surveying, leveling, materials, hand tools, lifting equipment, trans- 
port and erection, piling, bailing, water supply, hydraulic engineering, and more. 
Among the specific projects outlined-transporting a 5()-ton stone to the Louvre, erect- 
ing an obelisk, building timber locks, and dredging canals. 207pp. 8% x 11%. 
0)-486-42232-1 


THE VARIATIONAL PRINCIPLES OF MECHANICS, Cornelius Lanczos. 
Graduate level coverage of calculus of variations, equations of motion, relativistic 
mechanics, more. First inexpensive paperbound edition of classic treatise. Index. 
Bibliography. 418pp. 5% x 8%. 0-486-65067-7 


PROTECTION OF ELECTRONIC CIRCUITS FROM OVERVOLTAGES, 
Ronald B. Standler. Five-part treatment presents practical rules and strategies for cir- 
cuits designed to protect electronic systems from damage by transient overvoltages. 
1989 ed. xxivt+434pp. 6% x YA. 0-486-42552-5 


ROTARY WING AERODYNAMICS, W. Z. Stepniewski. Clear, concise text cov- 

ers aerodynamic phenomena of the rotor and offers guidelines for helicopter perfor- 

mance evaluation. Originally prepared for NASA. 537 figures. 640pp. Ok x OA, 
0-486-64647-5 


INTRODUCTION TO SPACE DYNAMICS, William ‘Tyrrell Thomson. Com- 
prehensive, classic introduction to space-flight engineering for advanced undergrad- 
uate and graduate students. Includes vector algebra, kinematics, transformation of 
coordinates. Bibliography. Index. 352pp. 5% x 8%. 0-486-65113-4 


HISTORY OF STRENGTH OF MATERIALS, Stephen P. Timoshenko. Excellent 
historical survey of the strength of materials with many references to the theories of 
elasticity and structure. 245 figures. 452pp. 5% x 82. ()-486-61187-6 


ANALYTICAL FRACTURE MECHANICS, David J. Unger. Self-contained text 
supplements standard fracture mechanics texts by focusing on analytical methods for 
determining crack-tip stress and strain fields. 336pp. 6'4 x 94. (0)--486-41737-9 


SPATISTICAL MECHANICS OF ELASTICITY, J. H. Weiner. Advanced, self- 
contained treatment illustrates general principles and elastic behavior of solids. Part 
1, based on classical mechanics, studies thermoelastic behavior of crystalline and 
polymeric solids. Part 2, based on quantum mechanics, focuses on interatomic force 
laws, behavior of solids, and thermally activated processes. For students of physics 


P hemistry and for polymer physicists. 1983 ed. 96 figures. 496pp. 54 x 8h. 
ee” rose i (0)-486-4 2260-7 
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Mathematics 


FUNCTIONAL ANALYSIS (Second Corrected Edition), George Bachman and 
Lawrence Narici. Excellent treatment of subject geared toward students with back- 
ground in linear algebra, advanced calculus, physics and engineering. Text covers 
introduction to inner-product spaces, normed, metric spaces, and topological spaces, 


complete orthonormal sets, the Hahn-Banach Theorem and its consequences, and 
many other related subjects. 1966 ed. 544pp. 674 x 9%. 0-486-40251-7 


ASYMPTOTIC EXPANSIONS OF INTEGRALS, Norman Bleistein & Richard A. 
Handelsman. Best introduction to important field with applications in a variety of sci- 
entific disciplines. New preface. Problems. Diagrams. Tables. Bibliography. Index. 
448pp. 5% x 84. 0-486-65082-0 


VECTOR AND TENSOR ANALYSIS WITH APPLICATIONS, A. I. Borisenko 
and I. E. Tarapov. Concise introduction. Worked-out problems, solutions, exercises. 
257pp. 5° x 84. 0-486-63833-2 


AN INTRODUCTION TO ORDINARY DIFFERENTIAL EQUATIONS, Earl 
A. Coddington. A thorough and systematic first course in elementary differential 
equations for undergraduates in mathematics and science, with many exercises and 
problems (with answers). Index. 304pp. 5% x 8%. 0-486-65942-9 


FOURIER SERIES AND ORTHOGONAL FUNCTIONS, Harry F. Davis. An 
incisive text combining theory and practical example to introduce Fourier series, 
orthogonal functions and applications of the Fourier method to boundary-value 
problems. 570 exercises. Answers and notes. 416pp. 5% x 874. 0-486-65973-9 


COMPUTABILITY AND UNSOLVABILITY, Martin Davis. Classic graduate- 
level introduction to theory of computability, usually referred to as theory of recur- 
rent functions. New preface and appendix. 288pp. 5% x 8’. 0-486-61471-9 


ASYMPTOTIC METHODS IN ANALYSIS, N. G. de Bruijn. An inexpensive, com- 
prehensive guide to asymptotic methods—the pioneering work that teaches by 
explaining worked examples in detail. Index. 224pp. 5% x 8% 0-486-64221-6 


APPLIED COMPLEX VARIABLES, John W. Dettman. Step-by-step coverage of 
fundamentals of analytic function theory—plus lucid exposition of five important 
applications: Potential Theory; Ordinary Differential Equations; Fourier Transforms; 
Laplace Transforms; Asymptotic Expansions. 66 figures. Exercises at chapter ends. 
512pp. 5% x 8's. 0-486-64670-X 


INTRODUCTION TO LINEAR ALGEBRA AND DIFFERENTIAL EQUA- 
TIONS, John W. Dettman. Excellent text covers complex numbers, determinants, 
orthonormal bases, Laplace transforms, much more. Exercises with solutions. 


Undergraduate level. 416pp. 5% x 8%. 0-486-65191-6 


RIEMANN’S ZETA FUNCTION, H. M. Edwards. Superb, high-level study of 
landmark 1859 publication entitled “On the Number of Primes Less Than a Given 
Magnitude” traces developments in mathematical theory that it inspired. xiv+315pp. 
5% x 8. 0-486-41740-9 
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CALCULUS OF VARIATIONS WITH APPLICATIONS, George M. Ewing. 
Applications-oriented introduction to variational theory develops insight and pro- 
motes understanding of specialized books, research papers. Suitable for advanced 
undergraduate/graduate students as primary, supplementary text. 352pp. 5AX Bh. 
0-486-64856-7 


COMPLEX VARIABLES, Francis J. Flanigan. Unusual approach, delaying complex 
algebra till harmonic functions have been analyzed from real variable viewpoint. 
Includes problems with answers. 364 pp. 5% x 8%. 0-486-61388-7 


AN INTRODUCTION TO THE CALCULUS OF VARIATIONS, Charles Fox. 

Graduate-level text covers variations of an integral, isoperimetrical problems, least 

action, special relativity, approximations, more. References. 279pp. 5 x 84. 
()-486-65499-0 


COUNTEREXAMPLES IN ANALYSIS, Bernard R. Gelbaum and John M. Hi: 
Olmsted. These counterexamples deal mostly with the part of analysis known as 
“real variables.” The first half covers the real number system, and the second half 
encompasses higher dimensions. 1962 edition. xxiv+ 198pp. 5% x 8's. 0-486-42875-3 


CATASTROPHE THEORY FOR SCIENTISTS AND ENGINEERS, Robert 
Gilmore. Advanced-level treatment describes mathematics of theory grounded in the 
work of Poincaré, R. Thom, other mathematicians. Also important applications to 
problems in mathematics, physics, chemistry and engineering. 198) edition. 
References. 28 tables. 397 black-and-white illustrations. xvii + 666pp. 614 x 94. 
0)-486-67539-4 


INTRODUCTION TO DIFFERENCE EQUATIONS, Samuel Goldberg. Excep- 
tionally clear exposition of important discipline with applications to sociology, psy- 


chology, economics. Many illustrative examples; over 250 problems. 260pp. 54 x 8th. 
0-486-65084-7 


NUMERICAL METHODS FOR SCIENTISTS AND ENGINEERS, Richard 
Hamming. Classic text stresses frequency approach in coverage of algorithms, poly- 
nomial approximation, Fourier approximation, exponential approximation, other 
topics. Revised and enlarged 2nd edition. 721 pp. 54 x 8%. 0-486-65241-6 


INTRODUCTION TO NUMERICAL ANALYSIS (2nd Edition), F. B. Hilde- 
brand. Classic, fundamental treatment covers computation, approximation, inter- 

olation, numerical differentiation and integration, other topics. 150 new problems. 
GO9pp. 54k x 8h. 0-486-65363-3 


THREE PEARLS OF NUMBER THEORY, A. Y. Khinchin. Three compelling 
puzzles require proof ofa basic law governing the world of numbers. Challenges con- 
cern van der Waerden’s theorem, the Landau-Schnirelmann hypothesis and Mann's 


theorem, and a solution to Waring’s problem. Solutions included. 64pp. 54% BY. 
(0)-486-40026-3 


THE PHILOSOPHY OF MATHEMATICS: AN INTRODUCTORY ESSAY, 
Stephan Kérner. Surveys the views of Plato, Aristotle, Leibniz & Kant concerning 
propositions and theories of applied and pure mathematics. i eae 
appendices. Index. 198pp. 54 x 8h. ()-486-25048- 
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INTRODUCTORY REAL ANALYSIS, A.N. Kolmogorov, S. V. Fomin. Translated 
by Richard A. Silverman. Self-contained, evenly paced introduction to real and func- 
tional analysis. Some 350 problems. 403pp. 5% x 84. 0-486-61226-0 


APPLIED ANALYSIS, Cornelius Lanczos. Classic work on analysis and design of 
finite processes for approximating solution of analytical problems. Algebraic equa- 
tions, matrices, harmonic analysis, quadrature methods, much more. 559pp. 5% x 84. 


0-486-65656-X 


AN INTRODUCTION TO ALGEBRAIC STRUCTURES, Joseph Landin. Superb 
self-contained text covers “abstract algebra”: sets and numbers, theory of groups, the- 
ory of rings, much more. Numerous well-chosen examples, exercises. 247pp. 5% x 84. 

0-486-65940-2 


QUALITATIVE THEORY OF DIFFERENTIAL EQUATIONS, V. V. Nemytskii 
and V.V. Stepanov. Classic graduate-level text by two prominent Soviet mathemati- 
cians covers classical differential equations as well as topological dynamics and 
ergodic theory. Bibliographies. 523pp. 5% x 84. 0-486-65954-2 


THEORY OF MATRICES, Sam Perlis. Outstanding text covering rank, nonsingu- 
larity and inverses in connection with the development of canonical matrices under 
the relation of equivalence, and without the intervention of determinants. Includes 
exercises. 237pp. 5% x 844. 0-486-66810-X 


INTRODUCTION TO ANALYSIS, Maxwell Rosenlicht. Unusually clear, accessi- 
ble coverage of set theory, real number system, metric spaces, continuous functions, 
Riemann integration, multiple integrals, more. Wide range of problems. Under- 


graduate level. Bibliography. 254pp. 5% x 8/2. 0-486-65038-3 
MODERN NONLINEAR EQUATIONS, Thomas L. Saaty. Emphasizes practical 
solution of problems; covers seven types of equations. “. . . a welcome contribution 
to the existing literature...."-—Math Reviews. 490pp. 5% x 8's. 0-486-64232-1 


MATRICES AND LINEAR ALGEBRA, Hans Schneider and George Phillip 
Barker. Basic textbook covers theory of matrices and its applications to systems of lin- 
ear equations and related topics such as determinants, eigenvalues and differential 
equations. Numerous exercises. 432pp. 5% x 8. 0-486-66014-1 


LINEAR ALGEBRA, Georgi E. Shilov. Determinants, linear spaces, matrix alge- 
bras, similar topics. For advanced undergraduates, graduates. Silverman translation. 


387pp. 5% x 84. 0-486-63518-X 


ELEMENTS OF REAL ANALYSIS, David A. Sprecher. Classic text covers funda- 
mental concepts, real number system, point sets, functions of a real variable, Fourier 
series, much more. Over 500 exercises. 352pp. 5% x 81. 0-486-65385-4 


SET THEORY AND LOGIC, Robert R. Stoll. Lucid introduction to unified theory 
of mathematical concepts. Set theory and logic seen as tools for conceptual under- 
standing of real number system. 496pp. 5% x 84. 0-486-63829-4 
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TENSOR GCAMCULUS, J.L. Symgesand.A. Schild. Widely used introductory text 
covers spaces and tensors, basic operations in Riemannian space, non-Riemannian 
spaces, etc. 324pp. 5% x BY. 0)-486-63612-7 


ORDINARY DIFFERENTIAL EQUATIONS, Morris Tenenbaum and Harry 
Pollard. Exhaustive survey of ordinary differential equations for undergraduates in 
mathematics, engineering, science. Thorough analysis of theorems. Diagrams. 


Bibliography. Index. 818pp. 5% x 8%. 0-486-64940-7 
INTEGRAL EQUATIONS, F. G. Tricomi. Authoritative, well-written treatment of 


extremely useful mathematical tool with wide applications. Volterra Equations, 
Fredholm Equations, much more. Advanced undergraduate to graduate level. 
Exercises. Bibliography. 238pp. 5% x 84. 0-486-64828- 1 


FOURIER SERIES, Georgi P. Tolstov. Translated by Richard A. Silverman. A valu- 
able addition to the literature on the subject, moving clearly from subject to subject 
and theorem to theorem. 107 problems, answers. 336pp. 5% x 8%. 0-486-63317-9 


INTRODUCTION TO MATHEMATICAL THINKING, Friedrich Waismann. 
Examinations of arithmetic, geometry, and theory of integers; rational and natural 
numbers; complete induction; limit and point of accumulation; remarkable curves; 


complex and hypercomplex numbers, more. 1959 ed. 27 figures. xiit+260pp. 54 x 8%. 
()-486-63317-9 


POPULAR LECTURES ON MATHEMATICAL LOGIC, Hao Wang. Noted logi- 
cian’s lucid treatment of historical developments, set theory, model theory, recursion 
theory and constructivism, proof theory, more. 3 appendixes. Bibliography. 1981 edi- 
tion. ix + 283pp. 5% x 8h. 0)-486-67632-3 


CALCULUS OF VARIATIONS, Robert Weinstock. Basic introduction covering 
isoperimetric problems, theory of elasticity, quantum mechanics, electrostatics, etc. 
Exercises throughout. 326pp. 5% x 84. ()-486-63069-2 


THE CONTINUUM: A CRITICAL EXAMINATION OF THE FOUNDATION 
OF ANALYSIS, Hermann Wey]. Classic of 20th-century foundational research deals 


with the conceptual problem posed by the continuum. I5G6pp. 5% x 8%. 
()-486-67982-9 


CHALLENGING MATHEMATICAL PROBLEMS WITH ELEMENTARY 
SOLUTIONS, A. M. Yaglom and I. M. Yaglom. Over 170 challenging problems on 
probability theory, combinatorial analysis, points and lines, topology, convex poly- 


gons, many other topics. Solutions. Total of 445pp. 5% x 8k. Fwo-vol. set. 
Vol. I: 0-486-65536-9 Vol. II: 0-486-65537-7 


INTRODUCTION TO PARTIAL DIFFERENTIAL EQUATIONS WITH 
APPLICATIONS, E. C. Zachmanoglou and Dale W. Thoe. Essentials of partial dif- 
ferential equations applied to common problems in engineering and the physical sci- 
ences. Problems and answers. 416pp. 54 x 8%. 0-486-65251-3 


THE THEORY OF GROUPS, Hans J. Zassenhaus. Well-written graduate-level text 
acquaints reader with group-theoretic methods and demonstrates their usefulness in 
mathematics. Axioms, the calculus of complexes, homomorphic mapping, prgroup 
theory, more. 270pp. 5x Bi. ()-486-40922-8 
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Math-Decision Theory, Statistics, Probability 


ELEMENTARY DECISION THEORY, Herman Chernoff and Lincoln E. 
Moses. Clear introduction to statistics and statistical theory covers data process- 
ing, probability and random variables, testing hypotheses, much more. Exercises. 
364pp. 5% x 8's. 0-486-65218-1 


STATISTICS MANUAL, Edwin L. Crow et al. Comprehensive, practical collection 
of classical and modern methods prepared by U.S. Naval Ordnance Test Station. 
Stress on use. Basics of statistics assumed. 288pp. 5% x 8. 0-486-60599-X 


SOME THEORY OF SAMPLING, William Edwards Deming. Analysis of the 
problems, theory and design of sampling techniques for social scientists, industrial 
managers and others who find statistics important at work. 61 tables. 90 figures. xvii 
+602pp. 5% x 8h. 0-486-64684-X 


LINEAR PROGRAMMING AND ECONOMIC ANALYSIS, Robert Dorfman, 
Paul A. Samuelson and Robert M. Solow. First comprehensive treatment of linear 
programming in standard economic analysis. Game theory, modern welfare eco- 
nomics, Leontief input-output, more. 525pp. 5% x 84. 0-486-65491-5 


PROBABILITY: AN INTRODUCTION, Samuel Goldberg. Excellent basic text 
covers set theory, probability theory for finite sample spaces, binomial theorem, 
much more. 360 problems. Bibliographies. 322pp. 5% x 8°. 0-486-65252-1 


GAMES AND DECISIONS: INTRODUCTION AND CRITICAL SURVEY, 
R. Duncan Luce and Howard Raiffa. Superb nontechnical introduction to game the- 
ory, primarily applied to social sciences. Utility theory, zero-sum games, n-person 
games, decision-making, much more. Bibliography. 509pp. 5% x 8%. 0-486-65943-7 


INTRODUCTION TO THE THEORY OF GAMES, J. C. C. McKinsey. This com- 
prehensive overview of the mathematical theory of games illustrates applications to 
situations involving conflicts of interest, including economic, social, political, and 
military contexts. Appropriate for advanced undergraduate and graduate courses; 
advanced calculus a prerequisite. 1952 ed. x+372pp. 5% x 8%. 0-486-42811-7 


FIFTY CHALLENGING PROBLEMS IN PROBABILITY WITH SOLUTIONS, 
Frederick Mosteller. Remarkable puzzlers, graded in difficulty, illustrate elementary 
and advanced aspects of probability. Detailed solutions. 88pp. 5% x 8'4. 65355-2 


PROBABILITY THEORY: A CONCISE COURSE, Y. A. Rozanov. Highly read- 
able, self-contained introduction covers combination of events, dependent events, 
Bernoulli trials, etc. 148pp. 5% x 8%. 0-486-63544-9 


STATISTICAL METHOD FROM THE VIEWPOINT OF QUALITY CON- 
TROL, Walter A. Shewhart. Important text explains regulation of variables, uses of 
statistical control to achieve quality control in industry, agriculture, other areas. 


192pp. 5% x 84. 0-486-65232-7 
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ELEMENTARY CONCEPTS OF TOPOLOGY, Paul Alexandroff. Elegant, intuitive 
approach to topology from set-theoretic topology to Betti groups; how concepts of 
topology are useful in math and physics. 25 figures. 57pp. 54x 8%. 0-486-60747-X 


COMBINATORIAL TOPOLOGY, P. S. Alexandrov. Clearly written, well-orga- 
nized, three-part text begins by dealing with certain classic problems without using 
the formal techniques of homology theory and advances to the central concept, the 
Betti groups. Numerous detailed examples. 654pp. 5% x 81. 0-486-40179-0 


EXPERIMENTS IN TOPOLOGY, Stephen Barr. Classic, lively explanation of one 
of the byways of mathematics. Klein bottles, Moebius strips, projective planes, map 
coloring, problem of the Koenigsberg bridges, much more, described with clarity and 
wit. 43 figures. 210pp. 5% x 8%. 0-486-25933-1 


THE GEOMETRY OF RENE DESCARTES, René Descartes. The great work 
founded analytical geometry. Original French text, Descartes’s own diagrams, togeth- 
er with definitive Smith-Latham translation. 244pp. 5% x 84. ()-486-60068-8 


EUCLIDEAN GEOMETRY AND TRANSFORMATIONS, Clayton W. Dodge. 
This introduction to Euclidean geometry emphasizes transformations, particularly 
isometries and similarities. Suitable for undergraduate courses, it includes numerous 
examples, many with detailed answers. 1972 ed. viiit+296pp. 64 x 94. 0-486-43476-1 


PRACTICAL CONIC SECTIONS: THE GEOMETRIC PROPERTIES OF 
ELLIPSES, PARABOLAS AND HYPERBOLAS, J. W. Downs. This text shows how 
to create ellipses, parabolas, and hyperbolas. It also presents historical background on 
their ancient origins and describes the reflective properties and roles of curves in 
design applications. 1993 ed. 98 figures. xiit+ lOOpp. 6% x OA. ()-186-42876- | 


THE THIRTEEN BOOKS OF EUCLID’S ELEMENTS, translated with introduc- 
tion and commentary by Sir Thomas L. Heath. Definitive edition. Textual and lin- 
guistic notes, mathematical analysis. 2,500 years of critical commentary. Unabridged. 
1,4l4pp. 5% x 8%. Three-vol. set. "= 

Vol. 1: 0-486-60088-2 Vol. 11: 0-486-60089-0 Vol. IL]: 0-486-60090-4 


SPACE AND GEOMETRY: IN THE LIGHT OF PHYSIOLOGICAL, 
PSYCHOLOGICAL AND PHYSICAL INQUIRY, Ernst Mach. Three essays by 
an eminent philosopher and scientist explore the nature, origin, and development of 
our concepts of space, with a distinctness and precision suitable for undergraduate 
students and other readers. 1906 ed. vit 148pp. 54 x Bh. 0-486-43909-7 


GEOMETRY OF COMPLEX NUMBERS, Hans Schwerdtfeger. aie ie 
widely praised book on analytic geometry of circles, the Moebius transformation, 
and two-dimensional non-Euclidean geometries. 200pp. 5th x Bil. ()-486-63830-8 


DIFFERENTIAL GEOMETRY, Heinrich W. Guggenheimer. Local differential geom- 
etry as an application of advanced calculus and linear algebra. Curvature, ese 
tion groups, surfaces, more. Exercises. 62 figures. 378pp. 54 x Sy. 0-486-63433- 
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History of Math 


THE WORKS OF ARCHIMEDES, Archimedes (T. L. Heath, ed.). Topics include 
the famous problems of the ratio of the areas of a cylinder and an inscribed sphere, 
the measurement of a circle; the properties of conoids, spheroids, and spirals; and the 


quadrature of the parabola. informative introduction. clxxxvit+326pp. 5% x 84. 
0-486-42084-1 


A SHORT ACCOUNT OF THE HISTORY OF MATHEMATICS, W. W. Rouse 
Ball. One of clearest, most authoritative surveys from the Egyptians and Phoenicians 
through 19th-century figures such as Grassman, Galois, Riemann. Fourth edition. 
D2 2ppr ok x 8A: 0-486-20630-0 


THE HISTORY OF THE CALCULUS AND ITS CONCEPTUAL DEVELOP- 
MENT, Carl B. Boyer. Origins in antiquity, medieval contributions, work of Newton, 
Leibniz, rigorous formulation. Treatment is verbal. 346pp. 5% x 84. 0-486-60509-4 


THE HISTORICAL ROOTS OF ELEMENTARY MATHEMATICS, Lucas N. H. 
Bunt, Phillip S. Jones, and Jack D. Bedient. Fundamental underpinnings of modern 
arithmetic, algebra, geometry and number systems derived from ancient civiliza- 


tions. 320pp. 5% x 84. 0-486-25563-8 


A HISTORY OF MATHEMATICAL NOTATIONS, Florian Cajori. This classic 
study notes the first appearance of a mathematical symbol and its origin, the com- 
petition it encountered, its spread among writers in different countries, its rise to pop- 
ularity, its eventual decline or ultimate survival. Original 1929 two-volume edition 
presented here in one volume. xxviiit+820pp. 5% x 814. 0-486-67766-4 


GAMES, GODS & GAMBLING: A HISTORY OF PROBABILITY AND 
STATISTICAL IDEAS, F. N. David. Episodes from the lives of Galileo, Fermat, 
Pascal, and others illustrate this fascinating account of the roots of mathematics. 
Features thought-provoking references to classics, archaeology, biography, poetry. 
1962 edition. 304pp. 5% x 84. (Available in U.S. only.) 0-486-40023-9 


OF MEN AND NUMBERS: THE STORY OF THE GREAT 
MATHEMATICIANS, Jane Muir. Fascinating accounts of the lives and accom- 
plishments of history’s greatest mathematical minds—Pythagoras, Descartes, Euler, 
Pascal, Cantor, many more. Anecdotal, illuminating. 30 diagrams. Bibliography. 
256pp. 5% x Bis. 0-486-28973-7 


HISTORY OF MATHEMATICS, David E. Smith. Nontechnical survey from 
ancient Greece and Orient to late 19th century; evolution of arithmetic, geometry, 
trigonometry, calculating devices, algebra, the calculus. 362 illustrations. 1,355pp. 
5% x 84. Two-vol. set. Vol. I: 0-486-20429-4 Vol. II: 0-486-20430-8 


A CONCISE HISTORY OF MATHEMATICS, Dirk J. Struik. The best brief his- 
tory of mathematics. Stresses origins and covers every major figure from ancient 
Near East to 19th century. 41 illustrations. 195pp. 5% x 8%. 0-486-60255-9 
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OPTICAL RESONANCE AND TWO-LEVEL ATOMS, L. Allen and J. H. Eberly. 
Clear, comprehensive introduction to basic principles behind all quantum optical res- 
onance phenomena. 53 illustrations. Preface. Index. 256pp. 5% x 8%. 0-486-65533-4 


QUANTUM THEORY, David Bohm. This advanced undergraduate-level text pre- 
sents the quantum theory in terms of qualitative and imaginative concepts, followed 
by specific applications worked out in mathematical detail. Preface. Index. 655pp. 
5% x 8h. 0-486-65969-0 


ATOMIC PHYSICS (8th EDITION), Max Born. Nobel laureate’s lucid treatinent of 
kinetic theory of gases, elementary particles, nuclear atom, wave-corpuscles, atomic 
structure and spectral lines, much more. Over 40 appendices, bibliography. 495pp. 
5% x Bib. 0-486-65984-4 


A SOPHISTICATE’S PRIMER OF RELATIVITY, P. W. Bridgman. Geared 
toward readers already acquainted with special relativity, this book transcends the 
view of theory as a working tool to answer natural questions: What is a frame of ref- 
erence? What is a “law of nature”? What is the role of the “observer”? Extensive 
treatment, written in terms accessible to those without a scientific background. 1983 
ed. xlviiit 172pp. 5% x 8%. 0-486-42549-5 


AN INTRODUCTION TO HAMILTONIAN OPTICS, H. A. Buchdahl. Detailed 
account of the Hamiltonian treatment of aberration theory in geometrical optics. 
Many classes of optical systems defined in terms of the symmetries they possess. 
Problems with detailed solutions. 1970 edition. xv + 360pp. 5% x 8%. ()-486-67597-1 


PRIMER OF QUANTUM MECHANICS, Marvin Chester. Introductory text 
examines the classical quantum bead on a track: its state and representations, opera- 
tor eigenvalues, harmonic oscillator and bound bead in a symmetric force field; and 
bead in a spherical shell. Other topics include spin, matrices, and the structure of 
quantum mechanics; the simplest atom, indistinguishable particles; and stationary- 
state perturbation theory. 1992 ed. xiv+314pp. Ok x OA. ()-486-4 2878-8 


LECTURES ON QUANTUM MECHANICS, Paul A. M. Dirac. Four concise, bril- 
liant lectures on mathematical methods in quantum mechanics from Nobel Prize- 
winning quantum pioneer build on idea of visualizing quantum theory through the 
use of classical mechanics. J6pp. 5k x 8%. 0-486-41713-1 


THIRTY YEARS THAT SHOOK PHYSICS: THE STORY OF QUANTUM 
THEORY, George Gamow. Lucid, accessible introduction to influential theory of 
energy and matter. Careful explanations of Dirac’s anti-particles, Bohr’s model ol the 
atom, much more. 12 plates. Numerous drawings. 240pp. 5% x 8%. 0-486-24895-X 


ELECTRONIC STRUCTURE AND THE PROPERTIES OF S@LIDS: THE 
PHYSICS OF THE CHEMICAL BOND, Walter A. Harrison. Innovative text 
offers basic understanding of the electronic structure of covalent and tronic solids, 
simple metals, transition metals and their compounds. Problems. 1980 edition. 
582pp. 6 x 94. (0-4 86-66021-4 
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HYDRODYNAMIC AND HYDROMAGNETIC STABILITY, S. Chandrasekhar. 
Lucid examination of the Rayleigh-Benard problem; clear coverage of the theory of 
instabilities causing convection. 704pp. 5% x 8%. 0-486-64071-X 


INVESTIGATIONS ON THE THEORY OF THE BROWNIAN MOVEMENT, 
Albert Einstein. Five papers (1905-8) investigating dynamics of Brownian motion 
and evolving elementary theory. Notes by R. Fiirth. 122pp. 5% x 8%. 0-486-60304-0 


THE PHYSICS OF WAVES, William C. Elmore and Mark A. Heald. Unique 
overview of classical wave theory. Acoustics, optics, electromagnetic radiation, more. 
Ideal as classroom text or for self-study. Problems. 477pp. 5% x 84. 0-486-64926-1 


GRAVITY, George Gamow. Distinguished physicist and teacher takes reader- 
friendly look at three scientists whose work unlocked many of the mysteries behind 
the laws of physics: Galileo, Newton, and Einstein. Most of the book focuses on 
Newton’s ideas, with a concluding chapter on post-Einsteinian speculations concern- 
ing the relationship between gravity and other physical phenomena. 160pp. 5% x 8%. 

0-486-42563-0 


PHYSICAL PRINCIPLES OF THE QUANTUM THEORY, Werner Heisenberg. 
Nobel Laureate discusses quantum theory, uncertainty, wave mechanics, work of 
Dirac, Schroedinger, Compton, Wilson, Einstein, etc. 184pp. 5% x 84. 0-486-60113-7 


ATOMIC SPECTRA AND ATOMIC STRUCTURE, Gerhard Herzberg. One of 
best introductions; especially for specialist in other fields. Treatment is physical 
rather than mathematical. 80 illustrations. 257pp. 5% x 874. 0-486-60115-3 


AN INTRODUCTION TO STATISTICAL THERMODYNAMICS, Terrell L. 

Hill. Excellent basic text offers wide-ranging coverage of quantum statistical mechan- 

ics, systems of interacting molecules, quantum statistics, more. 523pp. 5% x 8%. 
0-486-65242-4 


THEORETICAL PHYSICS, Georg Joos, with Ira M. Freeman. Classic overview 
covers essential math, mechanics, electromagnetic theory, thermodynamics, quan- 
turn mechanics, nuclear physics, other topics. First paperback edition. xxiii + 885pp. 
5% x 84. 0-486-65227-0 


PROBLEMS AND SOLUTIONS IN QUANTUM CHEMISTRY AND 
PHYSICS, Charles S. Johnson, Jr. and Lee G. Pedersen. Unusually varied problems, 
detailed solutions in coverage of quantum mechanics, wave mechanics, angular 
momentum, molecular spectroscopy, more. 280 problems plus 139 supplementary 
exercises. 430pp. 64 x 9%. 0-486-65236-X 


THEORETICAL SOLID STATE PHYSICS, Vol. 1: Perfect Lattices in Equilibrium; 
Vol. II: Non-Equilibrium and Disorder, William Jones and Norman H. March. 
Monumental reference work covers fundamental theory of equilibrium properties of 
perfect crystalline solids, non-equilibrium properties, defects and disordered systems. 
Appendices. Problems. Preface. Diagrams. Index. Bibliography. Total of 1,301 pp. 5% 
x 8%. Two volumes. Vol. I: 0-486-65015-4 Vol. II: 0-486-65016-2 


WHAT IS RELATIVITY? L. D. Landau and G. B. Rumer. Written by a Nobel Prize 
physicist and his distinguished colleague, this compelling book explains the special 
theory of relativity to readers with no scientific background, using such familiar 
objects as trains, rulers, and clocks. 1960 ed. vit+72pp. 5% x 8%. 0-486-42806-0 
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A TREATISE ON ELECTRICITY AND MAGNETISM, James Clerk Maxwell. 
Important foundation work of modern physics. Brings to final form Maxwell’s theo- 
rv of electromagnetism and rigorously derives his general equations of field theory. 
1084pp. 5% x 8%. Two-vol. set. Vol. I: 0-486-60636-8 — Vol. Il: 0-486-60637-6 


QUANTUM MECHANICS: PRINCIPLES AND FORMALISM, Roy McWeeny. 
Graduate student-oriented volume develops subject as fundamental discipline, open- 
ing with review of origins of Schrédinger’s equations and vector spaces. Focusing on 
main principles of quantum mechanics and their immediate consequences, it con- 


cludes with final generalizations covering alternative “languages” or representations. 
1972 ed. 15 figures. xit+]55pp. 54 x 8%. 0-486-42829-X 


INTRODUCTION TO QUANTUM MECHANICS With Applications to 
Chemistry, Linus Pauling & E. Bright Wilson, Jr. Classic undergraduate text by Nobel 
Prize winner applies quantum mechanics to chemical and physical problems. 
Numerous tables and figures enhance the text. Chapter bibliographies. Appendices. 
Index. 468pp. 5% x 8%. 0-486-64871-0 


METHODS OF THERMODYNAMICS, Howard Reiss. Outstanding text focuses 
on physical technique of thermodynamics, typical problem areas of understanding, 


and significance and use of thermodynamic potential. 1965 edition. 238pp. 5% x 84. 
0-486-69445-3 


THE ELECTROMAGNETIC FIELD, Albert Shadowitz. Comprehensive under- 
graduate text covers basics of electric and magnetic fields, builds up to electromag- 


netic theory. Also related topics, including relativity. Over 900 problems. 768pp. 
5k x Bh. ()-486-65660-8 


GREAT EXPERIMENTS IN PHYSICS: FIRSTHAND ACCOUNTS FROM 
GALILEO TO EINSTEIN, Morris H. Shamos (ed.). 25 crucial discoveries: Newton's 
laws of motion, Chadwick’s study of the neutron, Hertz on electromagnetic waves, 
more. Original accounts clearly annotated. 370pp. 54 x Bi. ()-486-25346-5 


EINSTEIN’S LEGACY, Julian Schwinger. A Nobel Laureate relates fascinating 
story of Einstein and development of relativity theory in well-illustrated, nontechni- 
cal volume. Subjects include meaning of time, paradoxes of space travel, gravity and 
its effect on light, non-Euclidean geometry and curving of space-time, impact of radio 
astronomy and space-age discoveries, and more. 189 b/w illustrations. xiv+250pp. 
BK x DA, 0-4 86-41974-6 


STATISTICAL PHYSICS, Gregory H. Wannier. Classic text combines thermody- 
namics, statistical mechanics and kinetic theory m one unified presentation of thermal 
physics. Problems with solutions. Bibliography. 532pp. 5% x BY. O-486-65401-X 


Paperbound unless otherwise indicated. Available at) your book dealer, online at 


www.doverpublications.com, or by writing to Dept. Gl, Dover Publications, Inc., 31 East 
Ynd Street, Mineola, NY 11501. For current price information or for free catalogues (piaee indi- 
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ORDINARY DIFFERENTIAL 
EQUATIONS 


Morris Tenenbaum and Harry Pollard 


This unusually well-written, skillfully organized introductory text provides an 
exhaustive survey of ordinary differential equations—equations which express the 
relationship between variables and their derivatives. 


Ina disarmingly simple, step-by-step style that never sacrifices mathematical rigor, 
the authors— Morris Tenenbaum of Cornell University, and Harry Pollard of 
Purdue University—introduce and explain complex, critically-important concepts 
to undergraduate students of mathematics, engineering and the sciences. 


The book begins with a section that examines the origin of differential equations, 
defines basic terms and outlines the general solution of a differential equation—the 
solution that actually contains every solution of such an equation. Subsequent 
sections deal with such subjects as: integrating factors; dilution and accretion 
problems; the algebra of complex numbers; the linearization of first order systems; 
Laplace Transforms; Newton's Interpolation Formulas; and Picard’s Method of 
Successive Approximations. 


The book contains two exceptional chapters: one on series methods of solving 
differential equations, the second on numerical methods of solving differential 
equations. The first includes a discussion of the Legendre Differential Equation, 
Legendre Functions, Legendre Polynomials, the Bessel Differential Equation, and 
the Laguerre Differential Equation. 


Throughout the book, every term is clearly defined and every theorem lucidly and 
thoroughly analyzed, and there is an admirable balance between the theory of 
differential equations and their application. An abundance of solved problems and 
practice exercises enhances the value of Ordinary Differential Equations as a 
classroom text for undergraduate students and teaching professionals. 


The book concludes with an in-depth examination of existence and uniqueness 
theorems about a variety of differential equations, as well as an introduction to the 
theory of determinants and theorems about Wronskians. 


Unabridged and corrected Dover (1985) republication of the work originally 
published by Harper & Row, Publishers, 1963. 
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